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PREFACE 


T his book has been designed with two objects in view. The first is the 
development of applications of the fundamental processes of the theory of 
functions of complex variables. For this purpose Bessel functions are admirably 
adapted; while they offer at the same time a rather wider scope for the appli- 
cation of parts of the theory of functions of a real variable than is provided by 
trigonometrical functions in the theory of Fourier series. 

The second object is the compilation of a collection of results which would 
be of value to the increasing number of Mathematicians and Physicists who 
encounter Bessel functions in the course of their researches. The existence of 
a\ich a collection seems to be demanded by the greater abstruseness of properties 
of Bessel functions (especially of functions of large order) which have been 
required in recent years in various problems of Mathematical Physics. 

While my endeavour has been to give an account of the theory of Bessel 
functions which a Pure Mathematician would regard as fairly complete, I have 
consequently also endeavoured to include all formulae, whether general or 
special, which, although without theoretical interest, are likely to be required 
in practical applications; and such results are given, so far as possible, in a 
form appropriate for these purposes. The breadth of these aims, combined 
with the necessity for keeping the size of the book within bounds, has made 
it necessary to be as concise as is compatible with intelligibility. 

Since the book is, for the most part, a development of the theory of fimc- 
tions as expounded in the Course of Modern Analysis by Professor Whittaker 
and myself, it has been convenient to regard that treatise as a standard work 
of reference for general theorems, rather than to refer the reader to original 
sources. 

It is desirable to draw attention hero to the function which I have regarded 
as the canonical function of the second kind, namely the function which was 
defined by Weber and u.sed subsequently by Schliifli, by Graf and Gubler and 
by Nielsen. Foi’ historirail and sentimental reasons it would have been pleasing 
to have felt justified in using Hankel’s function of the second kind; but three 
considerations prevented this. The first is the necessity for standardizing the 
function of the second kind; and, in my opinion, the authority of the group 
of mathematicians who use Weber’s function has greater weight than the 
authority of tlu' mathematicians who use any other one function of the second 
kind. The second is the parallelism which the use of Weber’s function exhibits 
between the two kinds of Bessel functions and the two kinds (cosine and sine) 



vr 


PRBFACK 


of trigonometrical functions. The thiixi is the existence of the device by which 
interpolation is mode possible in Tables I and III at the end of Chapter XX, 
which seems to make the use of Weber’s function inevitable in numerical work. 

It has been my policy to give, in connexion with each section, references 
to any memoirs or treatises in which the results of the section have been 
previously enunciated; but it is not to be inferred that proofs given in this 
book are necessarily those given in any of the sources cited. » The bibliography 
at the end of the book has been made as complete as possible, though doubtless 
omissions will be found in it. While I do not profess to have inserted every 
memoir in which Bessel functions are mentioned, I have not consoioualy omitted 
any memoir containing an original contribution, however slight, to the theory 
of the functions; with regard to the related topic of Riecati’s equation,! have 
been eclectic to the extent of inserting only those memoirs which seemed to 
be relevant to the general scheme. 

In the case of an analytical treatise such as this, it is probably useless to 
hope that no mistakes, clerical or other, have remained undetected; but the 
numher of such mistakes has been considerably diminished by the criticisms 
and the vigilance of my colleagues Mr C. T. Preece and Mr T. A, Lumsden, 
whoso labours to remove errors and obscurities have been of the greatest 
value. To those gentlemen and to the staff of the University Press, who have 
given every assistance, with unfailing patience, in a work of great typographical 
complexity, I offer my grateful thanks. 


G. N. W. 


August 21, 102‘2. 


PREFACE TO THE SECOND EDITION 

To incorporate in this work the discoveries of the last twenty years would 
necessitate the rewriting of at least Chapters XII — XIX; my interest in 
Bessel functions, however, has waned since 1922, and I am consequently not 
prepared to undertake such a bask to the detriment of my other activities. 
In the preparation of this new edition I have therefore limited myself to the 
correction of minor errors and misprints and to the emendation of a few 
assertions (such as those about the unproven character of Bourget’s hypo- 
thesis) which, though they may have been true in 1922, would have been 
definitely false had they been, made in 1941. 

My thanks ore due to many friends for their kindness in informing me of 
errors which they had noticed; in, particular, I cannot miss this opportunity 
of expressing my gratitude to Professor J. R. Wilton, for the vigilance which 
he must have exercised in the compilation of his list of corrigenda. 

G. N. W. 


March 31, 1941. 
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To stand upon every point, and go over things at largo, aiui to Isj cu 
particulars, belongeth to the first author of the story : hut to uh<i 
and avoid much labouring of tho work, is to he granted to him t 
make an abridgernent. 


*Ma(’c)ahkiom ii. :i0, 


CHAPTER I 


BESSEL FUNCTIONS BEFORE 1826 

I’l. Riccati's differential equation. 

The theory of Bessel functions is intimately connected with the theory of 
a certain type of differential equation of the first order, known as Riccati’s 
equation. In fact a Bessel function is usually defined iis a particular solution 
of a linear differential equation of the second order (known as Bessel’s equation) 
which is derived from Riccati’s equation by an elementary transformation. 

The earliest appearance in Analysis of ain ecpiation of Riccati’s type occurs 
in a paper* on curves which was published by John Bernoulli in 1694. In 
this paper Bernoulli gives, as an example, an equation of this type and states 
that he has not solved iti". 

In various letters^ to Leibniz, written between 1697 and 1704, James 
Bernoulli refers to the equation, which he gives in the form 

dy = yi/da; + xxdx, 

and states, more than once, his inability to solve it. Thus ho writes (Jan. 27, 
1697): “ Vellem porro ex Te scire nutn et hanc tentavoris dy = yifdx ir.xdiV. 
Ego in mille formOvS transmutavi, sed operam meam improbutn Prublema per- 
petuo lusit.” Five years later he succeeded in reducing the ecpiation to a linear 
equation of the second order and wrote§ to Leibniz (Nov. 15, 1702): “Qua 
occasione recorder aequationes alios meuioiiitae dy = yydiV + af^diV in (pia nun- 
quam separare potui indeterminahis a sc inviceni, sicut fiequatio manorot 
sirapliciter diff’erentialis : sed separavi illas reducendo acquabionem ml hanc 
differentio-differentialera|| ddy:y = ~ da*®.” 

When this discovery had been m.ade, it was a simple stej) to solve the last 
equation in series, and so to obtain the solution of the ec|uation of the first 
order as the quotient of two power-series. 

* Acta Kntditorim publicata Lipsiae, 105)4, pp. 405 — 4:i7. 

t “FiSto propoBitft aequatio differentialis haec x^dx + y^djr = a^dy quao an per Hcparationcin 
indeterminatarum construi poBsit nondum tentavi” (p. 480}. 

J See T^ibnizem gemmdlte Werkd, Dritte Folga (Mathonifttik), in. (lialle, 1855), pp. 50 — 87. 

§ Ibid. p. 65. BernoulJi’a procedure was, eUcotively, to take a new variable u doOned by the 
formula 

1 du 
u dx~^'^ 

in the equation dyldx=x^i-y^, and then to replaoc u by y. 

II The connexion between this equation and a special form of Bessel’s equation will be seen 
in §4-8. 


w. B. p. 
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And, in fact, this form of the solution was communicated to Leibniz by 
James BemoulU within a year (Oct. 3, 1703) in the following terms*: 

“Eeduco autem aequationem d^—yydx+cuxda! ad fractionem cujus utenjuo 
terminus per seriem exprimitur, ita 



sfi 0!^ 

3 ~ 077 3.4. 7 . 8 . 11 ~ 8. 4. 7. 8. 11 . 12 ; 15 3 . 4 . 7 , sTllTia . 15 . ] G ■ 10 

ic* a?® I 3.'^“ 

3.4. 7.8 3.4.7.8.11.12 3 . 4 . 7 . Ol . 12 . 15 . Ki 


- et(!. 


- OtiC, 


quae series quidem actuali divisione in unam oonflari possunt, sod in cjua 
ratio progressionis non tarn fecile patescat, soil. 

_ «* 206^^ „ 
^~3‘^3T3Ty'^3.3.3.7.1l’''3.3,¥.'3.6“7T7.1l"^^^ 

Of course, at that time, mathematicians concentrated their energy, ho far 
as differential equations were concerned, on obtaining solutions in 'finite terms, 
and consequently James Bernoulli seems to have received hardly the full en^dit 
to which his discovery entitled him. Thus, twenty-two years later, the* papiu-f , 
in which Count Eiocati first referred to an equatiqn of the type which now 
bears his name, was followed by a notef by Daniel ‘Bernoulli in which it- was 
stated that the solution of the equatidn§ 

offl” dx + uuda = bdu 

was a hitherto unsolved problem. The note ended with an annouiKMUiuMil. in 
an anagram of the solution: “ Soliitio problematis ab 111. Riccato ])r(t|)().si(,o 
characteribus occultis involuta 24a, 66, 6c, 8d, 33c, 5/, 2^, 46, iU, 21 m, 
26», 16o, 8p, 5q, 17r, 165, 25t, 82u, 5a), 3y, +, -, — — , ±, =, 4, 2, 

ThS anagram appears never to have been solved ; but Bernoulli publislusl 
his solutionjl of the problem about a year after the publication of tlui aniignun. 
The solution consists of the determination of a set of values of n, namely 
— 4m/(2m ± 1), where m is any integer, for any one, of which the e(pifition i.s 
soluble in fimte terms; the details of this solution will be given in ^ 4' I , -I-' 1 1 . 

The prominence given to th^work of Riccati by Daniel Bernoulli, combined 
with the fact that Riccati’s equation was of a slightly more general type t-han 


* SBeJjtibnizens geaamtllie Werke, DrittePolge (Mathematik), m. (Halle, 1865), p. 75. 
t Acta Eruditorum, Suppl vm. (1724), pp. 66-78, The form in which lUcoati took the 
equation was 

x”*dq=dii+mdx : q, 

where 3 

t Ibid. pp. 78 — 76. Daniel Bernoulli mentioned that solutions had been obtained by three 
other tnembers of his fomily — John, Nicholas and the younger Nicholas. 

§ The reader should observe that the substitution 

b dz 
-- - 
zdx 

gives rise to an equation which is easily soluble in series. 

\\ Exercitationes gpaedam mathemoHcae (Tenioe, 1724), pp. 77—80; Acta Eruditorum 1726 
pp. 466—478. ’ 
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John Bernoulli’s equation* has resulted in the name of Riccati being associated 
not only with the equation which he discussed without solving, but also with 
a still more general type of equation. 

It is now Customary to give the namef Riccati* 8 generalised equation to 
any equation of the form 

^=p+%+ijy, 

where P, Q, H are given functions of x. 

It ia suppoaed that neither P nor P is identically zero. If the equation is lineai’; 
if P=0, the equation is reducible to the linear form by taking 1/y as a new variable. 

The last equation was studied by Euler j; ; it is reducible to the general 
linear equation of the second order, and this equation is sometimes reducible 
to Bessel’s equation by an elementary transformation (cf. §§ 3T, 4*3, 4’31). 

Mention should be made here of two memoirs by Euler. In the first§ it 
is proved that, when a particular integral of Riccati’s generalised equation 
is known, the equation is reducible to a linear equation of the first order by 
replacing y by yi + l/a, and so the general solution can be effected by two 
quadratures. It is also shewn (ibid. p. 59) that, if two particular solutions ai'e 
known, the equation can be integrated completely by a single quadrature; and 
this result is also to be found in the second|| of the two papera. A brief dis- 
cussion of these theorems will be given in Chapter iv. 

1*2. Daniel Bemoidlis mechanical problem. 

In 1738. Daniel Bernoulli published a memoirlT containing enunciations of 
a number of theorems on the oscillations of heavy chains. The eighth ** of 
these is as follows: " De figitra catenae uniformiter oscillantis. Sit catena AG 
uniformiter gravis et perfecte flexilis suspensa de puncto A, eaque oscillationes 
facere uniforrnes intelligatur: pervenerit catena in situm AMF; fueritque 
longitude catenae = longitude cujuscunque partis a?, sumatur « ejus 
valorisi*f ut fit 

, I ll l> I* 1‘ . ^ A 

n 4mn 4.9n* 4.9.16n* 4 . 9 . 16 . 25n-® 

* See James Bernoulli, Opera Omnia, u. (Geneva, 1741), pp. 1054 — 1067 ; it is stated that the 
point of Biocati’s problem is the determination of a solution in finite terms, and a solution which 
resembles the solution by Daniel Bernoulli is given, 

t The tei'm ‘ liiocati’s equation ’ was used by D’Alembert, Hist, de I'Aead. R. des Sci. de Berlin, 
XIX. (1708), [published 1770], p. 242. 

t Institutimes Calculi Integralia, ii. (Petersburg, 1769), § 881, pp. 88 — 89. In connexion with 
the reduction, see James Bernoulli’s letter to Leibniz already quoted. 

§ Novi Comm. Acad. Petrop. vni. (1760 — 1761), [published 1768], p. 82. 

II Ibid. IX. (1762 — 1768), [published 1764], pp. 168 — 164. 

If “Theoremata db osoillationibas oorx>orum filo fiexili oonhexornm et catenae verticaliter 
Buspensae,” Comm. Acad. Sci. Imp. Petrop. vi. (1732 — 8), [published 1738], pp. 108 — 122. 

** Loc. eft; p. 116. 

ft The length of the simple equivalent pendulum is n. 


1—2 
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THEORY OF BESSEL ITTNCTIONS 

Ponatur porro distantia exfcremi puncti F ab linea ' verticali = 1, dico foro 
distantiam puncti ubicunque assumpti M ab eadeni linea verticali aecnialein 

1 ^ ^ __ ^ »> 

n Ann 4.. 4.9. IdW* 4.9.16. 25n“ 

He goes on to say: “Invenitur brevissiirio calculo n = proximo ()’()l)l 
Habet aiitem littera n infinitos valores alios.” 

The last series is now described as a Bessel function* of order zi'ro and 
argument 2 and the last quotation states that thi.s function ha.s an 

infinite number of zeros. 

Bernoulli publishedf proofs of his theorems. soon afterwards; in thcutrcm 
Ylll, he obtained the equation of motion by considering the forces acting on 
the portion of length x. The equation of motion was also obtained by 
EulerJ many years later from a consideration of the forcea acting on an element 
of the chain. 


The following is the substance of Euler’s investigation : 

Let p be the line density of the chain (supposed uniform) and lot 7' ho (ho ton.sidu at 
height X above the lowest point of the chain in its undisturbed po.sition. 'I'lu^ nintiMii ht-ing 
transveiml, we obtain the equation bT=gphx by resolving vertically for an clcincnt ..f 
chain of length bx. The integral of the equation is T=gpx. 

The horizontal component of the tension is, effectively, Tidyidx) where y is thr dinri- 
zontal) displacement of the element; and so the equation of motion i.s 


pbx 


ePw 

W 


= 8 


("£)• 


If we substitute for T and proceed to the limit, we find that 

H)- 


d^y 


d 

'^dx' 


If / is the length of the simple equivalent pendulum for any one normal vil.rat ion w.- 
wnte ’ 

where A and f tire constants ; and then n (4;//) is a solution of the e(juation 

d f dv\ V „ 

dxVdTxJ'^f^^' 

If a?//=u, we obtain the solution in the form of Bernoulli’s scrios, naimily 

= + Jf! _ 

1 1.4 1 . 4.9 1 . 4 . 9 . 

t 0»^ ftfroy, TO. (i784_5,. 

wirof 

distaoa. (not twice the distuiflet fell ^ ^ f ’ defined p to be the uieuHure of tlio 

nototion 1... been ^10^27^^ tot *" “ 

p end d (tor d). »! , and U.. Introductio,, „I 
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/ K^ 

JJ are constants. Since y is finite when x=0, U must he zero. 


, where C and 


If a is the whole length of the chain, ^ *=0 when .v = a, and so the equation to dotorminoy' in 


i_ + 

1 1 . 4/2 


, + ... = 0 . 


1.4. 9/2 

By an extremely ingenious analysis, which will be given fully in Chapter xv, Euler 
proceeded to shew that the three smallest roots of the equation in are 1*445795, 7*66r>H 
and 18*63. [More accurate values are 1-445790.5, 7*6178156 and 18*7217617.] 

In the memoir* immediately following this investigation Euler obtained the general 

solution (in the form of series) of the equation statement of the 

law of formation of successive ccjofficients is rather incomplete. The law of formation had, 
however, been stated in his Imtitutionen Cahndi Inteiyralu\^ ii. (Petersburg, 1769), 5^ 977, 
pp, 233-236. 

1‘3. Elders mechanical problem. 

The vibrations of a stretched membrane were investigated by Eulorj' in 
1764. He arrived at the equation 

1 d'^z _ d'^z Idz 1 d^z 
(W ~dr'^ r dr r^d^^ ' 

where z is the transverse displacement at time t at the pi)int wliose polar 
coordinates are (r, ^); and e is a constant depending on the density and 
.tension of the membrane. 

To obtain a normal solution he wrote '* 

z *= u sin {at + .^1 ) sin {^^ 

where a, A, B are constants and a Is a function of r; and the result ol“ 
substitution of this value of z is the differential equation 


\du. (a? B-\ n, 


dr 

The solution of this equation which is finite at the origin is given «)n jj. 256 
of Euler’s memoir; it is 


. _ I 

2 (?i + 1 j e- 2.4 («• + i)(7}. + ’ 

where n has been written§ in phice of 2/8+1. 

This differential equation is now known as Besscd’s equation for functirms 
of order B \ and /8 may have || any of the values 0, 1, 2, .... 

Save for an omitted constant factor the series is now called a Bessel 
coefficient of order /3 and argument arje. The periods of vibration, 27r/a, of a 

* Acta Acad. Petrop. v. pars 1 (Matbeiuatica), (1781), [publiBhod 1784], pp. 178—190. 

+ See also §§98o, 936 (p, 187 et acq.) for the solution of an usHOoiaUsd ciiuatiou which will be 
discussed in § 3*52. 

t Novi Comm, Acad. Petrop. x. (1704), [published 1766], pp. 248—360, 

§ The reason why Euler made this change of notation is not obvious. 

II If /3 were not an integer, the diaplftoemeut would not bo a ono-valued function of position, 
in view of the factor sin {pp + S), 


-fi B= J 1 — 
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circular membrane of radius a with a fixed boundary* are to be det(!nniiu‘<l 
from the consideration that, u vanishes when r — a. 

This investigation by Euler contains the earliest appeamnce in Analysis of 
a Bessel coefficient of general integral order. 


1*4. The researches of Lagfange, Carlini and Laplace. 

Only a few years after Euler had arrived at the general Bessel coefficient 
in his researches on vibrating membranes, the functions reappearcfl, in an 
astronomical problem. It was shewn by Lagrange*f in 1770 that, in the elliptic 
motion of a planet about the sun at the focus attracting according to the law 
of the inverse square, the relations between the radius vector r, th(! mean 
anomaly M and the eccentric anomaly E, which assume the forms 

if - — c sin J?, r = a (1 -- e cos J?), 

give rise to the expansions 


E = Aft sin nif, + S B^cosaif, 

«=i a »»i 

in which a and e are the semi-major axis and the eccentricity of the orbit, and 

^ _2 V » (-)w + 2m) . 

’'m=o2’*+*'‘m.l(n + w)]’ w! (« -f w)! 

^grange gave fehese expressions for n =».l, 2, 3. The object of the expansion.H 
is to obtain expressions for the eccentric anomaly and the radius vector in 
terms of the time. 


In modem notation these formulae are written 

Aft =s 2t7ft (ne)/», Bft == — 2 (e/?i) «/„' (we). 

It waa noted by Poisson, Cmnamame des Tams, 1836 [published 1833], p. 6 that 

" n dt ’ 

a memoir by Lefort, Jo^ud de Math. xi. (1846), pp. 142-162, in which an error nmd(, l.y 
Poisson IS corrected, should also be consulted. 


A remarkable investigation of the approximate value of A„ when n i.s larm; 
^ t ^ CarliniJ; though the analysis is not rigorouH (ami it 

would be iffionlt to make it rigorous) it is of sufficient interest for a brief 
account of it to he given here. 


pp. 56—96, and Chreo, Quarterly 


Of. Bourget, 4'm. Sci. de VJ&cole norm, gup, m. 

Journal, ixi. (1886), p. 298. 

S' T J'V.™ 

col. m-254tr.rfe.rw (1"“). 

lopitoicdio .4m XTO. (im), pp. 
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It is easy to shew that An is a solution of the differential equation 
Define n by the formula 




Hence when n is hirge either u or or dujde must he large. 

If « = 0 (?i®) we should expect and dujde to he 0 (w®“) and 0 (^^“) respectively ; and 
on considering the highest powers of n in the various terms of the last differential equation, 
we iind that a= 1. It is consequently assumed that %i admits of an expansion in descending 
powers of n in the form 

« = MIA) + + . . . , 

where «o> «ij are. independent of n. 

On substituting this series in the differential equation of the first order and equating to 
zero the coefficients of the various ijowors of «, we find that 


= t‘^)le\ e (Ufj + 2tA, Wi) + «« = 0, ... 

where titj^dujde ; so that M(,= anti therefore 

j ude = n jlog ± v/(1 - + 1 } - i log ( 1 - f®) + . . . , 

and, since the value of An shews that jude -nlog^c when < is small, the upper sign miist 
be taken and no constant of integration is to Ixs added. 


From Stirling’s formula it now follows at once that 


^ !’* _ 

" ~ . mS (1 ->)I {1 + V(1 -”*»)] ” ’ 

and this is the result obtained by Carlini. This method of approximation has Ihsou carried 
much further by Moissel (see § 8*11), while Cauchy* has also discussed approximate 
formulae for in the cose of comets moving in nearly parabolic orbits (see § 8-42), for 
which Carlini’s approximation is obviously inadequate. 


The investigation of which an account has just been given is much more 
plausible than the arguments employed by Laplacef to establish the corre- 
sponding approximation for 

The investigation given by Laplace is quite rigorous and the method which 
he uses is of considerable importance when the value of J9„ is modified by 
taking all the coefficients in the series to be positive — or, alternatively, by 
supposing tliat e is a pure imaginary. But Laplace goes on to argue that an 
approximation established in the case of purely imaginary variables may be 
used ‘ sans crainte ’ in the case of real variables. To anyone who is acquainted 
with the modem theory of asymptotic series, the fallacious character of such 
reasoning will be evident. 

* Comptes Rendus, xxxvm. (18S4}, pp. 990 — 993. 

j- Micanique Cileste, supplement, t. v. [first published 1827]. Oeuvres, v. (Paris, 1882), 
pp. 486 — 489. 
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The earlier porfcior of Laplace’s investigation is based on the principle 
that, in the case of a series of positive terms in which the terms steadily in- 
crease up to a certain point arid then steadily decrease, the order of magnitude 
of the sum of the series rriay frequently be obtained from a consideration of 
the order of rriagnitude of the greatest term of the series. 

For other and more recent applications of this principle, see Stokes, Proc. Gamh. Phil. 
Soo. ?i. (1889), pp. 362—866 [Math, and Phyi. P<ip&rs, v. (1906), pp. 221—226], and Hardy, 
Proo. London Math. Soo. (2) ii. (1906), pp. 332-^^39 ; Measeng^, xxxiv. (1906), pp. 97—101. 
A statement of the principle was given by Borel, Acta Mathematical xx. (1897), pp. 393 — 
394. 

The following exposition of the principle applied to the example considered 
by Laplace may not be without interest : *■ 


The series considered is 


— 2 i + Sm I 


8m— 2 -n + 8m 


TOsO 2'‘-^*"*m! (n + m)! 


in which n is large and e. has ,a fixed positive value. The greatest term ia that for whiclv 
p, where (i h the greatest integer such that 

+ + 2 ft) 

and Ro /A is approximately equal to 

itA{s/(l + e2)-lKW+.“). 

Now, if denotes the general term in it ia easy to verify by Stirling’s theorem 


that, to a first approximation, where 

^ logg=.-2V(l + 6®)/(^e2). 
Hence B„01rNj-ji^(lq-2^ + 2g^ + 25 ® + ...} 

~2M^s/{7r/(l-g')}, 

smee* q is nearly equal to 1. 

Now, by Stirling’s theorem, 


and so 




e®”! exp {n V(1 + e®)} 

7 m 3 (I + n /(1 + «“)}” ’ 

2 v^(l + 6®)! ^ 6" exp {7i V(1 +e*)} 

irn’ j {H-^/(l + €»)}” ■ 


■The inference which Laplace drew from this result is that 

o /'■2 V(1 - €” exp {71^(1 - e")} 

V Tm” ; (1 + V(1 - 6’“)}" • 

This approximate formula happens to be valid when e < 1 (though the reason 
for this restriction is not apparent, apart from the fact that it is obviously 
necessary), but it is difficult to prove it without using the methods of contour 

.90 g 

* The formula 1 + 2 Sg‘ '''Vi ~?)1 “ay he inferred from general theorems on series; 

l-iO 

cf. Bromwioh, Theory of Infinite Series, § 61. It is also a consequence of Jacobi’s transformation 
formula in the theory of elliptic functions, 

^8(0h)=(-TV)-4&g(01-O; 


see Modem Analysis, § 21 ’SI. 
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integration (cf. § 8'31). Laplace seems to have been dubious as to the validity 
of his inference because, immediately after his statement about real and 
imaginary variables, he mentioned, by way of confirmation, that he had 
another proof ; but the latter proof does not appear to be extant. 


1'6. The researches of Fourier. 

In 1822 appeared the classical treatise by Fourier*, La Thdone analytique 
de la Ghaleur] iu this work Bessel functions of order zero occur in the dis- 
cussion of the symmetrical motion of heat in a solid circular cylinder. It is 
shewn by Fourier (§§ 118 — 120) that the temperature v, at time i, at distance 
cc from the axis of the cylinder, satisfies the equation 

^ (dH 1 dv\ 
dt CD CD dx) ’ 

where C, D denote respectively the Thermal Conductivity, Specific Heat 
and Density of the material of the cylinder; and he obtained the solution 


v = e' 


-mt 


g.%^ 

22 22 . 4,2 ' 




2 “ . 4 “ . 6 “ 

where g = inGD/K and w has to be so chosen that 


; + . . . 


hv •+• K (dvldx) — 0 

at the boundary of the cylinder, where h is the External Conductivity. 

Fourier proceeded to give a proof 307 — 309) by Rolle’s theorem that 
the equation to determine the values of m hasf an infinity of real roots and 
no complex roots. His proof is slightly incomplete because he assumes that 
certain theorems which have been proved for polynomials are true of integral 
functions; the defect is not difficult to remedy, and a memoir by HurwitzJ 
has the object of making Fourier’s demonstration quite rigorous. 

It should also be mentioned that Fourier discovered the continued fraction 
formula (§ 313) for the quotient of a Bessel function of order zero and its 
derivate; generalisations of this formula will be discussed in §§ 6’6, 9'66. 
Another formula given by Fourier, namely 


a'-* a“ 

2® 2*74“ ~ 2“‘'4r’6* 



sin ai) dx, 


liad beem pnjved some years earlier by Paraeval§; it is a special case of what 
are now known as Bessel’s and Poisson’s integrals (§§ 2’2, 2'3). 


* Tho (^rcialiHr pin t of Fourior’fl resoarohoH was contained in a memoir deposited in tbe archives 
of tlu: French IiiHtituto on Hept. 28, 1811, aud crowned on Jan. 6, 1812. This memoir is to be 
found in tiu: Mhn. de VAciid. det Sci,, iv. (1819), [published 1824], pp. 186 — 666; v. (1820), 
IpubliHhcd 1820], p)). 15.'J— 240. 

t Thia iB a RoncraliHution of Bornoulli’a statement quoted in § 1’2. 

:I; Math. Ann. xxxin. (1889), pp, 240—206. 

S Mtbn. deg mvang dtraugerg, i. (1806), pp. 689—048. . This paper also contains the formal 
Htatcnicnt of tho thcuroin on Fourier conatants which is Bometimes called Pareeval’s theorem ; 
another paper by this little known writer, M6in. des aavattt gtrangers, i. (1806), pp. 879 — 898, con- 
taina a general hoIuUou of Laplace’s equation in a form involving arbitrary functions. 
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The expansion of an arbitraify function into a series of Bessel functions of 
order zero -was also examined by Fourier (^ 314 — 320); he gave the formula 
for the general coefficient in the expansion as a definite integral. 

The validity of Fourier's expansion was examined much more recently by Hankel, 
Math. Arm. viil (1876), pp. 471 — 494; SchlSfli, Math. Ann. x. (1876), pp. 137 — 142; Dini, 
Sene d£ JFbuner, J. (Pisa, 1880)^ pp. 246 — 269 ; Hobson, Proc. London Math. Soc. (2) vii. 
(1909), pp. 369 — 388; and Young, Proo. Londcm. Math. Soc. (2) xviii. (1920), pp. 163 — 200. 
This' expansion will be dealt with in Chapter xvhl 


1*6. The researches of Poisson. 

The unsymmetrical motions of heat in a solid sphere and also in a solid 
cylinder were investigated by Poisson* in a lengthy memoir published in 1823. 
In the problem of the sphere f, he obtained the equation 


where r denotes the distance from the centre, p is a constant, n is a positive 
integer (zero included), and R is that factor of the temperature, in a normal 
mode, which is a function of the radius vector. It was sheAvn by Poisson that 
a solution of the equation is 

I cos (rp cos ib) sin®"^^ codto 

J 0 

and he discussed the cases « = 0, 1, 2 in detail. It will appear subsequently 
(§ 3*3) that the definite integral is (save for a factor) a Bessel function of 
order n + 

In the problem of the cylinder {ibid. p. 340 et seq.) the analogous integral is 


X” f cos {hX cos w) 8m®"a>dQ>, 

Jo 

where n == 0, 1, 2, . . . and X is the distance from the axis of the cylinder. The 
integral is now known as Poisson’s integral (§ 2*3). 

In the case n — 0, an important approximate formula for the last integral 
and its derivate was obtained by Poisson (ibid., pp. 850 — 362) when the variable 
is large; the following is the substance of his investigation: 

LetJ t/o (i:)>w- I cos (i* 008 w) da>, Jg' (/l;)= — - f oos <o sin (Jk cob u) da. 
rr J 0 rr J 0 

Then Jg (k) is a solution of the equation 

* Journal de VJ^eole R. Poly technique, xu. (oahier 19), (1828), pp. 249 — 408. 

t Ibid. p. 800 et eeq. The equation was also studied by Plana, Mem, della R. Aecad. delle Sci. 
di Torino, xxv. (1821), pp. 682 — 684, and has since been studied by numerous writers, some of 
whom are mentioned In § 4'8. See also Poisson, La ThSorie MathAmatiqw de la Chaleur (Paris, 

■ 1836), pp. 860, 869. 

J See also Bdhrs, Proc. London Math. Soe. v. (1874), pp. 180 — 187. The notation Jg {k) was 
not used by Poisson. 



1 - 6 ] 


BESSEL FTJNOTIONS BEFORE 1826 


11 


When k is large, l/(4i*) may be neglected in comparison with unity and so we may expect 
that t/J) (jk) sjk is approximately of the form A cos jfe+iS sin k where A and B are constants. 

To determine A and B observe that 

cos k . Jq (Jc) - sin . Jfl (^) “ - I ^ {cos® i!r<a cos (2A sin® ^ea) + sin® cos (2k cos® ^a)} da. 

Write IT - a for a in the latter half of the integral and then 

2 

cos k . Jo (k) -sink. Jd (k) = - / cos® ^a cos {2k sin® ^a) da 
^ J 0 

2sj2 /•'^(2A)/ 

= — ^ 1 1 ""JT) ) C0S.^■®CM7, 

\ 2k) 

and similarly sin ifc . t/o (A) + cos /(; . Jd (k) «=• ^dic. 

But lira [ (i ^?^x^.ds= f “ 'cLv=^ J{^ir), 

k-^-oo Jo \ 2k J sin ; 0 sin .2 v 

by a well known formula*. 

[Note. It is not easy to prove rigorously that the passage to the limit is permissible ; 
the simplest procedure is to appeal to Bromwich’s integral fonn of Tannery’s theorem, 
Bromwich, Theory of Infinite Series, § 174.] 


It follows that 


cos k . Jo {k) - sin k . Jd (1 +<*)) 


sin k . Jo (k) + coHk. Jd (k) = 

where and as k-*~<xi ; and therefore 

I 




(1 ■+•'?!:)> 


Jo (^) = [(1 + fk) cos k + {l+Tjk) sin !•], 

1 


1^0' w 


•J{irk) 


[ - (1 +€fc) sin X:+(l + r}ic) cos ^]. 


It was then assumed by Poisson that Jo {k) is expressible in the form 

K'* + T + ? + T 

where A =B<=1. The series are, however, not convergent but asymptotic, and the validity 
of this expansion was not ostablishal, until nearly forty years later, when it was investi- 
gated by Lipschitz, Journal fUr Math. LVi. (1869), pp. 189 — 196. 

The result of formally operating on the expansion assumed by Poisson for the function 
rf® 1 

Jo{k) Jirrk) with the oi>orator ^^ 2 + 1 + ^ 7.2 


4;fc® 


-cos 


, 2.2B"-(1.2-hi)yl' , 2.3F'"-(2.3 + i)d" , 1 

^ J 

. ,V2.\.A'+iB ,2.2A"■\■{\.2^-\)B' .2.^A'"^-{2.Z + \)ff' , I 

-J*.- J> 

* Cf. Watson, Complex Integration and Cauchy’s Theorem (Oamb. Math. Tracts, no. 16, 1914), 
p. 71, for a proof of these results by using contour integrals. 
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and so, by equating to zero the various coefficients, we find that 

^ 2.82^’ ^ 2.3.83 


n, ... 


8 "^’ ^ ^ 2.82^’ “2.3'^83^’ " 


and hence the eximnsion of Poisson’s integral is 

~ (i/ [(' - OHS' + 3 .05J» * 

. . 1 9 9-25 , \ ■ 

2.8«/fc2 2.3.83P + 

But, since the series on the right are. not convergent, the researches of Lii^schitz and 
subsequent writei’s are a necessary preliminary to the investigation of the significance of 
the latter portion of Poisson’s investigation. 

It should be mentioned that an explicit formula for the general term in the expansion 
was first given by W. B. Hamilton, Trans, i?. Irish Acad, xix. (1843), p. 313 ; his rasult 
was expressed thqs : 


~ [ 008 (2)3 sin a) da— - . 7 -- ^ S [O]"” ([-i]’0® (4)3)“"’ cos {2^-^nw - iTr), 

TTjU fJ\^P)n=o 

and he desoribed the expansion as semi-convergent; the expressions [0]""and [-i]'' are 
to l>e interpreted as Ifn 1 and (— f) ... ( — n-f ^). 


A result of some importance, which was obtained by Poisson in a subsequent 
memoir*, is that the general solution of the equation 


^jr_y_ 
das^ 4ix'^ 




is 






g-Aa;oos(o ^Qg giij2 0,^ 


where A and B are constants. 


It follows at once that the general solution of the equation 


q. 1 ^ 

flhc" ® dx 


— h^y — 0 


is y = A\ dm 4- J5 f log (a; sin” m) dec. 

•U Jo 

This result was quoted by Stokesf as a known theorem in 1860, and it is 
likely that he derived his knowledge of it from the integral given in Poisson’s 
memoir; but the fact that the integral is substantially due to Poisson has 
been sometimes overlooked :j:. 

* Journal de- vAcole R. Polyteehnique, xn. (oahier 19),' (1828), p. 476. The con'esponding 
general integral of an associated partial difierential equation was given in an earlier memoir, 
ibid, p. 227. 

t <7oni.6. Phil. Trans, ix. (1866), p. 188], [Math, and Phys. Papers, lu. (1901), p. 42], 

X See BncyelopSdie des Sci. Math. 11 . 28 (§ 53), p. 213. 
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1*7. The researches of Bessel. . 

The memoir* in which Bessel examined in detail the functions which now 
bear his name was written in 1824, but in an earlier memoirf he had shewn 
that the expansion of the radius vector in planetary motion is 


- = 1 + i €* + 2 Bn cos ilM, 

® »-i 


€ f • • 

where Bn = sin it sin (nu — ne sin u) du ; 

nTTJo 


this expression for Bn should be compared with the series given in § 1*4. 

In the memoir of 1824 Bessel investigated systematically the function If 
defined by the integral J 

1 r 

If = cos (hu — k sin it) du. 

Ztt J 0 


He took k to be an integer and obtained many of the results which will be 
given in detail in Chapter ii. Bessels integral is not adapted for defining the 
function which is most worth study when h is not an integer (see § lOT) ; the 
function which is of most interest for non-integral values of h is not If but 
the function defined by Loinmel which will be studied in Chapter ill. 

After the time of Bessel investigations on the functions became so numerous 
that it seems convenient at this stage to abandon the chronological account 
and to develop the theory in a systematic and logical order. 

An histurical account of roscjirchoH from the time of Fourier to IHoB law l)Ocn compiled 
by Wagner, Hem MUtfwilmgen^ 1894, pp. 204 — 266; a briefer account of the early history 
wiiH given by RIaggi, Atti doUa Ii. Accad. dei Liiicei, {Tninsiinti), (3) iv. (1880), pp. 2rj9 — 263. 


* livrliner Abh, 1824 [published 182GJ, pp. 1 — 52. The date of this nieuioir, “ UnterBUchung 
doH Tboils dor planetarischen Storungen, welcher aus dor Bewegung tier Sonne entstoht,” Ih 
.I an. 2U, 182-1. 

■|- lierliner Abh. 1816 — 17 [published 1819], pp. 49 — 55. 

Tliis integral occurs in the expansion of the eccentric anomaly; with the nohUiou of § 1'4, 

itA„ = , 

a forimila given by Poisson, Voiiiuimancc des Tenu, 1825 [published 1822], p. 383. 



CHAPTER II 

THE BESSEL OOEPFIOIBNTS 

21. The definition of the Bessel coefiioients. 

The object of this chapter is the discussion of the fundamental properties 
of a set of functions known as Bessel coefiicients. There are several ways of 
defining these functions ; the method which will be adopted in this work is to 
define them as the coefl6.cients in a certain expansion. This procedure is due 
to Schlbmilch*, who derived many properties of the functions from his defi- 
nition, and proved incidentally that the ftmctions thus defined are equal to the 
definite integrals by which they had previously been defined by Bessel f. It 
should, however, be mentioned that the converse theorem that Bessel’s inte- 
grals are equal to the coefficients in the expansion, was discovered by Hansen ^ 
fourteen years before the publication of Schlbmiloh’s memoir. Some similar 
results had been published in 1886 by Jacobi (§ 2*22). 

The generating function of the Bessel coefficients is 

It will be shewn, that this function can be developed into a Laurent series, 
qm function of t] the coefficient of in the expansion is called the Bessel 
coefiicient of a/rgwment z and order n, and it is denoted by the symbol Jn («), 
so that 

(1) S 

« ffaa-tofr 

To establish this development, observe that can be expanded into an 
absolutely convergent series of ascending powers, of and for all values of t, 
with the exception of zero, e"**/* can be axpanded into an absolutely conver- 
gent series of descending powers of t: When these series are multiplied 
together, their product is an absolutely convergent series, and so it may be 
arranged according to powers of t\ that is to say, we have an expansion of the 
form (1), which is valid for all values of z and i, i = 0 excepted. 

* ZeiUohHft fUr Maih; vnd Phyt, ix. (1857), pp. 187 — 166. For a somewhat similar expansioii, 
namsly that of see FroUani, Mtm. 8oo. Ital {Modena)^ xyin. (1820), p. 608. It must be 

pointed out that SidilOmiloh, following Hansen, denoted by what we now write as J^{2z); 
but the definition given in the text is now nnivexsally adopted. Traces of Hansen’s notation 
are to ’be found elsewhere, e.g. Sohl&fli, Math. Ann. m. (1871), p. 148. 

t Berliner Abh. 1824 [published 1826], p. 22. 

:{; ErmitteUmg der Abeoluten StSrungen in ElUpeeh von beliebiger Exeentrieitat und Neigung, 
X. theil, [Schriften der Sternwarte Seeburg : Gotha, 1848], p. 106. See also the French transla- 
tion, Mimoire sur la dftermination dee perturbatiom abeolnes (Paris, 1846), p. 100, and Leipsiger 
Abh. u. (1866), pp. 260—261. 
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If in (1) we write — 1/^ for we get 

«- -30 


= 2 

— 00 

on replacing n by — w. Since the Laurent expansion of a function is unique *, 
a comparison of this formula with (1) shews that 

(2) tT _n (^) — { — Y' Jfi 

where n is any integer — a formula derived by Bessel from his definition of 
Jn (z) as an integral. 

From (2) it is evident that (1) may be written in the form 

(3) = S {P + (-)«r«} 


A BUiumary of elementary results concerning (a) has been given by Hall, The Analyst, 
l. (1874), pp. 81 — 84, and an account of elementary applications of these functions to 
problems of MatlioniaticjU Physics has been compiled by Harris, AmetHcan Journal of 
Math. XXXIV. (1912), pp. .391—420. 

The function of order unity has been encountered by Turrifere, Afouv. Ann. de Math. (4) 
IX. (1909), pp. 433 — 441, in connexion with the steepest emwes on the surface ssay (6.i;“ -y*)* 


2'11. The ascending series for Jn (z). 

An explicit expression for Jn (z) in the form of an ascending series of powers 
of s is obtainable by considering the series for exp Qzt) and exp ( — ^z/t), thus 

r'^o r! ,„=o mi 


exp — 1/01 


When 71 is a positive integer or zero, the only term of the first aeries on the 
right which, when associated with the general tenn of the second series gives 
rise to a term involving is the term for which r = n + m; and, since n > 0, 
thi^re is always one term for which r has this value. On associating these 
terms for all the values of m, we see that the coefficient of in the product is 

n,to {n + m ) ! m ! 

We therefore havi'- the result 


( 1 ) 


Jn (z) 


«*=o w!(n + m)! ’ 


* For, if uot, Koro onuld bo expanded into a Laurent series in t, in whioh some of the 
coufhoiontB (say, in particular, that of (’”) wore not ssoro. If wo then multiplied the expansion by 
l~m-i integrated it round a oirolo with centre at the origin, we should obtain a contradiction. 
This result was noticed by Cauchy, Comptea lieTidua, xni. (1841), p. 911. 
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where n is a positive integer or zero. The first few terms of the series are 
given by the formula 




(2) 2M.(n+l)'^2M.2.(n + l)(ft+2) "’J 


In particular 

( 3 ) 


*^0 (^) 1 2 ® 2 ® . 4 » 




.+ 


2® . 4® . 6® 

To obtain the Bessel coeflficients of negative order, we select the terms in- 
volving in the product of the series representing exp (^zt) and exp ( — 
where n is still a positive integer. The term of the second series which, when 
associated with the general term of the first series gives rise to a terra in 
is the term for which w = n + r ; and so we have 

^ r\ {n + r)\ ’ 

whence we evidently obtain anew the formula § 2T (2), namely 

(^)* 

It is to be observed that, in the series (1), the ratio of the (m 4- l)th term 
to the mth term is ~ (n + m)], and this tends to zero as m. oo , for all 

values of z and n. By D’Alembert’s ratio test for convergence, it follows that 
the series representing (:s) is convergent for all values of ^ and n, and so it 
is an integral function of z when ?i= 0, + 1, + 2, ± 3, . ... 

It will appear later (| 47 3) that Jn (z) is not an algebraic function of z 
and so it is a transcendental function ; moreover, it is not an elementary 
transcendent, that is to say it is not expressible as a finite combination of 
exponential, logarithmic and algebraic functions operated on by signs of 
indefinite integration. 

From (1) we can obtain two useful inequalities, which are of some import- 
ance (cf. Chapter xvi) in the discussion of series whose general term is a 
multiple of a Bessel coefficient. 

Whether z be real or complex, we have 

00 1 1 O' i 

2 - J"' ^ 




and so, when n ^ 0, we have 


! I 

nl fZo mlin+iy 


(4) 


Jn («) I < 


n 1 


exp 


(ihl) 

U + 1/ 


Z ' ^ 

' exp (i 


n ! 




This resvilt was given in substance by Cauchy, Comptea Jiendus, xiii. (1841), pp. 687, 
864 ; a similar but weaker inequality, namely 

was given by Neumann, Theorie der BesseVachen Fmictionm (Leipzig, 1867), p. 27. 
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By considering all the terms of the series for (^r) except the first, it is 
found that 

(S) 


where 


I ^kexp 


\n+l) n + L 


It should be observed that the series on the right in § 21 (1) converges uraifonnly in 
any bounded domain of the variables z and t which does not contain the origin in the 
^-plane. For if d, A and It are positive constants and if 

the terms in the expansion of exp (^zt) exp {^/t) do not exceed in absolute value the corre- 
sponding terms of the product exp (^iSA) exp (^/Z/5), and the uniformity of the convergence 
follows from the test of Weierstrass. Similar considerations apply to the series obtained 
by term-by-term differentiations of the expansion 2^* («), whether the differentiations he 
performed with respect to a or i or both z and t. 


2*12. The recurrence formulae. 

The equations* 

( 1 ) J n-i (^) + n+i (- 2 ^) Jn (^), 

^ ■ + 

(2) Jn-\ (^) ~~ »t+l (^) ~ (z), 

which connect three contiguous functions are useful in constructing Tables of 
Bessel coefficients ; they are known as recurrence formulae. 

To prove the former, differentiate the fundamental expansion of § 2'1, 
namely 

W “ — 00 

with respect to ^ ; we get 

«= - *3 

so that 

«=-00 »a — » 

If the expression on the left is arranged in powers of t and coefficients of 
are equated in the two Laurent series, which are identically equal, it is evident 
that 

i ^ >»— 1 (-2^) ~l" j f'®}] = riJn if), 

which is the first of the fonnulaef. 

* Throughout the work primes are used to denote the derivate of a funotjpn with respect to 
its argument. 

t Differentiations are permissible because (§ 2 11) the resulting series uniformly convergent. 

The equating of coefficients is permissible beoause Laurent expansions are nniqne. 


W. B. F. 


2 
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Again, diflferentiate the fundamental expansion with respect to z ; and then 

so that — X % V^Jn{z). 

na= — 00 n “ 00 

By equating coefficients of 1?^ on either side of this identity we obtain formula 
(2) immediately. 

The. results of adding and suhtracting (1) and (2) are 

(3) sJn{z) + nJn{z) = zJn-y{z), 

(4) zJ {z) 71 J n {z^ — — ZtTn^i {z). 

These are equivalent to 

( 6 ) 

( 6 ) = 

In the case w=0, (1) is trivial while the other formulae reduce to 

( 7 ) = 

The formulae (1) and (4) from which the others may be derived were discovered by 
Beasel, Berliner Abh. 1824, [1826], pp. 31, 36. The method of proof given hero is due to 
SohWmilch, Zeitaohrift fiLr Math, und Phya. ii. (1857), p. 138. Schlomilch proved (1) in 
this manner, but he obtained (2) by direct differentiation of the aeries for J,, («). 

formula which Schlomilch derived {ibid. p. 143) from (2) is 

(8) ' i 

y^ssO 

where rOm is a binomial coefficient. 

By obvious inductions from (5) and (6), we have 
/ d 

( 9 ) (^)} = {z), 

(d \®* 

where n is any integer and wi ie any positive integer. The formula (10) is due 
to Bessel {ibid. p. 34). 

As an example of the results of this section observe that 

zJi{z) = ^^{z) — zJt{z) 

= 4/s {z) — %J^ (z) + zJs (z) 


= 4 I (.-y-^nJ^{z) + (-)^zJ^.,,(z) 

n=l 

*=•4 2 {~-y^~^nJ^(z), 

m ♦»-! 

since «/ajv+i (^) “*“ 0 &a If 00 , by § 211 (4). 
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The expansion thus obtained, 

(11) zJi{z)~4i 2 

n-l 

is useful in the developments of Neumann’s theory of Bessel functions (§3‘57), 

2*13. The differential equation satisfied hy {z). 

When the formulae § 2*12 (5) and (6) are written in the forms 

^ [z^Jn (^^)} = (^). ^ {«)] = - {z), 

the result of eliminating Jn-\ {z) is seen to be 

£ S Wl] “ - (^)> 

that is to say 

Iz {z), 

and so we have Bessel’s differential equation* 

(1) ^ + (^ _ «.) (^) ^ 0. 

The analysis is simplified by using the operator ^ defined as z (d/dz). 
Thus the recurrence formulae are 

+ ?£■) i/n (a:) — zjr (S'), — n + 1) i/ (s) = Si/jj (s), 

and so 

+ 1) (s-l + n)Jn iz)] = - zJn {z\ 

that is 

- n) + n) Jn (z) = - zJt^ (z). ' 

and the equation 

(z) = - z-J„ (z) 

reduces at once to Bessel’s equation. 

Corollary. Tho .sauio difforential equation is obtained if •/„ + 1 (i) is eliminated from the 
formulae 

(.9 + » + 1 ) + 1 (2) = zJn (2), (5 - h) Jn (2) = - 2'^« + 1 ( 2 ). 

2*2. Bessel's integral for the Bessel coefficients. 

We shall now prove that 

(1) Jn{z)= I coa(jid — zain 0)dd. 

lir '{) 

This equation was taken by Bessel f as the definition of {z\ and he 
derived the other properties of the functions from this definition. 

• Berliner Abh. 1824 [publiKhcd 182C], p. .*14; see also Prullani, il/ew. $oc. Ital..{Modena), win. 
(1820), p. 604. 

t Ibid. pp. 22 and 86. 


2—2 



20 THBOEY OP BESSEL ETJKCTIONS [OHAP. II 

It is frequently convenient to modify (1) by bisecting the range of in- 
tegration and writing 2ir — 6- for $ in the latter part. This procedure gives 

1 f'' 

( 2 ) 

Since the integrand has period 27r, the first equation may be transformed 
into 

■J tivr+a. 

( 3 ) J cos(n0-sBin$)d0, 

where a is any angle. 

To prove (1), multiply the fundamental expansion of § 2T (1) by and 
integrate* round a contour which encircles the origin once counterclockwise. 
We thus get 

ZTriJ H»=-co 271^ J 

The integrals on the right all vanish except the one for which m = n] and 
so we obtain the formula 

(4) 

Take the contour to be a circle of unit radius and write t = e"*®, so that 0 
may be taken to decrease from 27r + a to a. It is thus found that 

■2ir+« 


( 6 ) Jn 

a result given by Hansen t in the case a = 0. 

In this equation take a = — tt, bisect the range of integration and, in the 
former part, replace 0'by — 0. This procedure gives 

j *3in e)j 

and equation (2), from which (1) may be deduced, is now obvious. 

Various modifications of Bessel’s integral are obtainable by writing 

1 r*r 1 /’"■ 

Jn (e) = - COB n6 cos (z sin 0)d6+ - sin 7i0 sin (z sin 0) d0. 

‘WJo ttJo 

If 0 be replaced by tt — ^ in these two integrals, the former changes sign when 
n is odd, the latter when n is even, the other being unaffected in each case ; 
and therefore 

If"’. . . 

= — sin nd sin {z sin 0) d0 

(6) '2 % . . . ( («odd), 

= — I sin sin (if sin 

’JT Jo , 


* Tei'm-by-tenn integration ia permitted because the expansion is uniformly convergent on the 
oontonr. It is convenient to use the symbol to denote integration round a contour enciroliug 
the point a once ooiuiterclockwise. 

t EmitUlung der abtoluten Stlfrungen (Gotha, 1848), p. 106. 
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(n. even). 
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1 

Jn(^)=‘-' I COS COS sin 

(7) '^Jo ■' 

2 yi' 

~ ^ Jo 

If e be replaced by ^tt - 1; in the latter parts of (6) and (7), it is found that 
(^) = - (-)*^" “ cos jii; sin (« cos «7) di; (,i odd), 

(^) = “ ( "■)*“ I ^ COS Wi; COS (2r COS ??) (71 even). 

The last two results are due substantially to Jacobi* 


that 


[Note, It was shewn by Parseval, de» gavam itraT^erSf i. (1806), pp. 639—648, 


a® n< 
1 -— 4- ° 


1 


28“ £2, 4* 2®. 4’*. 6®' 

and in the special oaae in which n-0, (2) will be" deaoribed as PartmaP, integral. It 

Zd rv,iZ“ f “f W, namely Bessel’s integral, 

and Poisrons integral heoome identical when n-O, so a special name for this ca^ is 
justiiiea.J 

v: o interesting to obtain (after Bessel) the formulae § 2-12 (1) and 

?} 2*12 (4) from Bessel’s int<^al. 


2 * 21 . Modij^eations of Parseval's integral. 

Two formulae involving definite integrals which ore closely connected with Parseval’s 
integral formula are worth notice. The first, namely 

•^y(2^-.y=*)}==^ J%v«»®cos(0sin^)tW, 

isdue to Bo^l+. The simplest method of proving it is to write the expression on the 
right m the form 

1 T"- 

— I (jVOOsd+uBintf ^(9 

2Tr J ’ 

expand in powers of y cos 0 +12: sin ^ and use the formulae 

r ^ 

j ^ (y CDS 10 sin !?)»»+ 1 de= 0 , (y cos sin < 9 )*» dd = Cv® -«*)" ; 

the formula then follows without difficulty. 

The other definite integral, due to Catalan J, namely 

(2) Jo (2t V«) = ^ J' 6(1+*) 008 e 00s {(1 - 2) sin 0 } d 0 , 

is a special case of (1) obtained by substitutiifg 1 -2 and 1 +z for a and y respectively. 


Journal fUr Math. xv. (1.S36), pp. 12-18. [Oee. Math. Werke, vi. (1891), pp. 100-1021’ the 
integrals actually given by Jacobi had limits 0 and w with factors l/n- replacing the factors 2 /t. 
See also Anger, Neueste Schriften der Naturf. Ge». in Damig, v. (1866), p. 1, and Oauohy 
Coviptes Rendus, xxxvin. (1864), pp. 910 — 913. ’ 

t Berliner Abh., 1824 [published 1826], p. 37. See also Anger, Neueete Sehr(ften der Naturf. 
Oes. in Danzig, v. (1866), p. 10, and Lommel, Zeitachrift filr Math, und Phys. xv_(1870), p. I 61 ! 
t Bulletin de I'Acad. B. de Belgique, (2) xm. (1876), p. 988. 
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Catalan’s integral may be established independently by using the formula 

so that 


) + ) 

by taking the contour to be a unit circle ; the result then follows by bisecting the range o 
integration. 

2 ‘ 22 . Jacobi’s ecopansions in series of Bessel coefficients. 

Two 'series, which are closely connected with Bessel’s integral, were dis 
covered by Jacobi*. The simplest method of obtaining them is to writ< 
i = ± in the fundamental expansion § 2T (3). We thus get 

Jo («) + 5 (± 1)’* (e"" + (-)” e- Jn (^) 

rt=i 

=» J(,(.gf) + 2 X J^(z)cos 2 n 0 ± 2 i S Ja,i+i (^) sin (2a + 1) 

»=1 n=0 

On adding and subtracting the two results which are combined in this formula 
we find 

00 

(1) coa(.0sin^) = Jo(ir) + 2 2 Jm(z)coa2n6, 

n = l 

(2) sin(^8in^)= 2 2 J„,+i(2)sin (2n + 1) 

n=*0 

Write ^ 7 r — 7 } for 6 , and we get 

(3) cos ( 5 : cos 1?) = Jo (^) + 2 2 (-)” Jan ( 2 :) cos 27177, 

n = l 

(4f) sin cos 97) = 2 2 (-)” Jan+i (^) cos (27i + 1)77. 

n=0 

The results ( 3 ) and ( 4 ) were given by Jacobi, while the otliors wore obhiinod later bj 
Anger t. Jacobi’s procedure was to expand cos (z cos i;) and sin (a cos ij) into a scries 0; 
cosines of multiples of 17, and use Fourier’s rule to obtain the coofRcionts in the form ol 
integrals which are seen to be assooiatefl with Bessel’s integrals. 

In view of the fact that the first terms in (1) and (3) are not formec 
according to the same law as the other terms, it is convenient to introduce 
Neumann's factor % €,1, which is defined to he equal to 2 when n is not zero 
and to he equal to 1 when n is zero. The employment of this factor, which 

* Journal fUr Math. xv. (1886), p. 12. [Gcs. Math. Werke, vi. (1891), p. 101.] 
t NettetU Schriften der Naturf. Ge«. in Danzig, v. (1866), p. 2. 
t Keuznann, Theorie der JBesteVsehen Functionen (Leipzig, 1867), p. 7, 


^o(2tV«)’ 




_ 1 r / 

'm=o (w!)^ ^ ffl=o I J 

= —.7 

2 jri J 


■( 0 +) 


exp 


J_ = J_ f 


(0 + ) 


g-m-i 


THE BESSEL OOEEITOIENTS 


2 * 22 ] 


23 


will be of frequent occurrence in the sequel, enables us to write (1) and (2) in 
the compact forms: 

QO 

(5) cos {z sin ^) = X e^n Jm. (^) cos 2nS, 

n»0 

00 

(6) sin(^!sin^)= X e2n+i (■^) + 1) 

n=0 

If we put ^ = 0 in (5), we find 

(*7) 1 = X *^sn (^)- 

n=0 

If we differentiate (5) and (6) any number of times before putting 0 = 0, we 
obtain expressions for various polynomials as series of Bessel coefficients. We 
shall, however, use a slightly different method subsequently (§ 2'7) to prove 
that z”* is expansible into a series of.Bessel coefficients when m is any positive 
integer. It is then obvious that any pol 3 momial is thus expansible. This is a 
special case of an expansion theorem, due to Neumann, which will be investi- 
gated in Chapter xvr. 

For the present, we will merely notice that, if (6) be differentiated once 
before 0 is put eciual to 0, there results 

( 8 ) £= X e.j,i+i(2n + l)J.jn+j(z), 

n=o 

while, if 0 be put equal to after two differentiations of (5) and (6), then 

(9) 2 sin 2 = 2 {2* ./j (s) — (z) + 6“ Jg (z) —...}, 

(10) 5 cos z = 2 ll’‘J'j(z) — S^Ja(z) + 6** Jg (z) — . ..). 

These results are due to Lornmel*. 


Note. The o-xpreHsion oxp{^s(<- 1/i)} introduced in 8 2T is not a generating function 

to 

in the wtrict HeriHO. Tiie gonernting function t associated with «««/"» (^) is 2 

»l-0 

If this expression be called S, by using tho recurrence fomuila ^ 2T2 (2), wo have 

If WG solve this diftcreutial equation we got 

(11) + J t/g (s) o?s. 

A result equivalent to this was given by Brenkc, Bull. Jlmei'ican Mai/i. Soc. xvi. (1910), 
pp. 220—230. 


* Studien ilber die BesseVsehen Fiuictionen (Leipzig, 1868), p. 41. 

t It will be seen in Chapter xvi. that this is a form of “ Lommel’s function of two variables.' 
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^ THBOBY OF BESSEL FUNCTIONS 


2 * 3 . Poisson’s vniegral for the Bessel coefunenis. 

, Shortly before the appearance of Bessel’s memoir on planetary ijerturbations, 
Poisson had published an important work on the Conduction of Heat . m the 
course of which he investigated integrals of the types f 

j§ **" cos (s cos $) sin"*-*-’' 0d9, cos (s cos 0) sin’-*'* 0d0, 

where to is a positive integer or zero. He proved that these integrals are 
solutions of certain differential equationsj and gave the investigation, which 
has already been reproduced in § 1*6, to determine an approximation to the 
latter integral when z is large and positive, in the special cast? » = 0. 


We shall now prove that 


_ 

~r(» + i)r(i) 


COS (z cos 0) sin''*’* 0</0r 


and, in view of the importance of Poisson’s researches, it seems ap[)ropriate to 
describe the expressions on the right§as Poissons integrals for In the 

case n= 0, Poisson’s integral reduces to Parseval’s integral 2'2). 

It is easy to prove that the expressions under consideration an* equal to 
Jnif)', fcr, if we expand the integrand in powers of z and then integiate 
term-by-term 11, we have 


■!/>»• • 1 00 / \m gSm fv 

- COS (.9 cos 0) sin*" 0d0 = — ^ ■ v p | cos*'" 0 sin'-" 0(10 

ttJo ^ ^m=0 (2w)l Jo 

« 1.3.5... (2?i - 1) . 1 . .3 . 5 ... (2m - I ) 

“ (:2m)! ' 274rT[“r(2TO -f 2m) 


= 1 . 3.0 

and the result is obvious. 


(-f 


(2n 1) ^ 2 H+WI ^ I ^ .,ti ) j ’ 


* Journal de VJ^ooU B. Poly teohniqus, xn. (oahier 19), (1823), pp. 249 — 40.8. 
t Ibid, p. 293, et seq . ; p. 340, et aeq. Integrals equivalent to them had proviouHlj' boon 
examined by Euler, Inst. Calc. Int. it, (Petersburg, 1769), Ch. x, § 1030, but PoisHon’s forms aro 
more elegant, and his study of them is more systematio. Bee also g .8*3. 
t E.g. on p. 800, he proved that, if 


J2=r«+i I' 

then B satisfies the differential equation 


008 (rp cos w) siu*"+* w du, 


n(n+l) „ 


-p^R. 


§ Nielsen, Handbuch der Tlieorie der Gylinderfunktionen (Leipzig, 1904), p. 61, oalls them 
BeasePa aecond integral, but the above nomenclature seems preferable. 

II The series to be integrated is obviously uniformly convergent; the procedure adopted is duo 
to Poisson, ibid. pp. 814, 840. 
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Poisson also observed* that 
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f' 


gteooatfgij^an^^^ 5_ j cos (i? COS Sin®" 

J 0 

this is evident when we consider the arithmetic mean of the integral on the 
left and the integral derived from it by replacing ^ by x — 

We thus get 


( 2 ) 


A slight modification of this formula, namely 

( 3 ) w = j, ( T )/!. ^‘(1 - 

has suggested important developments (cf. § 6*1) in the theory of Bessel 
functions. 

It should also be noticed that 


(4) 


/' 


cos (z cos 0) sin®” 0d0 


fktr 

= 2 / cos cos sin*” 

J 0 
/*i*r 

= 2 I co8(^sin^)cos*”dd0, 
Jo 


and each of these expressions gives rise to a modified form of Poisson’s integral. 

An interesting application of Bessel’s and Poisson’s integrals was obtained 
by Lommelf who multiplied the formula 


cos 2n0 = (— )» 


4w* {4?i* — 2*{ ... (471® — (2m — 2)*} . 


(2m) 1 


sin**” 0 


by cos (2 cos d) and integrated. It^thus follows that 


m “O 


2'31. Bessel's iiwestigatum' of Poisson's integral. 

’riie proof, that ,/„ {z) is equal to Poisson’s integral, which was given by 
BosselJ, is somewhat elaborate; it is substantially as follows : 

It is aeon on differentiation that 


d 

d0 


cos 0 ain*”~’ 0 cos (z cos 0) — ^ sin*”"''’ 0 sin (z cos 6) 

2w + 1 


(27i - I) sin*”"* 0 — 2n sin®** 0 + 


2w H~ 1 


sin®”+* e 


'J cos {z cos 0), 


* PoiHHon actually made the statement (p. 298) conoorning the integral whioh oontaine 
Bina«4-i e ; but, as ho pointu out on p. 840, odd powers may be replaced by even powers throughont 
his analysis. 

j Sindien ilber die nesseVsehen Functionen (Leipzig, 1868), p. 80. 

X lierliner Abh. 1824 [published 1826], pp. 36 — 87. Jacobi, Journal filr Math, xv. (1886), p. 18, 
[Qes. Math. Werki, vi, (1891), p. 102], when giving his proof (§ 2*82) of Poisson’s integral formula, 
objected to the ortihcial character of Sessel’s demonstration. 
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and hence, on integration, when n^l, 

(2n — 1)J cos cos ff) sin®^* ddd “* 2?i J cos {z cos B) sin“” Odd 

+ - ■ f cos (z cos B) sin‘’’*+“ BdB = 0. 
2wH-ljo 

If now we write 

r (»+«ra)/.' ^ * (”>■ 

the last formula shews that 

z<p (n — 1) — 2n<jt) (n) + z^(n + l) = 0, 
so that ^(n) and satisfy the same recurrence formula. 

But, by using Bessel’s integral, it is evident that 

<f> (0) = f/o (z), 


<j)(l) = ~j coa (zco8B)Bm’‘BdB=: — ^J ^|sia(^coa^) 
1 f"" 

= - sin (z cos B) cos BdB — — Jo (z) — Ji (z), 

TTj 0 

and so, by induction from the recurrence formula, we have 

<f>{n)’^J„{z), 

when 91 =a 0, 1, 2, 3, . . .. 


sin BdB 


2 ’ 32 . Jacobi's investigation of Poisson's integral. 

The problem of the direct transformation of Poisson’s integral into Bessel’s 
integral was successfully attacked by Jacobi*; this method necessitates the use 
of Jacobi’s transformation formula 

c^n-i ains«-i B . , 1 . 3 . 5 ... (2n - 1) . . 

where (j. = cos B. We shall assume this formula for the moment, and, since no 
simple direct proof of it seems to have been previously published, we shall 
give an account of various proofs in §§ 2*321 — 2*323. 

If we observe that the-first n—1 derivates of (1 with respect to 

/i, vanish when /a = ± 1, it is evident that, by n partial integrations, we have 

z"^ J cos (z cos B) sin*” BdB = z”'J cos (z/j .) . (1 - dfi 

ri n — /y8V*~J 

= (-)” J ^ cos (z/i - inir) d/i. 

* Journal fibr Math, xv. (1886), pp. 12 — 18. [Qes. Math. Werhe, vi. (1891), pp. 101 — 102.] See 
also Jotmial de Math. i. (1686), pp. 195 — 196. 
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2-32- 2-321] 


If we now use Jacobi’s formula, this becomes 
1.3.5 ...(2?t-l) 


I . dJsinn^ 


d(i 


= 1.3.5 . .. (2n — 1)1 cos (s cos 0 - cos ndd& 

Jo 

=:1.3.5...(2n-l)7rJ„(^), 

by Jacobi’s modification of § 2’2 (8) and (9), since cos cos d — ]^n7r) is equal 
to (—)*'* cos (.8: cos 0) 01 ’ sin (z COS 0) according as n is even or odd; and 

this establishes the transformation. 

2*321. Proofs of Jacobies transformdiion. 

Jacobi’s proof of the transformation foimula used in § 2‘32 consisted in deri\'ing it 
as a special case of a formula due to Lnoroix*; but the proof which Lacroix gave of 
his formula is open to objection in that it involves the use of infinite series to obtain 
a result of an elemonbiry character. A proof, baaed on the theory of linear differential 
equations, wjis discovered by Liouville, Journal de Math. vi. (1841), pp. 69 — 73; this 
proof will be given in § 2*322. Two years after Liouville, an interesting symbolic pi'oof 
was published by Jioole, Camb. Math. Journal., lu. (1843), pp. 216 — 224. An elementary 
proof by induction was given by Grunort, Archie dcr Math, nnd Phi/s. iv. (1844), pp. 104 — 
109. This proof consists in shewing that, if 

then B„ + , =: (1 -fx^) 2n;te„ — « (» “ ^ ) 

and that ( - ' 1.3.6 (2n— 1) (sin 7id)fn satisfies the same recurrence fonnula. 

Other proofs of this cliarnetor have been given by Todhunter, Differential Calculnt 
(London 1871), t)h. xxviii., and Orawfoixlt, Proc. Edinburgh Math. Soo. xx. (1902), 
pp. 11-16, but all these proofs involve complicated algebra. 

A proof depending on the use of contour integration is due to Schlafli, di Mat. (2) 
V. (1873), pp. 201 — 202. The contour integrals are of the typo used in establishing 
Lagrange’s exi«insion ; and in 2*323 we sliall give the modification of Schliifli’a proof, 
iii which the use of contour integrals is replaced by a use of Lagrange’s exjuinsion. 

'Fo prove Jiuiobi’s fornmhi, differentiate by Loibnix’ theorem, thus: 

(-)“-'•« 

1 .3.5... (2n- l)a{p" 


{(l-;i)»-i(l+p)«-l} 


2" ' ..“l, 




^ 2 (-)’"i;,Jl.m+i(sini<9)-‘"* + ’(cob.4d;'2'‘-=*"*-‘ 
m (I 

— sin (2a x hO), 

and this is the tran.sfornwition re(iuire<l J. 

* TraH(< (In Calc. Diff. i. (Paris, 1810, 2nd edition), pp. 182—183. See also a note written by 
Catalan in 1808, Mini, dc la Soc. li. den Sci. de Liege, (2) xii. (1885), pp. 312 — 310. 

t Crawford attribntes tlio fornmla to Kodrigues, possibly in conseiiuence of an incorrect state- 
ment by Frenet, Reeiicil d'Kxereires (Paris, 1866), p. 93, that it is given in Bodriguos’ dissertation, 
Correnp. mir t'Kcolc It. Polytechniiiae, in. (1814 — 1816), pp. .361—885. 

I I owe this proof to Mr C. T. Preece. 
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2*322. Idoumiy-a proof of Jacobis tramfomuition. 

The proof given by Liouville of Jacobi’s formula is as follows : 

and let D be written for (f/ef/x; then obviously 
(1 - Z)y +(2n-l) /u.y=.0. 

Differentiate this equation n times ; and then 


but 

BO that 
HeuM 


(1 — /i*) !)"■*■ 2>*“^y=0 : 

a (io ®) +»o‘ =». 

ainn^+Booajid, 


where J and B are constants j since 2)""*^ is obviously an odd function of d, jS is zero. 
To determine A compare the ooefflcients of 6 in the expansions of and A ain»d in 

ascending powers of B. The term involving B in is easily seen to be 

(-Idd)' ' (2»- 1) (2»- 3) ... 3 . 1 . d, 

BO that 7iA = (-)'‘-il.3.6... (2n-l), 


and thence we have the result, namely 

^a-l,gin2n-Xd , 1.3.6. ..(2n-l) . , 

■ s=(-)»-i i ? Hin»d, 


2 *323. SchU^ia pioof of Jacobs t transformation. 

We first recall Lagrange’s expansion, which is that, if «*=/*+/!/’(«), then 


'*> W= W+ ^ [{/ WP Wl 

flo that 1 = .!,^ W]. 

subject to the usual conditions of convergence*. 

Now take /(a)s s ^(1 - 

it being supposed that 0' (f) reduces to - /**), i-©- to sin d when A ♦ 0. 

The singfularities of z qua ftinotion of h are at ; and so, when d is real, the ex- 

pansion of a/( 1 — s®) in powers of h is convergent when both | h | and | z | are less than unity. 
Now «= {1 - ^(1 - 2/iA -I- A»)}/A, 


and so 

Hence it follows that 


a« 1 

.hi 


(_)n- 


c^^'^sin**"^ d ■ 


2*"*.(n— 1)1 

pansion of ^(1 — »**) , {hzjdp.) in powers of h. But it is evident that 


is the coefficient of A""* in the ex- 


■ w~ „fi"2.4:6...(s5»i; ’ i ^ * 

and a consideration of the coefficient of A”'^ in the last expression establishes the truth of 
Jacobi’s formula. 


Of. Modern Analysis, § 7’S2. 
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233. An appliccction of Jacobi s transforTnation, 

The formal expansion 

j y (oos x) cos 

in which a„ is the coeflScient of <”+»» in the expansion of JAtyJAt) in as- 
cending powers of (. has been studied by Jacobi*. To estabUsh it, integrate 
the expression on the left n times by parts; it transforms.(§ 2-32) into 

1 ^ 

173.6 ...(2n- 1) j„ sin“*d®, 
and, when ain»« is replaced by a series of cosines of multiples of®, this becomes 


27476^) *) [l - ;^cos 2® + 




da. 


We now integrate /^(oos®) cos 2®. /« (cos ®) cos 4®. ... by parts, and bv 

0^111^** evidently arrive at a formal expansion 

of the type stated: When /(cos®) is a polynomial in cos®, the proems 
obviously terminates and the transformation is certainly valid. 

To determine the values of the coefficients in the expansion 
j /(cos ®) cos n®ci® = / 2 (_)».„„/m+„ni (^os j.) 

•I 0 wi“0 

thus obtained, write 


/(cos a) ^ (-)4« cos (t cos a), gin (i cos a), 

according as n is even or odd, and we deduce from § 2-2 (8) and (9) that 

{(->’"‘^0 (Oil 

so that a„, has the value stated. 


It has been stated that the expansion is valid when /(cos a) is a poly 
nomial in cos a;; it can, however, be established when /(cos a) is merely re- 
stricted to be an integral function of cos a?, say 

Y bn cos^a 
n-o n! ’ 


provided that b,, | is less than the smallest positive root of the equation 

Jo (0 — Of the investigation of this will not be given since it seems to be of 
no practical importance. 


* Journal /Ur Math. xv. (1836), pp. 26-26 [Oei. Math. Werke, vi. (1891), pp. 117-1181 Bee 

also Jacobi, A»tr. Nach. xxvni. (1849), col. 94 [Ges. Math. Werke, vu. (1891), p. 174]. 
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2’4. The addition fcn'mula, for the Bessel coefficients. 

The Bessel coeflScienta possess an addition formula by which Jn{y + ^) 
may be expressed in terms of Bessel coefficients of y and z. This formula, 
which was first given by Neumann* * * § and Lommelf, is 

(1) •/n(y + ^)= i Jm{y) d ft— »/l (^). 

OT— -00 

The simplest way of proving this result is from the formula § 2‘2 (4), which 
gives 

1 f(0+) 

*/■» (y + 1 

T CiO+) 00 

= 2SI 

1 fs r*®+> 

= 5 —. t Jm(y)\ dt 

Zltl fflmM - 00 J 

00 

= S Jmi.y') 

fl»- -oo 

on changing the oi*der of summation and integration in the third line of the 
analysis ; and this is the result to be established. 

Numerous generalisations of this expansion will be given in Chapter xi. 


2'6. Hansen's series of squares and 'products of Bessel coefficients. 

Special cases of Neumann’s addition formula were given by Hansen| as 
early as 1843. The first system of formulae is obtainable by squaring the 
fundamental expansion § 2T (1), so that 

= j i rJriz)\\ S 

W^-00 ) Uitx-oo • ) 

By expressing the product on the right as a Laurent series in t, and equating 
the coefficient of i” in the result to the coefficient of t^ in the Laurent ex- 
pansion of the expression on the left, we find that 

J'„(2xr)« i /r(^)«/n-r(«). 

rsa — 00 

In particular, taking n = 0, we have§ 

(1) J, (2s) = Jo* (^) + 2 S (-)’• {z) = i (-y e, Jr^ (s). 

rx»l r=0 

* Tluorie der BmeV$chen Futietionen (Leipzig, 1867), p, 40. 

+ Studfenilber die BessePschen Functionen (Leipzig, 1868), pp. 26— 27 ; see also SohlSfli, Math. 
Atm. m. (1871), pp. 186 — 187. 

t Ermittelunff der absoluten Stdrungen (Gotha, 1848), p. 107 et seq. Hansen did not give (4), 
and he gave only the special case of (2) in which n=l. The more general formulae are due to 
Loimnel, Studien tiber die BeteePachen Functionen (Leipzig, 1868), p. 881 

§ For brevity, («) is- written in place of (is)}*. 
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2-4-2-6] 


From the general formula we find that 

(2) 2 t/i- (if) «/n_r (^) + 2 2 (— )*■ (if) (if), 

r=0 r=l 

when the Bessel coefficients of negative order are removed by using § 2*1 (2). 
Similarly, since 

I i 5 

^r=-oo ,1 1,171= -00 } 

- exp {^if {t - Ijt)} exp {^if (- i + 1/i)} 

= 1 , 

it follows that 

(3) t/o“ (^) + 2 2 Jr® “ 1> 

r=l 

in 00 

( 4 ) 2 (— )’’ Jr (^) Jen— r (•^) "I" 2 2 Jr (if) Jan+r “ 0 , 

r-0 r-1 

Equation (4) is derived by considering the coefficient of in the Laurent 
expansion ; the result of considering the coefficient of is nugatory. 

A very important consequence of (3), namely that, when x is real, 

(6) |J„(ic)|<l, I Jr(«!)j^ l/V'2, 

where r = 1, 2, 3, .... was noticed by Hansen. 


2'6. Neumanns integral for Jr? {z). 

It is evident from § 2‘2 (5) that 

ATT .1 -rr 

and so 

JJ (^) = ^ f e-w(8ine+«in0, 

To reduce this double integral to a single integral take new variables defined 
by the equations 

6 -<f>^2x, 0+ (j)- 2i/r, 

so that 

9 (X- '?■) 

It follows that 

(z) = JJ gani^ e-a^^8in ^oosx clyfr, 

where the field of integration is the square for which 

Since the integrand is unaffected if both x *^nd yjr are increased by tt, or if x 
is increased by tt while yjr is simultaneously decreased by tt, the field of inte- 
gration may evidently bo taken to be the rectangle for which 
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Hence 

esni-fr-stesln .^cos ;r 

1 f"' 

= - jo*^«‘(2^cosj<;)(£?^. 

If we replace % by ^tt T &, according as p^; is acute or oV)tuHf, we ebUiiu tht‘ 
result 

0) *4i*(^) = - [ i/'an (2« sin 

TT.Io 

This formula may obviously be written in the form 

•^Bn (25f 

which is the result actually given by Neumann*. If was dorivtMi by liiiiv by 
wme elaborate transformations from the additionrtheorem which will be trjven 
m§112.^ The proof which has just been given is suggested by tin* prinif uf 
that^dition-theorem which was published by Graf and Gublcrt. 

eo tain a different form of the integral if we perform tin? int «*gr.‘it it»n 
with respect to x instead of with respect to f. This procedure givc.s 

f *^0 (2« sin yl^) e^”** dylr, 

so that 

^ f *^0 (2« sin y/r) cos 2nyjr dy}r 

“ w Jo sin yjr) cos eff', 
a result which Schlafli| attributed to Neumann. 


2 * 61 . N'emiann’s series for (^). 

tut ^ Wby-tarm, Ne„rnunn§ I 

(z) J= 1 f " J (~)»» ^im gn^-an, ^ 

’^*'0 w-o mi (2n + ni)\ 

« s (•")" (2« + 1 (i. 

»“0 ^K2n + m)l ' 

t M«7), 70. 



2*61, 2-7] raE BESSEL COEFEIOIBiraS 

This result was written by Neumann in the form 

('I'i J ^(z)~ Tl - I 

where 


L 1 (2w + 1) ' 1 . 2 . (271 + l)(27i + 2) 

_ 2n + l 
"'“271 + 2 ’ 

_ (2n+l)(277+3) 

* (271+ 2) (271 + 4)’ 

~ (2?? + 1) (271 + 3) (271 + 6) 

'‘■"(27t + 2,)(2ji +4)(27 i + 6)’ 


This expansion is a special case of a more general expansion (due to 
Schlafli) for the product of any two Bessel functions as a series of powers with 
comparatively simple coefficients (§ 6'41), 


2 ’ 7 . Schlomilch’s eocpansion of in a series of Bessel coefidents. 

We shall now obtain the result which was ibreshadow’ed in §2’22 con- 
cerning the expansibility of in a series of Bessel coefficients, where m is any 
positive integer. The result for m= 0 has alretidy been given in §2'22 (7). 

In the results §2-22(1) and (2) substitute for cos 2n^ and 8in(27i+ 1)^ 
their expansions in powers of sin®^. These expinsions are* 

cos 2ne = (-r (2 “n «)“. 

sin (2,. + I ) « = ^ I, (-)• f ^ 

The results of substitution are 

( cos sin e) = J, W + 2 j;. W I (2 sin «)»| . 

{ sin (. Bin (.) j 2^ (-)■ I (2 sin . 

If we rcan-ange the series on the right as power series in sin 6 (assuming 
that it is permissible to do so), we have 

coB(«ine)=|AW + 2 2y„(.)| + _2 (i,), — 

• / • OX (-)«(2 8m 0)“+^ { “ (2n + l).(?i + s)! - . 

sm(^Bin0)= % - -^V- 7~Txf — 1 ^ Z Jm+i{z )\ . 

«=o (2a* +1)! (n-8)\ ^ 


w. B. r. 


Cf. Hobson, Plane Trigonometry (1918), §§80, 82. 


3 
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If we expand the left-hand sides in powers of sin 6 and equate coefficients, 
we find that 




»=>i 


= 1.2.3,...) 


rUrV- ? 2n.(n + «-l)! , , , 

(s = 0. 1, 2, ...) 

The first of these is the result already obtained ; the others may be com- 
bined into the single formula 


( 1 ) 


(J.)»= I („ = !, 2. 3, ...) 

n=30 n\ 


, The particular cases of (1) for which w = 1, 2, 3, were given by Schlbmilch*. 
He also shewed how to obtain the general formula which was given explicitly 
some years later by Neumann^ and LommelJ. 


The rearrangement of the double series now needs justification; the rearrangement is 
permissible if we can establish the absolute convergence of the double series. 

If we make use of the inequalities 


in connexion with the series for sin (a sin ff) we see that 
I lasin^x « (271 + 1). (n+Q ! | 

,,o (2< + l)! (n-a)l * (2« + l)I „i ^ 


glo (2«+l)! 


|S* + 1 


exp (i i « P) 


- sinhdifsm^l) exp 

and so the series of moduli is oonvei^ent. The series for cos {$ sin 6) may be treated iu 
a similar manner. 


The somewhat elaborate analysis which has just been given is avoided in 
Lommel’s proof by induction, btit. this proof suffers from the jfact that it is 
supposed that the form of' the expansion is known and merely needs verifica- 
tion. If, following Lommel, we assume that 


n=0 


(m+ 2n) . (m + 71 ~ 1)1 


’m+m 




* ZeiUclirift fUr Math, und Phyt. n. {1867), pp. 140 — 141. 
t Theorie der BesseVechen Fiinctionen (Leipzig, 1867), p. 88. 

:j: Studien liber die BeeeeVechen FuncUonen (Leipzig, 1868), pp. 86—86. Lommel’s investigation 
is given later in this section. 
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[which has been proved in § 2-22 (8) in the special case m = 1], we have 




^ (m + 2n) . (m + — 1) 1 

ffis>0 ^ I 




2 i(^)l I (m + «-l).i l 

n-il »I (»-l)! 

— (nt + n) 1 r / 

naO n I " rn+an (■2) + »7^ft+a»f8 (■8^)} 


_ y (m + 1 + 2? i) . (m + w)! ^ ^ 

»=0 ~n1 *'w+i+2n (-?)• 

Since («i + n) ! J'^an (^)/w ! -*- 0 as n oo , the rearrangement in the third 
me of the analysis is permissible. It is obvious from this result that the in- 
duction holds for m = 2, 3, 4 , ... . 


An extremely elegant proof of the expansion, due to A. 0. Dixon* is os follows:— 

Let # be a complex variable and let « be dettned by the equation u = ~, so that when 

t describes a small circuit round the origin (in-side the circle M | = 1), does the same. 

We then have 





<o+) 

14"* exp (zlit)du 
(ot) 1 




74! 


_ " (77H-2»).(7a4-7i-l)! , 

„to' 74 ! 

when wo calculate the sum of the residues at the origin for the last integral ; the inter- 
change of the order of summation and integration is permitted iTocause the series converges 
uniformly on the contour ; and the required result i.s obtained. 

[^Notk. When m is zero, ^ has to bo replaced by .1 


2*71. iSc/ilomilch’s expansions of the type 'S.tif'Jn {z). 

The formulae 

(1) 2 (2»)«py3„(^)= 2 

•*■=1 m=o *"* 

(2) \ (274-hl)'4*+».4.^,(x)= 2 

n =0 ,rt =0 »»H-l ’ 

in which/? is any positive integer [zero included in (2) but not in (1)] and is a numeri- 
cal coefficient, are evidently very closely connected with the results of § 2-7. The fornuilao 

" Messenger, xxxn. (1908), p. 8; a proof on the same lines for the case 7 m =1 had been pre- 
viously given by Kapteyn, Kieuw Archie/ voor Wiskunde, xx. (1898), p. 120. 

3—2 
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were obtained by Sohldmilch, 
gave, as the value of 

(3) 


Zeitiohrift fUr Math, wnd Pky». ii. (1857), p. 141, and he 

ph») ^ 


where ^Cit is a binomial coefiScient and the last term of the summation is that for which h 
is ^ - 1 or ^(m— 1). To prove the first formula, take the equation § 2*22 (1), diflFerentiate 
^ times with respect to d, end then make 6 equal to zero. It is thus found that 


2(-)J» 2 (2»)apJ^an(«) 

tt=i 


~d^ cos (jg sin g) 


J®««o 




“ ajnftw q ~\ 

m=0 (2 j»)! Jfl=.o' 


The terms of the series for which »j>p, when expanded in ascending powers of d, 
contain no term in and so it is sufficient to evaluate 


fcP*’ *• ( - )«‘«>«8in»«tf"] V ( 2 m. r tint 

(2«n) ! 1 . 0 “ «io (2 m) 1 iJo 1 I -i-o 

-2(-)*> 2 

m=0 

since terms equidistant from the b^inning and the end of the summation with respect to 
k aie equal. The truth of equation (1) is now evident, and equation (2) is proved in a 
similar manner from § 2‘22 (2). 

The reader will easily establish the following special cases, which were stated by 
Schlfimilch : 

(*)+6®i76(i) + ,..=^ (*+«*)j 

(4), ]2®J^s(s)+4SV4(®)+62.re(;p)+...^i«8, 

1 2 . 3 . 4 J^8 (s) +4 . 6 . 6 («) +6 . 7 . 8 J"? («)+ ... =4*8. 


2*72. NeumanifCa expansion of :^aa a series of squares of Bessel coefficients. 

From SchlSmilch’s expansion (§ 2*7) of .z*® , as a series of Bessel coefficients 
of even order, it is easy to derive an expansion of as a series of squares of 
Bessel coefficients, by using Neumann’s integral given in § 2'6. 

Thus, if w’e take the expansion 


V (2in + 2n).(2m + u-l)! ^ 

(^zrsincr/" - */i»i+»i(2z8in0), 


and integrate with respect to we find that 


TT 

SO that (when m> 0) 


rgui««fl(W= 2 (2w + 2n).(2m + «-l) i 
Jo n«0 1 


(^)» 





(wtp* V (2ffl + 2n).(2m + w~l)! 

(2m) ! »=o n~i **+« W* 
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This result was given by Neumann*. An alternative form is 

(2) 

and this is true when tw = 0, for it then reduces to Hansen’s formula of § 2*5. 


/I (wl)* * r(n + m) r*/ \ 


As special oases, we have 

/ 1 * 
z^= k 2 


(3) 


f»- ./n* (i). 


1. 


e* = ~ 2 . 4n^ (4n^ - 2 *) 

a . » n=i 

afl « 2 . 4«2 (4m 2 - 2®) (4na - 48) (a), 

4.0,0 n„g 


If we differentiate (1), use § 2’12 (2) and then rearrange, it is readily found that 

(4) w, 

an expansion whose existence was indicated by Neumann. 


Leipziger Beriehte, zxi. (1869), p. 226. [Math. Ann. ni. (1871), p. 686.] 



CHAPTER III 


BESSEL FaNCTIONS 


3*1. The generalisation of Bessel’s differential equation. 


The Bessel coefficients, which were discussed in Chapter li, are functions 
of two variahleiS, z and n, of which z is unrestricted but n has hitherto been 
required to be an integer. We shall now generalise these functions so as to 
have functions o? two unrestricted (complex) variables. 

This generalisation was effected by Lommel*, whose definition of a Bessel 
function was effected by a generalisation of Poisson’s integral ; in the course 
of his analysis he shewed that the function, so defined, is a solution of the 
linear differential equation which is to be discussed in this section. Lommel’s 
definition of the Bessel function Jp{z) of argument z and order v wasf 

J u if) ^ P (y r (1) io 

and the integral on the right is convergent for general complex values .of v 
for which It(v) exceeds — Lommel apparently contemplated only real 
values of v, the extension to complex values being effected by HankelJ ; 
functions of order less than ^ ^ were' defined by Lommel by means of an ex- 
tension of the recurrence formulae of § 2T2. 

The reader will observe, on comparing § 3*3 with § 1*6 that Plana and 
Poisson had investigated Bessel functions whose order is half of an odd integer 
nearly half a century before the publication of Lommel’s treatise. 

We shall now replace the integer n which occurs in Bessel’s differential 
equation by an unrestricted (real or complex) number§ v, and then define a 
Bessel function of order v to be a certain solution of this equation ; it is of 
course desirable to select such a solution as reduces to Jn{z) when v assumes 
the integral value n. 


We shall therefore discuss solutions of the differential equation 


which will be called Bessel’s equation for functions of order v. 


* Studien ilber die BeneVtchen Fwietionen (Leipzig, 1868), p. 1. 

+ Integrals resembling this (with v not necessarily an integer) were studied byLuhamel, Courn 
d'Analyee, n, (Paris, 1840), pp. 118 — 121. 

t MaAh. Arm. i. (1869), p, 469. 

§ following Lommel, we use the symbols v, p. to denote unrestrioted numbers, the symbols 
n, VI being reserved for mtegers. This distinction is oustomaiy on the Continent, though it has 
not^yet come into general use in this country. It hw the obvious advantage of shewing at a 
glance whether a result is true for unrestricted functions or for functions of integral order only. 
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Let us now construct a solution of (1) which is valid near the origin; the 
form assumed for such a solution is a series of ascending powers of say 

«t=«0 

where the index a and the coefficients are to be determined, with the pro- 
viso that Co is not zero. 

For brevity the differential operator which occurs in (1) will be called V,,, 
so that 

(2) + 4 + 

It is easy to see that* 


ffl=0 >AcO m=0 

The expression on the right reduces to the first term of the first series, 
namely Co (a® — j^) z^, if we choose the coefficients so that the coefficients of 
corresponding powers of z in the two series on the right cancel. 

This choice gives the system of equations 

' Cl {(a + 1)*— =0 
c,i\{a + 2)^—v^l+Co =0 

Cs i(a + 3)“ - 1/=} + Cl =0 


I Cm l(a + - u^] + Cm-^ = 0 


If, then, these equations are satisfied, we have 

(4) V„ 2 CmZ“+”‘= Co(a® — i^)z“. 

H»-0 

From this result, it is evident that the postulated series can be a solution 
of (1) only if a = + v; for Cq is not zero, and z* vanishes only for exceptional 
values of z. 

Now consider the /rith equation in the system (3) when w > 1. It can be 
written in the form 

Cm(a — v + m)(a+v + wi) + Cm-e = 0, 

and BO it determines 0 ,^ in terms- of Cm-^ for all values of m greater than 1 
unless a — v or a+v is a negative integer, that is, unless — 2i/ is a negative 
integer (when a = — v) or unless 2v is a negative integer (when a = v). 

We disregard these exceptional values of v for the moment (see §§ 3'11, 
3‘5), and then + — does not vanish when = 1, 2, 3, .... It now 

* When the oonstants a and have been determined by the following analysis, the series 
obtained by formal processes is easily seen to be convergent and differentiable, so that the formal 
prooednre aotnally prodnoes a solution of the differential equation. 
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follows from the equations (3) that Cis=Cj=^C6= ... = 0, and that Ca„ is ex- 
pressible in terms of Co by the equation 




Co 


(a — j' + 2)(a — ... (a — y + 2m)(a4-v + 2) (a + v + 4)... (a + v+^m) 
The system of equations (3). is now satisfied ; and, if we take a = v, we see 
from (4) that 


( 6 ) 


Co«*’ 


1+ 2 

m I (v -f- 1) (i/ + 2) . . . (v -I- m) 


is a formal solution of equation (1). If we take a = — v, we obtain a second 
formal solution 

t-i m!(— 1) (— V + 2) ... {-v + m)_ 


( 6 ) 


c/x-'' 1+ S 


In the latter, Co' has been written in place of Co, because the procedure of 
obtaining (6) can evidently be carried out without reference to the existence 
of (6), so that the constants Cq and 0 ^' are independent. 

Any values independent of z may be assigqed to the constants Cq and Co ; 
but, in view of the desirability of obtaining solutions reducible to Jn (^) when 
p-*-n,we define them by the formulae* 

1 , 1 

TF^+T)- 




Co — 


Co -gri 


2>'r(j; + l)* 

The aeries (5) and (6) may now be written 


» (-)*» 

m ! r (v + m-i- 1)’ 


„-.o m ir(— 1/4- w + l)‘ 


In the circumstances considered, namely when 2v is not an integer, these series 
of powers converge for all values of z, (zs=0 excepted) and so term-by-term 
differentia.tions are permissible. The operations involved in the analysis f by 
which they were obtained are consequently legitimate, and so we have obtained 
bwo solutions of equation (1). 

The first 'of the two series defines a function called a Bessel fwnction of 
order v and argument z, of the jwst hindX^ and the function is denoted by 
the S 3 nnbol J „ (z). Since v is unrestricted (apart from the condition that, for 
the present, 2v is not an integer), the second series is evidently »/_„ {z). 

Accordingly, the fv/nction Jt,{z) is defined hy the equation 


( 8 ) 


J'.(^)= t 


r(v + m-|- 1) ■ 

It is evident from § 2*11 that this definition continues to hold when i/ is a 
positive integer (zero included), a Bessel function of integral order being 
identical with a Bessel coefficient. 

* For properties of the G-amma-funotion, see JlTodmi Analysis, ch. xn. 

"t "Which, ap to the present, has been purely f6;ciiial. 

t FuhotionB of the second and third kinds are defined In §§ 8*6, 8-54, 8'67, 8*6. 
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An interesting symbolio solution of Bessel’s equation has been given by Cotter'*^ in the 
form 

[!+«’' (Aa’'+Br*'), 

where D^djdfs while A and B are constants. This may be derived by writing successively 

\P (zD - 2v) +a] s**!/ =0, 

\zD'-’iv-\‘D~^z\z*y= — 2vi?, 

zD + -^vBz-\ 

«-’'y + 1 i)- V+V= 

which gives Cotter’s result. 

3'11. Functions whose order is half of cm odd integer. 

In § 3T, two cases of Bessel’s generalised equation were temporarily omitted 
from consideration, namely (i) when v is half of an odd integer, (ii) when v is 
an integerf . It will now be shewn that case (i) may be included in the general 
theory for unrestricted values of v. 

When V is half of an odd integer, let 

yS = (r + ^)^ 

where r is a positive integer or zero. 

If we take a = ?■ + ^ in the analysis of § 3'1, we find that 
(ci.l(2r4-2) =0, 

|c„t . w (77i + 2r + 1) + c,H_a = 0, ) 


|c„t . w (w + 2r + 1) + C,H_a = 0, (7W,>1) 

and so 

c = 

W 2.4..,(2m).(2r + 3)(2«- + 6)...(2»- + 2m + l)’ 

which is the value of Ca,,, given by § 3T when a and v are replaced by r + 

If we take 

1 

^°'2’*+ir(r + |)’ 

we obtain the solution ♦ 

,«=oWil r(r + w + f)’ 

which is naturally denoted by the symbol so the definition of 

§ 3T (8) is still valid. 

If, however, we take a. = — r—\, the equations which determine Cm become 
(3) fci.l(-2r) =0, (m>l). 

As before, Cu c^, - Car-i are all zero, but the equation to determine c^+i is 

• Our+i + Car— 1 “ -0, 

and this equaiion is satisfied by an arbitrary value of Car+iJ when m>r, Ogm+i 
is defined by the equation 

^ ^ (-)*^’-Car+i 

(2r + 3) (2r + 6) ... (2wH- 1) . 2 . 4 . .. (2?w - 2r) ' 

* Proe. Jt. Irifh. Acad, xxvii. (A), (1909), pp. 167—161. 
f The oases combine to form the case in which 2v is an integer. 
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If Jp {z) be defined by § 3*1 (8) when — r — the solution now con- 

structed is* 

Co 2-^ r (4 - r) J_,wi («) + (V+i r (r -f* f) (4 

It follows that no modification in the definition of Jy(z) is necessary when 
v-±(r + |'); the real peculiarity of the solution in this case is that the 
negative root of the indicial equation gives rise to a series containing two 
arbitr^ constants, Cq and i.e. to the general solution of the differential 
equation. 

8‘12. -4. fwndamental system of solutions of Bessel's equation. 

It is well known that, if yi and are two solutions of a linear differential 
equation of the second order, and if yi and y/ denote their derivatea with 
respect to the independent variable, .then the solutions are linearly inde- 
pendent if the Wronshian determinant^ 

Vi 

Vi 2/2 

does not vanish identically; and if the Wronskian does vanish identicallj^ 
then, either one of the two solutions vanishes identically, or else the ratio of 
the two solutions is a constant. 

If the Wronskian does not vanish identically, then any solution of the 
differential equation is expressible in the form Oi yj +• Ca ^2 where Ci and Cj are 
constants depending on the particular solution under consideration; the 
solutions yi and y^ are then said to form a fundamental system. 

For brevity the Wronskian of yi and,y, will be written in the forms 
Wiz[yuy^, ^{yuV^, 

the former being used when it is necessary to specify the independent variable. 

We now proceed to evaluate 

m{Mz), J^y(z)}. 

If we multiply the equations 

(a:) = 0, V„ Jy {z) — 0 

by Jy (js\ J^y (z) respectively and subtract the results, we obtain an equation 
which may be written in the form 

* In connexion with series representing this solaHon, see Plana, Mem. deUa Jt. Accad. delle 
Sei. di Torino^ xxn. (1821][, pp. 619 —588. 

f For references to theorOms oonoenung Wronskians, see EneyclopSdie dee 8ci. Math. ii. Ifr 

28), p. 109. Proofs of the theorems quoted in the text are given by Forsyth, Treatise on 
nijferentfal Equations ^1914), §S 72 — lA. 
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and hence, on integration, 

( 1 ) 

where (7 is a determinate constant. 

To evaluate 0, we observe that, wh^ v is iiot an integer, and | 2 r| is small, 
we have 

® <*’>!’ (^>1- 

with similar expressions for iz) and J' (z)] and hence 

1 1 


w (z) - (z) j; (z ) = J |p-^- 


+ i)r(-f) rwr(-.;+i), 

2 sin VTT . 

+ 0(z). 


+ Oiz) 


TTZ 


If we compare this result with (1), it is evident that the expression on the 
right which is 0{z) must vanish, and so* 

(2) W1J-,(A /-.Wl= 


TTZ 


Since sin inr is not zero (because v is not an integer), the functions Jy (z), 
J-y {z) form a fundamental system of solutions of equation § 3T (1). 

When V is an integer, «, we have seen that, with the definition of § 2T (2), 

-n (^) — (~)” » (^) j 

and when u is miide equal to — a in § 3T (8), we find that 
r - I 

w! T (- n + m + 1) • 

Since the first n terms of the last series vanish, the series is easily reduced to 
{—y^Jn(z), 80 that the two definitions of J^n{z) are equivalent, and the 
functions ./„ (^), do not form a fundamentJil system of solutions of 

Bessel’s equation for functions of order n. The determination of a fundamental 
system in this case will be investigated in § 3 63. 

To sum up, the function Jy{z) is defined, for all values of v, by the 
expansion of § 31 (8); and Jy {z\ so defined, is always a solution of the equation 
V„y = 0, When v is not an integer, a fundamental system of solutions of this 
c(juation is formed by the functions Jy (z) and t/_„ {z). 

A geiioraliaation of the liossel function has been effected by F. H. Jackson in his 

rcaearcheH on “biwic numl)or8.” Briefly, a basic number [n] is defined ns where pis 

tlie base, and the basic (Jauiraa function Pp (v) is defined to satisfy the reciurenco formula 
Tp (r + l)=M. rp(r). 

The biwic Bossol function is then defined by reijlacing the numbers which occur in the 
series for the Bessel function by basic numbers. It has been shown that very many theorems 

* This result is due to Lommol, MatJt. Ann. iv. (1871), p. 104. He derived the value of C by 
making z ->-aa and using the approximate formulae which wjill be investigated in Chapter vn. 
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concerning Bessel functions have their analogues in the theory of basic Bessel functions, 
hut the discussion of these analogues is outside the scope of this work. Jackson’s main 
results are to be found in a aeries of papers, Proo. Edinburgh Math. Soc. xxi. (1903), pp. 
66-72 ; xxn. (1904), pp. 80—86 ; Proo. Rogal Soc. Edinburgh, xxv. (1904), pp. 273—276; 
5Va«a, Soyod Soo. Edhiburgh, xli. (1906), pp. 1 — 28, 106 — 118, 399—408; Proc. London 
Math. Soc. (2) i. (1904), pp. 361—366; (2) jp. (1905), pp. 192—220; (2) m. (1905), pp. 1—28. 

The more obvious generalisation of the Bessel function, obtained by increasing the 
numbei* of sets of factors in the deuonainators of the terms of the series, will be dealt with 
in § 4’4. In connexion with this generalisation see CaiHer, M^. de la Soc. do Phya. de 
Owhce, xxxrv. (1905), p. 364; another generalisation, in the shape of Bessel functions of two 
variables, has been dealt with by Whittaker, Math. Ann. lvil (1903), p. 351, and P^rhs, 
Oomptes Jtmdzcs, OLxr. (1916), pp, 168—170. 


3‘13. Geiwral propeHies of J„ ( 0 ). 

The series which defines Jv{^) converges absolutely and uniformly* in any 
closed domain of values of 0 [the origin not being a point of the domain when 
M (j>) < 0], and in any bounded domain of values of v. 

For, when [vl < N and \s!\ % A, the test ratio for this series is 

m{y + m)\ — N) ’ 

whenever m is taken to be greater than the positive root of the equation 

m* - — I A» = 0. 

This choice of m being independent of v and 0 , the result stated follows from 
the test of Weierstrass. 

^ Senoe'\ Jvif) ts an analytio function of z for all vcdues of z {z = 0 possibly 
being excepted') aiid it is an a/nalytic function of v for all values of v, 

important consequence of this theorem is that term-by-term differen- 
tiations and integrations (with respect to 0 or v) of the series for are 
permissible. 


An inequality due to l^ielsen f should he noticed here, namely 


( 1 ) 


where 




(K 




r(v4.i) 


and 1 Po+1 1 is the amaUest of the numbers } y+1 j, | v+2 j, ] v+3 ], .... 

This result may be proved in exactly the same way as | 2-11 (5) ; it sho\ild be com- 
pared with the inequalities which will be given in § 3-3. 

Finally, the function 0 *', which is a &ctor of ( 0 ), needs precise speoifica- 

* Bromwich, Theory of Infinite Seriee, % 82. 
f Modem Analysis, § 6-8. 

t Math. Arm. jsa. (1899), p. 280; Nyt Tidsslerift, n. B (1898), p. 78; see also Mat6. Arm. nv. 
(1902), p. 494. 
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tion. We define it to be exp (v log z) where the phase (or argument) of z is 
given its principal value so that 

— IT < arg z % IT. 

When it is necessary to “continue” the function J,{z) outside this range of 
values of arg z, explicit mention will be made of the process to be carried out. 


3'2. The recurrence formulae for (z). 

Lommel’s generalisations* of the recurrence formulae for the Bessel co- 
efficients (§ 2*12) are as follows: 

St 

(2) J.-i(^)-J.+^(z)=:2J/(z), 

(^) J {z) + vJ,. {z) — zJ^^i (z), 

zJJ (z) — v (z) = - zJ^+^ (z). 

These are of precisely the same form as the results of § 2T2, the only difference 
being the substitution of the unrestricted number v for the integer n. 

To prove them, we observe first that 

- \z^J (zV = I 

» +2m 

"" «=o 2''-i+«».m!r(i/ + m) 

= z'’J^,{z). 

When we differentiate out the product on the left, we at once obtain (3). 
In like manner, 




dz ,nZo 2 . m i r (v -f va +Tj 


00 

5) 

m=l 


^_)wi ^9wi — 1 

2-'+=>^-^(w-l)!r(v-hm-H 1) 


^ ^3m+i 

"" «=„ 2“''+«'*+‘.7a! r(j/ + m + 2 ) 

= -z-''J,^,{z), 

whence (4) is obvious; and (2) and (1) may be obtained by adding and sub- 
tracting (3) and (4). 


SiUdien ilbcr die BeaseVscheri Fiinctionen (Leipzig, 1868), pp, 2, 6, 7. Formnla (8) was given 
when v is half of an odd integer by Plana, Mevi. della R. Accad. delle Set. dl Torino, xxvi. (1821), 
p. 633. ' ' 
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We can now obtain the generalised formulae 

(s)” {^'•^.(41 ■=(-)•“ 

by repeated dififerentiations, when m is any positive integer. 

Lommel obtained all these results from his generalisation of Poisson’s 
integral which has been described in 1 8*1. 

The formula (1) has been extensively used* in the construction of Tables 
of Bessel functions. 

By expressing Jv~i{z) and Ji-^{z) in terras of J±viz) and J'±^{z) by (3) 
and (4), we can derive Lommel’s formula f 

(7) J. W (z) + J,., (*) = 

from formula (2) of § 3‘12. 

An interesting conaeqiiencse of (1) and (2) is that> if Qy (z) s Jy^ {s\ then 

9ii 

( 8 ) 

this formula was discovei’ed by Lommel, who derived various oonaequences of it, Sttuiien 
ilher die Beasd'achen Functuni&n (Leipzig, 1868), pp. 48 et aeq. See also Neumann, Math. 
Ann. JIL (1871), p. 600. 


3’21. Bessel functions of complece order. 

The real and imaginary parts of the function (so), where v, (i and x 
are real, have been discussed in some detail by Lommel and his results were 
subseqiPBntly extended by B6cher|. 

In particular, after defining the real functions Ky^^{a}) and Sy,^{x) by the 
equation |1 

(«) = (®) + (®)l 

Lommel obtained the results 

(1) ^ (a?) ± (»)} + \Ky^^ {x) ± iSy^^ (a;)} 


( 2 ) 

(3) 


2 (i> + i/a) + 1 d 


^ (®) i (®')} “ 


Ky^fLijS) + K V,fl.ips)i 

M (®) ~ By^ ft (a?) S y^n (a?). 


* See, e.g. Lommel, MUncketier Aih. xv. (1884—1886), pp. 644—647. 
t Math. Avn. it. (1871), p. 106. Some aesooiated fonsolae are given in § 8 -OS. 

X Math. Ann. m. (1871), pp. 481 — 486. 

§ ilnnaie of Math. vi. (1892), pp. 187 — ^160. 

II The reason for inserting the factor on the right is apparent from formulae which will be 
established in § 8*8. 
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3-21, 3-3] 


with numerous other formulae of like character. These results seem to be of 
no great importance, and consequently we merely refer the reader to the 
memoirs in which they were published. 

In the special case in which v = 0, Bessel’s equation becomes 






dz 


solutions of this equation in the form of series were given by Boole* many 
years ago. 


3’3. LommeVs expression of J„{z) by an integral of Poissons type. 

We shall now shew that, when jR (i/) > - then 

(1) Ju{z)=‘ r(i7:f ^ TQ) /„ 8in“-' 

It was proved by Poisson f that, when 2v is a positive integer (zero in- 
cluded), the expression on the right is a solution of Bessel’s equation; and 
this expression was adopted by Lominel:}: as the definition of Jv{z) for positive 
values of V -f- 

Lommol subsoquontly jiroved that tho function, so defined, is a solution of Bessel’s 
generalised equation and that it satisfies the recurrence formulae of ij 3‘2; and ho then 
defined Jv{z) for values of v in tho intervals (— ^, -}|)) ( — “|), (-|, -|), ... by suc- 
coBsivo applications of $5 3’2 (1). 

To deduce (1) from the. definition of Jv{z) adopted in this work, we trans- 
form the general term of the series for {z) in the following manner: 

.Q r (v + ^) r (w -f 

wi ! p (y -i- -|- 1 ) p (i.* -i- r (i) (27?t)! r (v -i- 7?i -f- 1) 


provided that R{v) > — ^. 

Now when R{v)'^\, the series 

(Sw)! 




ty-h (1 - tyri-i 


converges uniformly with respect to t throughout the interval (0, 1), and .sodt 
may be integrated terrn-by-term ; on adding to the result the term for which 


* Phil. Travs. of the Roijal Soc. 1844, p. 230. See also a question set in the Mathematical 
Tripos, 1894. 

I Journal de I’Pcole It, Poly technique, xn. (oahicr 19), (1828), pp. 300 e.t aeq,, 840 et aeq. 
Strictly speaking, Poisson shewed that, when 2v is an odd integer, the expression on the right 
multiplied by Jz is a solution of the equation derived from Bessel’s equation by the appropriate 
ohauge of dependent variable. 

t Studien Uber die BeaaeVaehen Piinctionen (Leipzig, 1808), pp. 1 et aeq. 
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fli=0, namely J — which is convergent, wo fiinl f hat, whon 

T /-^ ^ - O'" H 

'^'W-P(,+I)rft)j/ iJ„ (SioT^ l'^'’ 

whence the result stated follows by making the substitiit idn t und 

using the fact that the integrand is unaffected by writing tt ~ 0 in jiluof’ mJ tl 

the analysis necessary to establish the hiHt <‘<iuHtint> in a Iltllr* 
more elaborate. The simplest procedure seems to be to take the Morirs with t in- hiv.i 
toms omitted and integrate by parts, thus 

(2»i)! jo «=2»' + f (2m)! Jo ^ 

i ov+f 1,„=J (2m) I ' I ' 

,,,. .1 „ 

Joi'+'jiil („t, (2m)| '> / ■'' 

fV-ii i hr^a „ 

J 0 i «-2 (2m) ! O 0 I 


on integrating by parts a second time. The interchantrft 4 

ia the second lino o( anslvai. 

eMTMjenoo of the series. On adding the intZls s ^'»iut „f the 

'.hich.r.eenvsrg.„t)..«„ht.inr]:Sr ”• 

It follows that, when JJ (i/) > _ then 


iU.>i 

f 
I 


tax [1 

r (v + J) r (1) ]/■* (1 ~ cos (1 - 


t)i\ (it. 


Obvious transformations of this result, in addition 


l2) 

(3) 

(*) 

to) 

(6) 


_ 2 (is)- n 

r (i/ + i) r (i) j /I ' cos {zt) dt, 

r (if + 1) r (j) j COB (zt) dt, 

4U)=— iifl!’ A 

f*" 

^ + i) r (^) j 0 cos sin'*' 

I (if 


to (1), are the folluwin^A 


ITihfortnnU obtained by a DartkI. -ns .■ 

Bametims. e. + j, 

-~„sefu.;iti,raUdonly,heniew>j. 



BESSEL EOTOTIONS 


49 


3*31] 

An expansion involving Bernonlliau polynomials has been obtained from (4) by Nielsen* 
with the help of the expansion 

in which denotes the jith Bernoullian polynomial and a==izt. 

[Note. Integrals of the type (3) were studied before Poisson by Plana, ddla R. 
Accad. delle JSci. di ToHnoy xxvi. (1821), pp. 619 — 638, and subsequently by Hummer, 
Journal f Ur Math. xn. (1834), pp. 144 — 147; Lobatto, Journal fti,r Maih, xvil. (1837), pp. 
363 — 371; and Duhamol, Coura d' Analyse, li. (Paris, 1840), pp. 118 — 121. 

A function, substantially equivalent to ( 2 ), defined by the equation 

J (iJL, x) = f (1 — v^y*' cos vx . dv, 

J 0 

was investigated by Loiniuel, Archiv der Math, und Phya, xxxvil. (1861), pp. 349—360. 
The converse i^roblem of obtaining the difierential equation satisfied by 

^ e^^v-aT-^iv-^y-^dv 

was also discussed by Lommel, Archiv der Math, und Phya. XL. (1863), pp. 101 — 126. In 
connexion with this integral seo also Euler, Inst. Calc. Int. ii. (Petersburg, 1769), § 1036, 
and Petzval, Integration dor linearen Bifforeiitialgleiehungen (Vienna, 1851), p. 48.] 


3'31. Inequalities derived from Poisson's integral. 

From § 3'3 (G) it follows that, if v bo real and greater than — -J, then 


(1) ! .4 {z) I ^ r (i) /„ 




By using the recurrence formulae § 3'2 (1) and (4), we deduce in a similaj 
manner that 


( 2 ) 

(3) 


•4'(^) 




r(z/ + i) 

.. ! I 
"2|r(^)| 


1 + 




1 + 


{v + l){v+ 2)1 


exp \l{z)\ 


+ 1 ) 


exp \I{z)\ 


(-f 


{v>- i). 


By using the expressionf (2/(7r2)]i cobz for (x) it may be shewn that 
(1) is valid when — h 

These inequalities should be compared with the less stringent inequalities 
obtained in §3T8, When v is complex, inequalities of a more complicated 
character can be obtained in the same manner, but they are of no great im- 
portance. 


* Math. Ann. ux. (1904), p. 108. The notation used in the text is that given in Modem 
Analysis, § 7‘2; Nielson uses a different notation. 

t The reader should have no diffloulty In verifying this result. A formal proof of a more 
general theorem will be given in § 3'4. 


W. B. F. 


4 
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3 ' 32 . Gegeiibauei''8 generalisoHm of Pois8on*8 integral. 

The integral formula 

in which (// (i) is the coefficient of a"’ in the escpansion of (1 — ^at + a®)"” 
ascending powers of a, is due to Gegenbauer*; the formula is valid when 
R (v) > — ^ and n is any of the integers 0, 1, 2, ... . When n = 0, it obviously 
reduces to Poisson’s integral. 

In the special case in which v = ^, the integral assumes t^ie foi’in 

( 2 ) f^e^ (cob 0) Blue dff; 

this equation has been the subject of detailed study by Whittaker f- 
To prove Gegenbauer’s formula, we take Poisson’s integral in the form 

and integrate ?i times by parts the result is 

J.+«W=(_2iyr(tV»+i)r(i)/-,"'"f ^ dJ }*• 

Now it is known that| 

d>(l_«.).«-i_(_2)"nir(. + n + i)r( 2 ..)„ 

dt" r(V+i)r(2i+») — 

whence we have 

(3) J (s) = (~ '0” • I^ i'^v) > ^ P igt Q _ *sy~i(^ p(f\ 

W /n-nW r(v + |)r<^)r(2i; + n)j.i® 

and Gegenbauer’s result is evident. 

A symbolic form of Gegenhauer's equation is 

« (A) ; 

this was given by Rayleigh§ in the special case v = i. 


The reader will find it instractive to establish (3) by induction with the aid of the 
recurrence formula 

♦ Wiener SiUmgisberichte, utyn. (2), (1873), p. 203; nxx. (2), (1873), p. 16.. Bee also Bauer, 
■MUnchener Sitzimgeieriehte, v. (1876), p. 262, and 0. A. Smith, Oiornale di Mat. (2) xn. (1905), 
pp. 865 — 878. _ The function (l) has been extensively studied by (legenbauer in a series of 
memoixa in the Wiener Bitsmgtberiehte ; some of the more important results obtained by him are 
given in Modern Analysis, § 16*8. 

t Troc. London Math. Soe. xxxv. (1903), pp- 198-206. See §§ 6‘17, 10 •5. 

t Of. ifodem Analysis, § 15*8. 

§ Ptoc. London Math. Soe. vr. (1873), pp. 100, 268, 
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A formula which is a kind of converse of (4), namely* 


(5) 




r(v-jn+i) 


(4)^- 


.V(p«+8*)/ r(r + l)(p2+«*)^ 
in which denotes a generalised Legendre function, is duo to Filon, Phil. Mag. (6) vi. 
(1903), p. 198; the proof of this formula is left to the reader. 

3*33. Qegenhauer's double integral of Poisson’s type. 

It has been shewn by Qegenbauerf that, when jS (v) > 0, 

(ixry Pp , 

(1 ) Jy (■or) = j j exp [iZ cos 9 — iz (cos ^ cos ^ + sin sin 6 cos n|r)] 

■ ■■ ' sin“''~^ sin**' dd-xjr d9, 

where = Z‘‘‘ + — 2 Zz cos (f) and Z, z, <f> are unrestricted (complex) variables. 

This result was originally obtained by Gegenbauer by applying elaborate in- 
tegral transformations to certain addition formulae which will be discussed in 
Chapter XI. It is possible, however, to obtain the formula in a quite natural 
manner by means of transformations of a type used in the geometry of the 
sphere J. 

After noticing that, when z = 0, the formula reduces to a result which is 
an obvious consequence of Poisson’s integral, namely 

{Z) = f e*-^ " sin®*' 9 . I 8in®‘'~i ylr d‘\/r, 

’’T 1 \y) .'() .!(> 

we proceed to regard ^Jr and 9 as longitude and colatitude of a point on a 
unit sphere ; we denote the direction-cosines of the vector from the centre to 
this point by (I, m, n) and the element of surface at the point by dco. 

We then transform Poisson’s integral by making a cycliciil interchange of 
the coordinate axes in the following manner§ : 

(or) = J j I sin®" 9 sill®"'* yjrdddyjr 

= f f 

7rr(v)Jj„ 




I n 

'J .1 n>0 


do) 


ttF (i/)j 

ttI {p)Jo Jo 


* It Ih Hupposcd til at 

_!’(„ + 

“ r(l'-/i + l) ■ 

t IVitner Sitziuigaherichte, IjXxiv. (‘2), (1877), pp. 128 — 129. 

.t TbiH method is effective in proving niimerouB formulae of which analytical proofs wore 
iven by Gcgonbiiuor ; and it Hcems not unlikely that be discovered these formulae by the method 
1 question ; of. g§ 12'12, 12-14, The device is used by IBeltrami, Lombardo R&iuUconli, (2) xiit. 
L880), p. 328, for a father different purpose. 

§ The symbol means that the integration extends over the surface of tlie hemisphere on 

hioh 7(1 is positive. 


4—2 
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Now the integrand is an integral periodic function of and so the limits of 
integration with respect to ^ may be taken to be a and a -H 2'7r, where a is an 
arbitrary (complex) number. This follows from Cauchy’s theorem. 

We thus get 

fhi' (‘a+SSir . _ 

J^(ar)-as ’ ■ I gw 9in e eoa ^ii sin 6dyfr da 

wl {v)Jo Ja 

[ I co8^^ ^ sin fdy/rd^. 

frl (j')Jo Jo. 

We now define a by the pair of equations 

■w cos o =a ^ rr cos ,«■ sin tt = ^ sin </), 

so that 

(Aw)” fi* f®’’^ . . rt-i 

Jv(o)=»^^7^ j J exp [t « cos sin ^ cos -i/r - tir sin ^ sin -t/r sin a] 

co8*^“^ d sin Od'^dd. 

The only difference between this formula and the formula 

J V (w) = j I exp [im sin 6 cos cos®*^^ ^ si n dd’^jr dd 

is in the form of the exponential factor *, and we now retrace the steps of the 
analysis with the modified form of the exponential factor. When the steps are 
retraced the successive exponents are 

{{Z — g cos i — iz sin ^ . ni, 

i{Z—g cos <f>)n--ig sin <f) . I, 
i(Z—g cos (f>) cos d — ig sin (p cos sin d. 

The last expression is 

iZ cos d — iz (cos (p cos d + sin <p sin d cos ^), 
so that the result of retracing the steps is 
(^•tnr)*’ 

■rr(v) JoJo + 

sin®'-' yfr sin®" dd-sjrdd, 

and consequently Gegenbauer’s formula is established. 

[Note. The device of ueing transfonnationa of polar coordinates, after the manner of 
this section, to evaluate definite integrals seems to be due to Legendre, de V Acad, des 

ScL, 1789, p. 372, and Poisson, M^m. de VAcad. des Sci, in. (1818), p. l26.] 


3'4. The- eatpression of J±^.^^^y(g') in finite terms. 

We shall now»deduce firom Poisson’s integral the important theorem that, 
when V is half of an odd integer, the fv/nction is encpressihle infinite teims 
hy means of algebraic and trigonometrical fancticms of z. 

It ivill appear later (§ 4*74) that, when v has not such a value, then /„ (^) 
is not so expressible ; but of course this converse theorem is of a much more 
recondite character than the theorem which is now about to be proved. 
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[Note. Solutions in finite terms of dififerential e 9 ,iiations associated with («) were ob- 

tained by various early writers ; it was observed by Eider, Muc, TaurinenaiOf iir. (1762 — 
1766), p. 76 that a solution of the equation ’for (s) Is expressible in finite terms ; while 

the equation satisfied by («) was solved in finite terms by Laplace, Conn, dea Tons, 

1823 [1820], pp. 246 — 257 and Mdcaniqxie CHeate^ (Paris, 1826), pp. 82 — 84 ; by Plana, Mem. 
della R. Accad. delle Sci. di Torino, xxvi. (1821); pp- 533 — 534; by Paoli, Mem. di Mat. e 
di Fia. {Modena), xx. (1828), pp. 183 — 188 ; and also by Stokes in 1850, Trans. Cand). Phil. 
Soc. IX. (1866), p. 187 [Math, and Phys. Papers, ii. (1883), p. 356]. The investigation 
which will now be given is based on the work of Lommel, Studien Uher die BeaaeVtchen 
Functionen (Leipzig, 1868), pp. 51 — 56.] 


It is convenient to restrict n to bo a positive integer (zero included), and 
then, by § 3'3 (4), 

7i!V7rL dP 

when we integrate by parts 2n + 1 times; since (1 — i®)" is a polynomial of 
degree 2n, the process then terminates. 

To simplify the last expression we observe that if d*'{l —Py^IdP be cal- 
culated from Leibniz’ theorem by writing (1 — (1 — i)”(l -f ^)”, the only 

term which does not vanish at the upper limit arises from differentiating n 
times the factor (1 —0”, and therefore from differentiating the other factor 
r — )i, times ; so that wo need consider only the terms for which r > n. 


Hence 


and similarly 

It follows that 


_f_v» 0 ,,i 2'^ 
ddi-jri c 


OMl-r y I 


1 


and hence 

<I) “ ^(27rz) 

This result may be written in the form^ 


r^»z''+^.{r-u)l{2n-r)l 


« i‘’-^^~^Jn+jr) l ^ V ( -iy- ^-' {n + r) \ 
,.r„ r !(?)-?•)!( 2zy ,.n, r ! (71 - r) ! {2zy J 


r . i—Y . (n + 27’) ! 

_ ^ (27’y ! (a - 27’) r(2^)-'' 


-l-cos(.-A»7r) (2rTiTKr -:-2 V~iyiW " ^ », 


* A compact method of obtaining thin formnln is given hv de la Valloe Poussin, Ann. de lu 
Soc. Sci. de. liritxellea, xxix. (IDOr)), pp. 140 — 143. 
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In particular we have , 

the former of these results is also obvious from the power series for /j (^f)- 
Again, from the recurrence formula we have 

d 


W = (-)» wi. 


an^J hence, from (1), 

,.ro I’! (n — r)] (Siy ,“0 r!(« — r)!(2«)' 

But, obviously, by induction we can express 


*n+i 


d \«e±^ 


{±\ 

\ 0 dzj 


as a polynomial in Ijz multiplied by and so we must have 

^±lz I (±i)’-"(« + r) ! 

,.«o ’’1 (» — >’) ^ \zdz) z ’ 

fof, if not, the preceding identity would lead to a result of the form 

e^<f>i{z)-e-^(l>3(z) = 0, 

where (z) and <^(«) are polynomials in l/z; and such an identity is obviously 
impossible*. 

Hence it follows thatf 

I <■-»■(« + r>l I (-.■)’~^.(n + r) l ; 

r-o rl (n — r)!(2«)*' rl(n — r)!(2a/ 

= (-)"(27r«>'/-n-i(4 

Consequently 

<4) -, 7 j^ cre<- i 4 .^ I + 

V(25r«)l_ „i)r!(n-r):( 22 )’-^ „a rl(n-r)l(2e)’- 

♦ Of. Hobson, Squaring the Glrele {Cambridge, 1918), p. 61 . 
t From the series 




it is obvions tbat 


P(4) «— 0® 1 4 • 4 ~ 4) ' 

2\4 


i"-(y 


ooB e. 
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3*41] 

and hence 


(5) J.n-i 


2 \i 




<in 


Loos(^ + in,r) (ar)l(»-2r)l(2.)- 


— Sin (2 + ^wtt) Z 

j — 0 


(-)»-j7i + 2M^ 


In particular, we have 


(2r+l)l(?i-2r-l)l(2«)s»-+\ 


(6) J_, (*) = Q* cos s, w = (ly (-5^ - sin s) . 

VVe have now expressed in finite terms any Bessel function, whose order is 
half of an odd integer, by means of algebraic and trigonometrical functions. 


Tho explicit expression of a number of these functions win be written down from 
numeriwil results contained in a letter from Hermito to Gordan, Journal fiir Mat/i, Lxvr, 
(1873), pp. 303—311. 


3*41. Notations for functions whose order is half of an odd integer. 

Functions of the types C-^) occur with such frequency in various 

branches of Mathematical Physics that various writers have found it desirable 
to denote them by a special functional symbol Unfortunately no common 
notation has been agreed upon and none of the many existing notations can 
be said to predominate over the others. Consequently, apart from the summary 
which will now be given, the notations in question will not be used in this work. 


Ill his rosearchoH on vibrating sphortw surmiiuded by a gas, Stokos, F/iil. Trans, of the 
Ilot/al Soc. oiiVUi. (IR()8), p. 451 [Mut/i. and Phys. Papers^ iv. (1004), p. 306], miulo uho of 
the series 

1 4. + 1 ) (u- l)n(H + l)(n-l-2 ) 

S.tmr 2. 4.(1 WO’)® 


which is luiiiiliihited by tho operator 


df 

dr^ 



n (n+1) 

- 


'I’his series Stoke-s denoted by tho symbol/,, ( 7 ’) and ho wrote 


= w- ‘"‘Vn (r)+^V ( - r), 

wliere and Sf are zonal surface hannonicH; so that is annihilated by tho total 
oiHjrntor 

d® , 2 d , „ ;t(« + l) 

■7-5 + - . -t-Hi-*- ' , 

dr- r dr 

and by tho partial operator 

2 f) I 


a (■ a ^ 
(’/“ r <‘r /*- sill d cd ( rd 


+ WI-. 


Ill this noUition ritokes was followed by Rayleigh, Pror. London Math. Sor. iv. (1H73), 
pp. 1)3—103, 2.53 - 283, and again Pror. Roijal Roc. 1..XXII. (1003), pp. 40—41 [Rcknitific 
Papers, V. (1912), i»p. 112 -1 14], aixii't frotu tho comparatively trivial clnuigo that Rayloigli 
would have written /„ (iw).r) whore ytokos wrote /„(r). 
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In order to obtain a solution finite at the origin, Rayleigh found it necessary to take 
in the oourse of his analysis, and then 


^ Jn+i (’”»’)• 


It follows from § 3’4 that 


,(»•)- 




/. 3 Ve-** 
V rcrj r ’ 

[e - *■ t» + 1 /,t (ir ) + i ~ 


and that "ivrUV/ ^( 27 rr) 

In order to have a simple notation for the combinations' of the tyi>es ( ±iV) which 
are required for solutions finite at the origin, Lamb found it convenient to write 




s* 


2(2u4-3) 2.4. (271+3) (,2vt+B) 

in bis earlier papers, Proo. LoJidon Math. Soo. xiii. (1882), pp. Bl— 66; 189 — 212; xv. 
(1884), pp. 139—149 ; XVL (1885), pp. 27-^ ; Phil. Trans, o/ the Royal Soo. CLXXiv. (1883), 
pp. 519 — 549; and he was followed by Rayleigh, Proo. Royal Soc. Lxxvn. A, (1906), 
pp. 486—499 [Sdmtijw Papers, v. (1912), pp. 300 — 312], and by Love*, Proo. London 
Math. Soc. XXX. (1899), pp. 308 — 321. 

With this notation it is evident that 

w-( -)» 1 . 3. 6 ... (2«+l) . . 

Subsequently, however, Lamb found it convenient to modify this notation, and accord- 
ingly in his treatise on Hydrodynamics and also Proo. London Math. Soc. xxxii. (1901), 
pp. 11—20, 120 — 150 he used the notation t 






2* 


1.3.6... (271+1)L 2 (2n+3)^ 2. 4 (271+3) (271 + 5 




and he also- wrote 

SO that ^ ^ '/'»(«)= ^+4 - » 

while Rayleigh, Phil. Trans, of the Royal Soc. com. A, (1904), pp. 87—110 [Scientif c Papers, 
V. (1912) pp. 149 — 161] found it convenient to replace the symbol /„ ( 2 ) by Xn (*)• Lo''®> 
Phil. Trans, of the Royal Soc. ccxv. A, (1916), p. 112 omitted the factor ( — )" and wrote 

/ 0 ? \* sin a 




pdzj 

while yet another notation has been used by SommerfeM, Ann. der PhysUc und Chemie, (4) 
xxvni. (1909), pp. 666 — 736, and two of his pupils, namely March, Ann. der Physik und 
Ghemie, (4) xxxvn. (1912), p. 29 and Rybczyfiski, Ann. der Physik und Chemie, (4) xti. 
(1913), p. 191 ; this notation is 

w-cW.^.+,w-‘"*‘ (- ,4)* “4”' 

and it is certainly the best adapted for the investigation on electric waves which wa.s the 
subject of their researches. 

* In this paper Lo-ve defined the Sanction B„(*) as (-)“.! .8 ... (2n-l) f-4-V— » “8 

uZ j Z 

stated, he modified the definition in his later work. 

t This is nearer the notation need by Heine, Sandbxich der Kugelfunetionen, 1 . (Berlin, 1878), 
p. 82 ; except that Heine defined («) to be twice the expression on the right in his treatise, bat 
not in his memoir. Journal fir Math, i-tty. (1869), pp. 128 — ^141. 
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Somnierfeld’s notation is a slightly modified form of the notation used by L. Lorenz, who 
used Vn and + ( - )" iwn plao© of and ; see his memoir on reflexion and refraction 
of light, K. Dariske Videnskdlmneg SeUkahs Sknfter^ (6) VI. (1890), [Oeuvres scien^fiquee, i. 
(1898), pp. 406—502,] 

3*6. A second solution of Bessel's equation for functions of integral order. 

It has been seen (§ 3'1 2) that, whenever v is not an integer, a fundamental 
system of solutions of Bessel’s equation for functions of order v is formed by 
the pair of functions (s) and JL,, (z). When v is an integer (= n), this is no 
longer the case, on account of the relation (^) = (~)” ‘Ai (-2^)* 

It is therefore necessary to obtain a solution of Bessel’s equation which is 
linearly independent of Jn {z)\ and the combination of this solution with Jh{z) 
will give a fundamental system of solutions. 

The solution which will now be constructed was obtained by Hanhel*; 
the full details of the analysis involved in the construction were first published 
by BCcherf. 

An alternative method of constructing Hankel’s solution was discovered by Forsyth ; 
his procedure is Ijosed on the general method of Frobenius, Journal f Ur Math. LXXVI. (1874), 
pp. 214 — 2.35, for dealing with any linear differential equation. Forsyth’s solution was 
contained in his lectures on differential equations delivered in Cambridge in 1894, and it 
has since Ixjen published in his Theoiy of Differential Equations^ iv. (Cambridge, 1902), 
pp. 101 — 102, and in his Treatise on Differential Equations (London, 1903 and 1914), 
Chapter vr. note 1. 

It is evident that, if v be unrestricted, and if n be any integer (positive, 
negative or zero), the function 

is 11 solution of Be.sael’s equation for functions of order v ; and this function 
vnnishea when v — n. 

Consequently, so long as v ^ n, the function 

V — n 

is also a solution of Bessel’s equation for functions of order v ; and this function 
assumes an undetermined form:J: when v = n. 

VVe shall now (evaluate 

V-n 

and we shall shew that it is a solution of Bessel’s equation for functions of 

* Math. Ann. r. (1809), pp. 409—472. 

t Annals of Math. vi. (1892), pp. 86—90. See also NiemOller, Zeitschrft filr Math, und Phys, 
XXV. (1880), pp. 0.'} -71 

Tlio enneiice of Hankel’fl luvcetigation iy the oonstruotiou of an expressiou which satisfies 
the equation when v is not an integer, which assonies an undetermined form when p is equal to 
the integer n and which Ims a limit when v-».n. 
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order n and that it is linearly independent of J» («) j so that it may be taken 
to be the second solution required*’. 


It is evident that 


— v — n '^^ v-n 

19 *' ^ ^ du 

as v-^n, since both of the differential coefficients existf.. 

Hence 

(•^) -V (^) 

V -*• V 71 

exists ; it is called a Bessel function of the second kind of order 7i. 

To distinguish it from other functions which are also called functions of 
the second kind it may be described as HankeVs function. Tollowing Hankel, 
we shall denote it by the symbol^ so that 


( 1 ) 


and also 
( 2 ) 


Y„(^) = lim ^ 

Y„ (z) = I - (-)" 

L. y*=» 


It has now to be shewn that Y* (z) is a solution of Bessel’s equation. 

Since the two functions (z) are analytic functions of both z and v, the 
order of performing partial differentiations on J^j,{z) with respect to z and v 
is a matter of indifference §. Hence the result of differentiating the pair of 
equations 


=0 

with respect to v may be written 


^a/±,(ir) 

dz'^ dv 


dz dv 


4- {z^ — V®) 


dJ±^(z) 

dv 


2vJ±^{z) = 0. 


When we combine the results contained in this formula, we find that 


V.- 


dv ■ _ 


= 2i; 


♦ The reader will realise that, given a solution ot a differential equation, it is not obvious that 
a limiting form of this solution is a solution of the corresponding limiting form of the equation, 
t See § 3-1. It is conventional to write differentiations with respect to z as total differential 
coefficients while differentiations with respect to v are written as partial differential coefficients^. 
Of course, in many parts of the theorj, variations in v are not contemplated. 

i The symbol 7,^(3), which was actually used by Hankel, is used in this work to denote a 
function equal to l/ir times Haakel’s function (§ 3-54). 

§ See, e,g. Hobson., Functions of a Beal Variable (1921), §§ 312, 313. 
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dJ„{z) 

dv 


i-y 


dJ -v (z) 
dp 




dv 


Now make v -^n. All the expressions in the last equation are continuous 
functions of v, and so we have 




dv ^ ^ dv 


= 0 , 


where v is to he made equal to n immediately after the differentiations with 
respect to v have been performed. We have therefore proved that 
(3) v„y„(^) = o, 

so that is a solution of Bessel’s equation for functions of order n. 

It is to be noticed that 

Y_„( 2 )= lirn 

V + n 

= lim 

fi -*- » — /j, + n ’ 

whence follows a result substantially due to Lommel*, 

W Y.„w = (-y‘Y„(«). 

Again, 

Y„(z) = 


0 J„ (z) 

0 J_„ (zY 

_ j ^-0 

dv 


while, because /„ (z) is a monogenic function of at y = 0, we have 


'dJ_„ (^)'l 



L -0 

dJv {zY 

0y J 

l/»U 



dv 


and hence it follows that 
(5) Y„(^) = 2 


’9/„ (z) 


A result equivalent to this Vas given by Duhamelf as early as 1840. 

3*61. The expansion q/'Y„(^) in an ascending series. 

Before considering the expansion of the general function Y,i {z), it is con- 
venient to examine the function of order zero because the analysis is simpler 
and the resulting expansion is 'more compact. 

We use the formula just obtained. 


Y„(^)=2 


a j « I 

1 >«=o r(y -1- 7)H- i)l J 


►-=0 


* Sutdien iiber die Bessel'schen Functionen (Leipzig, 1868), p. 87. Lommel actually proved 
this result for what is sometimes called Neumann’s function of the second kind. See § 3’58 (8). 
t Cours d’ Analyse, it. (Paris, 1840), pp. 122 — 124. 
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and the result of term-by-term dififereiitiation is 


where ^Jr denotes, as is customary, the logarithmic derivate of the Gamma- 
function*. 


Since (m+l) <m when m=l, 2, 3, ... the convergence of the series for Yo(«) 
may, be estahliahed by using D’Alembert’s ratio-test for the series in which i//'(7/i+l) is 
replaced by m. The convergence is also an immediate consequence of a general theorem 
concerning analytic functions. See jyfo<ier» Analysis, § 5 '3. 


The following forms of the expansion are to be noticed : 


(1) Y. («) = 2 I ^ (log (iz)-f(m + 1)), 

«i-o ■r 


(2) Y.(*) = 2 

r «> f— 

> 

» /'i «')*»» (1 1 

(3) Y. (.) = 2 {y + log (i^)} Mz) - 2 |j + 2 

1] 

-H ... -1 — 

wj 

The reader will observe that 



^Y„(.^)-t-(log2--7)J-„(^) 

is a solution of Bessel’s equation for functions of order zero. The expansion of 
this function is 


» /_\w 

(logr) 1 jv 

111=0 


■2 

m=l 


(-ra^y 

(m !)“ 


11 , . 1 

r + 5 + • .. H — 

12 m 


This function was adopted as the canonical function of the second kind of order zero by 
Keumann, Theorie der BesseVsehen Fwnctionen (Leipzig, 1867), pp. 42 — 44; see § .3'57. 

But the series was obtained as a solution of Bessel’s equation, long before, by Euler f . 
Euler’s result in his own notation is that the general solution of the equation 

XX eby+x dx by -|- gaS^y bx ^ — 0 


IS 


“ V? 1.8»= 1.8.27.e4,l* 

1.4:11*^ 1.4. ^1.4.8. ien8^ 


* Nodern Analysis, Ch. xti. It is to be remembered that, when m is a positive integer, then 

^(l)=--y, + + 1 + ... +i_7, 

where y denotes Euler’s constant, 0'6772157 

t -fwAt. Calc. Int II. (Petersburg, 1769), §977, pp. 283—285. See also ^Icta Acad. Petrop. v. 
(1781) [published 17841, pars i. Mathematioa, pp. 186—190. 
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where A and a are arbitrary coustants. He gave the following law to determine successive 
numerators in the first line : 

6 = 3. 2-1.0, 22=6.6-4.2, 100=7.22-9.6, 

648 = 9.100-16.22, 3528 = 11.648 - 25. 100 eta 

If 2^44 

V1^2^-^m/ jj»l’ 

this law is evidently expressed by the formula 

o'tn+i=(2m+l) 

3*62. The ec^ansion of Y„(£f) in an ascending series and the definition of 

3.(4 

We shall now obtain Hankel’s* expansion of the more general function 
where ?i is any positive integer. [Cf. equation (4) of § 3'6.] 

It is clear that 


dv 


■ 2 

mnO 


m \ r(i' + m + l) 


= t 


(1 »V+2»ft 


1 1 


■ 1 . 


n+m) 


when v-*~n, where n is a positive integer. That is to say 

The evaluation of [9 ^iftle more tedious because of the pole 
of -(/r (- j/ 4- m + 1 ) at p — n in the terms for which m = 0, 1, 2, . . ., jz — 1. We 
break the series for (z) into two parts, thus 

rn-om] r(-i/ + m + l)'^„,„„m! r(-i/ + w + l)’ 

and in the former part we replace 


by 


r (i/ — 7n) sin {v — m) tt 


r(— J/ + w+ 1) 

Now, when 0 % men, 

f (^g)~''+”"r(y — w) 8in(iy- m)7r 

_9v I TT 

= r (v - m) 

{tt”^ yfr (p — m) sin + cos {p—m) tt — log (^af)sin (v--wi)7r}]„_n 

= r (w — m) cos (n — m) tt. 


Math. Arm. i. {I860), p. 471. 
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Hence 


dp 


that is to say 

(2) r8J’ ->( »)' 


n = 

fajl W»0 




m 


dv 


jif^n 


J,. ^T-^rWi f (- « + m + 1)1, 

^ ^ ml ^ «,to w!(« + wi)! 


m=0 


X {log(^2:)-'»/r(w+ 1)}, 

when we replace m by 72 + m in the second series. 

On combining (1) and (2) we have Hankel’s formula, namely 




/ W=0 ml * W=0 721 1 (71 + 721,)! 

X {21og(^a) — l/r (721+ 1) — 110 ( 72 , + 72i + 1)} 

= 2 (y + log(i*)) J-„(5) -(i,.)- "2 


m=0 


m ! 




=0 721 1 (72. + 727) 1 


1 ■ 2 


721 ■ 1 ' 2 


n + m 


In the first term (721 = 0) of the last summation, the expression in j } is 

11. 1 

12 71 

It is frequently convenient (following Lommel*) to write 
so that 

(6) % W — mVr(i+i+i) ^ + f (i- + m + 1 )1 ; 

when V is a negative integer, (e) is defined by the limit of the expression 
on the right. 

We thus have 

(6) Y„ (^) = 2 J-„ (z) \ogz + ^n (0 + (-)” 3-7. (^). 

• The oomplote solution of jc^p+ay=0 was given in the form of a series (part of which 

contaihed a logarithmic factor) by Euler, Insi. Calc. Int. ii. (Peteraburg, 1769), §§ 935, 
936 ; solutions of this equation are 

Ji (2a^x^), x^ Yi (2ai,j;^). 


Euler also gave {ibid. §§ 937, 938) the complete solution of -v* ^+ay=0; solutions of 
this equation are 

a-i Ji (4ai a4), Yj (4ai .v*). 

* Stiidien Uber die BtiseVachen Fvnetionen (Leipzig, 1868), p. 77. 
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3-63, 3*54] 


3’63. The definition o/ {z). 

Hitherto the function of the second kind has been defined only when its 
order is an integer. The definition which was adopted by Hankel* for un- 
restricted values of v (integral values of 2y excepted) is 

^ ^ ' Bmzvrr 

This definition fails both when v is an integer and when v is half of an 
odd integer, because of the vanishing of sin ^ptt. The failure is complete in 
the latter case ; but, in the former case, the function is defined by the limit 
of the expression on the right and it is easy to reconcile this definition with 
the definition of § 3’5. 

To prove this statement, observe that 


lim Y„ (z) = lim 


Tj-gfirt v — n (z) cos vrr — t/_y (z) 


= (— )” lim 


= Yn (z) + lim 


cos vTT sin PTr v — n 

(z) cos vrr — JLv 


= Y„(4 

and so we. have proved that 

( 2 ) 


v — n 

(— )” cos mr ■ 
v — n 


j 

-4w] 


limY.(-?) = Y„(4 


It is now evident that Y^{z), defined either by (1) or by tb ; limiting form 
of that equation, is a solution of Bessere equation for functions of order v both 
when (i) v has any value for which 2i/ is not an integer, and when (ii) v is an 
integer : the latter result follows from equation (2) combined with § 3*5 (3). 

The function Y„ {z), defined in this way, is called a Bessel function of the 
second kind (of Hankel’s type) of order v ; and the definition fails only when 
v 4- 1 is an integer. 


Note. The reader should be careful to observe that, in spite of the change of form, the 
function Yi;(a), qua function of v, is contimiovs at v = n, except when e is zero; and, in 
fact, Jy (z) and Yy («) approach thou* limits «/■„ (z) and Yn (z), os p-*-n, uniformly with 
respect to z, except in the neighbourhood of a <= 0, where n is any integer, tMjsiti ve or negative. 


3*64. The Weber-SchlcLfli function of the second kind. 

The definition of the function of the second kind which was given by 
Hankol (§ 3‘63) was modified slightly by Weberf and SchlafliJ in oixier to 
avoid the inconveniences produced by the failure of the definition when the 
order of the function is half of an odd integer. 

* Math. Atm. x. (1869), p. 472. 

t Journal fUr Math. Lxxvi. (1873), p. 9 ; Math. Anv. yi. (1878), p. 148. These papers are 
dated Sept. 1872 and Oot. 1872 respectively. In a paper written a few months before these, 
Journal fUr Math. lixxv. (1878), pp, 76 — 106, dated May 1872, Weber had used Neumann’s 
function of the second kind (see §§ 8*67, 8*68). 

I Ann. di Mat. (2) vn. (1875), p. 17 ; this paper is dated Oot. 4, 1872. 
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The function which was adopted by Weber as the canonical function of the 
second ^ind is expressible in terms of fiinctions of the first kind by the fprmula* 

Jv(z)cosvnr — (z) 

sin vTT 

(or the limit of this, when v is an integer). 

Schlafli, however, inserted a factor and he denoted his function by 
the symbol K, so that, with his definition, 

A-. (*) - w _ 

Sini/TT 

Subsequent writers, however, have usually omitted this factor e.g. Graf 
and Gubler in their treatise']*, and also Nielsen, so that these writers work with 
Weber’s function. 

The symbol K is, however, used largely in this country, especially by 
Physicists, to denote a completely different type of Bessel function (§37), 
and so it is advisable to use a different notation. The procedure which seems 
to produce least confusion is to use the symbol Y.^{z) to denote Weber s fimctio^i, 
after the manner of NielsenJ, and to adopt this as the canonical function of 
the second kind, save in rare instances when the use of Hankel’s function of 
integral order saves the insertion of the number tt in certain formulae. 

We thus have 


( 1 ) 


Y,. (z) = v (^) QQ8 vir — i7_y (z) ^ cos vtt « /-n 
" sin VTT ~ Tre''^ 


( 2 ) 


W = lim 

Bin VTT tt ' 


[Noth. Schlftfli’a funotiou has been used by Bdcher, Annals of Math. vi. (1892), 
pp. 86 90, and by McMahon, Annals of McUk. vin. (1894), pp. 57—61 ; ix, (1895), 

Heaviside use Weber’s function with the sign changed, so 
that the function which we (with Nielsen) denote by Y, («) is written as -r^{z) by 
Schafheitlm^ and (when v=.n) as -O^ (z) by Heavisidelj. 

Gray and Mathews sometimesIT use Weber’s function, and- they denote it by the 
symbol Yn. ’ j j 


* Weber’s defiuLtion was by an integral (sea §6-1) which ie equal to this expression; the 
expression (with the factor Jw inserted) was actually given by Sohlafli. 

t EmUitung in die Theorie dir EessfPschen Funktionen, j. (Bern, 1898), p. 84 et sea 

l„aL «■« “““b” mdi»a»g th. order a. an 

del tbns 1 Jc) S<md6neA der Thiorie drr CyUnder/unlctionet (Loipaig, 1804), u Here 

™ ““ 

^ 

llFroc. ItogalSoc.my. (1893), p. 188, and Efectromagnetic Theory, u. (London 18991 n 288 • 

a obang, rn baa been nrade ton. bi. EtoWeil Paper,. (lonL. S) p «r ’ 

II A Treatise on Bessel Functions (Loudon, 1896), pp. 66 66. 
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3* * * § 66] 


Lommel, in his later work, used Neiunann’s function of the second land (see § 3'67), but 
in his Stitdien Ubei' die BemVechen , (Leipzig, 1868), pp. 86—86, he used the 

function 

■JjT F» (^) +{(1^ (»+i)+log 2} t/n (jf), 

where Fu («) is the function of Weber. One disadvantage of this function is that the 
presence of the term '\}r (n+j^) mokes the recurrence formulae for the function much more 
complicated; see Julius, Archives N kerlandaiaes^ xxvm. (1806), pp. 221 — 226, in this 
connexion.] 


3*66. Heine's definition of the function of the seconfi kind. 

The definition given by Heine* of the function of the second kind possesses 
some advantages from the aspect of the theory of Legendre functions; it 
enables certain generalisations of Mehler's formula (§ 6’71), namely 

lim Pn (cos d/n) = Jo (0), 

»-*- =0 

to be expressed in a compact form. The function, which Heine denoted by 
the symbol Kn is expressible in terms of the canonical functions, and it is 
equal to — \’rrYn (z) and to — ( 2 ) ; the function consequently differs only 

in sign from the function originally used by Schlafli. 

The use of Heine’s function seems to have died out on the Coutinent many years ago ; 
the function was occasionally used by Gray and Mathews in thoir treatise t, and they term 
it Oh {^). In this form the function has been extensively tabulated first by AldisJ and 
Aireyij, and subsequently in British Association iteports, 1913, 1914 and 1916. 

This revival of the use of Heine’s function seems distinctly unfortunate, both on account 
of the existing multiplicity of functions of the second kind and also on account of the fact 
(which will become more apparent in Chapters vi and vii) that the relations between the 
functions Jh {e) and Vn ( 2 ) present many points of resomblunce to the relations between the 
cosine and sine; so that the adoption || of /„(z) and On{z) as canonical functions is com- 
parable to the use of cosz and --^tt sin 2 os canonical functions. It must also be pointed 
out that the symbol (7„ (z) has been used in senses other than that just explained by at least 
two writers, namely Heaviside, Proo. Royal Soc. uv. (1893), p. 138 (as was stated in § 3‘64), 
and Dougall, Proc, Edinburgh Math. Soc. xvm. (1900), p. 36. 

Note. An error in sign on p. 246 of Heine’s treatise bos boon pointed out by Morton, 
Nature, nxin, (1901), p, 29; the error is equivalent to a change in the sign of y in formula 
§ 3‘6] (3) supra. It was also stated by Morton that this oiTor had apparently been copied 
by various other writei’s, including (as had been previously noticed by Gray IT) J. J. Thomson, 
ReceTU Researches in Electricity and Magnetism (Oxford, 1893), p. 263. A further error 

* Handbuch der Kugelfimctionen, i. (Berlin, 1878), pp. 186 — 248. 

+ A Treatise on Bessel Functions (London, 1896), pp. 91, 147, 242. 

t Proc. Royal Soc. lxvi. (1900), pp. 32 — 43, 

§ Phil. Mag. (6) xxii. (1011),.pp. 668—668. 

II Erom the historioal point of view there is something to be said for using Henkel’s function, 
and also lor using Neumann’s function ; but Heine’s funotion, being more modern than either, 
bos not even this in its favour. 

H Nature, xux, (1894), p. 869. 


W. B. F. 
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noticed by Morton in Thomson’s work seems to be due to a most confusing notation employed 
by Heine ; for on p. 246 of his treatise Heine tises the symbol JTo to denote the function 
ckled - in this work, while on p. 248 the same symbol Kq denotes - ^rr (Fo~ 

3*66. Recurreme formulae f<yr Yy{z) cmdYyiz). 

The recurrence formulae which are satisfied by (z) are of the same form 
as those which are satisfied by Jviz ) ; they are consequently as follows : 

( 1 ) + 

( 2 ) = 

(3) zY^ {z)-irvY^{z)^zY,.^{z), 

(4) zYJ {z) - vF„ {z) = - £:F„+i {z), 

and in these formulae the function F may be replaced throughout by the 
function Y. 

To prove them we take § 3*2 (3) and (4) in the forms 

if we multiply these by cot vrr and cosec vw, and then subtract, we have 

^{*>F.(.)] = *'F„W, 

whence (3) follows at once. Equation (4) is derived in a similar manner from 
the formulae 

^ {-ar' J, (£r)} = - {z), . ^ [sT^ (^r)} = J_^_^ (z). 

By addition and subtraction of (3) and (4) we obtain (2) and (1). 

' The formulae are, so far, proved on the hypothesis that v is not an integer ; 
but since F„ {z) and its derivatives are continuous functions of v, the result of 
proceeding to the limit when v tends to an integral value n, is simply to 
replace v by n. 

Again, the effect of multiplying the four equations by Tre*"^ sec j/tt, which 
is equal to sec (v ± 1) tt, is to replace the functions F by the functions 

y throughout. 

In the case of functions of int^ial order, these formulae were given by Lommel, 
Stvdien liber die BessePsohen Ihmotionen (Leipzig, 1868), p. 87. The reader will find it 
instructive to establish them for such functions directly fix)m the series of § 3 •62. 

Neumann’s investigation connected with the formula (4) will be discussed in § 3*58. 



BHSSMj fttnottons 


67 
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3*67. Neumann’s J^cUon of the second kind. 

The function which Neumann^ adopted as the canonical function of the 
second kind possesses the advantage that it is represented more simply by 
integrals of Poisson’s type than the functions of the second kind which have 
been hitherto discussed ; but this is its only merit. 

We first define the function of order zero'\, which will be called {z). 

The second solution of Bessel’s equation for functions of order zero being 
known to contain logarithms, Neumann assumed as a solution the expression 

Jo{z) \ogz + w, 

where w is a function of z to be determined. 

If this expression is to be annihilated by Vq, we must have 

= - Vo [J^iz)\ogz] 

= - 2zJo(z). 

But, by §212 (11), 

~ 2z Jo (z) = 2z Ji ( 2 ) = 8 2 (— /ttn ‘{z) ; 

nml 

and so, since Vg (js) = 4n® Jan if), we have 

VflW = 2 2 (-)’‘“^Vo Ja„(^r)/n 
nal 

= 2V, 2 (-)»-■ /„(4,)/n; 

M=.l 

the change of the order of the operations 2 and Vo is easily justified. 

Hence a possible value for w is 

2 2 Jm{z)hh 

and therefore Neumann’s function {z), defined by the equation ^ 

( 1 ) F-i (*) = J , « log s + 2 2 (-)”-■ . 

is a solution of Bessel’s equation for functions of order zero. 

Since m; -*■ 0 as 0, (the series for w being an analytic function of Z near 
the origin), it is evident that Jg(z) and F‘®' (z) form a fundamental system of 
solutions, and hence Y# (z) is expressible as a linear combination of Jg (z) and 
F<®>(.^); a comparison of the behaviours of the three functions near the origin 
shews that the relation connecting them is 

( 2 ) F«®» (z) = iYg (z) + (log 2 - 7 ) Jo (z). 

* Tfteone der BeaseVseJun Functioiien (Leipzig, 1867), pp. 42-— 14. Neumann calls this function 
BesseVt associated function, and he desoribos another function, 0„ (s), as the function of the second 
kind (§0-1). But, beoausti 0„(r) is not a solution of Bessers equation, this description is un- 
desirable and it has not surviTed. 

t Neumann’s function is distinguished from the Weber-SohlMi function by the position of the 
Bufiix which indicates the order. 


5—2 
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3*671. The integral of Poissm’s type for- F*" (a). 

It WEW shewn by Poisson* that 

giacbstfl Jog (at a>) dto 


[OHAP. m 




is a solution of Bessel’s ecjuation for functions of order zero and argument x ; 
and subsequently Stokes obtained an expression of the integral in the form of 
an ascending series (see § 3*672). 

The associated integral 


— f* COB {z sin 6 ) . log cos® 6) dd 
TT J 0 


was identified by Neumannf with the function F<®> (.8?) ; .and the analysis by 
which he obtained this result is of sufficient interest to be given here, with 
some slight modifications in matters of detail. 

iVom § 2*2 (9) we have 

X I oob(zco8 0) cos 2nddd, 

n niTJo 

and so, if we assume that the order of summation and integration can be 
changed, we deduce that 

2 2 = ^' f**eoe (. cos 9) I dfl 

2 fi'' 

= — - j cos (« cos 6 ) . log (4 sin* 6) dd ; 

from this result combined with Parseval’s integral (§ 2*2) and the definition of 
F® {z\ we at once obtain the formula 

(1) F'®i (z) cos cos ^) . log (4iz sin® d) dd, 

from which Neumann’s result is obvious. 

The change of the order of suromation and integration has now to be examined, 
because cos ZnS is non-unifonnly convergent near To overcome this difQculty 

we obswve that, since S ( — is convergent, it follows from Abel’s theorem J that 

S (~)"* 7 an(»)/a= lim 2 (-)"a» /an («)/»= lim - 2 f ^oos 

n^l a-»l -0 »=! 0 n 

* Journal de Vtcole S. Polyteehnique, xn. (oahier 19), (1823), p. 476. The solution of an 
associated partial diflerential equation had been given earlier {ibid. p. 227). See also Dnhamel, 
Cours d? Analyte, n. (Paris, 1840), pp. 122—124, and Spitzer, Zeittehrift flbr Math, und Phys. n. 
(1867), pp. 166—170. 

t Theorie dtr BetteVschen FunctUmen ^Leipzig, 1867), pp. 46 — 49. See also Niembller, Zeit- 
tehrift Jilr Math, und Phys. xxr. (1880), pp. 66—71, 

J Cf. Bromwibh, Tlieory of Incite 8ene$, § 61. 
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Now, since a is less than 1, 2 (a’‘ cos 2nff)ln does converge uniformly throughput the 
range of integration (by comparison with 2o’*), and so the interchange is permissible ; that 
is to say 


2 “ 4^ , .. a* cos 2n6 , . 

- 2 I cos (s cos d) flO* 

*>■ n"*l Jo W 


/ /.V 2 a* COS i 

COS (a cos 6) 2 


Hence we have 

n-l W a-*-l-0^jo 

We now proceed to shew that* 


2 fi" 

' ^ 1 0 
1 lit 

! - - I cos (a cos d) log (1 - 2o oos 25 +o®) dd. 

^ J 0 


008 (a oos 5) log (1 - 2a oos 25 + a**) c?5. 


riw 

lim I oos (a cos 5) {log (1- 2a cos 25+0®) -log (4a sin® 5)} ^5=0. 
0 J 0 

It is evident that 1 — 2o oos 25+ a® - 4a sin® 5«»(1 — a)® > 0, 
and so log ( 1 - 2a cos 25 + a®) ^ log (4a sin® 5). 

Hence, if A be the upper bound + of | oos (a oos 5) | when 0^5 ^^tt, we have 

■Jn- 


I/: 


cos (a oos 6) (log (I - 2a cos 25 + a®) - log (4a sin® 5)} dd 


r 4ir 

I {log (1 -2a cos 25 + a®) -log (4a sin® 5)} c?5 

J 0 

j a'*0O8 2«5 , ; s n, /« • y,vl t/, 

*-=‘A I -{-2 2 - +log(l/a)--2 log(2sm5)>-fl?5 

y 0 1 «*■! / 


log(l/a)-#>0, 


= iTi:A log (1/a), 

term-by-term integration being permissible since o<l. Hence, when a<l, 

I r 

I cos (a cos 5) {log (1 - 2a cos 25 + a®) - log (4a sin® $)}d$ 

I J 0 

os a-*-l -0; and this is the result to bo prov-ed. 

Consequently 

2 - — lim i P cos (a 008 5) . log (4a sin* 5) d5 
n-l n a-*-l-n^Jo 

1 fi" 

= - - / cos (a cos 5) -log (4 sin® 5) rf5, 

J 0 

and tlio interchange is finally justified. 

The reader will find it interesting to deduce this result from Poisson’s integral for Jy (a) 
combined with § 3-6 (5). 


3-672. Stokes’ series for the Poissoii- Neumann integral. 

The differential equation considered by Stokos| in 1850 was i ^-m®y=0, where 

m is a constant. This is Bessel’s equation for functions of order ssero and alignment wna. 
Stokes stated (presumably with reference to Poisson) that it was known that the general 
solution was 

/ +r 

{C'+ />Jl6g (a sin* 5)} cosh (ma cos 5) d6, 

0 

* The valae of this limit was assumed by Neumann, 
t If a is real, A — 1] if not, A < exp { 1 1 (a) | } . 

t Tram, Gamb. Phil. Soo. ix. (1856), p. [88]. [Jfat/iematicaZ And Physical Papers, ni. (1901), 
p. 42.] 
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It is easy to see that, 'wilJi Neumann’s notation, the value of the expression on the right 
is 

j[fr {0—D\og (tjna)+^Z)F(®) (xmz). 

The expression was expanded into a series by Stokes ; it is equal to 

((7+2)loga) Jo (m^w)+2JR S 1 cos** d log sin d dd, 

n=0 'Jo 

and, by integrating by parts, Stokes obtained a recurrence formula from which it may be 
deduced that 

3’68. Nmmann'a definition of F*") (z). 

The Bessel function of the second kind, of integral order n, was defined by 
Neumann* in terms of (z) by induction fixim the formula 

jy(n) /g\ 

(1) V ^ ^ nFW (.g) = - (g), 

which is a recurrence formula of the same type as § 2T2 (4). It is evident 
from this equation that 

( 2 ) = 

Now F®) (z) satisfies the equation 

^ (a)’ W + 2 (^) W = 0 ; 

d 

and, if we apply the opeMitor*|- to this equation n times, and use Leibniz’ 
theorem, we get 

® ^(^n^"’.« + (2n + 2)(A)’^'F»l(*) + (Ay7»lW = 0. 

and so 

w* vw (*)} + (2» + 2) {«-»rw (*)} + j-rw (z) = 0. 

This equation is at once reducible to 
W V„F<’*>(«) = 0, 

and so F^ (z) is a solution of Bessel’s equation for functions of order n. 

Again, (3) may be written in the form 

d, 

^ ~ ('^) + (^) == 0, 

• TJuwie d*r BeueV$ehen Functions (Leipzig* 1867), p. 51. The ftmotion is undefined when 
its order ib not an integer. 

t The aiudysis is simplified by taking so that 

d d 
xdz^dj;' 
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y*.+.) (^) _ rw (*) = 0, 


dz z 

whence we obtain another recurrence formula 


(5) 5 {z) = (e). 

When Ave combine (1) with (6) we at once deduce the other recurrence 
formulae 

(6) F'«-» (^) + F<’*+>» {z) = — F<«> {z), 

z 

(7 ) F'"-^) iz) - {z) = 2 — . 

Consequently F*”’ {z) satisfies the same recurrence formulae as Fn (^) 

and Yn (^). It follows from § 3*67 (2) that 

(8) F<") (^) = iTT F, (^) + (log 2 - 7) (^) 

= (^) + (iog 2 - 7) (4 


A solution of the equation (y) = 0 in the form of a definite integral, which reduces'to 
the integml of § 3*571 when 11 = 0 , has been constructed by Spitzer, Zeitsohrift fUr Math, 
und Phya. in. (1868), pp. 244-246; of. § 3*683. 


3 * 681 . Neumann' 8 ea>pansion of F"> (4 

The generalisation of the formula § 3*67 (1) has been.given by Neumann*; 


it IS 


»*-l Q»-OT-1 ml / ( 

(1) rw(^)=j-„«iiog«-6.„)- 2 *“ 


,o(n — 

I (-)■ »-■ (Tt+V) 

+ m(» + m) 

I 111 1 n 

where 8^ = ::+ « + «-!- + -, 5o = 0. 

1 2 o n 

To establish this result, we first define the functions Ln (z) and Nn (z) by 

the equations 

(2) £„(^) = J'„Wlog^- 2 -JPS. 


( 3 ) 


rr /_x __ r /-x . *? (-)’"(«+ 2m) ^ 
(z) — 8n J n if) + S 


m=l 


m (» + m) 


'n+ajA 


(«)» 


SO that F'®> {z) — Lo{z) — Uo{z). 

We shall prove that Ln (z) and Un {z) satisfy the recurrence formulae 
(4) in+i {z) = - Lf (z) + (n/z) Ln (z), ITn+i (z) = - Uf {z) + {njz) Un {z), 
and then (1) will be evident by induction from § 3'68 (2). 


* Theorie der BetaeVaehm Functionen (Leipzig, 1867), p. 62. See also Lommel, Studim ither 
die BeaseVachen Functionen (Leipzig, 1868), pp. 82 — 84 ; Otti, BemMittheilungen, 1898, pp. 84 — 86 ; 
and Haentzachel, Zeitechrift fUr Math, und Phya. ixxi. (1880), pp. 26 — 88. 
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dz\ ^ dz\ m-n{n — m).m\dz\z‘^”*) 


It is evident that 


If r /M . fo/ N 

= > [-J»^ W loff « + — ' + f (" - 

- 1 f- W log . + ^ w + "s 1 1 + — 

n+iv / 6 ^ «1»0 i 


n» (•®) *^<"+1 (^)11 


-n-nt +1 


gjn-m 

J m (^') 


m 


— ^w+l (^) 


j^d the first part of (4) is proved. To prove the second part, we have 

d (^7n(«)l_ d [J'nC^')) , ^ (-)™(n + 2m) (f [/„+»» (^)) 

«»i m(»+m) (i«'l 2" j 

(-r 




{mJn+rn^i {z) - (w + m) {z)] 


= -a 


■S'" m=i (» + »l) 

_ iL Y J U) 4- ^ 


Y(”^(z)-L„(z)+irn(z) 
z” 


!■ 


n+x- 

=- — (^) 

«** 

and the second part of (4) is proved. It follows from § 3'58 (2) that 

y<n-H) _, (^r) + Un+I (g) d 

z*^ dz 

and since the expression on the right vanishes when n = 0, it is evident by 
induction that it vanishes for all integral values of n. Hence 

(£)=:: Ln(z) - ITn(z), 

and the truth of equation (1) is therefore established. 

3 ’ 682 . The pow&r series for JJn(z)i 

The ftmction Un(z\ which was defined in § 3'681 (3) as a series of Bessel 
coefficients, has been expressed by Schl&fii* as a power series with simple 
coefficients, namely 

To establish this result, observe that it is true when n.=sO by §3'61(3) and 
.§ 8*67 (1)] and that, by straightforward differentiation, the expression on the 
right satisfies the same recurrence formula as that of § 3*681 (4) for Un {z ) ; 
equation (1) is then evident by induction. 

Noth. It will be found interesting to establish this result by evaluating the coefficient 
of (i*)*'*'*” in the expansion on the right of § 3*681 (8). 


Math. Ann. in, (1871), pp. 146 — 147. 
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3-682-3-6] 

The redder will now edsily prove the following formulde ; 
3I« (^) = {7 - log 2 } Jn (Sf) - Un (Z), 

(^) = Ln (z) + % (£) + (log 2 - 7} (z), 

(4) i’rF„(^) = i,(^) + ^(4 


3*683. The integrcU of Poisson' a type for F(**) (a). 

The Poisaon-Neumann fortniila of § 3*671 for F(®) (a) was generalised by Lommel, 
Stvdien Uher die BesseVaohen Fwnotionm. (Leipaag, 1868), p. 86, with a notation rather 
different from Neumann’s; to obtain Lommel’s result in Neumann’s notation, we first 
observe that, by differentiation of Poisson’s integral for (*), we have 
‘bJytf) ^ 2(hY fk”- 

cos(a8in^)oos*^d{log(ioos*^-i/r(^+i)}rf5, 

and so, from § 3*682 (3), 

^^">(^)° r - (n+t)r(jr) ^)cos*“d{logoosad->/.(n+i)-y}d^+Z„(«), 

and hence, since V' (i) » (1) - 2 log 2 = - y - 2 log 2, we have the formula 
(1) r(")(g)^— j oo8(ssind)c(»*‘^log(4oos8(9)dd 

in which it is to be remembered that Z« («) is expressible os a finite combination of Bessel 
coeflBoionts and powers of a. 


3’6. Functions of the third kind. 

In numerous developments of the theory of Bessel functions, especially 
those which are based on Hankel’s researches (Chapters vi and vil) on integrai 
representations and asymptotic expansions of tf, {^z) and Y, {z), two combina- 
tions of Bessel functions, namely ffp(,z) ±iYu{z), are of frequent occurrence. 
The combinations also present themselves in the theory of ‘'Bessel functions 
of purely imaginary argument” (§ 3*7). 

It has consequently seemed desirable to Nielsen* to regard the pair of 
functions Jp{z) ±iYy{z) as standard solutions of Bessel’s equation, and he 
describes them as functions of the third kind] and, in honour of Hankel, 
Nielsen denotes them by the symbol M. The two functions of the third kind 
are defined by the eq nations f 

(1) s-i*'w=j,w-iK.(4 

From these definitions, combined with § 3'64 (1), we have 


(2) 




% Sin VTT 




J,p{z)-e''^Jy{z) 
— % sin vrr 


When V is an integer, the right-hand sides are to be replaced by their limits. 

Since Jp{z) and Yp{z) satisfy the same recurrence formulae (^3'2, 3*66), 
in which the functions enter linearly, and since the functions of the third kind 


* Ofveraigt over det K. Danehe Videnskabemes Selskabs Forhandlinger, 1902,. p. 125. Hand- 
buck der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 16. 
t Nielsen uses the symbols JEti*‘{z), Hf{z). 
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arc linear functions (withoonstant coefficients) <ytj, (i) and n W, it Mows that 
these same recurrence formulae are satisBed by functions of the third kind. 
Hence we can at once write down the following formulae : 

(8) 


K+l ' ' e ■ V 
rfl) /-\ rrO) 








dz 




djf « 


dz 




TO 


dz 




.(8) 






— sf », 


V.S»> (r)=0, 


'(s), 

W »)-•»-” J'lw, 

symbol 2>« (a) to denote the funotion which Nielaen calls (z). 

* 8 - 61 . ifoiotioBs oom.ec«my tie th„« «, of Bmel fmetim,. 

It 18 easy to obtain the foUowing set of formulae, which express each 

to some of the formulae are simply the definitions of the functions on the 

+ _y..(s)-r,(s)..urw 

smi/TT 


(1) ,j;(s)= 


ttUlI/TT 

(2) , -r + r.,(r)cosrw-r.fsi 

^ sinvTr ’ 

(3) V (c) ^ (^) CQ8 ^ - J-Az) 

Siil IfTT , 

sin i/TT “* ■“ ' ^ ' 

(5) 

i sin VTT 

( 6 ) Tf (^) J'viz)- (z) 


_ T-A^)-e-^Yjz') 
sin vrr ' 

^ T-v(£)-^YJz) 
sin jfTT 


tsm 

From (6> and (6) it is obvions that 
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3*62. Bessel functions with argument — e and ze^^. 

Since Bessel’s equation is unaltered if z is replaced by ~ z, we must expect 
the functions to be solutions of the equation satisfied by J±viz). 

To avoid the slight difficulty produced by supposing that the phases of 
both of the complex variables z and —z have their principal values*, we 
shall construct Bessel functions of argument ze^^, where m is any integer, 
arg z has its principal value, and it is supposed that 

arg = wiTT + arg £r. . 

Since (■8^)/^*' is definable as a one-valued function, it is obviously con- 
venient to assume that, when the phase of z is unrestricted, Jv{z) is to be 
defined by the same convention, as that by which z'’ is defined; and accordingly 
we have the equations 

(1 ) J, {z\ 

( 2 ) = 

The functions of the second and third kinds will now be defined for all 
values of the argument by means of the equations § 3‘54 (1), § 3*6 (1); and 
then the construction of the following set of formulae is an easy matter: 

(3) Yy {ze^'^) -e~ (z) + 2i sin mvnr cot vtt Jy {z), 

(4) Y^y = 0 “ F. „(<?) + sin mw cosec vtt Jy{z), 

( 6 ) = Jy{z) 

'' •' v / smi^TT ' 

= sip(l ->»)t^ ffd) _ ^-y„i B inwvTT ^(2) 

sin VTT V ^ / sin VTT ^ 

( 6 ) = + Jy{z) 

^ smi/TT 

^ 8in(l -t-w)v7r ^(2) . . B mmmr . 

sinj^TT K v ' sin VTT 


Of tlieao results, (3) was given by Haokol, Matk Ann. viii. (1876), p. 454, in the special 
case when m—\ and v is an integer. Formulae equivalent to (5) and (6) were obtained by 
Welxsr, Matk. Ann. xxxvii. (1890), pp. 411, 412, when »»=1 ; see § 6'11. And a memoii’ 
by Graf, Zeitichrift fUr Math, und Phya. xxxvni. (1893), pp. 116 — 1^, contains the general 
fonnulae. 


3‘63. Fundamental syste-ms of solutions of Bessel's equation. 

It has been seen (§ 3*12) that Jy (z) and J-y {z) form a fundamental system of 
solutions of Bessel’s equation when, and only when, v is not an integer. We shall 
now examine the Wronskians of other pairs of solutions with a view to deter- 
mining fundamental systems in the critical case when v is an integer. 


For Arg (-<)<=: Arg z^fr, aooording as I (z) ^ 0. 
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It ia clear from § 3*54 (1) that 

{t/ p (e), Tv (£!)} *! — coseo vv . ?8E (z), (z)} 

TTZ' 

This result is established on the hypothesis thaty is not an integer; but con- 
siderations of continuity shew that 

(^) 2801 {J V (^)» («)} =* ^K'Jrz), 

whether v be an integer or not, S&ncB J, (z) and Yy {z) always form a finda- 
mmtal system of sohztions. 

It is easy to deduce that 

(2) aa{j;(i>).Y.w)— 

^ ^TCOSyTT 

and, in particular*, 

(3) WfJ'.(2),Y„(*)} = 2/«. 

When we express the functions of the third kind in terms of J„ (z) and 
Ty {z\ it is found that 

(4) m{Bf (x), sT (x)) — 2t ®a [ (x), r, (x)i = - ann), 

so that the functions of the third kind also form a fundamental system of 
solutions for all values of v. 

Various, formulae oonneoted with (1) and (3) have been given by Basset, Proo. London 
Math, 8<^. XXI. (1889), p. 66 j they are readily obtainable by expressing successive differ- 
ential ob^cients olJy{z) and Yy{z) in terms of /,{*), /;(«), and Ty{z\ Yy' (z) by re- 
peated differentiations of Best’s equation. Basset’s results (of which the earlier ones 
are frequently required in physical problems) are expressed in the notation used in this 
work by the following formulae : 

(6) Jy (z) Yy" (Z) - Yy (S) Jy" (s)= - -1 

ir* 

(8) /,'(x)n” (x)-r,'(x)J-," 

(7) 7, 

(8) J,' (X) r“ (.)- r; (.)jr 

(9) A"(.) r,'" (,)=1 ('i-2!!« + 

rrz\ «* «* / ’ 

(10) j, (.) (.) 

(11) // (x) r,i>8(,)- r.' (.) j;w(,)_ - 1 

\ s* / ' 

Throughout these formulae F„ may be replaced by J^y if the expressions on the right 

are multiplied by -sinvn- ; and F„ may be replaced by throughout if the 

expressions on the right sure multiplied hy — 2i. ^ 

* Gf. Lommel, Math. Ann. xv. (1871), p. 106, and Haniel, Math. Ann. vm. (1876), p. 467 . 
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An associated formula, due to Lommel*, Math, Ann. iv, (1871), p. 106, and Hankel, 
Math, Ann. vm. (1876), p. 468, is 

(12) J,(Z) n(«)=-;i 

trs 

This is proved iu the same way as § 3*2 (7). 

3*7. Bessel functions of purely imaginary argument. 

The differential equation 

(1) + + = 

which differs from Bessel’s equation only in the coefficient of y, is of frequent 
occurrence in problems of Mathematical Physics; in such problems, it is usually 
desirable to present the solution in a real form, and the fundamental systems 
J„ {iz) and {iz) or J„ (iz) and (iz) are unsuited for this purpose. 

However the function J, (iz) is a real function of z which is a solution 
of the equation. It is customary to denote it by the symbol /„ (z) so that 

" .,?o ml T (? +'ir+ i) • 

When z is regarded as a complex variable, it is usually convenient to define 
its phase, not with reference to the principal value of arg w, as the consideration 
of the function (iz) would suggest, but with reference to the principal value 
of arg Zf so that 

' (z) = e~^'^ (ze^), (- TT < arg « < ^ w), 

/„ (z) = Jy (ze~^\ (i '”■ < ^ '^)* 

The introduction of the symbol f (z) to denote "the function of imaginary 
argument ” is due to Bassetf and it is now in common use. It should be men- 
tioned that four years before the publication of Basset’s work, Nicolasi hod 
suggested the use of the symbol (z), but this notation has not been used by 
other writers. 

Tho relative positiuns of Pure and Applied Mathoiuatics on the Continent as compared 
with this country are remarkably illustrated by tho fact that, iu Nielsen’s standard 
treatise 15, neither the function /i>(z), nor the second solution A,, (a), which will bo defined 
immediately, is even mentioned, in 8i)ito of their iuii)ort<inco in physical applications. 

The function I..v(z) is also a solution- of (1), and it is esiay to prove (cf. 
§3-12) that 

(3) 

* Lommel gave the corresponding formula for Neumann’s function of the second kind, 
f Proc. Canih. Phil. Soc. vi. (1889), p. 11. [This paper was first published in 1886.] Basset, 
in this paper, defined the function of integral order to be {*»), but he subseqnently changed 
it, in his Hydrodynamics, ii. (Cambridge, 1888), p. 17, to that given in the text. The more 
recent definition is now universally used. 

t A7in. fid. de I'J&cole norm. sup. (2) xi. (1882), supplement, p. 17. 

§ Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904). 
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It follows that, whon y is not an iategesr, the functions Jy {z) and {z) form 
a fundamental system of solutions of equation (1). 

In the case of functions of integral order, a second Solution has to be con- 
structed by the methods of ^ 3*6 — 3*64. 

The function Kn{fs), which will be adopted throughout this work as the 
second solution, is defined by the equation 

(4) Um . 

An equivalent definition (cf. §-3*6) is 

(5) , , 

It may be verified, by the methoda of § 3*6, that Kn (^) is a solution of (1) when 
the order v is equal to »i. 

The function Ky (z) has been defined, for unrestricted values of v, by 
Macdonald*, by the equation 


( 6 ) = , 

Sini/TT 

and, with this definition, it may be verified that 

(7) lim Ky{z). 

v-^n 

It is easy to deduce from (6) that 

(8) Ky{z)=^^'in^!^Hy (iz) = ^7rie~^'^ H[.l(iz). 

The physical importance of the fiinction Ky(z) lies in the fact that it is a 
solution of equation (1) which tends exponentially to zero sa z-^oo through 
positive values. This fundamental property of the function will be established 
in § 7-23. 


The definition of Kn(z) is due to Basset, Proc. Gamb. PhU. Soo. vi, (1889), p. 11, and 
his definition is equivalent to that given by equations (4) and (5) ; the infinite integrals by 
which he actually defined the function will be discussed in §§ 6-14, 6’16. Basset subse- 
quently modified his definition of the function in his Hydrodynamics, ir. (Cambridge, 1888), 

pp. 18 — 19, and his final definition is equivalent to -4-, 

w Sv Jr-»’ 

In order to obtain a function which satisfies the same recurrence formulae as ly («), 
Gray and Mathews in their work, A Treatise on Bessel FunotioTis (London, 1896), p. 67, 
omit the factor 1/2*, so that their definition is equivalent to 

IF dl^yjz) dlyjz)-] 

IL 01 / dv Jv=»’ 

The only simple extension of this definition to functions of unrestricted order is by the 
formula 

Kr (*) S cot VTT {/_ V (*) - J,, (*)}, 

* Proc. London Hath. Soc. xjx. (1899), p. 167. 
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(of. Modem Analysis, § 17 '71) but this function suffers from the serious disadvantage that 
it vanishes whenever 9,v is an odd integer. Consequently in this work, Maodonald’s 
function Will be used although it has the disadvantage of not satisfying the same recur- 
rence formulae as /„ ( 2 ). 

An inspection of formula (8) shews that it would have been advantageous if a factor n- had 
been omitted from the definition of Ky (a) ; but in view of the existence of extensive tables 
of Maodonald’s function it is now inadvisable to make the change, and the presence of the 
factor is not so undesirable as the pi’esence of the corresponding factor in SohlSfli’s function 
(§ 3‘54) because linear combinations of Iy{z) and Ky (e) are not of common ooourrence. 


3‘71. Formulae connected with Iv{ii) and Ky{z). 

We shall now give various formulae for Iv{z) and Kyiz) analogous to 
those constructed in §§ 3‘2-— 3‘6 for the ordinary Bessel functions. The proofs 


of the 

formulae are left to the reader. 



(1) 

-7„-i {z) — I „+i (^) = 

11 

Ky^i (z) - Ky+i (z) = 


(2) 

Ty^i (z) -f ly^i {z) = 

= 2/; {z). 

Ky-l (Z) + Ky+l (Z) = 


(3) 

zi;(z)+vly{z) = 

zly^^ {z). 

ZKy'(z) + vKy(z) = 

-ZKy^^ (Z), 

(4) 

ziy (z) - vly (z) == 

Zly^X {Z\ 

zKy'{z)-pKy(z)=- 

-ZKy+l{z), 

5) 





(6) 

\zdz) t I ’ 


\m -^y+wt (^) 

' gi>~+m ’ 

(7) 

(2). /,(«), 

k:(z)=^k,{z), 


(») 

I—n (^) ~ (^)> 

K^y 

{Z) = Ky (Z). 



The following integral formulae are valid only when R(v ■\-^)> 0 : 

rir 

(9) {z) = p P (I) ) (z cos 6) Bin^^ede 




(1 — 1 cosh (zt) dt 
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These results are due to Basset. We also have 

(10) (z) = Lz I jB" 0l±£)L 

L r.O ’•1 (”“’■)! (Zi)' 
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( 12 ) 

(13) 

(14) 

(16) 


(16) 

(17) 

(18) 

(19) 

( 20 ) 


/_)«+] g-. 2 (w + r )I ^ 

r-o»-l(«-»-)l(2A)’'J’ 


( 11 ) (^) = 


V (2ts) 


(-r(n + r)t 
. r=» orl(n-r)! (22?)'' 


+ ^ (w+ r)! 

r=o (w — r)I (2>sy_ 


■2'«H-»(^)=ff 2 — ^!^±r)l_ 

r=io r! (n - r) ! (2^y * 

ir,(.)=(^)^-., 

W = - log (W • (^) + ^ (^ + 1), 

■g..rgi=l"'f' (-)”‘(”-”»-i)i . 

2 ttt =0 


TO=o wl(n + m)! W~'i‘^(’”' + l)-i'»^(w + m+l)}, 

(«) = - i e*«» « {log (2^ 8in» 0) + ry} 

(2'e«*-<) = e-mKirf sin^ 

sin i/TT " ' 

®»{ 4 (*). J.(^))=_i/g, 

4 (*)^'.+.(*) + 4^, («)^.(«)= i/g, 

Thgtotegrd involved in (16) hen been diecnee«i by Stoiee (of. § 3 M2). 
memoir . “ <'^1 disonesed by Rienumn in hie 

Amh., Pr^ P^,. MaA Soc. ./Japan, (3) „. (lSi,™ei.r “1 ‘'1' 

were need ^ i “1““°“ ''®! *"'1 H®!’ 

end he add«i yet nnother notation to. thoeedeeiiW iis a-dT ”’ "" ”-»!)! 
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3*8. Thomson's functions ber (f) and bei (f) and their geneiralisations. 

A class of functions which occurs in certain electrical problems consists of 
Bessel functions whose arguments have their phases equal to ^tt or ^tt. 

The functions of order zero were first examined by W. Thomson*; they 
may be defined by the equation f 

(1 ) ber ({d) + i bei (a?) = Jo VO = 4 VO, 

where cc is real, and ber and bei denote real functions. For complex argu- 
ments we adopt the definitions expressed by the formulae 

(2) ber (z) + i bei (z) — Jo (zi V± 0 =* -^o V ± 0* 

Hence we have 


(3) 

(4) 


ber (z) • 


(21)’* (4!)« 


bei (z) — 


(ll)* (31)“ (5!)* 


Extensions of these definitions to functions of any order of the first, second and 
third kinds have been effected by Russell! and Whitehead§. 

The functions of the second kind of order zero were defined by Russell by 
a pair of equations resembling (2), the function f being replaced by the 
function Ko, thus 


(5) ker (z) ± i kei {z) = V± 0* 

Functions of unrestricted order v were defined by Whitehead with reference 
to Bessel functions of the first and third kinds, thus 


(6) ber„ (x) ± i bei„ (z) = J„ (ze^^^), 

(7) her„ (z) ± i hei^ (z) — {ze^^'^). 

It will be observed thatjl 

(8) ker (z) = — ^tt hei (z), kei (z) = ^tt her (z), 
in consequence of § 3*7 (8). 

The following series, due to Russell, are obtainable without difficulty : 

(9) ker (x) = — iogdiz) . ber (^r) H- bei (z) 


+ 2 


0 l(2m)ll’ 


■.(r(2»B + l), 


* Freeidential AddroBs to tlie liiBtitnto of Elootrioal Engineore, 1889. [Math, and Phys. 
Papers, in. (1890), p. 492,] 

f In tho oaso of functions of zoro order, it is customary to omit the snOlx which indicates 
the order. 

X Phil. Mag. (6) xvii. (1909), pp. 624 — 662. 

§ Quarterly Journal, xm. (1011), pp. 310 — 842. 

II Integrals equal to ker (z) and kei (r) occur in a memoir by Hertz, Ann. der Physik und Ohemie, 
(8) xxn. (1884), p. 460 [Ges. Werke, i. (1896), p. 289]. 


W. B. F. 


6 
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— log {y ) . bei ( 0 ) — Jtt her (z) 


{(2m + l)I}» 


(2771 + 2). 


It lias also been obserred by Bussell that the first f&vf terms of the expansion of 
ber* («)+bei* («) have simple coefficients, thus 



her* (a)4-bei® (*)«= 


^ 2! ^4. 41^6*. 6!^ 


8’*..9r 


but this result had previously been obtained, with a different notation, by Nielsen (of. 
§ 6‘41) ; the coefficient of (^s)^ in the expansion on the right is l/[(m !)* . (2ni) !]. 


Numerous expansions involving squares and products of the general 
functions have been obtained by Russell; for such formulae the reader is 
referred to Russell’s memoir and also to a paper by Savidge*. 

Formulae analogous to the results of §§ 3-61, 3*62 have been discussed by 
"Whitehead ; it is sufficient to quote the following here : 

(12) ber_„ (z) = cos i/ir . ber„ (z) — sin w . [hei„ (z) — bei„ (^f)], 

(13) beLv (z) = cos i/w . bei„ («) + sin vtt . [her„ (z) - ber„ (^r)], 

(14) her_^(- 2 ) = cos vir . her„ (z) — sin i/tt . hei, (z), 

(16) hei_p (z) =: sin i/TT . her, (z) + cos vtt . hei, (z). 

The reader will be able to construct the recurrence formulae which have 
been worked out at length by Whitehead. 


The functions of order unity have recently been examined in some detail 
by B. A. Smith f. 


3*9. The definition of cylinder funciioTis. 

Various writers, especially SonineJ and Nielsen §, have studied the general 
theory of analytic functions of two variables (z) which satisfy the pair of 
recurrence formulae 

0 ) 

z 

(2) '^.-i(^)-^H.i(^)»2^;(x). 

in which z and p are uhrestricted complex variables. These recurrence formulae 
are satisfied by each of the three kinds of Bessel functions. 

Functions which satisfy only one of the two formulae are also discussed by 
Sonine in his elaborate memoir ; a brief account of his researches will be given 
in Chapter x. 

* Phil. Mag. (6) xix. (1910), pp. 49— S8, 

t Pvoc, American- Soc. of Civil Engineere, xivi. (1920), pp. 876~425, 
t Math. Aim. XVI. (1880), pp. 1 — 80. 

8 Handbwih der Thearie der CylinderfUnlUianen 1904), pp. 1, 42 et teq. 
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Following Sonine we shall call any function (z), which satisfies both of 
the formulae, a cylinder function. It will now be shewn that cylinder functions 
are expressible in terms of Bessel functions. 

When we combine the formulae (1) and (2), we find that 


(3) zWJ {z) -k-v^y (f) = iz), 

(4) z^: {z) - v% {z) = - z^y^, {z), 
and so, if ^ be written for z {d/dz), we deduce that 

(5) 

(6) - V) (z) = - Z'^y+i (z). 


It follows that 


that is to say 

( 7 ) 


Wy (Z) {Z<^y., (Z)] 

= 2 ; (^ — w + 1) {z) 

= - z^^\ (z), 

Vy^y(z) = 0. 


Hence (z) = UyJy (z) + by F„ (z), 

where a„ and by are independent of z, though they may depend on v. 
we substitute in (3) we find that 


When 


ayjy^i {z) + byYy^i {z) = tt„_i {z) + by-iYy.x (z), 
and so, since J"„_i (z)/ F„_i (z) is not independent of z, we must have 

Cty — by — by—l. 

Hence a„ and by must be periodic functions of v with period unity ; and, 
conversely, if they arc such functions of v, it is easy to see that both (1) and 
(2) are satisfied. 

Hence the general solution of (1) and (2) is 

(8) ^/(?y {Z) = or, (V) Jy {Z) + OTa {V) Yy {z), 

where or, (v) and org(v) are arbitrary periodic functions of v with period unity. 
It may be observed that an equivalent solution is 

(9) ^6iy {z) = or, (.) {z) + or, (v) {z). 


A difTorence equation, which is more general than (1), has been examined by Barnes, 
Mensenger, xxxiv. (1905), pp. 52 — 71 ; in certain oircumstiinces the solution i.s expressible 
by Bessel functions, though it usually involves hypergeoinetric functions. 

Note. The name cylinder function is used by Nielson to denote Jy (s), Yy (3), //„(M (s) 
and hTyC^ (a) os well as the moregonoiol functions discussed in this section. This procedure 
is in accordance with the principle laid down by Mittag-Loffler that it is, in general, 
undesirable to assoeiate functions with the names of particular mathematicians. 

The name cylinder function is derived from the fact that nonnal solutions of Laplace’.s 
equation in oylindrical coordinates are 

(cf. § 4‘8 and Moden'n Analysis, § 18’5). 


6—2 
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■writei's'*, following Heine t who called <4(8) a Fomier-Bmel function, call Jni^) 
r function, 

)ugh Bessel coefficients of any order were used long before the time of Bessel 
3, 1'4), it seems desirable to associate Bessel’s name with them, not only because 
loome generally customary to do so, but also because of the great advance made by 
a the work of his predecessors in the invention of a simple and compact notation 
Ainctions. 

Bessel’s name was associated with the functions by Jacobi, Journal fUr Math. xy. 
(1836), p. 13 [G'w. Math. Werke, yi. (1891), p. 101]. “Transcendentium /fc^naturam varios- 
que usus in determinandis integralibus definitis exposuit ill. Bessel in commentatione 
oeleberrima.” 

A more recent controversy on the name to be applied to the functions is to be found in 
a series of letters in Mature, lx. (1899), pp. 101, 149, 174; lxxxi. (1909), p. 68. 

* E.g. Nicolas, Ann. Sei. de Vfleole norni. swp. (2) xi. (1882), supplement. 

f Journal ftlr Matlu lxix. (1868), p. 128. Heine also seems to be responsible for the term 
cylinder function. 



CHAPTER IV 

DIFFERENTIAL EQUATIONS 


4 * 1 . Daniel Bernoulli's solution of Riccati's equation. 

The solution given by Bernoulli* of the equation 

( 1 ) + 

consisted in shewing that when the index n has any of the values 


0; -t; -I, -g; 






while a and b have any constant valuesf, then the equation is soluble by 
means of algebraic, exponential and logarithmic functions. The values of n 
just given are comprised in the formula 


( 2 ) 


4/a 

2?a ± i ’ 


where m is zero or a positive integer, 

Bernoulli’s method of solution is as follows : If n bo called the index of the 
equation, it is firat proved that the general equation | of index n is transformable 
into the general equation of inilex N, where 


( 3 ) 




n + 1 


and it is also proved that the genei’al eqinition of index n is transformable 
into the general equation of index v, whore 

(4) V = — ?/ — 4. 

The Riccati equation of index zero is obviously integrable, bcicause the 
variables are separable. Hence, by (4), the equation of index — 4 is integrable. 
Hence, by (D), the equation of index — jj is integmbb^. If this process be con- 
tinued by using the transformations (8) jind (4) alternately, we arrive at the 
set of soluble cases given above, and it is easy to see that these cases ar(.^ 
comprised in the general formula (2). 

* lixercitationca guaedam vutihcmattcae. (Vonioo, 1724), pp. 77 — SO; Acta Krudilonm, 1725, 
pp. 473 — 475. The notation used by Bernoulli has boon sliKhlly iniidillcd ; and in thiii nnalyuia 
n is not restricted to be an integer. 

t It is assumed that neither a nor h is zero. If either were /.ero the variables would obviously 
be separable. 

That is, the equation in which a and b have arbitrary values. 
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4*11. Daniel Bernoulli's transformations of Riccati’s equation. 

x^ow that the outlines of Bernoulli’s procedure have been indicated, we 
proceed to give the analysis by which the requisite transformations are eflfected. 
Take § 4*1 (1) as the standard equation of index n and make the substitutions 


u + 1 



[Note. The euhstitutiona are possible heoause — 1 is not included among the values of 
n. The factor w+1 in the denominatbi was not inserted by Bernoulli ; the effect of its 
presence is that the transformed equation is more simple than if it were omitted.] 


The equation becomes 
tkat is 

flV 

^^l{n + lYZ^-^aY\ 

where N = — n/(n + 1) ; and this is the general equation of index N. 

Again in § 4'1 (1) make the substitutions 

The equation becomes 

where j; = — n — 4 ; and this is the general equation of index v. 

The transformations described in § 4*1 are therefore effected, and so the 
equation is soluble in the cases stated. But this procedure does not give the 
solution in a compact form. 


4*12. The limiting form of Riccati’s eqmtion, with index — 2. 

When the processes described in ^4'1, 411 are continually applied to 
Riccati’s equation, the value to which the index tends, when m oo in 
§ 41 (2), is — 2. The equation with index — 2 is consequently not soluble by 
a finite number of transformations of the types hitherto under consideration. 
To solve the equation with index ~ 2, namely 


( 1 ) 


dy a , „ 


write y —'vjz, and the equation becomes 


z-^ — a-\-v + W\ 


and this is an equation with the variables separable. ' 

Hence, in this limiting case, Riccati’s equation is still soluble by the use 
of elementary functions. - 
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This solution was implicitly given by Euler, Inst. Oaie. Int, n. (Petersburg, 1769), § 933, 

1 dL 

p. 186. If we write (of. § 4’14) y=> ■” ^ equation which determines r) is 



which is homogeneous, and consequently it is immediately soluble. 

Euler does not seem to mention the limiting case of Bicoati’s equation explicitly, 
although he gave both the solution of the homogeneo\TS linear equation and the transforma- 
tion which connects an^ equation of Biocati’s type with a linear equation. 

It will appear subsequently (§§ 4*7 — 4*76) that the only cases in which 
Riccati’s equation is soluble in finite terms are the cases which have now been 
examined ; that is to say, those in which the index has one of the values 

— f> ~f; •••» —2, 

and also the trivial cases in which a or 6 (or both) is zero. 

This converse theorem, due to Liouville, is, of course, much more recondite 
than Bernoulli’s theorem that the equation is soluble in the specified cases. 


4*13. Euler's solution of B/icGoti's equation. 

A practical method of constructing a solution of Riccati’s equation in the 
soluble cases was devised by Euler*, and this method (with some slight changes 
in notation), will now be explained. 

First transfonn Riccati’s equation, § 41 (1), by taking new variables and 
constants as follows : 

( 1 ) y = -r)lb, ah^-G\ » = 2 <?- 2 ; 

the transformed equation is 

(2) ^ ^ ’ 

and the soluble cases are those in which 1/g is an odd integer. 

Define a new variable w by the equation 


(3) V = C2r9-i ^ 

so that the equation in w is 

(Pw . „ diu 

(4) 


1 dw 
w dz ’ 


+ 2cz^~^ dj ^ ^ ^ cz^^w = 0. 


A solution in series of the last equation is 
provided that 




Ar 


{2qr + </ + !) (2yr H- g — 1 ) 

8<7c(r-f*l) 

* Nov. Comm. Acad. Petrop. viii. (1760 — 1761) [1768], pp. 8 — 63; and ix. (1762-^1768) 
[1764], pp. 164—169. 
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and so the aeries terminates with the term AmZ~^ if q has either of the values 
■± l/(2m + 1)] and this procedure gives the solution* examined by Bernoulli. 

The general solution of RiooatPs equation, which is not obvious by this method, was 
given explicitly by Hargreave, QiMrterly Journal, vn. (1866), pp. 266— 268, but Hargimve’s 
form of the solution was unnecessarily complicated; two years later Cayley, PhU. Mag. (4) 
XX3CVL (1868), pp. 348 — 361 [Oollecied Papers, vn. (1894), pp. 9 — 12], gave the general solu- 
tion in a form which closely resembles Euler’s particular solution, the chief difference between 
the two solutions being the reveal of the order of the terms of the series involved. 

Cayley used a slightly simpier form of the equation than (2), bfecause he took constant 
multiples of hoik variables in Biocati’s equation in such a way as to reduce it to 


( 6 ) 


. . 




4 ‘ 14 . Oayley's general solution of RiccatVs equation. 

We have just- seen that Riccati’s equation is reducible to the form 

d/i} 


dz 




given in § 4!*13 (2); and we shall now explain Cayley’s f method of solving 
this equation, which is to be regarded as a canonical form of Riccati’s 
equatioiL 

When we make the substitution! ^ = d ([ogv)ldz, the equation becomes 

dH 


( 1 ) 


dz'^ 


— — 0 ; 


and, if Ui and CTa are a fundamental system of solutions of this equation, the 
general solution of the canonical form of Riccati’s equation is 
/'9\ „ _ CifT/ + CaUj 

where (7i and (7, are arbitrary constants and primes denote differentiations with 
respect to z. 

To express Ui and Ua in a finite form, we write 

v = w exp (cz^lq), 

so that the equation satisfied by is § 4T8 (4). A solution of this equation 
in w proceeding in ascending powers of «« is 

1 ~ ^ ...u, . (S' -I) (39 -1) 


-c««+ 




9(9-1) , 9 ( 9 - 1 ) 2g(2g-l) 

(g-l)(3g-l)(5g-l) ^ 

g'(g-l)2g(2g-l)3g(3g-l)‘^^+-’ 
and we take Ui to be exp (ci^fq) multiplied by this series. 

* 'When the index n of the Biooati equation is - 2, equation (4) is homogeneous. 

\ Phil. Mag. (4) xxxvi. (1868), pp. 848 — 851 iOolleeted Papers, vn. (1894), pp. 9—12]. Of. also 
the memoirs by Euler whioh were cited in § 4*18. 

i This is, of course, the sabstitution used in 1702 by James Bernoulli ; of. § I'l: 
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Now equation ( 1 ) is unaffected by changing the sign of c, and so we take 


lly, Z7a= exp(± 


IT 


g -1 

qiq-l) 

T 


cifl + 

g(5-l) 2g (25^-1) 
(g-l)(3g-l)(5g-l) 






S(2-1)2?(2?-1)3j(3j- 1) 
and both of these series terminate when q is the reciprocal of an odd positive 
integer. Since the ratio Z7i ; i7a is the exponential ftinction exp (^cxfljq) 
multiplied by an algebraic function of as, it cannot be a constant ; and so 
Z/i, Ui form a fundamental system of solutions of ( 1 ). 

If q were the reciprocal of an odd negative integer, we should write 
equation ( 1 ) in the form 


whence it follows that 


’7 = ^log(7il^i + 78‘J^s), 


where 71 and 73 are constants, and 
Fi , Fa = exp ( T c^/g) 


*«(« + !) ?(? + l)2?(2j + l)‘’^^ 




The series which have now been obtained will be examined in much greater 
detail in ^ 4*4 — 4*42. 


The reader should have uo diflSculty in constructing the following solutions of Riooati’s 
equation, when it is soluble in finite terms. 



Equation 

Yalues of Ui , 

(i) 

(ii) 

(hi) 

(c?r 7 /di:)+J 7 *=l 
(o?»j/d«) +?;*=» 2"*^® 
(dT]ldz)+Ti'^*^z~^^ 

exp (±») 

(1 ^ 32 *^) exp ( ± 32^8) 

( 1 + 62*/® + exp ( + 62^'®) 





Equation 

Values of Fj, Fj 

(i) 

(ii) 
(hi) 

(rfi7/(f2) + t;® = 2 “ * 

(rfi7/d2)+.7®=2-^®'® 

2 exp (±1/2) 

2 (1 + 3 z~ ‘/®) exp ( + 32 “ ^/*) 

2 ( 1 + 52 “ q. ^ 2 - 2/6J exp ( ± 62“ V6) 




It is to be noticed that the series V\, (or n, F*, as the case may be) are supposed 
to terminate with the term before the first term which has a zero factor in the numerator ; 
see § 4*42 and Glaishor, PhiL Tram, of the Royal Soo. OLXxn. (1881), p. 773. 
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^ XaO. zn. 

h PP* 144 147, Lobatto, Journal fUr Math, xvii ^’1837'^ nt^ m • u /* 

Dy taking in (1), and so it is not included among the soluble casea 

■ 4*16. Schlafii'8 canom^l form of nificatVa equatim. 

The form of Eiccati’a equation which was examined by Schlafli* was 

du 


( 1 ) 


dt 


= t® — 


To solve the equation, Schlafli wrote 


and arrived at the equation 


dt '■ 




, F<.a,t)»X - ^ 

m^iim\r(a + m + l)* 

the general solution of the equation in y is 

y = (hF{a,t) + ckir^F (- a, t). 

The solution of (1) is then 

<hM'{a, t) + Cit-^F (- a, t) ‘ 

^nde“i.irraom::w:r‘““ “”"• 

to exhibit the connexion between Cayle/TsISnC 

Nona. The function 0 : «, defined as the series 


e a 1 

l+? + i 




..... ’ 2’»(«+l)‘*'2.3-r^+J)(,+2) + -. 

insmmu d, a^omLi, (PMi^®i8o“)/^4,°to 

Later the function was studipH ('wifv. ^ a- tr x ^ ^ irrational, 

fragment in his Math. Papers (London, 1882),^^° 34 ^ 3 ^.^ Clifford; see a posthumous 

■arte. (§ l-l) i. to* b^iasoSd BeroonlU'a .otoSon to 

t Thia eotarton totod be 
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4*16, 4-16] 

It is obvious that (a) « (|a)i> i?’ (v, - Ja*), 

and it has recently^been suggested* that, because the Sohliifli-Olififord notation simplifi^ 
the analysis in the discussion of certain problems on the stability of vertical wires under 
Suavity, the standard notation for Bessel functions should be abandoned in favour of a 
notation resembling the notation used by Sohl^fli-Olifford : — a procedure which seems com- 
parable to a proposal to replace the ordinary tables of trigonometrical functions by tables 
of the functions 

1 JE!L I 
JlH) (3»)I’ »-o(2n-|-“l)r 


4*16. Miaoellaneous researches on RiccatHs equation. 

A solution of Riccati’s equation, which involves definite integrals, was given by Murphy, 
Trans, Camb. Phil. Soc. ni. (1830), pp; 440—443. The equation which he considered is 


du 

dt 




and, if a be written for l/(7»-|-2) and A~^ d(\Qgy)ldt for his solution (when ABa^^V) is 
y=itj [(f) (h) exp (ty^/A)^^ (1/A) exp (A/i/“)] dA, 


where 



fl“*A““*c?A= S 

na 


_ A" _ 

oa(a+l) (a + 2) ... (a+n)' 


If 1/A be written for A in the second imrt of the integral, then the last expression given 
for y reduces to vit multiplied by the residue at the origin of A~^cj) (A) exp (ty'*/A), and the 
connexion between Murphy’s solution and Sohlafli’s solution (§ 4’16) is evident. 

An investigation was published by Ohallia, Quarterly Journal, vii. (1866), pp. 61—58, 
which shelved how to connect two equations of the type of § 4*13 (2), namely 




in one of which 1/g' is an odd positive integer, and in the other it is an odd negative 
integer. This investigation is to be associated with the discovery of the two types of 
solution given in § 4' 14. 

The eqiuition ^ hgn ya _ cjw— o 

CvZ z 

which is easily transformed into an equation of Riocati’s type by taking «>*-“ + 1 and as 
new variables, was investigated by Rawson, Messenger, vii. (1878), pp. 69—72. He trans- 
formed it into the equation 

dv ct + a 

by taking but^af^ly', two such equations are called cognate Riccati equations A somewhat 
similar equation was reduced to Riccati’s type by Brassiime, Journal de Math, xvi. (1861), 

pp. 266—266. 

The connexions between the various types of equations which different writers have 
adopted as canonical forme of Ricoati’s equation have been set out in a paper by Qi’eenhill, 
Quarterly J<mmaX, xvi. (1879), pp. 294 — 298. 


* Greenhill, Engineering, ovii. (1919), p. 884; Phil. Mag. (6) xxzviu. (1919), pp. 601 — 628; 
see also Engineering, oix. (1920), p. 861. 
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The reader should also consult a short paper by Siacci, Napoli Rendiconti.^ (3) vii. 
(1901), pp. 139 — 143. And a monograph on Eiocati’s equation, which apparently contains 
the majority of the results of this chapter, has been produced by Feldblum, Waraohaii 
Uniw. Naoh. 1898, nos. 6, 7, and 1899, no. 4. 


4*2. Ths generalised Riccati equation. 

An obvious generalisation of the equation discussed in § 4*1 is 

( 1 ) 

where P, Q, R are any given functions of e. This equation was investigated 
by Euler*. It is supposed that neither P nor R is identically zero; for, if 
either P or R is zero, the equation is easily integrable by quadratures. 

It was pointed out by EnestrOm, Bncyclop^it des Sei. Math. ii. 16, § 10, p. 75, that a 
special equation of this type namely 

was studied by Manfrediua, De constructione aeqnationum differentialum primi gradm 
(Bologna, 1707), p. 167. “Sed tnm^n haec eodem aequatio non apparet quomodo construi- 
bilia ait, nequa enlm videmus quomodd illam integremus, nec quomodo indeterminatas ab 
inviehm separemus.” 


The equation (1) is easily reduced to the linear equation of the second 
order, by taking a new dependent variable u defined by the equation f 


( 2 ) 


r— 1 . ^ 


R dz 

The equation then becomes 
dhb 
d? 

Conversely, if in the general linear equation of the second order, 

dhb , d u - 


( 3 ) 


(4) 


r, . 1 dR) du ^ 


(where Po, Pi,pt are given functions of z), we write 
(5) 

the equation to determine y is 


( 6 ) 


dz po Pa 


y-y\ 


which is of the same type as (1). The complete equivalence of the generalised 
Biocati equation with the linear equation of the second order is consequently 
established. 


The equations of this section have been examined by Anisimov, Warsohau Univ. Nach, 
1896, pp. 1 — 33. \Jahrbuch ilbor die Fortsokritte der Math. 1896, p. 256.] 

♦ Nov, Comm. Acad. Petrop. vm. (1760—1761) [1768], p. 82 ; see also a short paper by W. W. 
Johnson, Ann. c^f Math. lu. (1887), pp. 112 — ^116. 

t This is the generalisation of James Bernoulli's sabstitution (§ l-l). See also Euler, Inst. 
Calc. Int. n. (Petersburg, 1769), §§ 881, 862, pp. 88, 104. 
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4*21. Euler’s theorems concerning the generalised RiccaU equation. 

It . has been shewn by Euler* that, if a particular solution of the 
generalised Riccati equation is known, the general solution can be obtained 
by two quadratures ; if two particular solutions are known the general 
solution is obtainable by a single quadrature f. And it follows from theorems 
discovered by Weyr and Picard that, if three particular solutions are known, 
the general solution can be effected without a quadrature. 

To prove the first result, let be a particular solution of 

g = P + (3y + %>, 

and write y^y^+ljv. The equation in v is 

^ + ((3 + 2Py.)» + je = o, 

of which the solution is 

V exp {/ (Q + 2Ryo) dz] + jR exp [J(Q + 2Ryo) dz] .dz^O, 
and, since v = l/(2/-yo). the truth of the first theorem is manifest. 

To prove the second, let y^ and yi be two particular solutions, and write 

y-Vi 

The result of substituting {y^V} -yo)l{w -1) for y in the equation is 

yo-?/, dw w dyy 1 p . ~ .Vo . p 

(w -ly dz w - I dz w-1 dz ^ w-l \ w-1 J ’ 

and, when we substitute for {dy^jdz) and {dy^jdz) the values P + + 

and P + Qyo + -Kyo®, the last equation is reduced to 

1 dU) n 

so that w = c exp l/(%o - Ryd dz], 

where c is the constant of integration. Hence, from the equation defining w, 
we see that y is expressed as a function involving a single quadrature. 

To prove the third result, let y^ and y, be the solutions already specified, 
let 2 /fl be a third solution, and let c' be the value to be assigned to c to make 
y reduce to y^. Then 

yj^j^ ^ ^ ysL-y ^ 

y-y\ c' ■ y%-yi' 

and this is the integral in a form free from quadratures. 

* Nov. Comm. Acad. Petrop. vtii. (1760 — 1761) [1768], p. 32. 

+ Ibid. p. 69, and ix. (1762—1768) [1764], pp. 163—164. See also Minding, Journal fUr 
Math. XL. (1850), p. 861. 
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It follows that the general solution is expressible in the form 

^ OfM+Mz)’ 

Hence it is evident that, if yi, j/jj 3 /s> y* be any four solutions, obtained by 
giving 0 the values (7i, (7„ (7* respectively, then the oro8s-^:atio 

{yi-y*){yi-y^) 

w of for it is equal to 


( g.-0J((7.-O.) 

{C,-G,){G,-^G,y 

In spite of the obvious character of this theorem, it does not seem to have 
been noticed until some forty years ago*. 

Other properties of the generalised Ricoati equation may be derived from 
properties of the corresponding linear equation (§ 4*2). Thus Raffy f has gi von 
two methods of reducing the Riocati equation to the canonical form 


U/Ut 

these correspond to the methods of reducing a linear equation to its normal 
form by changes of the dependent and independent variables respectively. 

Various properties of the solution of Riocati’s eauation in whinh P o » 
functions have been obtained bv C J D TTill r ^ ; a iv i ^ ratumul 

Autonne,Cbm«<«Am<f«axcvxn8831 I'**' ^ 

Fae. det Sci. de Marteitte, xa (1002), pp. l £1 h PI • 7 228 , A nn . do fa 

The behaviour of the solution near sintmlaritiAM nf p a d u ^ 

The equation of the second order whose primitive is of the type 

«_ <^tl + C3V2 + C«>?R 
‘’lii+Cafa+Cjfs’ 

where ci, c^, cj are constants of integration (which is an • 

primitive of the Biccati equation), h^n studied V generalisation of tlio 

U. (1885), e and by wXw 

and Compla Sendvt, cixxyii. (1903), pp. ICBS—ioss'^'^ ‘«‘4- oxil, (1900), pn 210-- -217 j 
Weyr, Abh, bdhtii, Ges. Wits, ffil vht lomii 

d« V£«,U ,,om. ™p. (2) (187,),' '• ®“ i Mm. ««'. 

•amed, » devoted to the thwty of “ oUoh tbo result ,, o„„. 

equation has various applications. curves—a theory in whioh Hiooati’s 

t Xouv. Ann. de Mfith. (4) n. (1902), pp. 629~54S 
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4*3. Various transformations of Bessel's equation. 

The equations which we are now about to investigate are derived from 
Bessel’s equation by elementary transformations of the dependent and iude- 
pendent variables. 

The first type which we shall consider is* 


( 1 ) 


dhb 


— (hi — 


_ p(p+ 1) 


u, 


where c is an unrestricted constant. The equation is of frequent occurrence 
in physical investigations, and, in such problems, p is usually an integer. 


The equation has been encountered in the Theory of Conduction of Heat and the 
Theory of Sound by Poisson, Journal do V&coU Polpechniquoi xir. (cahier 19), (1823), 
pp. 249 — 403 ; Stokes, Phil. Trant. of the Royal Soc. 1868, pp. 447 — 464 [PhU. Mag. (4) 
XXXVI. (1868), pp. 401—421, Math, and Phys. Paqtert, Vf. (1904), pp. 299 — 324]; Rayleigh, 
Proo. London Math. Soc. iv. (1873), pp. 93 — 103, 263 — 283 [Scientific Papers^ i. (1899), 
pp, 138, 139]. The 8i)ecial equation in which y>«=2 occurs in the Theory of the Figure of 
the Earth ; see Ellis, Camb. Math. Journal, ii. (1841), pp. 169 — 177, 193 — 201. 


Since equation (1) may be written in the form 

^ (p + J)s} . = 0, 

its general solution is 

(2) u — 


Consequently the equation is equivalent to Bessel’s equation when p is 
unrestricted, and no advantage is to be gained by studying equations of the 
form (1) rather than Bessel's equation. But, when p is an integer, the solu- 
tions of (1) are expressible "in finite termsf” (cf. § 3 4), and it is then 
frequently desirable to regard (1) as a canonical form. The relations between 
various types of solutions of (1) will be examined in detail in ^ 4’41 — 4*43. 


The second type of equation is derived from (1) by a transformation of 
the dependent variable which makes the indicial equation have a zero root. 
The roots of the indicial equation of (1) are p-f- 1 and — p, and so we write 
u = vz ~^ ; we are thus led to the equation 


( 3 ) 


dH 

dz^ 


2p dv 
z dz 


c^ = 0, 


of which the general solution is 

(4) V — {ciz'). 


* Bee Plana, Mem. della B. Acaad. delle Sci. di Torino, xxvi. (1821), pp. 519 — 588, andPaoH, 
Mem. di Mat. e di Fie. della Soc. Italiana delle Sei. xx. (1828), pp. 188 — 188. 

t Thia was known to Plana, who studied equations (1) and (5) in the paper to which reference 
has just been made. , 
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Equation (3), -which has been studied in detail by Bach, Arwi. Soi. di Vjtcole norm. sitp. 
(2) in. (1874), pp. 47 — 08, occurs in certain physical investigations ; see L. Lorenz, Ann. 
der Physik Chemie^ {i) xx. (1883), pp.‘ 1 — ^21 [Omvreg Soienti/ignies, i. (1898), pp. 371 — 
396]; and Lamb, Sydrodynamias (Cambridge,. 1906), §§ 287 — 291. Solutions of equation (3) 
in the form of continued fractions (o£ §§ 6’6, 9‘66) have been examined by Catalan, Bvlletin 
de VAcad. B. de Belgiqva^ (2) xxxi. (1871), pp. 68 — 73. See also Le Paige, ihid. (2) XLi. 
(1876), pp. 1011— 1016, 936— 939. 

Nexti we derive from (3), by a change of independent variable, an equation 
in its normal form. We write a; = where q = l/(2j3 +1), the equation then 
becomes 

r/®ii ' 

( 6 ) = 

and its solution is 

( 6 ) 

When a constant factor is absorbed into the symbol the solution may be 
taken to be 

Equation (6), which has alretwiy been encountered in § 414, has been studied by Plana, 
Mem: della R. Acoad. delle Soi. di Torino^ xxvi. (1821), pp. 519 — 638; Cayley, Phil. Mag. 
(4) XXXVI. (1868), pp. 348—361 [Gollected Papers, vir. (1894), pp. 9—12]; and Lommel, 
Studien iiher die BesseVechen Fnmtionen (Leipzig, 1868), pp. 112 — 118. 

The system of equations which has now been constructed has been dis- 
cussed systematically by Glaisfaer*, whose important "memoir contains an 
interesting account of the researches of earlier writers. 

The equations have been studied from a different aspect by Haentzschel ■j* 
who regarded them as degenerate forms of Lamp’s equations in which both of 
the invariants and are zero. 

The folio-wing papers by Qlaisher should also be consulted : PhU. Mag. (4) xnm. (1872), 
pp. 433—438; Messenger, vm. (1879), pp. 20—23; Proo. London McUh. Soc. ix. (1878), 
pp. 197—202. 


It may be noted that the forms of equation (1) used by various writers are as follows : 


. 

(Plana), 

cPR n{n + l)^ 

(Poisson), 

(Pu „ jD(p + l) 

3? 

(Glaisber). 

Equation (6) has been encountered by GreenhillJ in his r^arches on the stability of a 
vertical pole of variable cross-section, under the action of gravity. When the cross-section 
is constant, the special equation in which g-ej is obtained, and the solution of it leads to 
Bessel functions of order 

* Phii- Trans, of the Royal Sot. olxxh. (1881), pp.769 — 828 ;'Bee also a 
hridye and Dublin Math. Journal, re.. (1864), pp. 272 — 290. 
t Zeitsohriftflbr Math, uni Phy», xxxi. (1886), pp. 25 — 83. 
t Proe. Oamb. Phil Soc. iv. (1888), pp. 66 — ^73. 

paper by Ourtis, 0am- 
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4 * 31 . LommeVs transfornboHons of Bessel's equation. 

Various types of transformations of Bessel’s equation were examined by 
Lommel on two ocjcasions; his earlier researches* were of a somewhat special 
type, the laterf were much more general. 

In the earlier investigation, after observing that the general solution of 


( 1 ) 

( 2 ) 


d^y 2v — 1 dy 
'dF z dz 


+ y = 0 




Lommel proceeded by direct transformations to construct the equation whose 
general solution is ( 72 ^), where a, 7 are constants. His result, 

which it will be sufficient to quote, is that the general solution of 


(3) ^ + (2a - 2/9i/ + 1) 2 ^ + {^‘^ 7 * 2 ^ + a (a - 2^v)] « = 0 
is 

( 4) u = 2 ^*"-“ ( 72 ^). 


Wlien )3 = 0 , the general aolution of (3) degenerates into 

M=3-“(ci + c’2loga); 

and when 7 — 0 , it degenerates into 
nil loss /Si/ is zero. 

The solution of (3) was given explicitly by Lommel in numerous special cases. It will 
bo sufficient to quote the following for reference : 


(0) 

cPu , Iclu /a v^\ 

U = («*). 

(6) 

d'^u du \ [. 


(7) 



(8) 

dPu ,, . 1 

u<= gi” [i Jz). 

(0) 

tt 

(7^^). 

(10) 

iCP 'M , ,, 

u = zi (HzS), 2* '^#11 i^izi). 

(11) 

dH 

3^±.» = 0; 

u=zi^^{ ^2*), sA ( ^izi). 


An account of Stokes’ researches on the solutions of equation ( 11 ) will be given in 
§§ 6-4, 10-2. 

* Studien liber die BesseVschen Functionen (Leipzig, 1868), pp. 98 — 120 ; Math, Ann. in. 
(1871), pp. 476—487. 

■)■ Math. Ann. xiv. (1879), pp. 610 — 686. 


W. B. F. 


7 



98 THEORY OE BESSEL EUNOTIOlirS [OHAP. IV 


Lommel’s later researches appeared at about the same time as a memoir 
by Pearson*, and several results are common to the two papers. Lommel's 
procedure was to simplify the equationf 

d{f{£;)Y ylr{e) d^lr (s) x(^) ' 

of which the solution is (§ 4‘3) 

( 12 ) 

On reduction the equation becomes 


Now define the function <f> (z) by the equation 

<f){z) t/t (^) x(^) 

It will be adequate to take 
(14) <i> (z) = yjr' (z) {x {z)Y iV" 

If we eliminate x (^)> ii* is apparent that the general solution of 

^ dz' (f>{z) dz^ [4>\<p{z)\ 2<f>{z) 


3 , l'^''>(z) 

2 yjr {z) 




(^)V 


2/ = 0 


IS 


As a special case, if we take <f> (z) = 1, it is seen that the general solution of 


IS 


(18) 


y = {zW (^)l • (^)l- 


Next, returning to (13), we take % {z) = [i/r (^)}'*-*’, and we find that the general 
solution of 


09 ) 


IS 


( 20 ) 


[^(^)|. 


Messenger, ix. (1880), pp. 127 — 131. 


t The tanotions x (*) and ^ (z) are arbitrary. 
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The following are special cases of (17) : 

(21) ^ + = y = 

(22) ^ + y = <r®,(0- 

The independent researches of Pearson proceeded on very similar lines 
except that he started from Bessel’s equation instead of ^ from the modified 
form of it. The reader will find many special cases of equation (17) worked 
out in his paper. 

A partial differentialjequation closoly connected with (7) and (8), namely 

, .<hi du 

has l)een investigated by Kepinski, ifath. Ann. LXi. (1906), pp. 397 — 406, and Myller- 
Lebedeff, Math. Ann. Lxvi. (1909), pp. 326—330. • The reader may verify that Kepinski’s 
formula 

““4" /: {-T^i 

is a solution, when f{w) denotes an arbitrary function of w. 

The special caso of the equation when »/=» - 1 was also investigated by Kepinski, Bull, 
int. de I' Acad, des Set. de Cracovie, 1906, pp. 198 — 205. 


4’32. Malmst^n'a differential equation. 

Twenty years before Loiniuel published his rojKsarchos on transformations of Bessel’s 
equation, Mahnstdn* investigated conditions for the integrability in finite terras of the 
equation 

(■) 

which is obviously a generalisation of Bessel’s equation ; and it is a special case of g 4'31 
(15). 

To reduce the equation, Malmsten chose now varijiblos defined by the formulae 

where jo and q are constants to bo suitably chosen. 

The transformed equation is 

We choose p and q so that this may reduce to the equation of § 4*3 (1) considered by 
Plana, and therefore wo take 

2pq ~q + \+qr = 0, {m + 2)q = 2, 

so that JO = - -ir - ^m. 

The equation then reduces to 

gi^ {4a+ (l -r)!!}-n 

~de + “ ifa J • 

* Camb. and Dublin Math. Journal, v. (1860), pp. 180—182. The case in which «=0 had been 
previously considered by Malmstfin, Journal fUr Math, xxxix. (1860), pp. 108 — 116. 

.7—2 
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By § 4*3 this is integrable in finite teitns if 

{44 + (1 - r)2} - J (ri + 1 ), 

where n is an integer ; so that 

(2) m-b2« * 

The equation is also obviously integmble in the trivial cases A—0 and ?w= - 2. 


4 ' 4 . The notation of Pochhammer for series of hypergeometric type. 

A compact notation, invented by Pochhammer* and modified by Barneef, 
is convenient for expressing the series which are to be investigated. We shall 
write now and subsequently 

(«)„ * a (o + 1) (a + 2) ... (a + n - 1), (a)o = 1. 

The notation which will be used is, in general, 

TP /ft rt ft ' n n V • • • (“p)» n 

«„ ..., P,. P3, ..., Pg, Z)-1^ n\{pMP^)n-^(p,)n" • 

In particular, 

F (a' o‘ ^'1 = 14 - z + 4 - «3 4 - 

X (“)» 

»ton!(p)» ’ 

The functions defined by the fij^t three series are called generalised hyper- 
geometric functions. 

It may be noted here that the function iFi (« ; p ; z) is a solution of the 
differ^tial equation 






and, when p is not an integer, an independent solution of this equation is 


z^ f* .iFi{a-~ p + 1 1 2 - p ; z). 

It is evident that 

Various integral representations of functions of the typ«3 ^Fi, qj^s have been studied 
by Pochhammer, McuL Ann. XLi. (1893), pp. 174 — 178, 197 — 218. 

* Math. Ann. xxxvi. (1890), p. 84 ; xxivm. (1891), pp. 227, 686, 687. Of. § 4-16. 

+ Proe. London Mg.th. Soc. (-2) v, (1907), p. 60. The moditioation due to Bamea is the insertion 
of the snifixesp and q before and after the F to render evident the number of sets of factors. 
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4 * 41 . Variov>8 solutions in series. 


We shall now examine various solutions of the equation 


dz^ 


u, 


and obtain relations between them, which will for the most part be expressed 
in Pochharamer’s notation. 


It is supposed for the present that p is not a positive integer or zero, 
and, equally, since the equation is unaltered by replacing p by — p - 1, it is 
supposed that p is not a negative integer. 

It is already known (§4'3) that the general solution* is and 

this gives rise to the special solutions 

. oFi{p + I \ i c*^-) ; z -^ . 0^1 (I - P ; i 
The equation may be written in the forms 


dz^ 






which are suggested by the fact that the functions 6=*=“ are solutions of the 
original equation with the right-hand side suppressed. 

When ^ is written for z (dfdz), the last pair of equations become 
(^ — p — 1 ) (^^ ■+• p) . {ue^^^) ± = 0. 

When wo solve these in series we are led to the following four expressions for u : 

, jp’, (p 4- 1 ; 2p + 2 ; - 2c^) ; sr^ef^^ . iF^ (-p ; - 2p ; - 2c^^) ; 

.3P+'e-«^,P\(p-l-l ; 2p-i-2; 2cz)\ ■ z~^e-^ .iFj(-pi -2pi 2cz). 

Now, by direct multiplication of series, the two expressions on the left are 
expansible in ascending series involving z^'*'^, z^,z ^'*'^, .... And the expressions 
on the right similarly involve z~^\ z'~^\ z -~^, .... Since none of the two sets of 
powers are the same when 2p is not an integer, we must have 

(1) . 1 F, (p + 1 ; 2p + 2 ; - 2cz) = e-" . ,F, (p -h 1 ; 2p + 2 ; 2cz) 

==o/^i(pH-|; Jc“z-’), 

(2) ^ , F, (- p ; - 2p ; - 2cz) = . ,F, (-p ; - 2p ; 2 c 2 ) 

= ^F,{\-p \ ^c^z^). 

These formulae are due to Kummerf. When (1) has been proved for general 
values of p, the truth of (2) is obvious on replacing p by — p — 1 in (1). 

We now have to consider the cases when 2p is an integer. 

* It follows from § 3*1 that a special investigation is also necessary when p Is half of an odd 
nteger. 

t Journal filr Math. xv. (1836), pp. 188 — 1-41. 
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When p has any of the values the solutions which contain z~^ 

as a factor have to he replaced by series involving logarithms 3*51, 3‘62), 
and there is only one solution which involves only powers of z. By the 
previous reasoning, equation (1) still holds. 

When p has any of the values 0, 1, 2, ... a comparison of the lowest powers 
of z involved in the solutions shews that (1) still holds ; but it is not obvious 
that there are no relations of the form 

= + + f ; \c^z% 

where ky, are constants which are not zero. 

We shall consequently have to give an independent investigation of (1) 
and (2) which depends on direct multiplication of series. 

Notb. In addition to Kummer’s reseaiohes, the reader should consult the investiga- 
tions of the series by Cayley, Phil. Mag. (4) xxxvl (1868), pp. 348—361 [Collected Papers^ 
VIL (1894), pp. 9 — 12] and Qiaiaher, PAiZ. Mag. (4) XLm. (1872), pp. 433 — 438; Phil. 
Trans, of the, Royal Soo. OLXXii. (1881), pp. 769 — 828. 


4 ‘ 42 . Relations between the solviiom in series. 

The equation 

(p + 1 ; 2jp + 2 ; - 2c^!) *= e~'^iFy (p + 1 ; 2p + 2 ; 2c,s;), 
which forms part of equation (1) of § 4’41, is a particular case of the more 
general formula due to Kummer* 

(1) Pi 0 = (/>”«; pi -0»i 

which holds for all values of a and p subject to certain conventions (which will 
be stated presently) which have to be made when a and p are negative integers. 
We first suppose that p is not a negative integer and then the coefficient of 
in the expansion of the product of the series for and iFy^p-- a] p ; -S’) is 

n (_)« (p-a)m^ (-)" 


,o(n-m)! ml(p)„ 


k! (pX. ^ “)» (1 - - »). 


(-)" 

nl(p)„ 

_ («)n 


. (1 - a - n)n 


’*Kp)n’ 

if we first use Vandermonde^s theorem’}' and then reverse the order of the factors 
in the numerator; and the last expression is the coefficient of S’” in yFy (a; p; S')- 
The result required is therefore established when a and p have general complex 
values^. 

* Journal fUr Math. nr. (1886), pp. 188—141; see alBb^Baoh, Ann. Sci. de'vAcole norm. sup. (2) 
in. (1874), p. 55. 

t See, e.g. Ohiystal, Algebra, n. (1900), p. 9. 

j Another proof depending on the theory of contour integration has been given by Barnes, 
Trans. Oamb. PML 8oc. xx. (1908), pp. 254 — 257, 
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When /o is a negative integer, equation (1) is obviously meaningless unless 
also a is a negative integer and ] a | < | /o ]. The interpretation of (1) in these 
circumstances will be derived by an appropriate limiting process. 

First let a be a negative integer (= — N) and let p not be an integer, so 
that the preceding analysis is valid. The series iFi (— iY; p; f ) is now a 
terminating series, while jFi (p + Y ; p ; — is an infinite series which con- 
sists of W + 1 terms followed by terms in which the earlier factors p + iV, 
p + N + 1, p + N + 2, ... in the sequences in the numerators can be cancelled 
with the later factors of the sequences p, p -f 1, p + 2, ... in the denominators. 

When these factors have been cancelled, the series for iFj (- W ; p ; and 
iFi (p -f iV ; p ; —^) are both .continuous functions of p near p = — M, where 
M is any of the integers JY, W + 1, W -f 2, . . . . 

Hence we may proceed to the limit when p — ilf, and the limiting form 
of (1) may then be written* 

in which the symbol n means that the series is to stop at the term in i.e. 
the last term in which the numerator does not contain a zero factor, while 
the symbol 'j means that the series i.s to proceed normally jxs far as the term 
in and then it is to continue with terms in ...,the vanishing 

factora in numerator and denominator being cancelled as though their ratio 
were one of equality. 

With this convention, it is easy to see that 

(8) (- iV ; - ilf ; = ,F, (- Y; - if ; 0 1 

+ f + 2 ; ?)• 

When we replace N hy M — N and ? by — we havo 

(4) ,F,(N-M; -M-, -f)1 =,F,(N-M; -M; -r)"l 

+ + 1 ; - f). 

As an ordinary cjise of (1) we have 

,F,(if-Y+ 1; M+2] 0 = ilf-l-2; - ?), 

and from this result combined with (2), (3) and (4) we deduce that 

(5) -M; 01 - A/; -On* 

This could have been derived directly Irom (1) by giving p — a (instead of a) 
an integral value, and then making p tend to its limit. 

** Of. Cayley, Messenger (old Beriea), v. (1871), pp. 77—82 ICoUected Papers, vm. (1895), pp. 468 — 
462], and Glaisher, Messenger, vm. (1879), pp. 20—28. 
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We next exa'tnine the equation 

(8) + 2p + 2; - 2cz) = ,f, (p +|; 

wliioh forms the remainder of equation (1) in § 4-41, and which is also due to 
Kummer^ 

If we suppose that is not a negative integer, the coeflBcient of (ozY in 
the product of the series on the left in (6) is 

I ±:2r (p + i)s> __(r):L ? o».(j> + iU(-n-2i0-ih^ 

».o(«-m)lml(2p + 2)„ (2p + 2)„„.o^ m\(n-m)\ ' 

1 " 

“h — 2p — is the coefficient of in the 

expansion of (1 - 2«)-^ia _ j)»hhiph.i_ ^ 

where u = t/(l - 1) and the contours enclose the origin but no other singularities 
or the integrands. By expanding -the integrand in ascending powers of u, we 

seel that the integral is zero if n is odd. but it is equal to when n is 

even. 

Hence it follows that 

(;) + 1 ; 4- 2 ; -2oz)== I • (p + l)n 

n=o (2p + 2)^ . n\ 


— 2 


{czf 


and this is the result to be proved. "*** • ^ - (p + f)n 

When we make p tend to the value of a negative integer, - N, we find by 

the same limiting process as before that . ’ ^ 

+ 2p+2; _ 2 c^) = (1 _ iyr ; 2 - 2 i^; - 2 c^)n 

■‘■l 2 iV- 2 )I( 2 JV)r 2 W; -2cz). 

It follows that 

8^1 (f - W; (1 - iV; 2 - 2 W; - 2cz) ~\ 

(:i/V-2)l(2iV)! (W ; 2Ni - 2c^). 

wclS obtained. 

(7) 2..F,(|-if; it!>s')=e*'..F,(l_iV; 2-2^; -2cs)-l 

+ e-“..y.(l-JV; 2-2Jf; 2os)-|. 
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the other terms on the right cancelling by a use of equation (1) This is, of 
course, the expression for {icz) in finite terms with a different notation. 

For Barnes’ proof of Rummer’s formulae, by the methods of contour inte- 
gration, see § 6*6. 


4 '43. Sharpe’s differential equation. 

The equation 

(1) ^g + g+(. + 4)y = 0, 

which is a generalisation of Bessel’s equation for functions of order zero, 
occurs in the theory of the reflexion of sound by a paraboloid. It has been 
investigated by Sharpe*, who has shewn that the integral which reduces to 
unity at the origin is 

r\ir 

(2) p=G cos (z cos & + A log cot dff, 

J 0 

where 

/■iT 

(3) 1 = O' cos {A log cot ^d) dd. 

h 

This is the appropriate modification of Parseval’s integral (§ 2’3). To in- 
vestigate its convergence write cos 6 = tanh and it becomes 


(4) 


= c/‘ 


COS (A^+z tanh 0) 
cosh ^ 


d(J}. 


It is easy to see from this form of the integral that it converges for (complex) 
values of A for which \I{A) j < 1, andf 

2 

G=- cosh hrrA. 

TT 


The integral has been investigated in great detail by Sharpe and he has 
given elaborate rules for calculating successive coefficients in the expansion of 
y in powers of z. 

A simple form of the solution (which was not given by Sharpe) is 


y = e^'^ 1-^1 (i T j 1 j ? 2w). 


The reader should have no difficulty in verifying this result. 

* Messenger, x. (1881), pp. 174— 18fi ; xu. (1884), pp. 66—79; Proc. Camb. Phil. Soc. x. (1900), 

pp. 101—186. 

+ See, e.g. Wataon, Complex Integration and Cauchy's Theorem (1914), pp. 64—66, 



106 


THEORY OE BESSEL EUHOTIONS 


[OHAP. IV 


4*6. Equations of order higher tha/n the second. 

The construction of a differential equation of any order, which is soluble 
by means of Bessel functions, has been effected by Lommel* ; its possibility 
depends on the fact that cylinder functions exist for which the quotient 
if) is independent of z. 

Each of the functions {z) and Yn (z), of integral order, possesses this 
property 2*31, 3‘6]; and the functions of the third kind (z), (z) 

possess it (§ 3‘61), whether v is an integer or not. 

Now when § 3'9 (6) is written in the form 

(7 ^/z), 

the cylinder function on the right is of order — v if = 2i/. 

This is the case either (i) if v is an integer, n, and m = 2n, or (ii) if 
V = n + and to = 2n + 1. 

Hence if denotes either fn or Yn> we have 


From this equation we obtain Lommel’s result that the functions Jn (y \lz), 

z^'^Yn{y ^/z) are solutions off 

m d^y^ (^c)^y 

' ^ z^ ’ 

where y has any value such that 7*” = (— so that 

7 = icexp(r7n5/?i). (r = 0, 1, 2, ..., n- 1) 

By giving 7 all possible values we obtain 2n solutions of (2), and these 
form a fundamental system. 

Next, if denotes we have = 


and hence (7 *Jz) is a solution of 

,3. (^or+^y 

^ ^ dz^'^ ’ 

where 7 has any value such that 7*^^ = g-in+i)^^ so that 

7 = 7-10 exp {r7ri/{n + ^)], (r = 0, 1, 2, ..., 2w) 

and the solutions so obtained form a fundamental system. 

* Studien ilber die BesteVsehen Funotionen (Leipzig, 1868), p. 120 ; Math. Ann. u. (1870), 
pp. 624 — 636, 

t The more general eqnatlon ’ 

df>y „ 

has been disonssed by Molins, M6n. de VAcad. det Sei. de Toulouie, (7) vm. (1876), pp. 167—189. 
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For some applications of these results, see Forsyth, Quarterly Jmmal, xix. (1883), 
pp. 317—320. > \ 

In view of (1), which holds when m, is an integer, Lommel, Math. Ann. il (1870), p. 636, 
has suggested an interpretation of a “fractional differential coefficient.” Thus he would 

exp(±y V2) to mean The idea has been developed at some 

length by Heaviside in vai’ious papers. 

Lommers formulae may be generalised by considering equation (3) of 
§ 4 ’SI, after writing it in the form 

+ a) (^ + a - 2^1/) w = - 

the solution of the equation being u = For it is easy to verify 

by induction that, with this value of w, 

71-1 

n + a — 2r^) -f a — 2^1; — 2r;S) a — (— 
and so solutions of 


(^ + a - 2r/S) + a - 2)9y — 2ryS) u = u 

are of the form u = 

7 = c exp (riri/n). (r = 0, 1, . . . , n - 1) 

By giving 7 these values, we- obtain 2 n solutions which form a fundamental 
system. 

In the special case in which n = 2, equation (4) reduces to 
(^ -}- a) (^ + a - 2 / 3 ) (^ + a - 2 ^v) {^ + a- 20 v- 2/8) u = ^c^z*^u. 

This equation rosomblos an equation which has boon encountered by Nicholson* in the 
investigation of the shapes of Sponge Spicules, namely 


(6) 





= Z^Uy 


that is to say ^(3-1) (5 + V- 2) (S+4/a-3) ?t=24-2M-i4. 

If we identify this with the special form of (4) we obtain the following four distinct sets 
of values for a, /8, /it, 1/ : 


a 


M- 

y 

0 

1 

0 

i 

2 


1 

2 

i 


it 

1 

-1 

-i 

3 

10 


* Proc. Royal 800. xom. A (1917), pp. 606 — 619. See also Dendy and Nioholeon, Proc. Royal 
Soc. Lxxzix. B (1917), pp. 678 — 687 ; the epeeial oases of (6) in which /t = 0 or 1 had been solved 
previously by Eirohhoff, Berliner Monatzberiehte, 1879, pp. 816 — 828. [Ann. dor Phytik und 
Chemie, (8) x. (1880), pp. 601—612.] 
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The^ four oases give the following equations and their solutions: 


(6) 

(7) 

( 8 ) 
W 


d!*tt 

fife*’ 


M=jer-i{^a(2 Jz) +^f3(2tV2)}> 


-|a^®^^|-o=saatt; it*=sr^ {^lo (2*”^) +*^io (2'^ ~^)}" 


(&» 




These aeem to he the only equations of Nicholson’s type which are soluble with the aid 
of Bessel functions ; in the case /x = 2, the equation (6) is homogeneous. Nicholson’s general 
equation is associated with the function 


/3-2jyi 2+2/t l + 2ft . \ 

0^8 \4- 2;*’ 4-2jlx’ 4-2;i’ (4-2/*)V 


4 ‘ 6 . SymhoUc solutions of differ enUal equations. 

Numerous mathematicians have f^ven solutions of the equation § 4-3 (1) 
namely 


( 1 ) 


dhf, - p(2) + l) 


in symbolic forms, when p is a positive integer (zero included). These forms 
are intimately connected with the recurrence formulae for Bessel functions. 

It has been seen (§ 4*3) that the general solution of the equation is 

and from the recurrence formula | 3‘9 (6) we have 

“ (- (*)!• 

Since any cylinder function of the form (cia) is expressible as 

(a^ + 

where a and jQ are constats, it follows that the general solution of (1) may 
be written 

w (is) — j — • 

A modification of this, due to Glaisher*, is 

(3) 


{^T 


where a ' » a/c, ^8'= -jS/c. This may be seen by differentiating a'e^+^'e-^ once. 

* Phil. Tram, of the Poyal fifoc. oju:xii.. (1881), p. 818. It was remarked by Glaisher that 
equation (8) is subatantially. giveu byEarnahaw, Partial Differential Eqttatiotu IJLoridon, 1871), 
p. 92. See also Glaisher, Quarterly Journal, xi. (1871), p. 269, formula (9), and p. 270. • 
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Notb. a result equivalent to (2) was set by Qaskin as a problem*' in the Senate House 
Examination, 1839 ; and a proof was published by Leslie Ellis, Gamb. Math, Journal, ii. 
(1841), pp. 193 — 196, and also by Donkin, Phil. Trans, of the Royal Soo. OXLVII. (1867), 
pp. 43 — 67. In the question as set by Gaskin, the sign of o® ■was changed, so that the solu- 
tion involved circular functions instead of exponential functions. 

Next we shall prove the symbolic theorem, due to Glaisherf, that 



In operating on a function with the operator on the right, it is Supposed 
that the function is multiplied by before the application of the 

operators {d/dz). 

It is convenient to write 

and then to use the symbolic formula 

(5) = + 

in which a is a constant and Z is any function of z. 

The proof of this formula presents no special difficulties when /(5) is a polynomial in 
B, as is the case in the present investigation. See, e.g. Fm-syth, Treatise on. Differential 
Equations (1914), 33. 

It is easy to see from (5) that 

= e(i-r)0(^ _ 2p -I- 2) (^ - 2p -h 4)(^ - 2p + 6) ... 

when we bring the successive functions (beginning with those on the left) 
past the operators one at a time, by repeated applications of (5). 

We now reverse the orderj of the operators in the last result, and by a 
reversal of the previous procedure wo get 

S (^ - 2) (^ - 4) ... ()^ - 2p + 2) 

= e<^''-»® [(^ -h 2p - 2) -h 2p - 4) . . . (^ + 2) ^ . e-(®*'-®i®] 

= [(e!<e^) (e“®^) ... 



* Tho problem was the second part of question 8, Taesday afternoon, Jan 8, 1889; see the 
Cambridge llniversiti/ Calendar, 1839, p. 319. 

Nouvelle Corr. Math. ii. (1873), pp. 240 — 243, 349 — 360; and Phil. Trans, of the Royal Soo. 
OLXXii. (1881), pp. 803 — 806. 

J It was remarked by Oayley, Quarterly Journal, xir. (1872), p. 182, in a footnote to a paper by 
Glaisher, that differential operators of the form S' -a, obey the commutative law. 
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and this is the result to he proved. If we replace p by p + 1, we find that 



When we transform (2) and (3) with the aid of (4) and (6), we see that 
the general solution of (1) is expressible in the following forms ; 


(7) 

1 dyae« + /3e-« 

zP+^\^ dz] ’ 

(8) 

1 /' a + 

~dz) 

The solutious of the equation 



[(3) of § 4*3], which correspond to (2), (3), (7) and (8) are 

(9) 

* ■ 

(10) 

/ d \l»+i 

(11) 

l/j dy<uP + Be-" 

(12) 

„_'i-(^d\r *' »'«“ + /3'8-“ 

^ js^\ dz) z^ 


A different and more direct method of obtaining (7 j is due to Boole, Phil. Trans, of the 
Royal Soo. 1844, pp. 261, 262 ; Treatise on DifferentiaZ ^Equations (London, 1872), oh. xvii, 
pp. 423 — 426; see also Curtis, Cambridge and Dublin Math. Jov/mal, ix. (1864), p, 281. 
The solution (9) was first given by Leslie Ellis, Comb. Math. Journal, ii. (1841), pp. 169, 
193, and Lebesgue, Journal de Math. xi. (1846), p. 338; developments in series were 
obtained from it by Bach, Ann. Soi. de ViJcdle norm. mp. (2) in. (1874), p. 61. 

cP 7? 

Similar symbolic solutions for the equation were discussed by Fields, 

John Hopkins University Oiroidars, vi. (1886 — 7), p. 29. 

A transformation of the solution (9X due to Williamson, Phil. Mag. (4) xi. (1856), 
pp. 364—371, IS 

(13) (ae«*+/3e-«). 

" 10 10 

This is derived from the equivalence of the operators ~ ^ j ~ » ^ben they operate on 

functions of eg. 


We thus obtain -the equivalence of the following operators 


g?p.+i 








it being supposed that the operators operate on a function of ce; and Williamson’s formula 
is then manifest. 
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4* * * § 7. Liouville’s classification of elementary transcendental functions. 

Before we give a proof of Liouville’s general theorem (which was mentioned 
in §4'12) concerning the impossibility of solving Riccati’s equation “in J&nite 
terms ” except in the classical cases discovered by Daniel Bernoulli (and the 
limiting form of index — 2), we shall give an account of Liouville’s* theory 
of a class of functions known as elementary transcendental functions) and we 
shall introduce a convenient notation for handling such functions. 

For brevity w'e writef 

. l^{z) = l{z)^\ogz, k{z)=l{l{z)), his)^l{k{z)), 

ey{z) = e{z)^€F, e^{z) = e{e{z)), e^{z) = e {e^{z)), 

^xf{z)-=<;f{z)^jf{z)dz, ?2/(^) = 9{<f/(^)}, ^if{z) = ^[^if{z)], .... 

A function of z is then said to be an elementary transcendental functionX 
if it is expressible as an algebraic function of z and of functions of the types 
Ir ^ {z), Cr (z), 9r % (^). where the auxiliary functions ^ (z), yfr (z), x (^) 
expressible in terms of z and of a second set of auxiliary functions, and so on; 
provided that there exists a finite number n, such that the wth set of auxiliary 
functions are all algebraic functions of z. 

The order of an elementary transcendental function of z is then defined 
inductively as follows: 

(I) Any algebraic function of z is of order zero§. 

(II) If fr {z) denotes any function of older r, then any algebraic function 
of functions of the types 

lfr{z), efr(z). ^fr{z), fr{z), fr-i(z), ...f{z) 

(into which at least one of the first three enters) is said to be of order r + 1. 

(III) Any function is supposed to be expressed as a function of the lowest 
possible order. Thus elf^ {z) is to be replaced by /r ( 2 ), and it is a function of 
order r, not of order r + 2. 

Ill conno.'cion with this and tlui following Hcctiont), the reader .sliould study Hardy, 
Orders of Infinity ((Iamb, Math. Tracts, no. 12, 1910), Tlie functions discussed by Hardy 
were of a sliglitly more restricted character than those now under consideration, since, for 
his purposes, the symbol r is not required, and also, for his puiposes, it is convenient to 
postulate the reality of the functions which ho investigates. 

It may bo noted that Liouville did not study [iropertios of the symbol f in detail, but 
merely remarked that it hod many pmjiorties akin to those of the symbol 1. 

* Journal de Math. ii. (1837), pp.66— 106; in. (1838), pp. 628— 547 ; iv. (1839), pp, 423— 466. 

t It is supposed that the integrals are all indefinite. 

X “ Une fonotion fiuie explioite.” 

§ For the purposes of this investigation, irrational powers of z, such as z^ , of course must 
not be regarded as algobraio functions. 
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4*71. Liouville’s first theorem* concerning linear differential equation. 
The investigation of the character of the solution of the equation 


( 1 ) 


d*u . . 


in which is a transcendant of orderf has been made by Liouville, who 
has established the following theorem : 

If equation (1) has a solution which is a transcendant of order m + 1, where 
m > n, then either there eacists a solution of the equation which is of order\ n, 
or else there exists a solution, of the equation ea^essible in the form 

( 2 ) Ui=^<f>^{z).ef^(z), 

where fiLifi) is of order fi, and the order of does not exceed /j., and fi is 
such that n^fi^m. 

If the equation (1) has a solution of order m + 1, let it be fm+i (z) > then 
fm+i (•*') is an algebraic function of one or more functions of the types Ifm (z)^ 
?/m (^)» qfm {^) ss well as (possibly) of functions whose order does not exceed 
771 , Let us concentrate our attention on a particular function of one of the 
three types, and let it be called 0, ^ or 0 according to its type, 

(I) We shall first shew how to prove that, if (1) has a solution of order 
771 . + 1, then a solution can be constructed which does not involve functions of 
the types ^ and 

For, if possible, let f,„+i (z) — F{z, 6), where F is an algebraic function of 6 ; 
and any function of z (other than 6 itself) of order ttj. + 1 which occurs in F 
is algebraically independent of 8, 

Then it is easy to shew that 


dz^' ^'^^^~dj^'^f^(z) 
1 df^(z)V‘d^F 


dfmjz) d^F 

dz dOdz 


fm{z) 


^WdfF f 1 dUiz)] -] 
dz 1 \_dz\fm{z) dz )_ 




it being supposed that z and 6 are the independent variables in performing 
the partial dilferentiations. 


The expression on the right in (3) is an algebraic function of 6 which 
vanishes identically when 6 is replaced by lfm(z). Hence it must vanish 
identically for all values of 6\ for if it did not, the result of , equating it to 
zero would express Ifmiz) as an algebraic function of transcendants whose 
orders do not exceed m together with transcendants of order tti + 1 which are, 
ex hypothesi, algebraically independent of 6, 


* Jowmal de Math, iv, (1889), pp. 435 — 44S. 

t This phrase is used as an abbreviation of “ elementary transcendental function of order 7 t.” 

t Null solutions are disregarded ; if u were of order less than n, then i ^ would be of order 

u dr , 

less than n, which is contrary to hypothecs. 
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In particular, the expression on the right of (3) vanishes when 6 is replaced 
by ^ + c, where c is an arbitrary constant ; and when this change is made the 
expression on the left of (3) changes into 
d^F (z, 9 + c) 


dz^ 


F(z, 6 + c).x{^)> 


which is therefore zero. That is to say 

w - -F (^. g + °) ■ X W = 0- 

When we diflerentiate (4) partially with regard to c, we find that 
dF(z, e + c) d^F(z, e + c) 
dc ’ 9c‘'* ’ 

are solutions of (1 ) for all values of c independent of z. If we put c = 0 after 
performing the differentiations, these expressions become 

d F(z, 6) d^F{z,e) 

' dd ’ 

which are consequently solutions of (1). For brevity they will be called 

Now either F and F^ form a fundamentfil system of eolutions of (1) or 
they do not. 

If they do not, we must have* 

,F,^AF, 

where A is independent both of z and 6. On integration we find that 

where 4> involves transcendants (of order not exceeding w + 1) which are 
algebraically independent of B. But this is impossible because is not an 
algebraic function of 6 ; and therefore F and F^ form a fundamental system 
0 f solutions of (1). 

Hence F^ is expressible in terms of F and F^ by an equation of the form 

F,i^AF,-\-BF, 

where A and B are constants. Now this may be regarded as a linear equation 
in 6 (with constant coefficients) and its solution is 

+ or {4>i + 

where <E>i and are functions of the same nature as 4>, while a aud ^ are 
the roots of the equation 

a? — Ax — B = 0. 

The only value of F which is an algebraic function of B is obtained when 
a = /3 = 0 ; and then F is a linear fundion of B. 

Similarly, if involves a function of the type we can prove that 

it must be a linear, function of 


* Since F mmt involve B, Fg cannot be identically zero. 


W. B. F, 


8 
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It follows that, in so far as fm+i (^) involves functions of the types 6 and 
it involves them linearly, so that we "may write - 

/iH+i (^) — (^) • • • (•^) • • • • ^9 (^) • "^p, ® (^)» 

where the functions 'fp,q{z) are of order m + 1 at most, and the only functions 
of order m + 1 involved in them are of the type 0. 

Take any one of the terms in fw^i{z) which is of the highest degree, qu,a 
function of dg, ... ^a» •••» aii-d let it be 

eT,{z)di{z) ...ep{z).%{z) 

Then, by arguments resembling those previously used, it follows that 

rLA_i.A_LA.lfr'> 

w, ada • • • adp • 3^, a^a ' ■ ■ d%j 

is a solution of (I); i.e. '^p,q(z) is a solution of (1). 

But y^p,Q(z) is eiiher a function of order not exceeding m, or eke it is a 
function of order 7n+l which involves functions of the type @ and not of 
the types 6 and 

In the former case, we repeat the process of reduction to functions of lower 
order, and in the latter case we see that some solution of the equation is an 
algebraic function of functions of the type 

We have therefore proved that, if (1) has a solution which is a transcendant 
of order greater than a, then either it has a solution of order n or else it has a 
solution which is an algebraic function of functions of the type ef^ {z) and 

{z), where {z) is of order fj. and (z) is of an order which does not exceed /u. 

(II) We shall next prove that, whenever (1) has a solution which is a 
transcendant of order greater than w, then it has a solution which involves 
the transcendant effi{z) only in having a power of it as a factor. 

We concentrate our attention on a particular transcendant 0 of the form 
ef^{z), and then the postulated solution may be writter in the form Q{z, 0), 
where (? is an algebraic function of and any function (other than 0 itself) 
of order /* + 1 which occurs in is algebraically independent of 0. 

Then it is easy to shew that 


(5) 


^ , V 


a^ 

a^® 


+ 20/;(^) 


dzd® 


+ 




.w 

aft’ 


+ ® [/." W +!/;«!’] Is -e.x (4 


The expression on the right is an algebraic function of 0 which vanishes 
when 0 is replaced by efy,{z), and so it vanishes identically, by the arguments 
used in (I). In particular it vanishes when @ is replaced by c 0, where c is 
independent of z. But its value is then 

- G (z, c 0) . X 
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so that 

When we differentiate this with regard to c, we find that 
dQ {z, c0) 9®(? {z^ c@) 

Wg W ’ 

are solutions of (1) for cdl values of c independent of z. If we put c = 1, these 
expressions become 

aG(e,0) 

m ’ ^ ' ae* ’ *"• 

Hence, by the reasoning used in (I), we have — AO or else 

where A and JS are constants. 

In the former case G = ^>0*^, and in the latter 0 has one of the values 

<J>i0T' + ^2 0^ or ®y {<I>, + 4>a log 0} = ©T* {<I>i H- {z% 

where 4>, <t>i, 4>2 are functions of z of order /aH- 1 at most, any functions of 
order ya + 1 which are involved being algebraically independent of 0 ; while 
7 and 5 are the roots of the equation 

x{x—V) — Ax — B = 0. 

In any case, 0 either contains 0 only by a factor which is a power of 0 or else 
0 is the sum of two expressions which contain 0 only in that manner. In the 
latter case*, 

G(z,ce)-c^G(z,®) 

is a solution of (1) which contains 0 only by a factor which is a power of 0. 

By repetitions of this procedure, we see that, if 0,, Oji ®r are all the 
transcendants of order /j, + 1 which occur in the postulated solution, we can 
derive from that solution a sequence of solutions of which the sth contains 
01, 02, ... 0j only by factors which are powers of 0j, 0a, ... 0,; and the rth 
member of the sequence consequently consists of a product of powers of 
01, 02, ... 0y multiplied by a transcendant which is of order /j. at most; this 
solution is of the form 

exp|s^72log0,J , 

which is of the form {z ) . ef^ (z). 

* If $1 ie not identically zero ; if it ia, then is a solution of the speoified type. 

8—2 
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4*72. Ltoiiville’s second theorem concerning linear differential eqiiationti. 
We have just seen that, if the equation 

dH . 

( 1 ) = 

[in -which %{z) is of order ?i] has a solution which is an elementary tran- 
scendant of order greater than n, then it must have a solution of the form 


where If the equation has more than one solution of this type, let a 

solution for which ^ has the smallest value be chosen, and let it be called ii\, 
Liouville’s theorem, which we shall now prove, is that, /o/- this solution, the 
order of d (log u^fdz is equal to n. 

Let 


d\ogu^_^ 
dz - 


and then t is of order /x at most j let the order of t be N, where iV /x. 

If N=n, the theorem required is proved. If N>nf then the equation 
satisfied by t, namely 

has a solution whose order iV is greater than n. 

Now t is an algebraic function of at least one transcendant of the t.ypt*.s 
e/kiC^) and (possibly) of transcendants whose ordtu' doe.s 
not exceed N We call the first three transcendants d, 0 respectively. 

If icontams more than one transcendant -of the type 6, we concentrate 
our attention on a particular function of this type, and we write 


•' — •‘ A*! 

By arguments resembling those used in § 4'71, we find that, if N > n, then 

(■2» ^ + c) 

is also a solution of (2). The coiTesponding solution of (1) is 

expJJ(5r, 0 + c)d^, 

md this IS a solution for aU values of o independent of e. Henoo by 

differentiation with respect too, we find that the Wionu, defined as ’ 

ra 


\j^[^^vlF{z,e-\-c)dz] 

is also a solution of (1) ; and we have 


Jc*o 
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But the Wronakian of any two solutions of (1) is a constant*; and so 

u;-^Fe ~ C, 

where C is a constant. 

If (7= 0 , jPis independent of 6, which is contrary to hypothesis ; so O' ^ 0, and 

'M, = V(C'W. 

Hence is an algebraic function of 6 ; and similarly it is an algebraic function 
of all the functions of the types 6 and ^ which occur in t. 

Next consider any function of the type @ which occurs in i ; we write 

t==G{2, S), 

and, by arguments resembling those used in §4*71 and those used earlier in 
this section, we find that the function 1/3 defined as 


d 

dc 


c(’^)dz 


is a solution of (I)-; and we have 

i(,s = Hi (HGiidz, 

so that 

dua dill 

1/, , - a., 


‘ dz 


This Wronskian is a constant, Oi, and so 

M. = 

Consequently Mj is an algebraic function, not only of all the transcendants of 
the types $ and but also of those of type O which occur in i ; and therefore 
iq is of order N. This is contrary to the hypothesis that it, is of order fi+l, 
where if iV > n. 

The contradiction shews that N cannot be greater than n ; hence the order 
of d (log ufjldz is n. And this is the theorem to be established. 


4’73. Liouville's theoi’evi'f that Bessel’s equation has no algebraic integral. 
We shall now shew that the equation 

has no integral (other than a null-function) which is an algebraic function of z. 
We first reduce the equation to its normal form 


( 1 ) 

by writing 


dhi 

dz^ 


PjPJrOL,- 




w = 0, 


y = uz~^, p = ±v — \. 


* See e.g. Forsyth, Treatise on Differential Equations (1914), § 66. 

t Journal de Math. tv. (1889), pp. 429—486 ; vi. (1841), pp. 4 — 7. Liouville’s first investigation 
was oonoerned with the general case in whioh x (^) any polynomial ; the application (with 
various modifications) to Bessel’s equation was given in hie later paper. Journal de Math. vi. 
(1841), pp. 1—18, 86. 
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dhi , . 


where 

( 2 ) 




If possible, let Bessel’s equation have an algebraic integral; then (1) also 
has an algebraic integral. Let the equation which expresses this integral, u, 
as an algebraic function of z be 

(3) S4(u,z) = 0, 

where ^5^ is a polynomial both, in it and in z ; and it is supposed that is 
irreducible*. 

Since w is a solution of (1) we have 

(4) S4uu^z^-^S4uzS4u64^ + S4^^s4u* + Mux{z) = 0. 

The equations (3) and (4) have a common root, and hence all the roots 
of (3) satisfy (4). 

For, if not, the left-hand sides of (3) and (4) (qua functions of u) would 
have a highest common factor other than S4 itself, and this would be a 
polynomial in u and in z. Hence would be reducible, which is contrary to 
hypothesis. 

Let all the roots of (3) be Wj, %, Then, if s is any positive integer, 

-f- «3* -f . . . -f. u^» 

is a rational function of z ; and there is at least one value of s not exceeding 
M for which this sum is not zerof. 

Let any such value of s be taken, and let 


Also let 


Wo= X 

m=l 

M 


Wr=8(8-1) ...(s-r+1) ^ , 


dUr, 


where r = 1, 2, . 

..s. Since Ml, Wa, ... tt; 

prove that 

(5) 

-m- 

dz “ 

(6) . 

d }• -rjr / 

dz -^^r+i + r(8-- 

0) 

d TV s / \ ur 


* That is to say, has no factors which are polynomials in u or in * or in both « and z, 
t If not, aU the roots of (8) would be zero. 

^ Because (4) is satisfied by oil the roots of (8), qua equation in u. 
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Since Wo is a rational function of e, it is expressible in partial fractions, 


so that 


Wo= AnJl/^+ 2 


■®n,( 


«.a 

where An and Bn,q are constants, k and X are integers, n assumes positive 
integral values only in the last summation and a, ^ 0. 

Let the highest power of !/(« — a^) which occurs in Wo be l/(^- aqY. 

It follows by an easy induction from (5) and (6) that the highest power of 
l/(z — ttg) in Wr is l/(^ — agY"^, where r = 1, 2, 

Hence there is a higher power on the left of (7) than on the right. This 
contwidiction shews that there are no terms of the type Bn,q {z — aq)~^ in Wo 

Wo^tAnZ^. 


We may now assume that Aa=j^= 0, because this expression for Wo must 
have a last term if it does not vanish identically. 

From (5) and (6) it is easy to see that the terms of highest degree in z 
which occur in Wo, Wi, Wq, Wa, ... are* 


Axz\ \AkZ^~', AkSz^, XA;^{S8 - 2) \ 

By a simple induction it is possible to shew that the term of highest degree 
in A^z^.l .S ...{2r-l).s{s-~2) ...{s-2r + 2). 


An induction of a more complicated nature is then necessary to shew that the 
term of highest degree in W„^x is 

XAkz^-^ 2.4... (2r) . (5 ~ I) (^ - 3)... (« - 2r + 1) . (J, - ^ - is ; l)r+i, 

where the suffix r + 1 indicates that the first r + 1 terms only of the hyper- 
geometric series are to be taken. 

If s is odd, the terms of highest degree on the left and right of (7) are 
of degrees X — 2 and X respectively, which is impossible. Hence Wo vanishes 
whenever s is odd. 

When s is even, the result of equating coefficients of in (7) is 
XA A . 5I = — Xd A • ^ I I (i > i®> i ” ^)j 8 ' 


That is to say XAA.5laFi(i, - is; i- — is; 

and so, by Vandermonde’s theorem. 


XAa . si 


2.4.6... s 
1.3.5 ...(s-1) 


1 ) = 0 , 
= 0, 


The expression on the left vanishes only when X is zerof- 


* It is to be remembered that the term of highest degree lu x (*) ib - 1. 

•j" The analysis given by Eiouville, Journal de Math, vi. (1841), p. 7, seems to fail at this 
point, because he apparently overlooked the possibility of \ vanishing. The failure seems in- 
evitable in view of the fact that («) + Jl.n-\ W “ ^ algebraic function of z, by § 8*4, The 
subsequent part of the proof given here is based on a suggestion made by Liouville, Journal de 
Math. IV. (1889), p. 485; see also Genocchi, Mem. Accad. delle Sel. di Torino, xxni. (1866), 
pp. 299 — 862 ; Comptes Rendue, lxxxv. (1877), pp. 891 — 894. 
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We have therefore proved that, when s is odd, Wo vanishes, and that, when 
5 is even, Wo is expressible in the form 

n=0 

where Ao,a does not vanish. 

From Newton’s theorem which expresses the coefficients in an equation 
in terms of the sums of powers of the roots, it appears that M must be even, 
and that the equation S4(u, z) = 0 is expressible in the form 

(8) u^+ 2u^-»-^(l/0) = O, 

r=l * 

where the functions are polynomials in Ijz. 

When we solve (8) in a series of ascending powers of Ijz, we find that 
each of the branches of u is expressible in the form 

f »»=0 

where n is a positive integer and, in the case of one branch at least, Cq does 
not vanish because the constant terms m the functions are not all zero. 
And the series which are of the form 

I 

»i=0 

are convergent* for all sufficiently large values of z. 

When we substitute the aeries into the left-hand side of (1), we find that 
the coefficient of the constant term in the result is Co, and so, for every branch, 
Co must be zero, contrary to what has just been proved. The contradiction 
thus obtained shews that Bessel's equation has no algebraic integral. 


4 ' 74 . On the impoesihility of integrating BesseVs equation in finite terms. 

We are now in a position to prove Liouville’s theorem f that Bessel’s 
equation for functions of order v has no solution (except a null-function) 
which is expressible in finite trarms by means of elementary transcendental 
fimctions, if 2i/ is not an odd integer. 

As in § 4*73, we reduce Bessel’s equation to its normal form 


( 1 ) 


d^u 

dz^ 




where % (^) = — 1 + (p 4- !)/«“ and p = ± v — i. 
Now write d (log u)lds — t, and we have 

(2) , = 


* Goursat, Court d'^Analyse, n. (Paris, 1911), pp. 278 — 281. Many treatises taoitly assume the 
oonvergence of a series derlred in this manner from an algebraic eqnation. 
t Journal de Math. vi. (1841), pp. 1 — 13, 86, 
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Since x(^) order zero, it follows from § 4*72 that, if Bessel’s equation 
has an integral expressible in finite terms, then (2) must have a solution 
which is of order zero, i.e. it must have an algebraic integral. 

If (2) has an algebraic integral, let the equation wuich expresses this 
integral, ^, as an algebraic function of e, be 

(3) ait,z)=-o, 

where .5^ is an irreducible polynomial in t and z. 

Since £ is a solution of (2), we have 


(4) 




As in the corresponding analysis of § 4*73, all the branches of £ satisfy (4). 


First suppose that there are more than two branches of £, and let three 
of them be called £i, £a, £», the corresponding values of u (defined as exp jtdz) 
being tii, w#- These functions are all solutions of (1) and so the Wronskians 


dui 


dUj 

® dz ’ 


dill 






dUi 

dz 


are constants, which will be called Oi, Ca, Os. 


Now it is easy to verify that 


O. =Ma 


du^ 

dz 



dv^ 

dz 


{t% ~ £jj^j 


and £3 — £2 is not zero, because, if it were zero, the equation (3) would have a 
pair of equal roots, and would therefore be reducible. 

Hence 0, 0, and so 

= Gijitf £a). 

Therefore (and similarly v^Ui and u^ita) is an algebraic function of z. 


But 


_ /M3M, . UiUj 

V u^ih ’ 


and therefore Uj is an algebraic function of z. This, as we have seen in §4*73, 
cannot be the case, and so £ has not more than two branches. 


Next suppose that £ has two branches, so that (£, z) is quadratic in £, 
Let the branches be IS ±i\JV, where U and V are rational function!^ of z. By 
substituting in (2) we find that 


( 5 ) 


7' + 4177=0. 


Let 7 be factorised so that 


Y=Az^U{z-a^^^, 

where A is constant, xq and X are integers, and Xq and«ag are not zero. 
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From the second member of (5) it follows that 
?7=-- 


4^ g 4 (z - ag) ’ 
and then by snfcatituting into the first member of (5) we have 

Now consider the principal part of the expression on the left near aq. It 
is evident that none of the numbers Xq can be less than — 2, and, if any one 
of them ia greater than — 2 it must satisfy the equation 

«g*+4/C3=0, 

so that icg is 0 or — 4, which are both excluded from consideration. Hence all 
the numbers are equal to -■ 2. 

Again, if we consider the principal part near oo , we see that the highest 

power in V must cancel with the — i in (^r), so that \ = - 2 ac,. 

1 

It follows that -v/Fis rational, and consequently (f, z) is reducible, which 
is contrary to hypothesis. 

Hence t cannot have as many as two branches and so it must be rational. 
Accordingly, let the expression for t in partial fractions be 

»= -K n, q ^q) 

where An and q are constants, x anA.X are integers, n assuihes positive 
values only in the last summation and aq ^ 0. 

If we substitute this value of i in (2) we find that 

ln=-K {z-aqy^} 

If we consider the principal part of the left-hand side near aq we see that 
ll(z — aq) cannot occur in t to a higher power than the first and that 

'®a, g “ -B®!, g = 0, 

so that g=l. 

Similarly, if we consider the principal parts near 0 and oo , we find that 

/c = l, (A_i)2- A_j=p(jp+1); \ = 0, Ao* = -l. 

Since p = ± we may take A_i = -j> without loss of generality. 

It then follows that 

u=irP e^^U(z-aq). 


2 nAnZ^^ ” ^ - a 

«» - * », g v* ^q) 


Accordingly, if we replace u by z~»e^^w in (1), we see that the equation 
d^w 


0 ) 




must have a solution which is a polynomial in z, and the constant term in 
this polynomial does not vanish. 
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When we substitute 2 for w in (7) we find that the relation connecting 
successive coefficients is 

'm{m — 2p—l)cm± 2tc,rt_i (m —p - 1) = 0, 

and so the series for w cannot terminate unless m—p — l can vanish, i.e. unless 
p is zero or a positive integer. 

Hence the hypothesis that Bessel’s equation is soluble in finite terms leads 
of necessity to the consequence that one of the numbers ± v — is zero or a 
positive integer; and this is the case if, and only if, 2v is an odd integer. 

Conversely we have seen (§ 3‘4) that, when 2v is an odd integer, Bessel’s 
equation actually possesses a fundamental system of solutions expressible in 
finite terms. The investigation of the solubility of the equation is therefore 
complete. 

Some applications of this theorem to equations of the types discussed in § 4’3 have 
been recorded by Lebesgue, Journal de Math. xi. (1846), pp. 338 — 340. 


4 * 76 . On the impossibility of integrating Riccati's equation in finite terms. 
By means of the result just obtained, we can discuss Riccati’s equation 


with a view to proving that it is, in general, not integrable in finite terms. 
It has been seen (§ 4’21) that the equation is reducible to 


d?u 


-c» = 0, 


where n=2q-2; and, by §4-3, the last equation is reducible to Bessel’s 
equation for functions of order l/(2g') unless </== 0. 

Hence the only poss-ihle cases in which Riccati's equation is integrable in 
finite terms are those in which q is zero or Ifq is an odd integer ; and these 
are precisely the cases in which n is equal to —2 or to 


4wi 

2m + Y ’ 


(m = 0, 1, 2, ...) 


Consequently the only cases in which Riccati’s equation is integrable in fimte 
terms are the classical cases discovered by Daniel Bernoulli (cf. § 4TI) and the 
limiting case discussed after the manner of Euler in § 4*12. 


This theorem was proved by Liouville, Jonriial de Math. vr. (1841), pp. I — 13. It 
seems impossible to establish it by any method which is appreciably more brief than the 
analysis used in the preceding sections. 
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4 * 8 . Solutions of Laplace's equation. 


The first appearance in analysis of the general Bessel coefficient has been 
seen (§ 1‘3) to be in connexion mth an equation, equivalent to LajJlace’s 
equation, which occurs in the problem of the vibrations of a circular membrane. 

We shall now shew how Bessel coefficients arise in a natural manner from 
Whittaker’s* solution of Laplace’s equation 


(1) 


d^v 3^7 

035 * dy* dz^ 


The solution in question is 

(2) ^ ~ f "k ^ 


in which / denotes an arbitrary function of the two variables involved. 
In particular, a solution is 

r g* (Z + te cost* +iy Bln U) 

in which k is any constant and m is any integer. 

If we take cylindrical -polar coordinates, defined by the equations 


this solution becomes 


CD = pcoa<l>, y = p sin 


gto j coaniuciu = I coa m {v + (f)) dv, 

J — TT J — TT 

*= 2e** j cos mv cos mcf) dv, 

J 0 

= 27rt’^ cos m<j> . (kp), 

by § 2*2. In like manner a solution is 




gk (z+tecoatt+ftfsintt) ^nudu, 


and this is equal to 27ri™ e*® sin . J^. (kp). Both of these solutions are 
analytic near the origin. 

Again, if Laplace’s equation be transformedf to cylindrical-polar coordi- 
nates, it is found to become 

^ ?!Z = n- 

9p® p 0p p* 9<^* 02® ’ 


* Monthly Notices of the R. A. S. Lin. (1902), pp. 617—620; Math. Ann. lvil (1902), 
PP* B38— 841. 

t The simplest method of eflfeoting the transformatioa is by using Green’s theorem. Bee 
W. TbomBon, Camb. Math. Journal, iv. (1815), pp. 83 — 42. 
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and a normal solution of this equation of which e** is a factor must be such that 

i?!! 

V 

is independent of <f>, and, if the solution is to be one- valued, it must be . equal 
to — m* where w is an integer. Consequently the function of p which is a 
factor of V must be annihilated by 




•i! 1 ^ 

dp* ^ p dp 

and .therefore it must be a multiple of (kp) if it is to be analytic along the 
line p -0. 

We thus obtain anew the solutions 


e** . md> . Jm {kp). 

These solutions have been derived by Hobson* from the solution e'^Jo(ip) by Clerk 
Maxwell’s method of differentiating harmonics with res].>ect to axes. 

Another solution of Laplace’s equation involving Bessel funotions has been obtained by 
Hobson (ibid. p. 447) from the equation in cylindrical-polar coordinates by regarding 3/0a 
as a symbolic operator. The solution so obtained is 

where /(s) is an arbitrary function; bvit the interpretation of this solution when involves 
a function of the second kind is open to questiqp. Other solutions involving a Bessel 
function of an operator acting on an arbitrary function have been given by Hobson, Proc. 
London Math. Soc. xxiv. (1H93), pp. 55-07 ; .xxvi. (1895), pp. 492—494. 


4*81. Solutions of the equations of wave motions. 

We shall now examine the e<piation of wave motions 

a*7 a*F ia*F 


( 1 ) 


dap df c* ’ 


in which t represents the time and c the velocity of propagation of the waves, 
from the same aspect. 

Whittaker’s-f solution of this eijuatioii is 

( 2 ) J f (a; Bmucosv + ymn uainv + z COB u+ct, 'll, v)dudv, 

where f denotes an arbitrary function, of the three variables involved. 

In particular, a solution is 

y s: ^ I g<Jk(xBinucoai) + ]/alnuBlnvheaoi>u+et) yj fludv, 

where F denotes an arbitrary function of u and v. 


* JProc. London Math. Soc. xxii. (1892), pp. 481 — 449. 

•j- Math. Ann. nvii. (1902), pp. 342—846. See also Havelock, Proc. London Math. Soc. (2) n. 
(1904), pp. 122—187, and Watson, MeaseTiger, xxivi, (1907), pp. 98 — 106. 
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The physical importance of this particular solution lies in the fact that it 
is the general solution in which the waves all have the same firequency ko. 

Now let the polar. coordinates of («, y, g) be (r, 0, <f>), and let («, ‘^) be the 
angular coordinates of the direction (u, v) referred to new axes for which the 
polar axis is the direction {0, <f>) and the plane ^|r=»0 passes through the 
a-axis. The well-known formulae of spherical trigonometry then shew that 

OOS 0 a cos' 0 cos tt + Sm ^ SUl « COB (d — (p), 

sin u sin (v — sin a sin yfr. 

Now take the arbitrary function F (a, v) to be S* (u, v) sin u, where Sn de- 
notes a surface harmonic in (u, v) of degree n ; we may then write 

Sn (0, ; to, y^r), 

where is a surfiice harmonic* in (w, of degree n. 

We thus get the solution 

F„ I* gitreum ^ j. Q,, ‘^) sin udmdt^. 

Since is a surfece harmonic of degree n in («, ‘fjr), we may write 

Sn {0, ^ ; «• •* (^» • -P* (cos ®) 

+ 2 <^)008mj;r + jB*<»)(^, «^)sinTni^{Pft"‘(cos0), 

m**! 

where An (0, ^). AJ"’^ (0, tf>) and (0, <f>) are independent of a and yfr. 
Performing the integration with respect to ^fr, we get 

Vn “ 2'ir€!^^An(0, <f>) (OOB «) sin « dffl 

by § 8-82. 

Now the equation of wave motions is unaffected if we multiply a, y, z and 
t by the saine constant &ot6r, ie. if we multiply r and t by the same constant 
jGaotor, living 0 and unaltered; so that An{0, ij>) may be taken to be in- 
dependentf -of the constant 'k which multiplies r and t 

Hence lim (k~'* F«) is a solution of the equation of wave motions, that is 

h-*-0 

to say, r^An(0» is a solution (independent of t) of the equation of wave 
motions, and is consequently a solution of Laplace’s equation. Hence An (0, <l>) 

* Tbia lollcmB from the fact that Laidaoe's qpanter is an InTariant fox ehanges of reotangnlax 
axes. . 

t ii othehriae obrjona, beoaoae S^, may be taken Independent of k. 
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is a surface harmonic of degree n. If we assume it to be permissible to take 
■An {9, to be any such harmonic, we obtain the result that 

{kr) Pn^ (cos 6) 

is a solution of the equation of wavb’ motions*; and the motion represented by 
this solution has frequency kc. 

To justify the assumption that (^, (ft) may be any surface harmonic of degree n, we 
construct the normal solution of the equation of wave motions 

3»'\ Sr/'^sindaH 0^/ dfi ’ 

which has factors of the form rndt. The factor which involves 6 must then be of 

sin ^ 

the form (cos 6 ) ; and the factor which involves r is annihilated by the operator 
so that if this factor is to be analytic at the origin it raiwt be a multiple of J^+i 


4‘82. Theorems derived from solutions of the equaUons of Mathematical 
Ph'ifsics. 

It is possible to prove (or, at any rate, to render probable) theorems con- 
cerning Bessel functions by a comparison of various solutions of Laplace’s 
equation or of the equation of wave motions. 

Thus, if we take the function 


[kf{p^ -fa® — 2ap cos (f))], 


by making a change of origin to the point (a, 0, 0), we see that it is a solution 
of Laplace’s equation in cylindrical-polar coordinates. This solution has e** as 
a factor and it is analytic at all points of space. It is therefore natural to 
expect it to be expansible in the form 


gkZ 


W = 1 


cos m<l> -f Bm sin m<f)) 


.(h) 


Assuming the possibility of this expansion, we observe that the function under 
consideration is an even function of </>, and so = 0 ; and, from the B 3 nnmetry 
in p and a, is of the form where Cm is independent of p and a. 

We thus get 

00 

Jo \k^/Xp^ -fa* - 2ap cos ^)} = S emC^nJm(kip)Jm{ka) cos mfj>. 

m^O 


If we expand both sides in. powers of p, a and cos <l>, and compare the 
coefficients of (A:*pa cos 0)"*, we get 

Cm = l. 


* Of. Bryan, Nature, lxxx. (1909), p. 809. 



128 THJIOBY or BESSEL FTJNOTIONS [CHAB. IV 

and SO we are led to the expansion* * * § 

00 

Jo {A;V(p* + a“ - 2ap cos <f>)} == S Jm W cos m<f>, 

«=o 

of which a more formal proof will be given in § il’2. 

Again, if we take which is a solution of the equation of wave motions, 

and which represents a wave moving in the direction of the axis of z from 
+ QO to - op with frequency A;o and wave-length ^Trjk, we expect this expression 
to be expansible f in the form 

Cni*J«+i (At) Pn (cos 0), 

where On is a constant ; so that 

(fa) P. (ooa fl). 

If we compare the coeflBcients of (kr cos dj* on each side, we find that 

nl 2»»+ir(7*+f)‘2»*.(wl)>’ 

and so = w + ^ ; we are thus led to the expansion J 

gito-co8« + i) (kr) Pn (cos 6), 

of which a more formal proof will be given in § 11'5. 


4*83. Solutions of the wave equation in space of p dimensions. 

The analysis just explained has been extended by Hobson§ to the case of 
the equation 

^ ^ 0«F_ lyy 

d(c^ Sdjj* + • • • + . 

A normal solution of this equation of frequency kc which is expressible as a 
function of r and t only, where 

r =» V(®i“ + tCg* + *.. + 
must be annihilated by the operator 


r 



and so such a solution, containing a time-factor e^, must be of the form 




* This is due to Nemnaim, Theorie der BesuPschen Functionen (Leipzig, 1867), pp. 69 66. 

t The tesseral haarmonios do not ooodt beoanse the fonotion is symmetrioal about the axis of *. 

t This expansion is due to Bauer, Journal fOr Math. vn. (1869), pp. 104, 106. 

§ Proc. London Math, Soc. xxv. (1894), pp. 49— .76. 
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Hobson describes the quotient ^^np-2)(kr)f(kr)^'^ as a cylinder function 
of rank p ; such a function may be written in the form 

{kr 1 p). 

By using this notation combined with the concept of ja-dimensional space, 
Hobson succeeded in proving a number of theorems for cylinder functions of 
integral order and of order equal to half an odd integer simultaneously. 

As an example of such theorems we shall consider an expansion for 

J {^’ + a® — 2 at' cos (f>) j p}, 

where it is convenient to regard as being connected with Xp by the equation 
Xp-=r cos (f>. This function multiplied by is a solution of the wave equation, 
and when we write p = r sin 0, it is expressible as a function of p, 0, t and of 
no other coordinates. 


Hence 


{/t + a^ — 2 ar cos 0) | 


is annihilated by the operator 


I' , P-^ 

dp- p 


dp 



that is to say, by the operator 


9 (p - 2) cos 0 

07 ^ r dr 7*“ sin 0 90 90 '* 


Now normal functions which are annihilated by this operator are of the form 


where Fn (cos 0 Ip) is the coefficient* of a” in the expansion of 

(1 - 2a cos 0 + 

By the reasoning used in § 4 ‘ 82 , we infer that 


J \k + a® — 2 tt 7 ' cos 0 ) I /)j 
1 

~ (ka)^^ ' ,?o '^n+ip-i (ka) Pn (cos 0 |p). 

Now expand all the Bessel functions and equate the coefficients of 
{k^ar cos 0)” on each side ; we find that 

__ 2 '‘_ A,^ + 

(.,7 4. ~ |2«+i7>-* r {n + ■ n! i%p - 1) ’ 

so that An = in + — 1) F {Ip - I ). 


* So that, iu Gegenbauer’s notation, 

Pn (coa ^ I y) h: (co8 ^). 


{) 


W. B. P. 
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We thus obtain the expansion 

b>-3 + a” — 2ar cos ^)| 

(r“ + a* — 2ar cos <f>y^ 

2h>-i r (\p — 1) “ 

(kar)^^ jj^^(^ + iP“l)*^n+ip-i(^)‘Ak+lj)-i(A;a)C^“^(cos^). 

An analytical proof of this expansion, which holds for Bessel functions of 
all orders (though the proof given here is valid only when p is an integer) will 
be given in § 11*4. 


4 84. Bateman s solutions of generalised equation of wave motions. 
Two systems of normal solutions of the equation 

■ (1) ^ ^ ^ dfV__ldfV 

dasi^ dx^ c* 9i“ 

have been investigated by Bateman*, who also established a connexion between 
the two systems. 

If we take new variables p. <r, ^ defined by the equations 

flJi = p cos ajg = tr cos l/r, 

= p sin x^ — cr sin 
the equation transforms into 


( 2 ) 

A 


+ 10«F] 1 0»F 

I3p‘ p ap p*3x*J 

normal solution of this equation with frequency kc is 


J u (kp cos (k<r sin <I>) e* 

where is any constant. 

Further, if we write 


r — « WH Yt w — I Blii fp, 

so that (r, x, 0) form a system of polar coordinates, equation (2) transforms 
mto 


^ 3 3F 13*r , cot6-tan63F 


— 4. £ ^ j. ^ 

3r* r dr ^r^a^a 


r* 

+ 


d(f> 

1 a*F 


1 3»F 1 a»F 


r* cos® <f> dx^ sin® <}> dyfr^ c® dt* ’ 

Now normal solutions of this equation which have aa a factor 

are annihilated by the operator 


a® 


^ ^ ^ « 3 ^ - di - 5 ^} . 

• xi«n. (1804), pp. 188-188; ft-». L».io« S„. (8) n.. (1906), pp. lll-m. 
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and since such solutions are expressible as the product of a function of r and 
a function of ^ they must be annihilated by each of the operators 


?L 

ar3 


3 3 ^^ 4X.(A + 1) 

r dr r® . ' 


~ + {cot<f) - tan ^ + 4X (\ 4- 1) ^ , 

d(f>^ V V' ^'d<f) ' ' coB*<f> sm*0 

where \ is a constant whose value depends on the particular solution under 
consideration. The normal solutions so obtained are now easily verified to be 
of the form 

(kr)~^ e/’aA.+i (kr) cos'* </> sin" 

+ \ + v+1; ain^ 

It is therefore suggested that 

(Jcr cos 4^ cos 4>) Jy {hr sin sin <I>) 


is expressible in the form 


2 Ua {kr)~^ Jax+i {hr) cos'*<^ sin^cjE^ . \ + >• + 1 ; v + 1 ; 8in*(/)^ , 


where the summation extends over various values of X, and the coefficients ax 
depend on X and <I>, but not on r or 0. By symmetry it is clear that 

ax = 6x cos'*^ sin" <1> . - X, + X + 1 ; v\-l\ sin’'4> ^ , 

where 6x is independent of d>. 

It is not difficult to see that 


X = ^ (/* 4- 1 ') + a, {n — 0, 1, 2, 


and Bateman has proved that 


6x= 2 (— )"(/a4- v 4- 2n4- 1) 


r 4- V 4- a 4- 1) r (v + w 4- 1) 
«! r(/u.4-?i 4- 1) {r (v 4- l)j® 


...) 


We shall not give Bateman’s proof, which is based on the theory of linear 
differential equations,- but later (§ ITG) we shall establish the expansion of 
Jy {hr cos ^ cos <I>) Jy {kr sin <f) sin <I>) by a direct transformation. 


9—2 



CHAPTER V 

MISCELLANEOUS PROPERTIES OF BESSEL FUNCTIONS 

5’1. Indefinite integrals containing a single Bessel function. 

In this chapter we shall discuss some properties of Bessel functions which 
have not found a place in the two preceding chapters, and which have but 
one feature in common, namely that they are all obtainable by processes of a 
definitely elementary character. . 

We shall first evaluate some indefinite integrals. 

The recurrence formulae § 3*9 (5) and (6) at once lead to the results 

( 2 ) j 

To generalise these formulae, consider 

let this integral be equal to 

where A (z) and B (s) are to be deteimined. 

The result of differentiation is that 

*»+■/(*) 3 (^)l 

+ «'+> \F w W + B (z) 'g'. (^)). 

In order that A {z) and B (z) may not depend on the cylinder function, we 
take A {z) = B' (z), and then 

/(z)^ A' (z) + A{z)^B {z). 
z 

Hence it follows that 

(3) J* *»+' |S" W + F („) + £ (j) (i* 

= [F (z) <», (z) + B (z) Wl- 

This result was obtained by Sonine, Math. Ann. xvi, (1880), p, 30, though an equivalent 
formula (with a different notation] had been obtained previously by Lommel, Studien Uher 
di'S BeaseVschen Fv/nction&n (Leipzig, 1868), p. 70. Some developments of formula (3) are 
due to Nielsen, Nyt THdsskrift, ix, (1898), pp. 73—83 and Ann. di Mat. (3) vi. (1901), 
pp. 43—46. 

For some associated integrals which involve the functions ber and bei, see Whitehead, 
Quarterly Joumcd, zm. (1911), pp. 338 — 340. 
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The following reduction formula, which is an obvious consequence of (3), 
should be noted; 

(4) j (z) dz^ — {fjt? — v®) J (z) dz 

+ {z) +{ti-v) zi^^y (^yj. 


6*11. Lommel's integrals containing two cylinder functions. 

The simplest integrals which contain two Bessel functions are those 
derived fr6m the Wronskian formula of § 3T2 (2), namely 

T- V r/ / N r / \ T / r \ 2 siu I/TT 

i/„ (if) «/ {z) — «/_„ {z)J ^ (z) 


TTZ 


which gives 

( 1 ) 

(2) 


f 


dz 


rr «7_p (z) 
z (z) 2 sin VTT Jv {z) 


r 


dz 


log 


J-A^) 


zJy(z) J^^ (z} 2 sini' 7 r ” Jy(,z) ’ 
and similarly, from § 3‘63 (1), 


(4) 

(5) 


J 


dz _ TT 
Z Jy^ (Z) ~ 2 Jy (z) ’ 


r 


dz 


IT. yy{.z) 

= olog 


Zjy{Z) Yy{z) 2 *'^^ Jy(,Z)' 
/ 


dz _ IT Jy (z) 
zYyH7)-~2 YA^y 


The reader should have no difficulty in evaluating the similar integrals which contain 
any two cj'linder functions of the siune order in the denominator. The formulae actually 
given are due to Lommel, Math. Ann. iv. (1871), pp. 103 — 1 16. The mider should compare 
(3) with the result due to Euler w'hicli was quoted in g 1-2. 

Some more interesting results, also <lue to Lommel *, are obtained fi’om 
generalisations of Bessel’s equation. 

It is at once verified by differentiation that, if y and y satisfy the equations 
then j {P-Q)yr,d 2 i = y^~-n'^£. 


Math. Ann. xiv. (1879), pp. 520 — 536. 
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Now apply this 1 ‘esiilt to any two equations of the type of § 4‘31 (17). If 
denote any two cylinder functions of orders /i and v respectively, we have 

- 1 {fi - ' 

where ^ (a) and i/r (e) are arbitrary functions of z. 

This formula is too general to be of practical use. As a special case, take 
{z) and ^Jr (z) to be multiples of z, say kz and Iz. It is then found that 

A® - 


(7) J* |(Aj> - %(kz)<i^p(lz)dz 




= ^ (Jcz) Qz) - {kz) (i^)} -(/..- 1 /) {kz) {Iz). 

The expression on the left simplifies still further in two special cases (i)ft= v, 
(ii)&=»i. 

If we take /i = y, it is found that 

( 8 ) V z^p, {kz) {Iz) dz = . 

J fc® — 6® 

This formula may.be verified by differentiating the expression on the right. 
It becomes nugatory when Aj == Z, for the denominator is then zero, while the 
numerator is a constant. 


If this constant is omitted, an application of rHospital’s rule shews that, 
when Z-*-A?, 

(9) j z^^{kz) {kz) dz^ — ~[kz {kz) {kz) 

kz^p. {kz) Wn+i,{kz) — ^y, {kz) {kz)\. 

The result of using recurrence formulae to remove the derivates on the 
right of (9) is 

(10) 1%'®’^ {kz)^^ {kz) dz^\z^ {kz) {kz) - {kz) f {kz) 

— ^ti+i {kz) ^ fi-i {kz)\. 



6 - 11 ] 


MISOELLA.NBOUS THEOREMS 


136 


Special cases of these formulae are: 


(11) 


f 


jg V {kz) dz = (kz) - {kz) ^^+1 (Jcz)] 

= {(l - ikz) + V (^ , 

(12) l‘‘z<t^^(kz)^_^(kz)dz==iz‘ I2^^(kz)^.^(kz)+ %^,(kz)^^^,(kz) 


+ %+i (kz) (kz)], 


the latter equation being obtained by regarding e~^'^^^(kz) as a cylinder 
function of order — fi. 

To obtain a different class of elementary integrals take ? in (7) and it 
is found that 


(13) 

J Z ^ “T V 

%(kz)^,(kz) 


The result of making p -»-/ji in this formula is 


fi + v 


(14) I' = ^ (fe) 




d%%+y(kz)\ , ^^(kz)9S^(kz) 


dfjt, 


-b 


2/u. 


The last equation is also readily obtainable by multiplying the equations 

(,z) = 0, V. (z) 

1 9^ (z') 1 

by - , -^fj,{z) respectively, subtracting and integrating, and then re- 

z z 

placing z by kz. 

As a special case we have 

(IB) /V,>(fe)^ = ^ [J.^,(hz)%.(kz)-JAlcz)%.^,{hz)]^.l-J’ {kz). 
An alternative method of obtaining this result will be given immediately. 


Results equivalent to (11) are as old as Fourier’s treatise, La Tkiorie Analytique de la 
Chaleur (Paris, 1822), §§ 318 — 319, in the case of functions of order zero ; but none of the 
other formulae of this section seem to have been discovered before the publication of 
Lommel’s memoir. 

Various special cases of the formulae have been worked out in detail by Marcolongo, 
Napoli Eendioonti, (2) in. (1889), pp. 91 — 99 and by Chessin, Trans. Acad, Sa'. of St Louis, 
ML (1902), pp. 99—108. 
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6'12. Indefinite integrals containing two cylinder functions; LonimeVs 
second method. 

An alternative method has been given by Lommel* for evaluating some 
of the integrals just discussed. By this method their values are obtained in a 
form more suitable for numerical computation. 

The method consists m adding the two results 

+ (p + /A + v) '^|U (.S') V (^)i 

^ j*' (z) f W} = ^- 1®', (z) (z) + (Z) W, W) 

+ (p - /i - 1 ; - 2) (z) (z), 

so that 

(p+fL + v)j zP-^9^^(z)^^(z)dz-h(p-/i-v-2)J zP-^^f,^i(z)^y+i(z)dz 

= SP {‘^^(z)^y(z) +%^,(z)¥y^:(z)}. 

and then giving special values to p. 

Thus we have 

(1) I z-f^->>-^%+:(z)*^y+fs)dz 

~ 2 (^Tv-i-i) 

fJ 9fl+V+2 

As special cases of these 

(3) J%-*- w & — 5^ (Z) + W), 

fs 

(4) j + 

Again, if p be made zero , it is found that 

(/* + ^) j ■ w f , (s) ^ + r + 2) (z) ^ 

= W f . (z) + (z) W, . 

so that, by summing formulae of this type, we get 

(6) (,. + % (z) f ^ + 2n) I’ (z) («) ^ 

= t, (^) + 2 S V,+.» W f W + ■g'^ («) (4 

W=1 


HrtiA. .4nn. xiv. (1879), pp. 630—636. 
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In particular, if /m — u = 0, 

tZ 

(6) j 

— a ^ ,K (^>1 ■ 

where n = 1, 2, 3, .... But there seems to be no simple formula for 

For a special case of (1) see Rayleigh, F/uZ Mag. (5) xi. (1881), p. 217. [Sdentifio Pc^g&re^ 
I. (1899), p. 516.] 

6T3. Sordne's integrals containing two cylinder functions. 

The analysis of § 5T has been extended by Sonine, Math. A^in. xvi. (1880), pp. 30 — 33, 
to the discussion of conditions that 

may be expressible in the form 

^ (2) {ci^ {V' (*)}+7i (a) {<!> (^)} {>/.(2)} 

+ (^) {cp («)} (^)} + J) (^) {</> (^)} -if H-. 

but the results are too complicated and not sufficiently important to justify their insertion 
here. 

6*14. Schafheitlin’s reduction formula. 

A reduction formula for 

j z>^^&f{z)dz, 

which is a natui*al extension of the formula § 6'1 (4), has been discovered by 
Schafheitlin* and applied by him to discuss the rate of change of the zeros of 
as V varies (§ 15'6). 

To obtain the formula we observe that 

z*^ (z^ ~ I/®) ^(0“^ (z) dz 

= - J Vk w ^ ^ W 

= [- {z) fn: (z)-] + 1 ' {z)+{fi + i) (z) {z)] dz. 

Now, by a partial integration, 

(/X + 3) (z) dz = (^)] 

+ 2 (z) {z^f {z) + (^» - 1 /®) {z)] d?, 

* Berliner Sitzungsberichte, v. (1900), p. 88. 
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and 80 

(/i + 1) j V+» {z) dz = [z>^^ («)] + 2 {z^ - i/») (^) (^) dz. 

Hence, on substitution, 

04 + 1 ) [ V (;8» - (z) dz 

* [ir»‘+» 0) - (/4 + 1) 0) (^r)] 

+ 2 !%/*+» («) 0) dz + {(fi + iy- |V+^^. (z) ^/(^) 

= [z>^+* 0) - (/i+ 1) -2^+* ^.(z) {z) + (z) 

- (/x+ 3)| V+» (; 2 ) - (/a + 1) (/4 + 1>> - i;*i (^) dz. 

By rearranging we find that 

(/j. 4- 2) I (z)dz=‘(fi+l) {v®— ^ (./t4 + 1)*} j z'^ U) 

+ i [^'^+1 {ir^; (^) - i (m + 1) (^)l® + {a=' - *;* + i (/“ + ^ )1 0)], 

and this is the reduction formula in question. 


6*2. Ecopanaions in series of Bessel functions. 


We shall now discuss some of the simplest expansions of the type ob- 
tained for (Ja')”* in § 2*7. The general theory of such expansions is reserved 
for Chapter xvi. 

The result of § 27 at once suggests the possibility of the expansion 


( 1 ) 


(j»>. = i 0* .. +2»)r(M+» ) j. 


n\ 




iz), 


which is due to Gegenbauer* and is valid when fi is not a negative integer. 
To establish the expansion, observe that 


J 04+ 2n)r(^ + w) 

t*=o n\ 


{^z)~>^J^+^{z) 


is a series of analytic functions which converges uniformly throughout any 
bounded domain of the ^-plane (cf. | 3*13); and since 

^ 0)} = w) 0)}> 

it is evident that the derivate of the series now under consideration is 


(!*)-“[ I 2 Wl =0, 

L»-o ri\ „_o n\ J 


Wiener SitzvngsberichU, ixtrr. (2), (1877), pp. 124 — 130. 
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and so the sum is a constant. When we make z -n^O, we see that the constant 
is unit 3 r, that is to say 


«-o n! 




1, 


and the required result is established. 


The reader will find that it is not difS.cult to verify that when the expainsion on the 
right.in (1) is rearranged in powers of a, all the coefficients except that of ^ vanish; but 
this is a crude method of proving the result. 


5*21. Th£ eaypansion of a Bessel function as a series of Bessel functions. 


The expansion 


(1) (4^)- {z) = {\z)->^r{v + i-fz) 


X s 


0H-2n)r(/i + w) 


n-O w!r(l»+l— /i-7l)r(l/ + W + l) 


>+*» 


(^) 


is a generalisation of a formula proved by Sonine* when the dLEference v — fi 
is a positive integer ; it is valid when fi, v and v — are not negative 
integers. 

It is most easily obtained by expanding each power of z in the expansion 
of {^zy~'^Jy {z) with the aid of § 5*2, and rearranging the resulting double 
series, which is easily seen to be absolutely convergent. 

It is thus found that 




= S 




_ow! + 

V' C-)”* V (At + 2 m + 2 p) r(/i*+ 2 m+p) ^ 
(-) 


,.o wi! r(v4-w+ 1) p_o p\ 


(«) 


= 1 


= 


V (/^ + 2w )r(/u i-m + n) j , 
“o w! r(i/ + m + 1) (n-m)l M-mK ) 

(— )”* T(fi + m + n) 

1 (n — m ) ! r (*/ + w -t 

r (/X + u) r (v + 1 — /X.) 




. (/ti + 2n) /;,+»„(«), 


M-0 w!r(v + l — /X — n)r(i/ + w+l) 
by Vandermonde’s theorem ; and the result is established. 

If we put 1 / = /X + w, we find that 

which is Sonine’s form of the result, and is readily proved by induction. 

* Math. Ann. xn. (1880), p. 22. 
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By a slight modification of the analysis, we may prove that, if k is any 
constant, 


(3) 


{\kzY~''J^ {kz) ^ 

n-Q 


r (/Jt + n) 
75.1 r (1/ + 1) 


X + n, ^n] V + 1-, k^) + 

This formula ^vill be required in establishing some more general expansions 
in § 11-6. 


6*22, Lommel’s esepansions of (z + {^/(z + h)]. 


It is evident that (z + [fiz + A)], qua function of z->rh, is analytic 

for all values of the variable, and consequently, by Taylor’s theorem combined 
with § 3*21 (6), we have 


( 1 ) 


= V (ri^ 

fl*-o w! 




(V^). 


Again, {z + h) ''Jy[\J{z h)] is analytic except when z-\-h = 0\ and so, 
provided that | | < j ^ { , we have 

00 Am flm 

(2), (^ + y(z + A)} = ^ [zi’J. (V^)l 

m-0 Wil 


These formulae are due to Lommel*. If we take - ^ in (1) and y = ^ in 
(2) we deduce from § 3*4, after making some slight changes in notation, 


( Q 00 jfn 

— ) cos - 2525) = S 

7r5/ m-O 

/ "2 

(4) (— ) sinV(5“f25t)= 2 — J^{z), 

\TrZj ,tt_0 Wl! 

equation (4) being true only when |i|<ij5i. These formulae are due to 
Glaisherf, who regarded the left-hand sides as the generating functions 
associated with the functions whose order is half of an odd integer, just as 
exp {^z (t — 1 /t)] is the generating function associated with the Bessel co- 
efficients. 

Proofs of (3) and (4) by direct expansion of the right-hand sides have 
been given by Glaisher; the algebra involved in investigations of this nature 
is somewhat formidable. 


* Studien fiber die liesaePschen Functionen (Leipzig, 1868), pp. 11 — 16. Formula (1) was given 
by Bessel, Berliner Abh. 1824 [1826], p. 36, for the Bessel coefficients. 

f Quarterly Journal, lai. (1873), p. 136 ; British Association Report, 1878, pp. 469 — 470. Phil. 
Trans, of the Royal Soc. cmcxii. (1881), pp. 774 — 781, 813. 
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We shall now enumerate various modifications of (1) and (2). 

In (1) replace z and h by and and then 

(5) J. (W(l + k)l = (1 + i)l> s 

and, in particular, 

(6) J-,(i.V2) = 2" t 

m = 0 WJ 

If we divide (5) by (1 + A;)*" and then make A: — 1, we find that 
In like manner, from (2), 

(8) J,{z^(l+k)}={\4- k)-i- s W, 

m=0 ml 

provided that | A; | < 1. 

If we make A: — 1 + 0, we find, by Abel’s theorem, 
lim [(1 + |W( I + *))] = X 

*-►- 1+0 mi=o m! 

provided that the series on the right is convergent. The convergence is obvious 
when V is an integer. If v is not an integer, then, for large values of w, 


TT . //< ! 




Hence the condition for convergence is li{v)>^, and if the condition is 
satisfied, the convergence is absolute. Consequently, when R{v)> 0, and also 
when V is any integer, 

(9) V tr(i£yv_w = o. 

J»=() 

In like manner, if R{v)> — 1, and also when v is any integer, we have 


( 10 ) 


00 / 1 «.\rrt 

,11-0 mi 


It should be observed that functions of the second kind may be substituted 
for functions of the first kind in (1), (2), (5) and (8) provided that \h\<\z\ 
and I ^ I < 1 ; io that 

{z + h)A^ Y„y{z + h)\ - X 

»(=o mi 


( 11 ) 

( 12 ) 

(13) 

(14) 


+/*))= x 

m! 

nuv(i+o)=(i+o*’ 5 Y.^(z), 

w=o mi 

1^ V(i + *)1 = (1 + k)-i- 2 (4 

>»=o m I 
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These may be proved by expressing the functions of the second kind as a 
linear combination of functions of the first kind; by proceeding to the limit 
when V tends to an integral value, we see that they hold for functions of 
integral order. 

By combining (11) — (14) with the corresponding results for functions of 
the first kind, we see that we may substitute the symbol ^ for the symbol 
Y throughout. . 

These last formulae were noted by Lommel, Sttidien, p. 87. Numerous generalisations 
of them will be pven in Chapter xi. It has been observed by Airey, PhiL Mag. (6) xxxvi. 
(1918), pp. 284 — 242, that they are of some use in calculations connected with zeros of 
Bessel functions. 

When we combine (6) and (13), and then replace \/(l + h) by X, we find 
that, when ] X® — Ij < 1, 

(\r) = X- I «, 


(16) 


j »-0 


and, in particular, when \ is unrestricted, 

(16) 

«-0 wi 

These two results are frequently described* as multiplication theorems for 
Bessel functions. 

It may be observed that the result of treating (14) in the same way as (8) is that 
(when V is taken equal to an integer n) 


(17) 


-(a-l)l (2/;5)»=,r S F„_«(4 

m=>Q m 1 


An alternative proof of the multiplication formula has he^ given by Biihmer, Berliner 
Sitsungsheriohte^ xiiL (1913), p. 35, with the aid of the methods of complex integration ; 
see also Nielsen, Math. Ann. lix. (1904), p. 108, and (for numerous extensions of the 
formulae) Wagner, Bern Mittheil-mgen, 1896, pp. 116 — 119; 1896, pp. 63—60. 

[Note. A special case of formula (1), namely that in which v<=l, was discovered by 
Lommel seven years before the publication of his treatise ; see Archiv der Math, xxxvii. 
(1861), p. 356. 

His method consisted in taking the integral 

cosd+ijrsin d)<f^fl?ij 

over the area, of the circle 1, and evaluating it by two diflFerent methods. 

■ The result of integrating with respect to ij is 

if rsin(|rcosd+ijrsind)l'^^ ^ h 

«- / cos(frco8d)8in{x/(l-^.rsmd}— 

IT } -I ' ' r sin ^ 


> 2 


( - )"* (r sin S)"^ ^ 

^i + ifrcosd) 




ffil (r cosd)’"'*’! ’ 

Sea, e:g. SohafheitliD, Die Thforie der JBeeeelschen Funktionen (Leipzig, 1908), p. 88. 
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and the result of changing to polar coordinates (p, <j)) is 

J- f COB {rp COB (<f)—0)} p dp d<f) — J- f [ coa (rp cob pdpd(ft 

Zir J — jT J 0 J — JT J 0 

= ^ Jj* cos (^) d^dt] cos (fr) d^^Ji {r)/r. 

If we compare these equations we obtain (1) in the case v = l with 2 and h replaced by 
J*® 008 ** 6 and sin® 6.] 

6‘23. The ea>pansion of a Bessel function as a series of Bessel functions. 

From formula § 5’22 (7), Lommel has deduced an interesting series of 
Bessel functions which represents any given Bessel function. 

If fj. and V are unequal, and p is not a negative integer, we have 


— p/.j -j_ 2) V J 


(4 


The repeated series is absolutely convergent; consequently we may re- 
arrange it by replacing p by w — n, and then we have 

^ ^ “m =0 \nt,n\ (m - n)I r -b W-H 1)]’ 

and hence, by Vandermonde’s theorem, 

r (p + 1) ” r (1; - H- m) . 

- T>=7) io r (,. + m +1) * 

This formula was given by Lommel, Studien iiber die BeseeVeahen Fv,nciionen (Leipzig, 
1868), pp. 22—23, in the special case /li= 0; by differentiating with respect to v and then 
putting v = 0, it is found that 

( 2 ) 


and, when p=»0, we have Lommel’s formula 

(3) 


X {i/r (m+1) -!•>//■ (-p)-\^(m-p)}, 
(jg)”* Jm (g) 


i»rFo(g)=-^(«)-{y+l»g(M+^J^ ^ ‘ 

This should be compared with Neumann’s expansion given in § 3'67. 


6‘3. .<4n addition formula for Bessel funjciions. 

An extension of the formula of § 2 '4 to Bessel functions of any order is 

(1) Jy(^Z-\-t)— % 

m— — 00 

where | ^^ | < | i |, v being unrestricted. This formula is due to Schlafli* ; and 
the similar but more general formula 

(2) "^,(^ + 0= 2 ^.-^{t)Jm{z) 
is due to Soninef. 

* Math. Ann. ni. (1871), pp. 136—187. 


■f Ibid. XVI. (1880), pp. 7—8. 
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It will first be shewn that the series on the right of (1) is a uniformly 
convergent series of analytic functions of both z and t when 

where r, jB, A are unequal positive numbers in ascending order of magnitude. 
When m is large and positive, Jm(z) is comparable with 

sin VTT . (^RY . (r/E)™ 

and the convergence of the series is comparable with that of the binomial 
series for (1— r/i2)^ When m is large and negative (= — 71), the general 
term is comparable with 

r(i> + »+ l).n! 

and the uniformity of the convergence follows for both sets of values of 7n by 
the test of Weierstrasa. 

Term-by-term differentiation is consequently permissible*, so that 

\ 0 Z OZJ juBi — eo »i = — 00 

1 “ 

“9 ^ v—m—i (Y) ^ I'— m+l (0} fn (^) 

— 00 

1 * 

9 ^ {Jm—i 

m'=‘ -00 

and it is seen, on rearrangement, that all the terms on the right cancel, so 
that 

(at “ 

00 

Hence, when | .e; | < U | , the series 2 Jv~m (t) Jm i.^) is an analytic function 

m=-fo 

of z and t which is expressible as a function of z-\-t only, since its derivates 
with respect to z and t are identically equal. If this function be called 
F {z -f t), then 

F{z-^t)^ 2 tffn{z). 

j»=>— 00 

If we put 2 = 0, we see that F (f) = Jy(f), and the truth of (1) becomes 
evident. 

Again, if the signs of v and w in (1) be changed, we have 

J—v (2 4- t) = 2 (”)”* J -iz+m (f) •f m {f)> 

7n» — CO 

and when this result is combined with (1), we see that 

(3) r,(^+{)= 2 

1»»-00 

* Cf. Motleru Analyeis, § 6*3. 
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When this is combined with (1), equation (2) becomes evident. 

The reader will readily prove by the same method that, when 1 5 1 < i i | , 


(4) 

J „ (t — z) ~ 2 J v+m (f) J m (f)i 

ms— 00 

(6) 

^y(t-z)== i 

»asB — 00 

(6) 

(i = 2 (^) J m (^)* 

Of these results, (3) was given by Lommel, Stvdien aber die BmeVaoken Function&n 
(Leipzig, 1868), when v is an integer; while (4), (6) and (6) were given* explicitly by Graf, 
Math. Ann. XLiii. (1893), pp. 141 — 142. Various generalisations of these formulae will be 
given in Chapter xi. 


6‘4. Products of Bessel f unctions. 


The ascending series for the product Jy. (f) (e) has been given by various 

writers ; the expansion is sometimes stated to be due to Schbnholzerf, who 
published it in 1877, but it had, in fact, been previously published (in 1870) 
by Schlafli|. More recently the product has been examined by Orr§, while 
Nicholson II has given expansions (cf. § 5’42) for products of the forms 


and Ym{z)Yn{z)- 


In the present section we shall construct the differential equation satisfied 
by the product of two Bessel functions, and solve it in series. We shall then 
(§ 5’41) obtain the expansion anew by direct multiplication of series. 

Given two differential equations in their normal forms 


dH 

dz^ 


+ lv = 0, 


d^w 

dz^ 


■\-Jw 


0 , 


if y denotes the product vw, we have 

y" = v"w H- 2vw' + vio" 

= — (/ + /) y + 2v’w', 

where primes indicate differentiations with respect to z. 


* See alee Epstein, Die vier Rechnimgsoperationeii mil lieBscl’schen Fiinctionen (Bern, 1894), 
[Jahrbuch ilber die Fortschritte der Math. 1898—1894, pp. 846—840]. 

t Ueber die Auewerthung beetimmter Integrale mit HUl/e von Verilndetiingen det Integratioimoeges 
(Bern, 1877), p. IS. The authorities who attribute the expansion to SchOnholzer include Graf and 
Gubler, Einleitung in die Theorie der Beesel'schen Funktionen, ii. (Bern, 1900), pp. 86 — 87, and 
Nielsen, Ann. Sci. de V&cole norm, sup, (8) xviii. (1901), p. 60; Handbuch der Theorie der Cylin- 
derfunktionen (Leipzig, 1904), p. 60. According to Nielsen, None. Ann. de Math. (4) u. (1902), 
p. 896, Meissel obtained some series for products in the Iserlohn Progranim, 1862. 

X Math. Ann. iii. (1871), pp. 141 — 142. A trivial defect in Schlnfli’s proof is that he uses a 
contour integral which (as he points out) converges only when iZ (/U+V + 1)>0. 

§ Proc. Camb. Phil. Soc. x. (1900), pp. 98 — 100. 

II Quarterly Journal, xuir. (1912), pp. 78 — 100. 


W.B. P. 


10 



THBOBY OF BESSEL FTJNOTIONS 


[CHAP. V 


146 

It follows that ^ {y"" + (-f + y} “ + ^vw'* 

= — 2/vw' — 2 JVw 

and hence y" + 2 (/ + J") ^ + (J' + JT') y *= (/ - J) (i/w - vw'). 

Umoe^ in {he special ease when I ^J,y satisfies the equation 

(1) y" + 4/y + 2J'y=0; 

but, if I i=^J, it is easy to shew by differentiation that 

This is the form of the differential equation used by Orr ; in connexion with (1), see 
Appell, Comptet Rendua, zol (1880), pp. 211 — 214. 


To apply these results to Bessel's equation, the equation has to be reduced 
to, -a normal form; both Orr and Nicholson effect the reduction by taking 
as a new dependent variable, but, for purposes of solution in series, it 
is simpler to take a new independent variable by writing 


so that 


z — \ 


d _d __ 
^ dz W 


d}Jv (z) 

de^ 


+ (€F»-V^)J,(z)=‘0. 


Hence the equation satisfied by J)* (z) JV (z), when /a* v', is 

^ ^ ^ 

that is to say 

(8) -20* + v^) + (fi* - !/>)»] y + 4e*« (^ + 1) (^ + 2) y = 0, 

and the equation satisfied by Jy{z)J±v(z) is 
(4) ^(^*-4»*)y + 4e*®(^ + i).y = o. 

Solutions in series of (3) are 

«“(t 

where a = ± /it ± v and 

4 (g + 2m — !)(«+ 2w) Cm~\ 

^^(a+/Li + v + 2w) (g + — V + 2m) (g — /a + 1 / + 277i) (a — /a — i/ + 27?/) * 

If we take a = /a + and 

1 

we obtain the series 


” (— )'" r (/A + V + 2m 4- 1) 

m=o wi 1 r (/A + V + TW + 1) r (/A + w + 1) r (v + m + 1) ' 
and the other series which are solutions of (3) are obtained by changing the 
signs of either /a or or both /z and if. 
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By considering the powers of z which occur in the product (z) (z) it 

is easy to infer that, if 2/i, 2v and 2 (/i + *;) are not negative integers and if 
fj? ^ then 


00 


(5) J,(z)J^(z)^ S 

«t=0 


(-)"* V(fi + p + 2m + l) 

m ! r (yti + i; + w + 1) r (■/4 + wi + 1) r (i/ + in + 1) ' 


In like manner, by solving (4) in series, we find that, when 2v is not a 
negative integer, then 


( 6 ) 


(W*'-*-"'* r (2v +2m + l) 

" ^ ^ «row!r(2i; + m-f-l){r(i/ + m+l)j*’ 


and, when v is not a negative integer, then 


(7) 


*7 1> (•?) «7 -$> (^) — S 


=o(w!)®r(i/ + m+l)r(— i/ + m+ 1)' 


By reasoning which resembles that given in § 4’42, it may be shewn that 
(6) holds when v is half of an odd negative integer, provided that the quotient 
r (2i/ + 2m + l)/r (2p + m + 1) is replaced by the product (2p + m + 1)^. 


6*41. Products o f aeries representing Bessel f unctions. 

It is easy to obtain the results of § 5-4 by direct multiplication of series. 
This method has the advantage that special investigations, for the cases in 
which /i® = v' and those in which + p is a negative integer, are superfluous. 

The coefficient of (— )"» in the product of the two absolutely 
convergent series 

tn=o r (ft -|- m + 1) „ao w! r (i/ •+• w + 1) 


IS Z 


„=ow! r(i/ + W+ l).(m-n)I r(ft + m-w+ 1 ) 

(-r 


m! r (ft + m + 1) r(v + m + 1) «=o 

(-)”* (- ft - y - 2m)m 

ml r(ft 4-m + 1) r(v + m + 1) 


^ m^n • ( ^ ft Wl)/i 


(ft + y + m + 1 ),; 


~ ml r (ft + m + 1) r (v + m + 1) ’ 
when Vandermonde’s theorem is used to sum the finite series. 
Hence, for all values of ft and v, 

n\ T t.\T r.\^ I + > + m+ 1)„ 

r(,n-« + l)r(./+.m + l)’ 

and this formula comprises the formulae (5), (6) and (7) of § 6*4. 
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This obvious mode of procedure does not seem to have been noticed by any of the 
earlier writers; it was given by Nielsen, Math. An%. Lii. (1899), p. 228. 

The series for Jo(*)cos« and t7j|(«)sin« were obtained by Bessel, Berliner Ahh. 1824, 
[1826], pp. 38 — 39, and the corresponding results for t/^ (a) cos a and /,,(«) sins were 
deduced from Poisson’s integral by Lommel, Studim ilber die BesseVsoken Funotionen 
(Leipzig, 1868), pp. 16 — 18. Some deductions concerning the functions ber and bei have 
been made by Whitehead, Quarterly Journal^ XLii. (1911), p. 342. 


More generally, if we multiply the series for J,„{az) and Jv (hz), we obtain 
an expansion in which the coefficient of (— )*" a'*6’' (|a;)»*+>’+»n» is 

r (v + n + 1). (wi — n)! r (/Lt + m — n + 1) 

_ a!^ m, — — 7n\ y + 1 ; h^ja?) 

~~ ml r(/ii. + m + l)r(i/ + l) 

and BO 

QiazY{\hzy 


(2) {az) J, (hz) 


r{v + i) 

^ f (-r {{azY”^ v + 1] b^/a^) 

m ! r (/a + m + 1) ’ 


m=-0 


and this result can be simplified whenever the hypergeometric series is 
expressible in a compact form. 

One case of reduction is the case 6 = a, which has already been discussed ; 
another is the case h = ia, provided that = v®. 

In this case we use the formula* 

r(a-/3 + i)r(^) 


a-^ + 1; - 1) = 
and then we see that 
(3) J, (az) /„ (az) = X 


2“r(^a + i)r(ia-/9 + l) 

(")*” cos |w7r 


0 r (Jm + 1) r (y + im + 1) r (v + m + 1) 


= 2 




0 m I r (i; + m 4- 1) r (v + 2m + 1) ’ 

(4) /_(<«) /.(«)= 2 


fn=o^i r (^v + 1) r (— ^1/ + + 1) * 


(0) /,(«)/_.(«.)= 2 


«t=o w! r (|v + \m + 1) r (- |j/ + ^m + 1) ' 

If we take a = in (3) we find that 

(6) ber„® (ir) + bei„® (^) = 5 - . „ . ^^**'^**" 

m=o r (v + m + 1) r (j/ + 2m 4 - 1) ’ 

an expansion of which the leading terms were given in § 3 "8. 

♦ Of. Kummer, Journal fUr Math. xv. (1886), p. 78, formula (68). 
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The formulae (3), (4), (6) were discovered by Nielsen, Atti ddla R. Acoad. dei Lincei, (0) 
XV. (1906), pp. 490---497 and Monatskefte filr Math, und Phya. xix. (1908), pp. 164 — 170, 
from a consideration of the differential equation satisfied by Jp{as) J^y{hz). 

Some series have been given, Quarta'ly Journal^ XLi. (1910), p. 66, for products of the 
types (a) and (z) («), but they are too cumbrous to be of any importance. 

By giving fi the special values ± ^ in (2), it is easy to prove that 

(7) Jy_^ {z sin 6) = (2 sin f + 

The special case of this formula in which 2v is an integer has been given 
by Hobson*. 


6*42. Products involving Bessel f unctions of the second kind. 

The series for the products {z) ¥„ {z), Jm {z) {z), and {z) Yn (z) 

have been the subject of detailed study by Nicholson f; the following is an 
outline of his analysis with some modifications. 

We have 

where v is to be made equal to n after the differentiations have been performed. 
Now 


i {J, (z) Mz)} = log (i^). (z) J. W 

i r i-y r + V + 2 r + 1 ) 

r=o [_r! r(/i + V + r -b 1) I’ (m + r + 1) r(i' + 7’ + 1) 

X (^ + 1 ' + 2r + 1) — ■'/r (/X + */ -f r + 1) — (;/ + r + 1)} 

and 


dv 


[Jy.{z) iz)\ = - log i^z). (^) (z) 


_y r {-yi^zy-''-^^^r(fi-P + 2r+l) 

r = 0 LT* I F (p — V + 7’ + 1) r (/U -f- 7’ + 1) r ( — 1/ + 7* + 1) 

X {‘'p' (/u — V + 2r j- 1) — yjr (fi — V + r + 1) — y/r (— V + r -t 1)} 


n-l 


We divide the last series into two parts, 2 and X . In the former part we 

r=0 r=» 

have 

J™ 1^-^ r^) = - r - 1 ) I, 


* Proc. Loridon Math. Soc. xxv. (1894), p. 66 ; see also Oailler, MSm. de la Soc. de Phya. de 
Oenive, xxxrv. (1902 — 1906), p. 816. 

t Quarterly Journal, xuii. (1912), pp. 78—100. The expansion of Jof*) fb(*) had been given 
previously by Nielsen, Handbuch der Tlieorie der CylUiderfunktionm (Leipzig, 1904), p. 21. 
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while in the latter part there is no undetermined form to be evaluated. When 
r is replaced in this part by w + it is seen that 


( 1 ) 


_ ^ --w-fr+l)r(a — r~l) ! 

r!r(/4 + r + l) 


>•-0 


I (-)*• (/a + n + r + IX 

y-o r!(n + r)ir(/A + r + l) 

X {2 log (^«) + (/t + n + 2r + 1) 

— (/i. + w + 7’ + 1) — + r + 1) 

— '^'(w + r 4- 1) — (t* + 1)}. 

The expression on the right is a continuous function of /a at /i == vi where 
7n=0, 1, 2, and so the series for Tr/m (^) Yn(^) is obtained by replacing 
by on on the right in (1). 

The series for Ym(ji) Yn(z) can be calculated by constructing series for 
j_ 9/i.0v Jfi-m, v-n 

in a similar manner. The details of the analysis, which is extremely laborious, 
have been given by Nicholson, and will not be repeated here. 


6 * 43 . The integral for (js) Jy (z). 


A generalisation of Neumann’s integral (§ 2'6) for Jn^(z) is obtainable by 
applying the formula* 


008 '*+*'+®” 0CO3(fl — v)0d&=: 
Jo 


TT r (/A + V 4* 2771 4" 1) 
2/t+F+27n+l r (/4 4- 771 4- 1) r (v 4- 771 4- 1) 


to the result of § 6*41 ; the integral has this value when tti =* 0, 1, 2, . . . , provided 
that JR (;* 4- v) > — 1. 

It is then evident that 


9 * riw 
Mz)Jyiz)=l X 

■ TT m—0 0 


(— 2l^+»+am Q^^+v+tm Q 

77t! r(/l4- 1/4-7714-1) 


COB(jJi — v)dd0, 


SO that/ when JR (yu. 4- »») > — 1, 

2 y. 

(1) = — I (2^^ cos cos (u — v) ; 

TT J 0 

the change of the order of summation and integration presents no serious 
difficulty. 


* This formula is dae to Oanohy ; for a proof by oontonr integration, see Modern Analyait, 

p. 268. 


ft 
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6*43-6*61] 

If n be a positive integer and jR (^ — n) > — 1, then 
(2) =s J ^_n {^z cos $) cos (/4 + n) 6d6, 

and this formula is also true if fi and n are hoth integers, but are otherwise 
unrestricted. 

Formula (1) waa given by SchlaBi, Maih. Ann. m. (1871), p. 142, when /i±v are both 
integers; the general formula is due to Gegenbauer, Wiener Siteangaherkhte, OXL (2a), 
(1902), p. 667. 


6*6. The escpansion of(^zY+'' as a series of products. 

A natural generalisation of the formulae of Neumann (S 2-7) and Gegenbauer 
(§ 5 ’2) is that 

(1) (**>•*' 

1 {p. + v+l) 

^ ^ (fi + v+2in)r(fj, + v + m) r 

(") w- 

The tormula is true if /j, and v are not negative integers, but the following 
proof applies only if + v + 1 ) > _ 1 . 

From § 5'2 we have 

(a cos + cos 0). 

If we multiply by cos {p-v)0 and integrate, it is clear from § 5*43 that 
— f‘'oo8»+«doos(M-v)fldl9= S + + v + 

JO m-0 m] 

^ (‘®) (^)» 

and the result follows by evaluating the integral on the left j for other values 
of p and V the result may be established by analytic continuation. 

The formula is at once deducible from formulae given by Gegenbauer, Wiener Sitmnga- 
berichte^ Lxxv. (2), (1877), p. 220. 

6*61. LommeVs series of squares of Bessel functions. 

An expansion derived by Lomrael* from the formula 
2vdJj*{z) 

T -J W - x+i (^) 


IS 

so that 


J {z) — % 2 (i/ + 2n ) dJ^ ^.^(z) 
nssfl ^ dz 


2 / dz-\^ (v + 271) . 

* The results of this section will be found in Math. Ann. n. (1870), pp. 682—688 ; xtv. (1878), 
p. 682 ; Milnehener Abh. xv. (1886), pp. 648—649. 
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Hence, by § 6’11 (11), we have 

(1) (e) - (e) Ju {z)] = i (v + 2w) (,z\ 

on taking zero as the lower limit when R{v)>0\ by adding on terms at the 
beginning of the series, it may be seen that the restriction Riy) > 0 is super- 
fluous. 

If we take in turn v = v = |, and add and subtract the results so obtained, 

we have (§ 3’4) . 

(2) “ = 2r + 

' «=o 

(3) i(-)’‘0i+i)J'WW. 

iTT n=0 

while, by taking j^ = 1, we see that 

(4) [J^ (z) + «/i* (i')} = S (2n. 4- 1) t^^n+i (^)* 

Another formula of the same tvpe is derived by differentiating the series 


S €<n (^) » 

« -0 

for it is evident that 

^ S fin J^v^n (z) “ 2 S 6,1 J (z) J v+n {z) 

n»0 w=0 

00 

= 2 Sn >+n {z) {j^+n-i {z) — J ^+n+i (^)} 

«=0 

= Jy {Z) {iT (?) + J (^)} 


= 2v /„* {z)lz, 

and so, when R(v) >0, we obtain a modification of Hansen’s formula (§2*5), 
namely 

00 

(5) 2 en J\+n (z) = 2if (t) — . 

n=0 Jo t 

An important consequence of this formula, namely the value of an upper 
bound for j /„ (a;) [ , will be given in § 13‘42. 


By taking p = ^, it is found that 


2 e„JV^(^) = ^fsin»4* 


}i=0 


and so 


an 

7rJo“‘“ “F 
2 8in®f 
TT i 


r 2 8in®f> 2 f* . 

= r~ +- SI 

j_ 7 r tjo w.iQ 


8in2^ 


dt 


(6) I J-Vi(») = -Si(2*), 

»=0 w 

where, as usual, the s 3 nnbol Si denotes the “sine integral.” This result is given 
by Lommel in the third of the memoirs to which reference has been made. 
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6*6. Continued fraction formulae. 

Expressions for quotients of Bessel functions as continued fractions are 
deducible immediately from the recurrence formula given by §3-2(1); thus, 
if the formula be written 

Jyjz) ^zjv 

^ J {z)l v ' 

J^(z) 

it is at once apparent that 

jJAff i^V{y(y+i)l _lzy{(v + l){v+2)} 

^ 1 _ 1 _ 1 


^^l{(v+ m - l)(y +m)} 
1 

This formula is easily transformed into 


4.1 {z)j{v + m) 


(2) ^ ^ J ^+ni+i (g) 

. J,_,(z) 2 vIz-2(v + 1)Iz- ...- 2{v + m)lz- ' 

These results are true for general values of v; (1) was discovered by 
Bessel* for integral values of v. An equivalent result, due to Schlomilch-f, is 
that, if Q„ {z) = {z)j\\z {z)\, then 


( 3 ) 


Q,{z) = 


1 

v+1 


J/ + 2 — J/ + 3 — 


JiL. 

v + m— 4 


Other formulae, given by LominelJ, are 

(4) f £* . K+m+i ('^) 

Jv(,z) 2(j/ 4- 1) — 2(i/ + 2) — 2 (vq-3) — ... — 2 (v + ?a) — ’ 

(?.\ '^v+^ (^) _ _ 1 J. 2 (v + 1) Z^ zJ if) 

^ ^ JJz) 2(v + l)-2(v + 2)-...-2(i/H-m)- J,^,,,{z) ’ 

The Bessel functions in all these formulae may obviously be replaced by any 
cylinder functions. 

It was assumed by Bessel that, when m-*-co, the last quotient may be 
neglected, so that 


d'ujz) _ {z/p fl \p( V + 1_)J l)(v+2)] 

d »— 1 (^) 1 — i — 1 


* Berliner Abh. (1824), [1820], p. 81, Formula (2) seems not to have been given by the earlier 
writers ; see EncyclopMie dee Sci. Math. u. 28, § 58, p. 217. A slightly different form is used by 
Graf, Ann. di Mat. (2) xxin. (1896), p. 47. 

t Zeitachrift fUr Math, and Phya, u. (1867), p. 142 ; SchlOmiloli considered integral values of 
V only. 

J Studieai Uber die BeaaeVachen Funetionen (Leipzig, 1868), p. 6 ; see also Spitzer, Archiv der 
Math, und Phya. xxx, (1868), p. 882, and Gilnther, Archiv der Math, und Phya. lvi. (1874), 
pp. 292 — 297. 
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, It is not obvious that this assumption is justifiable, though it happens" to 
be so, and a rigorous proof of the expansion of a quotient of Bessel functions 
into an infinite continued firaction will be given in § 9’66 with the help of the 
theory of “ Lommel’s polynomials.” 

[Noth. The reason why the assumption is not obviously correct is that, even though 
the fraction PmiQm tends to a limit as m-^co , it is not necessarily the case that 
tends to that limit ; this may be seen by taking 

The reader will find an elaborate discussfon on the representation of (a) as a 

continued fraction in a memoir* by Perrouj MUnchmer SitsungabericAie, xxxvii. (1907), 
pp, 482M-604; solutions of Eiccati's ^nation, depending on such a representation, have 
been considered by Wilton, Quarterly Journal^ xlvi. (1916), pp. 320 — 323. The connexion 
between continued fractions of the types considered in this section and the relations con- 
necting contiguous hypergeometric functions has been noticed by Heine, Journal fUr 
Math. IjVii, (1860), pp. 231 — 247 and Christoftel, Journal filr Math. LViii. (1861), 
pp. 90—92. 


6*7. Sanserifs expression for Jy{z) as a limit of a hypergeometric function. 
it was stated by Hiansenf that 


( 1 ) 


Um 


(i^y 




/A-*.oo\r {if + 1) 

We shall prove this result for general (complex) values of v and z when \ and 
p tend to infinity through complex values. 

If \ = 1 / 8 , p = l/i;, the (m -f l)th term of the expansion on the right is 




w+SW 


ml m + 1 ) 




n [(1 -I- r8) (1 4- r?;)]. 


This is a continuous function of 8 and tj ; and, if 8^, are arbitrary positive 
numbers (leas than 2 1 z [“i), the series of which it is the (m -f- l)th term con- 
verges uniformly with respect to 8 and 77 whenever both | 8 1 < 80 and j | ^ » 7 o- 
For the term in question is numerically less than the modulus of the (m + 1 )th 
term of the (absolutely convergent) expansion of 


I^(v-b 1) ‘ 0-I^Or ^/Vo'} V + 1', ^C®8o17o)> 

and the uniformity of the convergence follows from the test of Weierstrass. 
Since the convergence is uniform, the sum of the terms is a continuous 


* This memoir is the subjeot of a paper by Nielsen, MUnohener 8iteung$berichte, xxxviii. 
(1908), pp. 85—88, 

t Leipziger Abh. 11 . (1866), p. 252 ; see also a Ealbexstadt dissertation by F. Nenmaim, 1909. 
[Jahrbueh Uber die Fortaohritte der Math. 1909, p. 675.] 
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function of both the valuables (B, tj) at (0, 0), and so the limit of the series is 
the sum of the limits of the individual terms; that is to say 


lim ^-7- =-r 

o\ f (v + 1) 


.Kfl I- „+i. 

vS’i;’ ’ 4 / m_omir(v + m + l)* 


and this is the result stated. 


6*71. Bessel f motions as limits of Legendre functions. 

It is well known that solutions of Laplace’s equation, which are analytic 
near the origin and which are appropriate for the discussion of physical 
problems connected with a sphere, may be conveniently expressed as linear 
combinations of functions of the type 

r^Pn (cos 6), r^Pn”^ (cos 0) m cfy ; 

these are normal solutions of Laplace’s equation when referred to polar 
coordinates (?*, 6, (f>). 

Now consider the nature of the structure of- spheres, cones and planes 
associated with polar coordinates in a region of space at a great distance from 
the origin near the axis of harmonics. The spheres approximate to planes and 
the cones approximate to cylinders, and the structure resembles the structure 
associated with cylindrical-polar coordinates ; and normal solutions of Laplace’s 
equation referred to such coordinates are of the form (§ 4*8) 

(kp) m(f>. 

It is therefore to be expected that, when r and n are large* while 0 is small 
in such a way that r sin 0 (i.e. p) remains bounded, the Legendre function 
should approximate to a Bessel function; in other words, we must expect 
Bessel functions to be expressible as limits of Legendre functions. 

The actual formulae by which Bessel functions are so expressed are, in 
effect, special cases of Hansen’s limit. 

The most important formula of this type is 

(1) lim P,i (^cos -] = Jo (z). 

This result, which seems to have been known to Neumannt in 1862, has been investi- 
gated by Mehlor, Journal fUr Math. Lxviii. (1868), p. 140; Math. Ann. v. (1872), pp. 136, 
141 — 144 j Heine, Journal filr Math. LXix. (1869), p. 130; Rayleigh, Proc. London Math. 
Soc. IX. (1878), pp. 61 — 64 ; Proc, Royal Soc. xoii. A, (1916), pp. 433 — 437 [Soientific Papers, 
I. (1899), pp. 338 — 341 ; vi, (1920), pp. 393—397]; and Giuliani, Oioi'n. di Mat. xxil. (1884), 
pp. 236 — 239. The result hsw been extended to generalised Legendre functions by Heine 
and Rayleigh. 

It has usually been assumed that n tends to infinity through integral 
values in proving (1); but it is easier to prove it when n tends to infinity as 
a continuous real variable. 

* If n were not large, the approximate formula for (cos (?) would be (8in»"S)/»»l. 

+ Cf. Journal filr Math. Lxn. (1868), pp. 86 — 49. 
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We take Murphy’s formula 

Pn (cos zjn) = a-^i (“ w, H + 1 ; 1 ; sin® ^zjn) ; 
and the reasoning of the preceding section is applicable with the slight 
modification that we use the inequality 

I sin Qizjn) j ^ f | (zfn) |, 


when I ^ I ^ 2 I w I , and then we can cornpare the two series 


iFi{—n,n-\rl] 1 ; sin* 


iF I (1/^0 J 1/^# + 1 j 1 } ■^^0* i |*)> 


where So is an arbitrary positive number less than ^\z\~^ dnd the comparison 
is made when | n | > l/8o. The details of the proof may now be left to the reader. 

When n is restricted to be a positive integer, the series for (cos z/n) 
terminates, and it is convenient to appeal to Tannery’s theorem * to complete 
the proof, This fact was first noticed by Giuliani ; the earlier writers took for 
granted the pennissibility of the passage to the limit. 

In the case of generalised Legendre functions (of unrestricted order m), 
the definition depends on whether the argument of the functions is between 
+ 1 and — 1 or not \ for real values of to (between 0 and tt) we have 


so that 


P — m 
n 



tan”* (itxfn) 

r(m4-l) 


2 Pi(— n, n + 1; t/i + I; sin* ^ x/n), 


(2) 


lim (cos (x), 

« -» 00 V n^J 


but otherwise, we have 


P.-»(oosh?) 
so that 

(3) 


+ + - sinh* | z/n), 

lim ri^Pn~^ (cosh ^ (z). 


The corresponding formula for functions of the second kind may be deduced 
from the equation which expresses! Q„”* in terms of P„”* and P„-”* ; it is 
" n~”* sin nir ^ , z\ 

.o,L8m(m + n)7r ^ \ nj 


(4) 


lim 




This formula has been given (with a different notation) by HeineJ; it. is most 
easily proved by substituting the integral of Laplace’s type for the Legendre 
function, proceeding to the limit and using formula (6) of § 6'22. 


* Of. Bromwioh, Theory of Infinite Series, § 49. 

+ Of. Barnea; Quarterly Journal, xxux (1908), p. 109 ; the equation is 


in 


2r (-m-n) 


sin mrr sin nr 




p — m 


p m 


r(l-jBTn) 'T(l + nH-w) 


Barnes’ notation, vrbioh is adopted in this work. 
t Journal filr Math. Lxa. (1868), p. 181. 
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6-72] 

Another formula, slightly different from those just discussed, is 

( 5 ) = 

this is due to Laurent*, and it may be proved by using the second of Murphy’s 
formulae, namely 

Pn (cos 6) = cos” ^ ^ (— n, n ; 1 ; — tan^* ^ B). 

[Note. The existence of the formulae of this section must be emphasized because it 
used to be generally believed that there was no connexion between Legendre functions and 
Bessel functions. Thus it was stated by Todhunter in his ElemerUary Treatise on Laplace^ a 
Fv/nctions^ Latm/'s Functions and BesseVs Functions (London, 1876), p. vi, that “these 
[i.e. Bessel functionsj are not connected with the main subject of this book.”] 


6 •72. Integrals associated with Mehler's formula. 

A completely different method of establishing the formulae of the last 
section was given by Mehler and also, later, by Rayleigh ; this method depends 
on a use of Laplace’s integral, thus 


Since 

uniformly as n 


Pn (cos 6) (cos B + i sin 6 cos d)” 

rr , Q 


1 T" 

— g»log(ooafl-|-i‘ain«cos^) 

n log (cos {zjn) +• i sin {zjn) cos (jb) iz cos 
00 when 0 ^ < tt, we have at once 

lim Pn (cos zfn) = -- T d(f) = (z). 

n-*-oo 


Heine 'I' and de Ball+ have made similar passages to the limit with integrals 
of Laplace’s type for Legendre functions. In this way Heine has defined 
Bessel functions of the second and third kinds; reference will be made to his 
results in § 6-22 when we deal with integral representations of Y^{z). 


Mehler has also given a proof of his formula by using the Mehler- Di rich let integral 
p fco8d)=- 

n (COS 0) ^ ^ . 

If n<f)=ylr, it may bo shewn that 

J . 2 /■» cos 

A(ooa.W-- 

but the passage to the limit presents some little difficulty because the integral is an im- 
proper integral. 

Various formulae have been given recently which exhibit the way in which 


* Journal de Math. (3) i. (1876), pp. 884 — 886; the formula actually giveh by Laurent is 
erioneous on account of an arithmetical error. 

t Journal fUr Math. lxix. [1868), p. 181. See also Sharpe, Quarterly Journal^ xxiv, (1890), 

pp. 888—886. 

X Aair. Nach. cxxviii. (1891), col. 1—4. 
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the Legendre function approaches its limit as its degree tends to infinity. 
Thus, a formal expansion due to Macdonald* is 

(1) P«-«(oosd) 

» (n + (cos [Jn. (a;) 

+ sin* (®) ■” *^tn+2 («) + J m+i (a;)} + ...], 

where k * (2n + 1) sin \B, 

Other formulae, which exhibit an upper limit for the error due to replacing 
a Legendre function of large degree by a Bessel function, aref 

(2) P„ (cos 17) ± t-TT"^ Qn (cos 17) 

*» ^(8605 17) . 1(71, + J) tan 1)] ± lYo {(w + -J-) tan 17}] 

4 ( 9 iV(secT/) 

TT {P (n) + ’ 

(8) P.(eo,hf) = (3^)*/.(„t)+i^^f. 

( 4 ) Qn (cosh f) = « V(sech ^ . Po {(« + i) tanh 

§d,V(Bech^).e-(»+*)^ 

R (71) + J 

where, in ( 2 ), 0 ^ 77 < ^tt, and, in ( 3 ) and ( 4 ), f ^ 0 ; the numbers 6 ^, 6 % are 
less than unity in absolute magnitude, and n may be complex provided that 
its real part is positive. But the proof of these results is too lengthy to be 
given here. 

6 * 73 . The formulae of OlbriohL 

The font that a Bessel function is expressible by Hansen’s formula as a 
limit of a hypergeometric function has led OlbrichtJ to investigate methods 
by which Bessel’s 'equation is expressible as a confluent form of equations 
associated with Biemann’s P-fiinctions. 

If we take the equation 



of which a fundamental system of solutions is the pair of functions 

and compare the equation with the equation defined by the scheme 

a, b, c, 'I 

«» A 7. > 

«, i, ) 

^ Proc. London Math. Soe. (2) j;m. (1914), pp. 220—221 ; some associated results had been 
obtained previously by the same writer, Proc. London Math. Soc. xxxi. (1899), p. 269, 

t Watson, Trans. Oatnb. PhUl Soc. xxsx. (19i8), pp. 277—808; Messenger, XLvn. (1918), 

pp. 161 — ^160. 

t IVooo Aeta Oaes.-Leqp.-Acad. (Halle), 1888, pp. 1—48. 
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namely 

ds^ 


- « - , 1 - , l-y- y' 


[ z — a 


+ — + 

z — b z — c 


dz 


(g ~ 6 ) (g - c) fi/ 3 ' (6 - c)(h -> g) ^ 77' (c- a)(c - h) 


z — b 


+ 


— 0 


y 


=0. 


{z a) {zr- b) {z — c) 

we see that the latter reduces to the former if 

g = 0, o = » — /i,, a' = — V — 

while b, 0, j8, /S', 7, y* tend to infinity in such a way that 13 + ^ and 7 + 7' 
remain finite (their sum being 2/* + 1) while /9/8' = 77' = and 6 + 0 = 0. 

We thus obtain the scheme 


2 i^, - 2 %^, 


lim P. 

p-^aa 


/ 3 , 


7 > 

/ 

7. 


I- 1/ - /t, 

where 7, 7' = /i + 1 ± + i)® + ^}. 

Another similar scheme is 

r 0, t/ 3 , 

lim P j V- fi, 

Uv-tz, -A 

with the same values of 7 and 7' as before. 

A scheme for {z) derived directly from Hansen’s formula is 
f 0, 00 , -4o/8, 

a.-\v, 0, «®y. 


7> 

7 '» 


lim P. 


C^«o) ^-\v, V+l-a-/9. 

Olbricht has given other schemes but they are of no great importance and 
those which have now been constructed will be sufficient examples. 

Noth. It has been observed by Haentzsohel, Zeitaohrift filr Maik. md Phy». xxxi. 
(1886), p. 31, that the equation 

whose solution (§ 4‘3) is (Aw), may be derived by confluence from Lamp’s equation 

|f=[(->-i)(P (»)-«.} 

when the invariants ya and of the Weierstrassian elliptic function are made to tend to 
zero. 



CHAPTER VI 


INTEGRAL EEPRESENTATIONS OF BESSEL FUNCTIONS 

6*1. Generalisations of Poisson* s integral. 

In this chapter we shall study various contour integrals associated with 
Poisson’s integral (§§ 2'S, 3‘3) and Bessel’s integral (§ 2'2). By suitable choices 
of the contour of integration, large numbers of elegant formulae can be obtained 
which express Bessel functions as definite integrals. The contour integrals will 
also be applied in Chapters vii and viii to obtain approximate formulae and 
asymptotic expansions for /„ (z) when it or j/ is large. 

It happens that the applications of Poisson’s integral are of a more 
elementary character than the applications of Bessel’s integral, and accordingly 
we shall now study integrals of Poisson’s type, deferring the study of integrals 
of Bessel’s type to § 6‘2. The investigation of generalisations of Poisson’s 
integral which we shall now give is due in substance to Hankel *. 

The simplest of the formulae of § 3‘3 is § 3‘3 (4), since this formula contains 
a single exponential under the integral sign, while the other formulae contain 
circular functions, which are expressible in terms of two exponentials. We 
shall therefore examine the circumstances in which contour integrals of the type 

J a 

are solutions of Bessel’s equation; it is supposed that T is & function of t but 
not of z, and that the end-points, a and b, are complex numbers independent 

z. 

The result of operating on the integral with Bessel’s differential operator 
V,, defined in § 3'1, is as follows: 



Tdt 

a 



i ^ + (2j/ -h 1) iz''+^ Ttdt 

Qizt T iV+i gizi + 1) Tt-j^{T(t^ - 1)) 


dt, 


* Math. Ann. i. {1869}, pp. 478 — 485. The disouBsibn of the oorresponding integrals for Iv(z) 
and Kv(z) is due to SohlSfli, Ann. di Mat. (2) i. (1808), pp. 232—242, though Sohlafli’s results 
are expressed in the notation explained in § 4-16. The integrals have also been examined in great 
detail by Qxxblev, ZUrleh Vierteljahrssclirifi, xixni. (1888), pp. 147-172, and, from the aspect of 
the theory of the linear differential equations which they satisfy, by Graf, Math. Ann. xlv. (1894), 
pp. 286 — 262 ; nvi. (1908), pp. '482 — 444. See also de la Vall6e Poussin, Ann. de la Soc. Sci. de 
Bruxelles, xxix. (1006), pp. 140—148. 
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by a partial integration. Accordingly we obtain a solution of Bessel’s equation 
if T, a, b are so chosen that 

- 1)} =^{iv + 1) Tt, \e^ -1)1= 0. 

dt . L J a 

The former of these equations shews that T is a constant multiple of 
(f— I)""!, and the latter shews that we may choose the path of integration, 
either so that it is a closed circuit such that — 1)*'+! returns to its 
initial value after t has described the circuit, or so that I)’''*'* vanishes 

at each limit. 

A contour of the first type is a figure-of-eight passing round the point 
t — 1 counter-clockwise and round f = — 1 clockwise. And, if we suppose 
temporarily that the real part of z is positive, a contour of the second type is 
one which starts from + ooi and returns there after encircling both the points 
— 1, 1 counter-clockwise (Fig. 1 and Fig. 2). If we take a, h = ± 1, it is 



Fig. 2. 


necessary to suppose that 7t(7/+|)>0, and we merely obtain Poisson’s 
integral. 

To make the many-valued function (t* — 1)"“* definite*, we take the phases 
of i — 1 and i + 1 to vanish at the point A where the contours cross the real 
axis on the right of i= 1. 

We therefore proceed to examine the contour integrals 

. /■(!+. - 1 -) /■(- 1 +, 1 +) . 

gizt z* - 1 )>'-* dt 

Ja J +<x>i 

* It is supposed that » has not one of the values i. ^ ; for then the integrands are analytic 
at ±1, and both integrals vanish, by Cauchy’s theorem. 


w. u. If. 


11 
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It is to be observed that, when R (e) > 0, both integrals are convergent, 
and differentiations under the integral sign are permissible. Also, both 
integrals are analytic functions of v for all values of v. 

In order to express the first integral in terms of Bessel functions, we 
expand the integrand in powers of z, the resulting series being uniformly 
convergent with respect to t on the contour. It follows that 


’a+.-i-) 


i»«=0 


00 «m »v+m /■(1+, -1-) 


r 


(f - ly-^ dt. 


'A • m=0 W! 

Now (t® — I)""* is an even or an odd function of t according as m is even 

or odd; and so, taking the contour to be symmetrical with respect to the origin, 
we see that the alternate terms of the series on the right vanish, and we are 
then left with the equation 
"( 1 +,-!-) 


■/ 


. Of r(n-) 

2 sV --- t^”^(t^-iy-idt 

/ m-o (2m)! Jo ^ 

« /•(!+) 


2 

m-O 


(2m) I 


‘ r 

Jo 


L”*-i(u— iy~idic, 


on writing t = tju] in the last integral the phases of u and m — 1 vanish when 
w is on the real axis on the right of u = 1. 

To evaluate the integrals on the right, we assume temporarily that 
R(v + ^)>0; the, contour may then be deformed into the straight line 
from 0 to 1 taken twice; on the first part, going from 0 to 1, we have 

1 “ (1 — ■**) and on the second part, returning from 1 to 0, we have 
w ~ I = (1 — w) e'^, where, in each case, the phase of 1 — u is zero. 

We thus get 

r(i+) n 

M«-^(tt-l)''-icZu = fe-t’’-4)«-e(’'-i)>^} / u”'-i(l-uy-idu 

r'(m + i)r(i; + A) 

= 2l cos VTT ■ V. . 

-Til. (^ + I' "f" 1 ) 

Now both sides of the equation 

^ 2l COS VTT £(! ? + ^) ^ (»^ + j) 

r(m + i/ + l) 

are an^ytic fr notions of v for all values of v; and so, by the general theory of 
analytic continuation*, this result, which has been proved when R(v + ^) >0, 
persists for all values of v. 

* Modern Analysis, § 5-6. Tbe reader will also find it possible to obtain the result, when 

it (v + i) <0, by repeatedly using the recurrence formula 


f 

J 0 


nxuuu xo uutained by integrating the formula 

the integral is then expressed in terms of an integral of the same type in which the exponent of 
« - 1 has a positive real part. ' 



rtfTEGBAL RBPEESBNTATIONS 


163 


Hence, for all* values of v, 

Ja ^ (2m)! r (»;+?« + 1) 

=* 2‘'+H‘ r (^) r (v 4- cos VTT . Jp (z). 

Therefore, if v + ^ is not a positive integer, 

and this is Hankel’s generalisation of Poisson’s integral. 

Next let us consider the second type of contour. Take the contour to lie 
wholly outside the circle l^ | = 1, and then (i®— 1)*'“^ is expansible in a series 
of descending powers of t, uniformly convergent on the contour; thus we have 




rg-iz+m) 


and in the series the phase of t lies between — fir and + ^-tt. 

Assumingf the pennissibilitj' of integrating term -by- terra, we have 

J to i — 0 1 P (t J 00 i 


(- 1 +. 1 +) 


f<0+) 

g~u7ri j g-« 

J 00 HXI ) ia 


where a is the phase of z (between + ^tt); and, by a well-known formula^, the 
last integral equals - 27n/r (2f?i — 2v + 1). 

Hence 

J oof in -0 mil - v) r (2m - +• 1 ) 

2*'+^ TT'i r( A) r / V 

when we use the duplication forinula§ to express P (27?t — 2y + 1) in terms of 
r (I — 1 / + m) and F (— i/ + vi -f 1). 

* If V - ^ is a negative integer, the Bim])luHt way of evaluating the integral iu to oalutilutu the 
residue of the integrand at u=:l. 

t To justify the term-by-term integration, observe that j ^ | e*“^dl | is convergent ; lot 

J 00 i 

its value be A'. Since the expansion of converges uniformly, it follows that, when wo 

are given a positive number e, we cau find an integer Mo independent of t, such that the remainder 
after M terms of the expansion does not exceed e/A in absolute valuo when ilZ > JI/o. Wo then 
have at once 

/•(-!+. 1+) I 

Jooi ^ 1 

ctK-^ =e, 

J eoi 

and the required result follows from the definition of the sum of an infinite aeries. 

X Cf. Modem AnalytU, § ia'22. § Of. Modem Analytie, § 12'lu. 

11—2 
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( 2 ) 


Thus, when B(z)>0 and v + is not a positive integer, 

■(-i+,i+) 

2«r® 

This equation was also obtained by HankeL 
Next consider 

J aoiexp{-iti)) 

where a> is an acute angle, positive or negative. This integral defines a function 
of z which is analytic when 

— ^ + ftX arg 5 < ^ + «; 

and, if z is subject to the further condition that ] arg^ 1 < the contour can 
be deformed into the second of the two contours just considered. Hence the 
analytic continuation of can be defined by the new integral over an 

extended range of values of arg z; so that we have 


( 3 ) 


zm 1 j cDi exp(-tw) 


. where arg z has any value between — •Jtt + q> and + to. 

By giving to a suitable value*, we can obtain a representation of (z) 
for any assigned value of arg z between — tt and tt. 

When B(s)>0 and i2 ( 1 /+;^) >0 we may take the contour to be that shewn in Fig. 3, 



in which it is supposed that the radii of the circles are ultimately made indefinitely small. 
By taking each straight line in the contour separately, we get 






dt 


27rtr(i) L;- 

+ J° «'<(»'-*) (1 - dt 

+ (1 - dt ^ . 

* If 1 u I be increased in a series of stages to an appropriate value (greater than ^t), a repre- 
sentation oi J-v (z) valid for any preassigned value of arg s may be obtained. 
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On bisecting the third path of int^atiou and replacing t in the various integrals by 
— t, ±t^ t, it respectively, we obtain a formula for J^v{z), due to Gubler*', which corre- 
sponds to Poisson’s integral for (z ) ; the formula is 

(4) J _ y (g) = + 1) r~( dt+ J^GOS (zt + vrr). (1-i^y-i^ dt^, 

and, if this be combined with Poisson’s integi’al, it is found that 

(5) n W”r(„+|fr (4) [/,' ““ • (1 -0-* dt - j\-« , 

a fomaula which was also discovered by Gubler, though it had been previously stated by 
Weber t in the case of integral values of v. 

After what has gone before the reader should have no difficulty in obtaining a formula 
closely connected with (1), namely 


(6) 


(ft) . dt. 


in which it is supposed that the phase of vanishes when t is on the real axis on the 
right of i = L 


6*11. Modifications of HankeVs contour integrals. 

Taking R{z) > 0, let us modify the two contours of § 6'1 into the contours 
shewn in Figs. 4 and 5 respectivol3^ 




By making those portions of the contoui's which are parallel to the real 

* Zurich Vierteljahrsschrift, xxxiir, (1888), p. 159. Sec also Graf, ZeiUchrift filr Math, and 
Phya. xxxvni. (1898), p. 116. 

t Journal fiir Math, lxxvi. (1873), p. 9. Of. Hayasbi, Nyt Tidaakrift far Math. xxnr. u, (191;!), 
pp. 86 — 90. The formula was examined in the case >>=0 by Bsohorioh, Monatahefte/iir Math, 
and Phya. m. (1892), pp. 142, 234. 
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axis move off to infinity (so that the integrals along them tend to zero), we 
obtain the two following formulae: 




r VAX/ • /■ 

X 1 )""^ dt + {t^ - I)”-* dt 

_J l+«>< J -l+ooi 


< 1 +) 


(- 1 -) 


(2) 27rtr(i) 


" rd+> r{-i+) 1 

gfet (tP _ ^ gizt _ i)v- J ^ 

l+ooi J —l+ooi _ 


In the first result the many-valued functions are to be interpreted by taking 
the phase of t^—1 to be 0 at jI and to be +'7r at B, while in the second the 
phase of t® — 1 is 0 at and is —ir at B. 

To avoid confusion it is desirable to have the phase of — 1 interpreted 
in the same way in both formulae; and when it is supposed that the phase of 
— 1 is + TT at fi, the formula (1) is of course unaltered, while (2) is replaced by 




f(i+) r{-i-) 1 

X e^{t^-iy-^dt+e-'’'^\ e^{t^ dt . 

„ ■ J 1+00* J -l+ooi 


In the last of these integrals, the direction of the contour has been reversed 
and the alteration in the convention determining the phase of — 1 has 
necessitated the insertion of the factor 

On comparing equations (1) and (3) with § 3'61 equations (1) and (2), we 
see that 


(4) 

(5) 




unless V is an integer, in which case equations (1) and (3) are not independent. 

W e can, however, obtain (4) and (6) in the case when p has an integral 
value (n), from a consideration of the fact that all the functions involved are 
continuous functions of v neM vw n. Thus 

(^) •= {^) 


r(i) 

T'(i-n).(yy p) 

and similarly for (z). 


r(i+) . 

= ^ - -- - 1 e^(t‘-iy-i 

>’-►» ii) J i+coi 

7nT(i) 


l+ooi 


l+ooi 


dt 
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As in the corresponding analysis of § 6*1, the ranges of validity of (4) and 
(6) may be extended by swinging round the contours and using the theory of 
analytic continuation. 


Thus, if — Itt < o) < f -TT, we have 

^ ^2^ • oof oxp(— *<o) 


while, if — I TT < <y< ^tt, we have 

• TTl 1 \j^) coiexp (— f(i)} 

provided that, in both (6) and (7), the phase of 2 lies between — |7r + o) and 
Jtt + to. 


Representations are thus obtained of {z) when arg z has any value 
between — tt and 27r, and of (z) when arg z has any value between 
— 2'jr and tt. 


If o) bo increased beyond the limits stated, it is necessary to make the contours coil 
round the singular points of the integrand, and numerical errors are liable to occw 
in the interpretation of the integrals unless great oare is taken. Weber, however, has 
adopted this procedure. Math. Ann. xxxvii. (1890), pp. 411 — 412, to detennine the for- 
mulae of § 3 ‘62 connecting J 7 „( 0 (- 2 ), with //,,0)(s), 

Note. The formula 2iT„ (2)=ir,,<0(s)~jSr„(*)(if) makes it possible to express T„(e)in 
terms of loop integrals, and iii this manner Hankel obtained the series of § 3'f)2 for 
Yb( 2); this investigation will not be repnxiuoed in view of the greater simplicity of 
Hankel’s other method which has been described in § 3-62. 


6 ' 12 . Integral representations of functions of the third kind. 

In the formula § 6T1 (6) suppose that the phase of z has any given value 
between — tt and 27r, and define fd by the equation 

arg z = to -\r 

so that — ^TT < < ^TT. 

Then we shall write 

^ — 1 = z~^ (- u), 

so that the phase of — u increases from — tt + /? to tt + as ^ describes the 
contour ; and it follows immediately that 

o'T'’ (l _ wl gito-W-i"") f{o+) / iu\''~^ , 

(1) F.O) (z) = (- uy-i ( l-H ^ ) du, 

where the phase of 1 •+• ^iujz has its principal value. A^in, if /3 be a given 
acute angle (positive or negative), this formula affords a representation of 
(z) valid over the sector of the ^-plane in which 

- ^TT + /3 < arg z < ^TT + 





v~i 


du, 
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Similarly*, from § 611 (7), 

^ ^ ’T v'(2'7r«) J ' 

wliere yS is any acute angle (positive or negative) and 

- f TT + )8 < arg £( < ^TT + 

Sincef, by § 3*61 (7), JSLp^^^ (z) = (z), it follows that we lose nothing 

by restricting v so that E(v+^)>0’, and it is th6n permissible to deform 
the contours into the line joining the origin to oo expi^S, taken twice; for the 
integrals taken round a small circle (with centre at the origin) tend to zero 
with the radius of the circle^. 

On deforming the contour of (1) in the specified manner, we find that 


( 3 ) 




/ 2 rooeipia 

w=y Tw/„ 








du, 


^TTz) r(j/4-i-) Jo " “ V* ' 2W 
where ^ may be any acute angle (positive or negative) and 
C*' + i) > 0, - Itt + ^ < arg ^ < f TT + 

In like manner, from (2), 

. / 2 \i fooeipii3 / 

w w = (^) Vot L (' -i) 

where /3 may be any acute angle (positive or negative) and 
jB (v + 1) > 0, — I TT + /Q < arg if < Itt + /3. 

The results (3) and (4) have not yet been proved when 2v is an odd positive integer. 
But in view of the continuity near of the functions involved (where ?i=0, 1, 2, ...) 

it follows, as in the somewhat similar work of § 6*11, that (3) and (4) are true when v = 

I, . . . . The results may also be obtained for such values of v by expanding the integrands 
in terminating series of descending poweM of z, and integrating term*by- term; the formulae 
so obtained are easily reconciled with the equations of § 3*4. 

The general formulae (3) and (4) are of fundamental importance in the 
discussion of asymptotic expansions of J±v{z) for large values of \z\. These 
applications of the formulae will be dealt with in Chapter vii. 

A useful modification of the formulae is due to Schafheitlin§. If we take 
arg 0 = /9 (so that arg z, is restricted to be an acute angle), and then write 
u = 2z cot 0, it follows that 


(6) ir»(*)= 


2v+l jgV 

ir{,-+i)r(i).l„ 


fl' COS *"■* 6 . e***"*^^®) 


sinih'+i^ 


KOOtfl 


de, 


/R\ Tr(a\/»\ fi»^cos’'-4(9.e-<(*-''®+ifl> 

(6) 

* To obtain this formula, write 
t There seems to be no simple direct proof that 


izootd 


dd, 


is an even funotion of v. 

j; Gf. Modem Analysis, § 12*22 


r (i - .') «-« { - ur-i (i + 

J ooexptf \ 


du 


% Journal fUr Math, joxrv. (1894), pp. 81 44. 
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(7) 


2’'+^ z'> cos*'"^ 0 . sin (z — v0-h \ff) 


r(i/+i)r0j„ 


sin®^+^ 6 




(8) F,(^) = 


2'?+i z* [ i"" co8‘'“* 6 . cos {z — vO + \d) 


r(i^ + i)r(|) 'o 


sin 


aii+i 0 




These formulae, which are of course valid only when R{v + ^)>0, were 
applied by Schafheitlin to obtain properties of the zeros of Bessel functions 
(§§ 15‘32-^15*35). They were, obtained by him from the consideration that the 
expressions on the right are solutions of Bessel’s equation which behave in the 
appropriate manner near the origin. 

The integral f (l + u)'^~i du, which is reducible to integrals of the types 

Jo , 

occurring in (3) and (4) when n — v, has bean studied in some detail by Nielsen, Math. Ann. 
Lix. (1904), pp. 89—102. 

The integrals of this section are also discussed from the aspect of the theory of asymp- 
totic solutions of differential equations by Brajtzew, Warachau Polyt. Inst. Naoh. 1902, 
nos. 1, 2 [Jahrhuch Uber die Fortschritte deft' Math. 1903, pp. 676 — 677]. 


6’ 13. The gener alised Mehler-Sonine integrals. 

Some elegant definite integrals maybe obtained to represent Bessel functions 
of a positive variable of a suitably restricted order. To construct them, observe 
that, when z is positive (= a*) and the real part of v ts less than it is per- 
missible to take 0 ) = Itt in § (jTl (6) and to take o) = — in § 611 (7), so 
that the contours are those shewn in Fig. 6. When, in addition, the real part 
of V is greater than — it is permissible to deform the contours (after the 
manner of §6‘12) so that the first contour consists of the real axis from + 1 
to -f 00 taken twice while the second contour consists of the real axis from 
— 1 to - 00 taken twice. 



Pig. 6. 


We thus obtain the formulae 

'rril .'1 

(«) = (1 _ - i)-i dt, 

7^^1 (i) .>1 

the second being derived from § 6*11 (7) by replacing ^ by — 
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In these formulae replace v — v and use the transformation formulae 
given by § 3*61 (7). It follows that, when a? > 0 and — J (i/) < I-, then 


( 1 ) 

( 2 ) 

so that 

( 3 ) 

(4) 


2 r e^dt 

r I ^ ^ lyH « 

rr,.,.. 2 r e-^^dt 

r / s _ 2 r* sin (wt) . dt 

y f K 2 r® cos (ici) . di 

w - r(i-./)r(i).(f^ I, (c-ir‘‘ ■ 


Of these results, (3) was given by Mehler, Math. Awn. v. (1872), p. 142, in the special 
case v-0, while Sonine, Math. Ann. xvi. (1880),,p. 39, gave both (3) and (4) in the same 
special case. Other generahsations of the Mehler-Sonine integrals will be given in §• 6*21, 

6 ‘14. Synibolio formulae due to Hargreave and Macdonald. 

When j® (e) > 0 and R (v +§) > 0, it is evident from formula § 6'11 (6) that 

where the phase of 1 — lies between 0 and -iv. 

If J) denotes (d/de) and / is any polynomial, then 

* and so, when v 4-i *»' <* potitive integer^ we have 

J l+Ml 


jSv<‘K«)« 


r(v+J)r(^) 

.—JMy 

r(^+i)r(i) 


(i + i)»)«'-i| 


e^dt 




l+<ci 

Bim-icosz 


r(v+i)r(i) ’ ' 

When is not a positive integer, the last expression may be regarded as a symbolic 
representation of («), on the understanding that/(j9) (e^^/z) is to be interpreted as 

'• f b*^f(it)dt. 


Consequently 

( 1 ) 

and similarly 
( 2 ) 
so that 

(3) 

(4) 


J ±l+«oi 

i.¥f 


sins-toos j! 


/J,M» 

Jy(zy 






JMt 


r(v+i)r(i) 


(l + ZJ^)”-* 


C0S5 
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The series obtained from (4) by expanding in ascending ix)wers of J) does not oonvei^ 
unless it terminates; the series obtained in a similar manner from (3) converges only 
when R{v)>\. 

The expressions on the right of (3) and (4), with constant factors omitted, were given 
by Hargreuve, Phil. Tram, of tho Royal Soc. 1848, p. 36 as solutions of Bessel’s equation. 
The exact formulae are duo to Macdonald, Proe. London Math. Soc. xxix. (1898), p. 114. 

An associated formula, valid for all values of r, is derivable from § 6’11 (4). l(n is any 
positive integer, we see from the equation in question that 

J l+«‘t 

^ ^ + 2 ) 3 )" (p-iy-^~ie^dt, 

"■il J i+»i 


so that 

(S) 


•S"’ W= Wl. 

A similar eqiiation holds for the other function of tho third kind, and so 


(6) 


K W = (1 KW-' K-M). 


This result, proved when R (z) > 0, is easily extended to all values of « by the theory of 
analytic continuation; it was discovered by Sonino, Math. Ann. xvi. (1880), p. 66, when 
i/ = ?j,.and used by Steinthal, Quarterly Journal, xviii. (1882), p. 338 when i» = n+^; in the 
case when v = the result was given slightly earlier (without the use of the notation 
of Bessel functions) by Glaisher, Proc. Camh. Phil. Soc. ill. (1880), pp. 269—271. A proof 
based on arguments of a physical character hjis been given by Havelock, Proa. London 
Math. Soc. (2) n. (1904), pp. 124—125. 

6*16. Schldfli's* integrals of Poissons type for Iv{z) and Ky{z). 

If we take co = ^tt in § 6*1 (3) and then replace z by iz, we find that, when 

and the phase of — 1 at the point where t crosses the negative real axis is — 27r. 






4 


Pig. 7. 


If we take jR (v + ^) > 0 to secure convergence, the path of integration 
may be taken to be the contour of Fig. 7, in which the radii of the circles 
may be made to tend to zero. We thus find the formulhf 

I-.0) 1^(1 -^) [%-«(<•- 

+ i (e"”" + er^) I (1 - «")■"* dt \ , 

* Ann. di Mat. (2) i. (1868), pp. 239—241. Schllifli obtained the results (1) and (2) directly 
by the method of § 6*1. t Of. Serret, Journal de Math, ix, 1(1844), p. 204, 
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in which the phases of — 1 and of 1 — are both zero. Now, from § 3’7l (9), 
we have 

(2) • 4 {z) = r(i/+\)r(f) f _ ~ 

and so 


( 8 ) j_, w - 1 , {z) = 1 y« ((" - 1 )-* dt. 

that is to say* 

( 4 ) E, (z) = JV" (f - 1 )'-* dt, 


whence we obtain the formula 


(6) {z) = sinh»>'(9dl9, 

a result set by Hobson as a problem in the Mathematical Tripos, 1898. The 
formulae are all valid when jB(v + ^)>0 and |arg^|<^7r. The retwler will 
find it instructive to obtain (4) directly from § 6T1 (6). 


6*16. Basset’s integral for Ky {ccz). 


When X is positive and .e is a complex number subject to the condition 
I arg z { < ^TT, the integral for if {xze^'^) derived from § 611 (6) may be written 
in the form 


if ixze^-^) = 




/: 


j+=o(i*-l)-+i' 

Now, when J2(v)^ — ^, .the integral, taken round arcs of a circle from p to 
p Q±iTd~iasrgz^ tends to zero as p oo , by Jordan’s lemma. Hence, by Cauchy’s 
theorem, the path of integration may be opened out until it becomes the line 
on which R (zt) = 0. If then we write zt = iu, the phase of — — 1 is — tt 

at the origin in the it-plane. 

It then follows from § 3‘7 (8) that 

Ky(xz) — {xze^’^) 


e-*"* r (i/ + ^) . ij^xz)-'' r-**/* e-^ dt 

2r(|) 

r (v + I) . (2^')‘’ p e-^'^du 

2®''r(i) ‘J-co(u^i-zy+i’ 
and so we have Basset’s formula 


( 1 ) 


^ «T(i) 


“ COS XU. du 


0 iu^ + z^y+i’ 

valid when R(v 4- !■) ^ 0, x>0, [ arg z\<\ir The formula was obtained by 
Basset t, for integral values of v only, by regarding Ki{x) as the limit of 


* The integral on the right was examined in the oase v=0 by Eiemann, Ann. der Physik und 
Chemie, (3) xov. (1856), pp. ISO — 139. 

t Proc. Camb. Phil. Soe. vi. (1889), p. 11 ; Eydrotlynamies, n. (Cambridge, 1888), p. 19. 
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6-16, 6*17] 


a Legendre function of the second kind and expressing it by the corresponding 
limit of the integral of Laplace’s type {Modern Analysis, § 16‘33). The formula 


for Kn {ocz) is obtainable by repeated applications of the operator 


A. 

sdz' 


Basset also investigated a similar formula for L {xz), but there is an error 
in his result. 


The integral on the right in (1) was studied by numerous mathematicians before Basset. 
Among these inve.stigators were Poisson (see § 6*32), Journal de VtcoU Polyteclmique, ix. 
(1813), pp. 239—241 ; Catalan; Journal de Math. v. (1840), pp. 110 — 114 (reprinted with 
some corrections, Miiin. de la Soc. R. dcs Sd. de Lilye, (2) xii. (1886), pp. 26 — 31); and 
Sei’ret, Journal de Math. viil. (1843), pp. 20, 21; ix. (1844), pp. 193 — 210; SchlSmilch, 
Analytischen Studien, ii. (Leipzig, 1848), pp. 96 — 97. These writers evaluated the integral 
in finite terms when i/+^ is a positive integer. 

Other writers who must be mentioned are Malmstdn, K. Soenska V. Akad. Handl. LXii. 
(1841), pp. 66 —74 (see 5^ 7‘23) ; Svanberg, Nova Acta Reg. Soc. Sci. Upsala, x. (1832), p. 232 ; 
Leslie Ellis, ITmna. Oamh. Phil. Soc. vni. (1849), pp. 213 — 215 ; Enueper, Math. Awn. vi. 

(1873), pp. 360 — 365 ; Glaisher, Phil. Trans, of the Royal Soc. OLxxir. (1881), pp, 792 

816 ; J. J. Thomson, Quarterly Journal, xvrir. (1882), pp. 377—381 ; Coates, Quarterly 
Jounuil, XX. (1886), pp. 260—260 ; and Oltramare, Comptes Rendua de V Assoc. Frangaise, 
XXIV. (1896), part ii. pp. 167 — 171, 

The last named writer proved by contour integration that 


J 0 {u^ + z^T ~ . (n - 1) ! ‘ V /Jp=i 

(_)n-l7r r e-“P 1 

(n-l)l Ldp”~'(l+jo)'‘J,,=i‘ 

The former of these results may be obtiined by differentiating the e<piation 

cos XU. du 'iTe~'^^'^^ 

Jo u-^+s^p “ 2zjp ^ 

and the latter is then obtiinable by using Lagrange’s expansion. 


6*17. Whittaker s* generalisations of liankel’s integrals. 

Formulae of the type contained in | 3*32 suggest that solutions of Bessel’s 
equation should be constructed in the form 

f Tdt. 

J a 

It may be shewn by the methods of § 6*1 that 

IdT 11'' 

r* f d^T dT 1 

and so the integral is a solution if T is a solution of Legendre’s equation for 
functions of order v~ \ and the values of the integrated part are the same at 
each end of the contour, 

* Proc, London Math. Soc. xxxv. (1908), pp. 198—206. 


e»^Tdt[^ 



174 


THEORY OF BESSEL EUNOTIONS 


[CHAP. VI 


1£ Tloe taken to be the Legendre function (t\ the contour may start 
and end at +ooiexp(— io)), where ® is an acute angle (positive or negative) 
provided that it satisfies the inequalities 

— ^TT + fi>< arg ^ < ^TT + ft). 

If T be taken to be the same contour is possible; but the 

logarithmic singularity of at i = — 1 (when v— J is not an integer) 

makes it impossible to take the line joining — I to 1 as a contour except in 
the special case considered in § 3'32; for a detailed discussion of the integral 
in the general case, see § 10'5. 

We now proceed to take various contours in detail. 

First consider 

(t) dt, 

J aotexp(— iw) 

where the phase of i is zero at the point on the right of i = 1 at which the 
contour crosses the real axis. Take the contour to lie wholly outside the circle 
1*1 = 1 and expand Q^_j(*) in descending powers of t. It is thus found, as in 
the similar analysis of § 6T, that 




J oei exp(— fw) 


(1) 

and therefore 

W i V'J/ J 00 i exp (-{&>) 

If we combine these formulae and use the relation* connecting the two 
kinds of Legendre functions, we find that 


e4(''+4>^ /-(-i+.n-) 

(8) H« (z) = P,.^ (() dt. 

'n-L(i)coav7rJcoiexp(-i^) 


Again, consider 

z^\ e^^Qy^^{t)dt; 

J (oiexp{—iio) 

this is a solution of Bessel’s equation, and, if the contour be taken to lie on the 
right of the line R (<) = a, it is clear that the integral is 0 [z^ exp (— a 1 1)| as 
z-*^ + coi. Hence the integral is a multiple of (a). Similarly by making 
ji — ao i, we find that 

z^l e^^Qy.^{t)dt 

./ ooiexpf— <») 


* Tbe relation, discovered by Sohlafli, is 

K (*) = {Q* (*) - Q -n-i {*) } : 

of. Hobson, PhiL Trans, of tM Royal Soc. onxzzvn. (1896), p. 461. 
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is a multiple of (z). From a consideration of (1) it is then clear that 


(4) 

( 5 ) 




r(i) 


coioxp(-lia) 




(2z)^ r(-i+) 


r(i) 


f 

J CC I 


exp(-iio) 


(0 dt, 


and hence, by§ 3-61 combined with Schlafli’s relation, 


( 6 ) 




(^z)i r{-i+) 


TT F (!■) cos JJTr 
this is also obvious from (3). 


/ 

J aoi 


exp ("Vid) 




The integral which differs from (6) only by encircling the point + 1 instead 
of — 1 is zero since the integrand is analytic inside such a contour. 

In (5) and (6), arg (i + 1 ) vanishes where the contour crosses the real axis 
on the right of - 1, and, in (5), arg (« - 1) is - tt at that point. 


6*2. Generalisations of Bessel’s integral. 

We shall next examine various representations of Bessel ibnctions by a 
system of definite integrals and contour integrals due to Sonine* and 
Schl&flif. The fundamental formula which will be obtained is easily reduced 
to Bessel’s integral in the case of functions whose order is an integer. 

We take Hankel’s well-known generalisation]; of the second Eulorian 
integral 

1 1 /’(«+) 


in which the phase of t increases from - tt to tt as ^ describe.s the contour, and 
then 

„.=o«^!r(v-f W-I- 1) 27ri w! ^ ® 

Consider the function obtained by interchanging the signs of summation 
and integration on the right; it is 


/ 


(«+) 


f 


■‘exp 


This is an analytic tunetion of z for all values of z, and, when expanded in 
ascending powers of z by Maclaurin s thcorciin, the coefficieiil/S may bo obtained 
by differentiating with regard to z under the integral sign and making z zero 
after the differentiations!. Hence 

/■(»+) ( Z'^] “ /'(()+) 


* Mathematical Collection, v. (Moscow, 1870) ; Math. Ann, xvi. (1880), pp. 9—29. 
t Ann. di Mat. (2) v. (1873), p. 204. His memoir, Math. Ann. in. (1871), pp. 184—149, sliould 
also be oonsnlted. In addition, see Graf, Math. Ann. lvi, (1903), pp. 423—482, and Ohessin, /oA/ik 
Hopkins University Circulars, xiv, (1893), pp. 20 — 21. 

t Of. iifodem Analysis, § 12*22. § Of. Modern Analysis, §§ 6*82, 4*44. 
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.and BO we have at once 

( 1 ) 




This result, which was discovered by Schlafli, was rediscovered by Sonine; 
and the latter writer was the first to point out its importance. 

: When I arg ^ 1 < ^tt, we may swing round the contour about the origin until 
it passes to infinity in a direction making an angle argz with the negative 
real axis. 

On writing t = we then, find that, when | arg z | < 

( 0 +) 

'exp 


u~ 


1 

u — 


1 f{C 

( 2 ) , ■■ = 

This form was given in Sonine’s earlier paper (p. 335). 
Again, writing u — we have 

2 /• 00+ iri 


du. 


( 3 ) 


(z) 


g2Btahtt-VW 


StTI J 00— irj 

valid when | arg z | < ^rrr: This is the first of the results , obtained by Schlafli. 

In this formula take the contour to consist of three sides of a rectangle, as 
in Fig. 8, with vertices at oo — tti, — iri, vi and ao + tK. 



If we write tT iri for w on the sides parallel to the real axis and + i6 for ii/ 
on the lines joining 0 to + in', we get Schlafli’ s generalisation of Bessel’s integral 

sin j^TT 


(4) 


1 f” 
n- J 0 


cos (vd - z sm &)dQ — 


g-vt-<!alnht 


valid when ] arg z ] < -^tt. 


If we make -arg ^ ± ^ir, the first integral on the right is continuous and, 
if R (v) > 0, so also is the second, and J„ {z) is known to be continuous. So (4) 
is still true when .sr is a pure imaginary if R{v) is positive. 

The integrals just discussed were examined methodically by Sonine in his 
second memoir; in that memoir he obtained numerous definite integrals by 
appropriate modifications of the contour. For example, if i/rbe an acute angle 
(positive or negative) and if 

— ^'7r + '«^< axgz 
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the contour in (3) may be replaced by one which goes from oo — (w - i to 
X 4- (tt + By taking the contour to be three sides of a rectangle with 
comers at co — (7r — yj/)i, — (w — i, (tt + ■^) %, and x + (tt + i|r) we obtain, 
as a modification of (4), 

^ — yiijt rv 

(6) = j e*‘^“’^®“^cos(y0 — ^cosi^ sin 

TT J 0 

Again, if we take to be an angle between 0 and tt, the contour in (3) may 
be replaced by one which passes from x — 4 i to x + (|7r + yfr) i, and 

so we find that 

1 rW+'l' 

(6) (£:)=:— cos (vff — z sin 0)d0 

J 0 

+ — f sin (g cosh t cos ylr — lvir — jr\lr) dt, 

'ttJ 0 

provided that | arg z | is less than both and tt — yjr. 

When jR(i/) > 0 and z is positive (=a'), we may take^ = 0 in the last 
formula, and get* 

1 rln- 1 /-oo 

(7) (a?) = - I cos {vS — X Bind) d6+ . sin {x cosh t — ^vir) dt. 

Another important formula, derived from (1), is obtained by spreading out 
the contour until it is parallel to the imaginary axis on the right of the origin; 
by Jordan’s lemma this is permissible if R{y)> — 1, and we then obtain thp 
formula 

in which c may have any positive value ; this integral is the bjisis of many of 
Sonine’s investigations. 

Integrals which roscrablo those given in this section are of iuiportanco in the investiga- 
tion of the diffraction of light by a prism; see Garslaw, Pfoc. London Matli. Soo. xxx. 
(1899), pp. 121 — 161 ; W. H. Jackson, Proo. London Math. Soc. (2)i. (1904), pp. 393 — 414; 
Whipple, Froc. London Math. tSoc. (2) xvi. (1917), pp. 94 — 111. 

6*21. Itdegrals which represent functions of the second and third kinds. 

If we substitute Schlafli’s integral § 6*2 (4) for both of the Bessel functions 
on the right of the equation 

F„ (2) cot I/TT — /_„(.?) cosec VTT, 

we find that 

TT Yp {z) = cot VTT I cos (vO — z sin 0) dO — cosec utt [ co8(>‘0 + z sin 0) d0 
Jo Jo 

Jo, Jo 

* Of. Gabler, Math. Ann. xhix. (1897), pp. 688 — 684. 


W. B. F. 


12 
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Beplace ^ by tt — ^ in. the second integral on the right, and it is found on re- 
duction that 

(1) F„ («) = —[ sin (z sin 6 — v6) d0—-[ (e”* -f- e~''* cos jnr) dt, 

' ttJo 

a formula, practically discovered by Schlafli (who actually gave the correspond- 
ing formula for Neumann’s function), which is vaUd when | arg^f | < J-tt. 

By means of this result we can evaluate 

1 roo+tri 
TTlj -00 

when I arg z\<^'rr‘, for we take the contour to be rectilinear, as in Fig. 9, and 



Fig. 9. 


write — t, id, t+ Tri toT w on the three parts of the contour ; we then see that 
the expression is equal to 

•j /•oo IT”' r* 

±_ \ 0 ft^eslnht^( ^ _ gi(eBin9-y«) ^0 ^ g-yt-z sinh t 

• TrtJo ttJo ttz Jo 

and this is equal to J„ (z) + i IT,, (z) from formula (1) combined with § 6 ‘2 (4). 
Hence, ^Aien | arg ] < ^tt, we have 

T rao-t-H 

(2) W (z) = — . e* “‘"h dw, 

^ ^ -mj -a> 

(3) * (z)^ - — . f ” 

Formulae equivalent to these were discovered by Sommerfeld, Math. Ann. xlvii. (1896), 
pp. 327 — 367. The only difference between these formulae and Sommerfeld's is a rotation 
of the contours through a right angle, with a corresponding change .in the parametric 
variable; see also Hopf and Sommerfeld, Archiv der Math, und Thy a. (3) xvni. (1911), 

pp. 1-16. 

By an obvious change of variable we may write (2) and (3) in the forms 

(4) (^) = i exp l^z (w - du, 


( 6 ) 
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Modifications of (2) and (3) are obtained by replacing w by w i ; it is 
thus found that* 

( 8 ) 


g-iKtrf roo+Jjri 

= r- gieoosh«-i.u;^^ 

'ITl J _oo— iTri 


iiri 

2g— iKJri roo+irjrf 


h 


( 9 ) 


gwooahw Qog}^ 

givni j'ao—ini 

g-fzooshw— KW 

TTl ./ 

t 

g-izooshio QogJj yyj ^ 


■oo+Jjrf 
2gjt^ foe-Jjrf 


Jo 

provided that [ arg 2 ; | <-^ 7 r. 

Formulae of special interest arise by taking positive (=ir) in (6) and (7) 
and ~l<J?(v)<l. A double application of Jordan’s lemma (to circles of 
large and small radius respectively) shews that, in such circumstances, we may 
take o) = -J-Tr in (6) and ai = — in (7). It is thus clear, if u be replaced by 
± ie‘, that 


( 10 ) 




Qixooaht-vt _ 


2g-J>Trf /•«> 


7^^ 


^0 
J 0 


gtodosh^cogJi 


(11) (a:) = - ^ r e-tecoshf-vt _ 2e^ f* tecosht cosh vt . rfi, 

“Tn TTl Jo 

and hence, when a; > 0 and - 1 < iE ( 1 .) < 1, we have 

(12) J,(a:)=^ sin (aj cosh < — -J-utt) . cosh vt . di, 

(13) Fp (a-) = I cos (a; cosh t — i vir ) . cosh vt.dt‘, 

and, in particular (cf. §6-13), 

(14) J,ra:)=?.r^^ 

2 r* cos ict . di 


(15) 7.w=-?r 

, , ttJi 

wJaen we replace cosh t by t. 


V(<*-1)’ 


The last two formulae are due to Mehler, Math. Ann. v. (1872), p. 142, and Sonine, 
Math. Ann xvi. (1880), p. 39, respectively; and they have also been discussed by Basset, 
Proc. Camb. Phil. Soc. vin. (1896), pp. 122—128. 

nom given by Hai-dy, Qvxtrterly Journal.^ xxxir. 

(1901), pp. 369—384; if in (14) we write a?=2 V(cd»), xt^^au+bju, we find that 

(1®) /"'9i(a,<+|)|f=,/„(2^(ai)(, 

Note. The reader Bill find it inetruotlTe to obtam (14) torn the formula 

"■Jo aJ{ 2 (cos 6 — cos (f))} * 

combined with the formula § 6-71 (1). This was Mehler’s original method. 

* Cf. Coates, Quarterly Journal, xxt. (1886), pp, 188—192. 
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6*22. Integrals representing /„ (z) and 

The modifications of the previous analysis which are involved in the dis- 
cussion of ly (z) and ITy (z) are of sufficient interest to be given fully; they are 
due to Schlafli*, though he expressed his results mainly in terms of the 
function F(a, t) of § 4T5. 

The analysis of § 6 '2 is easily modified so as to prove that 


(M 


iK r(o+) / ^2\ 

ri., (*+4i)*. 


(1) -f.W 2Tn 

and hence, when | arg^ | < ^tt, 

(2) 4 (.) = exp (« + i)J 


( 3 ) 


W = 2S-/. 


00 -t-irl' 


gZ008hW-v«' 


The formulae (2) and (3) are valid when arg ^ = ± ^tt if (v) > 0. 

If in (3) the contour is taken to be three sides of a rectangle with comers 
at 00 — Tri, — 7 ri, Tri, oo -f- tti, it is found that 

sin vTT 


1 f”' 

4)=_ e’o 
TT J 0 


cos COS vBdd — 


(4) 

so that 

TT 

and hence, when 1 arg 5 ] < i^tt, 

(5) JC(s)=r 

J 0 


■f 


g-ZOOHht-Pt^ 


2 sin vrr f” 


I e-zcosiucosh vi. di, 
Jo 


g-zoosht 


a formula obtained by Schlaflif by means of somewhat elaborate transforma- 
tions. 

From the results just obtained, we can evaluate 
1 foo 4-n'« 

. I gzcmhiv-yw diij 

2TriJ -on-rri: 

when I arg^ ] < ^tt. For it is easily seen that 

l /•oo+n-i 1 ( ftxi+in\ 

I gacoshw-i/w J / + / 1 0* oob'' 

'i'jn J — ao —iri 2 iTTI j aa—iriJ 


^ r<*s~ni 

^rci, —00— Tri 


gS 008 hw-w dw 4- ly {z) 


aviri /•oo 

= dt -I- ly (z) 

IinJ -00 

j4.W-4W! + 4W, 


2i sin VTT 


* Ann. di Mat. (2) v. (1878), pp. 199—206. 

t Ann. di Mat. (2) v. (1878), pp. 199—201 ; this formula was used by Heine, Journal /Ur 
Math. hxix. (1868), p. 181, as the definition to which reference was made in § 6-72. 
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and hence 

( 6 ) 

Again, we may write (6) in the form 

(7) , = 

and hence, by the processes used in § 6‘21, 

1 roeexpC-M ( / 1\) 

(8) = «—esp|-i. (» + -)}<*«, 

when — TT < o)< TT and — \ir + to < arg z < ^tt + eo. 

Similarly 

(9) {z) - ly {z) « f ^ ^ exp (w + i)! ; 

J Oexp (-ir+w)i ( \ W/J 

this is valid when 0 < w < 27r and — ^tt + gx a,rgz< \’it + o). 

The contours for the formulae ’(8) and (9) are shewn in Figs. 13 and 14 
respectively. 



Ky (a) {“ - ^)| 

so that 

( 10 ) £y (a?) = f e“*® dt, 

J -00 

and, on clianging the sign of 

(11) X-.(/») = ie»"<r 

J —« 


g-ias8lnlit+»t 
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From these results we see that 

( 12 ) 2 cos Ji/TT . K„ (a) = j e“**®*°** * cosh pt . dt, 

J —ao 

so that 

(13) 


183 
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{x) = QQg 1 J COS (x sinh t) cosh vt . dt, 


and these formulae are all valid when x>0 and — 1 < jB(v) < 1 . 
In particular 

(14) ir. W = /; cos (. sinh 0 dt = /; , 

a result obtained by Mehler* in 1870. 


It may be obaorved that if, in (7), we make the substitution J 2 e‘=r, we find that 
(16) A',(.-) = 5(i.)-/^xp 

provided that R (z^) > 0. The integral on the right host been studied by numerous mathe- 
maticians, among whom may be mentioned Poisson, Journal de I'j^ole Polytec/inique, ix. 
(cahier 16), 1813, p. 237; Qlnisher, British Association Report, 1872, pp. 16 — 17; Proo. 
Camb. Phil. Boc. nr, (1880), pp, 6 — 12; and Kapteyn, Bull, des Sci, Math. (2) xvi. (1892), 
pp. 41 — 44. The integrals in which p has the special values ^ and § were disouBSod by 
Euler, Jnst. Calc. Jnt. iv. (Petersburg, 1794), p. 416 ; and, when v is half of a® odd 
integer, the integral has been evaluated by Legendre, Exercices de Galcul Ira4gral, l. (Paris, 
1811), p. 366; Cauchy, Exm'cices des Math. (Paris, 1826), pp. 64 — 66; and SohlOmilch, 
Journal filr Math, xxxiii. (1846), pp. 268—280. The integral in which the limits of inte- 
gration are arbitrary has been examined by Binet, Gomptes Rendus, xii. (1841), pp. 968 — 
962. 


6*23. Hardy's forrnidae for integrals of Du Bois Reymond's type. 
The integrals 

/■“ . a;“ , a? , 

sm i . sm — . t''~^ dt, I cos i . cos 7 . V'~^ dt, 

J a t Jo V 


in which x>Q, — 1 < 72 (j/) < 1 , have been examined by Hardyf as examples 
of Du Bois Reymond’s integrals 



t . t''~^ dt, 


in which f{t) oscillates rapidl}' as i -► 0. By constructing a differential equation 
of the fourth order, Hardy succeeded in expressing them in terms of Bessel 
functions ; but a simpler way of evaluating them is to make use of the results 
of §§ 6 * 21 , 6 ’ 22 . 


* Math. Ann. xviii. (1881), p. 182. 
t Messenger, xl. (1911), pp. 44 — 61. 
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If we replace t by one*, it is clear that 

r* . . r“ . 

sin i sin — . I sin (re*) sin (re“*) . e”* dt 

Jo t J -00 

/ oo 

|gateoo8ht ^ Sue cosh t gsteslnhi _ g-fltosinhtj gvt 

— 00 

= ~ (2r) ~ Tnei-'^ i/i*; (2 

- 2e-i''r* K, (2a!) - 2ei-« K., (2®)], 


and hence we have 


0!* 


roo 

(1) si 

Jo 


•JTX'’ 


sin^sin- ^ , 

t 48m^z/7r 


[J, (2r) - J., (2r) + (2r) - (2r)], 


and similarly 


ms < cos Y • dt — ^ W-» (2®) - Jp (2a?) + 7_^ ( 20 ?) — 1^ ( 2 r)]. 


(2) f 

When V has the special value zero, these formulae become 

/■“ /r* fJi 

sin « sin — . — = ^ttYo (2fl!) + Ko (2r), 

Jo u t 


( 3 ) 

(4) 


r 

Jo 


cos i cos - K 7o ( 20 !) + Ko (2a;). 

z t 


6’24. Theisinger'g jBXtmaion of Bessers integral. 

A curio\i8 extension of Jacobi’s formulae of § 2*2 has been obtained in the case of t/o (r) 
and J\{s)) by Theisinger, Monatahefte fWr Math, und Phys. xxiv. (1913), pp. 337 — 341 ; we 
shall now give a generalisation of Theisinger’s formula which is valid for functions of order 
V where - 

If a is any positive number*, it is obvious from Poisson’s integral that 

rjir 

1 e”“*‘*“®cos(rcos^)sin®''dc?5 

J 0 

'■Jtt 

(1 — cog [x cos 6) sin*" 6dd. 


. 2 (.W 


Now 


' r(v+^) r (i)Jo 

fiTT 

2 I (1— ooa(4rcos 5)Bin*''dc?d 

fir 1 _ g— oxaluff 

~Jo ;iuh(iliS7) 

jf_i sinh{^(z-l/«)} ^ \ 2i / «’ 

where the contour passes above the origin. Take the contour to be the real axis with an 
indentation at the origin, and write 3= +tan on the two parts of the contour; we thus 
find that the last expression is equal to 

/ i"-l-exp(-a.n'cotA’) . , ^ ddt 

Ja sin (r cot <^) ^ ^sin^ 

= 4 P sin cot <f>) cos (^orr oot<f>^vir) QQ^a„ j d<f> _ 

Jo TV* T ' 8m(ircot(^) ^sin0* 

* In Theisinger’s analyds, a is an even integer. 


1 . 
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6-24r-6-3l] 

and therefore 

(1) (-*'■)= e““^»*“^cos(a;cos^)8in^^rf5 

2 (iar)" J 0 

+ 2 Bin (^aa>'cot <f)) coB(^vcot<f) — vtr)^^? 

Jo ^ '•a r / 8in (a; cot q!>) 

The transformation fails when v because the integral round the indentation does 
not tend to zero with the radius of the indentation. The form given by Theisinger in the 
case j/=>l differs from (1) because he works with § 3*3. (7) which gives 

(2) — Jy (x)= 0-<M!Bin 0 81,1 cos 6) sin**^* ^ cos ^ 

+ 4 f ^ sin (^ow? cot (f>) cos (iax cot 0 - vtt) cot*""* 0 > 

Jo 'r/ r / 8in(arcot0) ^sm*0 

provided that ^ < i» < § . 


6*3. The equivalence of the integral representations of Ky {z). 

Three different types of integrals which represent Ky (z) have now been 
obtained in ^ 6*16 (4), 6*22 (5) and 61 6 (1), namely 

= f g-^WSh < QQgh vt . dU 
Jo 

vr , _ 1" (»^ + h) ■ (2^)'' f “■ cos arw . dtt 

~ a;" r J „ (a* + 2*)"+* ' 

The equality of the first and second was directly demonstrated in 1871 by 
Schlafli*; but Poisson proved the equivalence of the second and third as early 
as 1813, while Malmst6n gave a less direct proof of the equivalence of the 
second and third in 1841. Wo proceed to describe the three transformations 
in question. 


6*31. /SchlUfli’s transjm'mation. 

We fir.st give an abstract of the analysis u.sed by Schliifli, An7i. di Mat. (2) v. (1873), 
pp. 199 — 201, to prove the relation 

T{h).{hY 

+ ji 

which arises from a comparison of two of the integral represent»itions of Ky (2), and which 
may be established by analysis resombling that of 2'323. 

Wo have, of course, to Hiippo.so that It (2) >0 to sociiro convergence, and it is convenient 
at first to takot - -J < /i {v) < 1. 


J e-oi (e‘^- 0 cosh vddd 


• An earlier proof is duo to Kumrner, Journal fUr Math. xvii. (1887), pp. 228 — 242, bat it is 
muoh more elaborate than Schlafii’s investigation. 

t The result is established for larger values of R [») either by the theory of analytic continua- 
tion or by the use of recurreuoo formulae. 
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Now define S by the equation 

where and then, if i - (jj - 1) if, we have 

^-(a?+l)''-l (^- l)i (!-«)•'-* |l - rftt 

<»■>■[{» vs?}'- {- v/iiin’ 

on expanding the last factor of the integrand in powers of u and integrating term-by-term. 
Eeplacing x by cosh we see that 

J 1 * (cosh 6 - if V r (i) 

so that, by a partial integration, 

-■ ^ f fl~« * 0 ^ 6 cosh vddd ^ [ g-'cwhflginJi^giDli 

r(i) Jo vr(^) Jo 

z 


r(i 


-V) Jo 


-*co»i^eiSdnh6d6 


-fta., (SI 

the inversion of the order of the integrations presents no great theoretical difficulty, and 
the transformation is established. 


6’^. Poisson? s transformation. 


The direct proof that 


1 

2 



0-K«eoih<— 


rC^+i). COB (am) du 

^r(i) Jo 


is due to Poisson*, JowrrtaZ de VJ^cole PolyUchnique, ix. (1813), pp. 239 — 241. The equation 
is true when |argi!|<'j7r, x>Q and R (v)> — but it is convenient to assume in the 
course of the proof that i2 (v) > -^ and | arg« ] < Jn-, and to derive the result for other values 
of z and v by an appeal to recurrence formulae and the theory of analytic continuation. 

If we replace t by a new variable defined by the equation we see that it is 

sufficient to prove that 


r 



cos (:cu) du 
(if“ +«“)"+ 4 


Q^{-is(v^fi’+x^v-i/-)^dv. 


* Bee also Paoli, Mem. di Mat. e di Fis. della Soc. Italiam deUe Sci. xx. (1828), p. 172. 



6*32, 6*33] INTEGRAL REPRESENTATIONS 

Now the expression on the left is equal to 

['*’ t*’~he~* COB XU . , , 

jo jo ~(v^+2iy+i j^ a'"‘iexp{-«(M2+«*)}cos.nt.(fo<iM 

/ 06 /- 00 

^ j {exp ( — «u*) 008 . rftt} . s*’~i exp ( — «a*) dt, 
when we write and change the order of the integrations*. 

exp ( - tfM*) cos XU. du=> ( J) a- i exp ( - 
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Now 
and so we have 
r 


L 


0 («t* + z2)*'+i 

which establishes the result. 

[Note. It is evident that 8=^xe~*/z=>^v^/‘'/z. The only reivson for modifying 


1 j" 

2 j_. 


g-xtccaht-i>tfl( 


by taking as a parametric variable is to obtain an integral which is ostensibly of the 
same form as the integral actually investigated by Poisson ; with his notation the integral is 


j exp ( - .r" - a^x~ “) ote.] 


6*33. Malmstixi's trnmsfonnation. 


The method employed by Malmstdnt in proving that, when R{z)>0 and R{v)> 
then 


IS]L±}1 /■” 

jo 


TOS (XU) rfM _ r ( J) (^A*)" f " 




is not so direct as the analysis of 6'31, 6'32, inasmuch ns it involves an appeal to the 
theory of linear differential equations. It is first shown by Malmstdn that the three 
expressions 


' “ cos (xu) du f " 

0 j* ^ 




qua functions of x, are annihilated { by the operator 







and that as x-*- + qo , the thiid is 0 («**) while the first and second are bounded, provided 
that R (v) > 0. It follows that the second and third expressions form a fundamental system 
of solutions of the equation 


.(^.V 


dy 




* Cf. Bromwich, Theory of Infinite Seriee, § 177. 

+ K. Snemka V, Akad. Handl. nxii. (1B41), pp. 65 — 74. 
t The reader should have no difficulty in supplying a proof of this. 
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and the first is consequently a linear combination of the second ahd third. In view of the 
unboundedness of the third as ^~*“+oo , it is obvious that the first must be a constant 
multiple of the second so that 


where € is independent of x. To determine make x~*~^ and then 

and the required transformation follows, when R (v) > 0, if we use the duplication formula 
for the Gamma function. 

cos XU. du . 

An immediate consequence of Malmsten’s transformation is that j ^ 
espreasible in finite terms ; for it is equal to 






/: 


1 (2.^+ v)"' ^ 


ffe"** (2a;2)”>(2n— m- 1)! 

(2g)a»-i(7i- 1) m! (7i-wi-l)! 

This method of evaluating the integral is simpler than a method given by Catahiu, 
Journal de Math, v. (1840), pp. 1 10 — 114 ; and his investigation is not rigorous in all its 
stages. The transformation is discuss^ by Serret, Journal de Math. viri. (1843), pp. 20, 
21; IX. (1844), pp. 193 — 216; see also Cajley, Journal de Math. xii. (1847), p. 236 
\CoUected Papers, i. (1889), p. 313.] 


6*4. Airy's integral. 
The integral 



cos (^® + xt) dt 


which appeared in the researches of Airy* “On the Intensity of Light in the 
neighbourhood of a Caustic” is a member of a class of integrals which are 
expressible in terms of Bessel functions. The integral was tabulated by Airy 
by quadratures, but the process was excessively laborious. Later, De Morgan i" 
obtained a series in ascending powers of a; by a process which needs justification 
either by Stokes’ transformation (which will be explained immediately) or by 
the use of Hardy’s theory of generalised integralsj. 


* Tram. Camb, Phil. Soc. vi. (1838), pp. 879 — 402. Airy used the form 

008 (w® - mw) dw. 


f. 


but this is easily reduced to the integral- given above. 

t The result was communicated to Airy on March 11, 1848 ; see Trans. Camb. Phil. Soc. viii. 
(1849), pp. 69fi— 699. 

J (iuarter}y Journal, xxxy. (1904), pp. 22—66 ; TrUns. Camb. Phil. Soc. xxi. (1912), pp. 1 — 48. 
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Stokes observed* that the integral satisfies the differential equation 


da^ ~ 


i XV = 0, 


and he also obtained the asymptotic expansions of the integral for large 
values of x, both positive and negative. 

As was observed by Stokes {loc. cit. p. 187), this differential equation oan be reduced 
to Bessel’s equation ; cf. § 4‘3 (5) with 2q — 3. The expression of Airy’s integral in terms of 
Bessel functions of orderst + ^ was published first in a little-known paper by Wirtinger, 
Beriohte dea natur.-med. Vereina in dnnahruckj xxiii. (1897), pp. 7 — IB, and later by 
Nicholson, Phil. Mag. (6) xvii. (1909), pp. 6—17. 

Subsequently Hardy, {Quarterly Journal, xu. (1910), pp. 226 — 240, pointed out the con- 
nexion between Airy’s integral and the integrals disciissed in 6‘21, 6’22, and he then 
examined various generalisations of Airy’s integral (§§.10’2 — 10-22), 


To evaluate Airy’s integral^, we observe that it may be written in the form 

If* 

^ / exp {it^ + ixt) dt 

J -cc 

Now consider this integrand taken along two arcs of a circle of radius p with 
centre at the origin, the arcs terminating at p, and pe^^\ pe^^ respectively. 
The integrals along these arcs tend to zero iisp oo , by Jordan’s lemma, and 
hence, by Cauchy’s theorem, we obtain Stokes’ transformation 

/•OO 2 fQOexpJirt 

COS (Z® + arZ) dZ = exp (iZ® ± iirt) dt 

Jo iZjooexpSa-i 

= s I exp (— r® + e^^^xr) + e.xp (— t® + dr] 

■6 .' 0 

the contour of the second integral consists of two rays emerging from the 
origin and the third integral is obtained by writing re^"^^ for Z on these 
rays. 

Now, since the resulting series are convergent, it may be shewn that§ 

r 

* Trans. Camb. Phil. Sue. ix. (18515), pp, 160 — 187. [.l/uf/j. and Phys. Papers, ii. (1888), 
pp. 8-iO — 349.] See also Stokes’ letter of May 12, 1848, to Airy, Sir G. G. Stokes, Memoir and 
Scientific Correspondence, ii. (CambridKe, 1907), pp. 169 — 160. 

+ For other ooourrenoes of these functions, see Bayleigh, Phil. Mag. (6) xxvin. (1914), 
pp. 609—619; xxx. (1916), pp. 829—338 [Scientific Papers, vi. (1920), pp. 266—276; 841—849] 
on stability of motion of a viscous fluid; also Weyl, Math. Ann. Lxvm. (1910), p. 267, and, for 
approximate formulae, § 8-48 infra. 

X The integral is convergent. Cf, Hardy, loc. cit. p. 228, or da la Vallfie Poussin, Ann. de la 
Soc. Set, de Bruxelles, xvi, (1892), pp, 150—180. 

§ Bromwich, Theory of Infinite Series, § 176. 


OO ( foo 

exp (- T® + dr = S I t"‘ exp (— t®) dr, 

,H = 0 .'o 
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r cos (<* ± ici) di = 2 fe ■ '*' i) -5 f r“exp(~T«)flfi 

Jo m=.0 Wll Jo 

= i 2 (la?)*" sin f(m + 1) TT . r (^m + |)/w ! 

«in=0 


= i7r 

_* 


(± 


2 


(± h^r 


_m=o«n!r(m + f) ' ®‘”m=.oW?!r(w + ^)J 
This is the result obtained by De Morgan. When the series on the right 
are expressed in terms of Bessel functions, we obtain the formulae (in which 
a; is to be taken to be positive) due to Wirtinger and Nicholson : 


/2x\/x\ j. /2x\/x\’ 


(1) J"coa(^•-a^)d^ = iw^^a®). 

a/x rr f^xJx\ 


6 * 6 . Barnes' integral represeniaiions of Bessel functions. 

By using integrals of a type introduced by Pincherle* and Mellinf , BamesJ 
.has obtained representations of Beimel functions which render possible an easy 
proof of Kummer’a formula of § 4*42. 

Let us consider the residue of 


— r (2m — «) . (iir)* 

at 5 = 2m + r, where r - 0, 1, 2, ,... This residue is so the sum 

of the residues is (— 

Hence, by Cauchy’s theorem. 


J,{z)e' 


2-7^ 


[•(0+) r (2m -g) ■(!>)* 


ds, 


2»”.m!r(j/ + ?n + 1) 
if the contdur encloses the pointe 0, 1, 2, .... It may be verified, by using 
Stirling’s formula that the integrals are convergent. 

Now suppose that R{v) > — and choose the contour so that, on it, 
R{v + 8)> — Wheh this last condition is satisfied the series 


i r(2m-8) 

m=io2"".m! r(j/ + m + 1) 

8 convergent and equal to 

^ - jg* (—is i — is‘ » 4- 1 • I'i — r (— <^) r (i> + g + 




* Rend.^ del R. IsHtuto Lombardo, (2) xn. (1886), pp. 659— 562 ; Atti della R. Accad. dei 
Lincei, aer. 4j Rendieonti, iv. (1888), pp. 694 — ^700, 792—799. 

t MeUin has givsn a stumoary of his researches, Math. Ann. Lxvni, (1910); pp, 306 — 887, 

$ Camb. Phil, Tram, xx. (1908), pp. 270—279. For a bibliography of researches on integrals 
of this type, see Barnes, Proc, London Math. Soe, (2) v. (1907), pp. 59 — 66. 
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by the well-known formula due to Gauss. If therefore we change the order 
of summation and integration * we have 


’’ liri j 80 r (y + + !■) r (y + + 1) 

The only poles of the integrand inside the contour are at 0, 1, 2, 
we calculate the sum of the residues at these poles, we find that 

r (v + m + J) . (— izy 


J, {z) e-“ = {\zy X 

so that 

(1) {z) 1^1 (*' + i 5 2v + I ; - 2iz), 

which is Kummer’s relation. In like manner, we find that 


wi-o wl r (t^ + ^rn + !■) r (y + + 1 ) ' 

ih^y 


When 


(2) = + Zx + I; 2«). 

These formulae, proved when R{v)> — are relations connecting functions 
of V which are analytic for all values of v, and so, by the theory of analytic 
continuation, they are universally true. 

It is also possible to represent Bessel functions by integrals in which no 
exponential factor is involved. To do this, we consider the function 

qua function of s. It has poles at the points 

s = 0, 1, 2, . . . ; — V, — V + 1, — V + 2, .... 

The residue at s = m is 

iri'' (-)"* 
sin vir' m\ r (v + VI + 1) ’ 
while the residue at s = — v + w is 


sin vtt’ mW (v + rn + 1) ’ 

so that 

(3) tt (z) = - I r (- */ - A') r (- s) (^izY^ ds, 
and, in like manner. 


(4) 


.ei(v+i)« ^^( 1 ) Jr (_ J, _ p (_ 4 .) (_ , 


where the contours start from and return to + 00 after encircling the poles of 
the integrand counter-clockwise. When | arg iz | < ^tt in (3) or [ arg (— iz) { < ^tt 
in (4) the contours may be opened out, so as to start from 00 i and end at 
— 00 i. If we reverse the directions of the contours we find that 


1 r—a+ooi 

(5) (z) = r(-i^-s)r (- s) (^izY+<^^ ds, 

hm J —o—aoi 


CL Bromwich, Theory of Infinite Series, § 17tf. 
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provided that ] arg w 1 < ; and 

1 r-o+»i 

(6) (^) = ^. r (- z; - s) r (- s) (- 

, JiTnJ —o-aoi 

provided that | arg (— iz) | < and, in each integral, c is any positive number 
exceeding R {v) and the path of integration is jiarallel to the imaginary axis. 

There is an integral resembling these which represents the function of the 
first kind of order v,"but it converges only when R(v)>0 and the argument 
of the function is positive. The integral in question is 


(7) • 


J^isc) 


j_ r- Ti-s)axy^ 
2‘7nJ-cot r(v + s + l) 


and it is obtained in the same way as the preceding integrals ; the reader 
will notice that, when ] 8 j is large on the contour, the integrand is 0 (| s 


6*61. Barnes' representations of functions of the third kind. 

By using the duplication formula for the Gamma function we may write 
the results just obtained in the form 


( 1 ) 


j /-VeTiz = (2^)* r(z; + g + |).(+ 2izyds 

2i\/'7rJao r(s + l)r(2z; + s + l)sins7r' 


Oonsider now the integral 


- f T (- ») r (- 2 » - s) r (v + i + i) . 

in which the integrand differs from the integrand in (1) by a factor which is 
periodic in s. It is to be supposed tempowily that 2v is not an integer and 
that the path of integration is so drawn that the sequences of poles 0, 1, 2, ; 
— 2j/, 1 — 2i>, 2 — 2i/, . . , lie on the right of the contour while the sequence of 
poles —v — — v — —v — ^, ... lies on the left of the contour. In the first 

place, we shall shew that, if | arg iz | < ^-tt, the integral taken round a semi- 
circle of radius p on the right of the imaginaiy axis tends to zero as p ^ co ; 
for, if s s= pe^, we have 


(— s) r (— 2v - s) r (v +s -f ^),(2wr)« = 
and, by Stirling's formula. 


7!^ r (v + 8 + i) . (2izy 

r (s) r (2p + 8 + 1) sin STT sin (2v + s) tt 



1 ^- T'(v-\-s+\).(2izy> 

/ ^r(s+i)r(2i.+fi+i) 

~ pe^ log (2iz) - (v + pe") (log p + ^ pe^ ~ ^ log ( 2 ' 7 r) ; 

and the real part of this tends to •— co when — < ^<^ 7 r, because the dominant 

term is — p cos 6 log p.. When $ is nearly equal to i | sin sir | is comparable 
with ^ exp [pir [ sin ^ [} and the dominant term in the real part of the logarithm 
of s times the integrand is 


pcoa$\og\2z\ — pain 6.axg2iz-p cos Blog p+pd and + p COB d-2p7r\ain d\, 

and this tends to— ooasp-^ooifj arg iz\ < f w. 
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Hence s times the integrand tends to zero all along the semicircle, and so 
the integral round the semicircle tends to zero if the semicircle is drawn so as 
to pass between (and not through) the poles of the integrand. 

It follows from Cauchy’s theorem that, when | arg iz\<^ir and 2v is not an 
integer, then 

r(~s)r(-2p-s)r(^+3 + i).(2uyds 

may be calculated by evaluating the residues at the poles on the right of the 
contour. 


The residues of 

r (— s) r (— 2// — s) r (v + s + 1) . (2izy 

fit s = m and s = —2v + m are respectively 

TT r (y + m + ^) . (2t£)^'* _ TT r (— 1/ + wi + ^) . (2l^)“®*'+™ 

sin 2vTr m ! T (2v + + 1 ) ’ sin ivnr m ! T (— 2t/ + + 1 ) 

and hence 


r r(-s)r(-2u-s)r(p+s+i).(2zzyds 

l%\J’Tr ) _a,f 

(22)''7r« r(v + |) jj, ^ ,1.0 . 1 . o - \ 

= - p /o 7 1 \ • ir 1 (i/ + 1 . 2// + 1 2%z) 

sin 2iy7r I (2 jv + 1) 


TT-’e’* 


sin 2 v'ir 


e— t(2^)-'7rS r(^-v) ^ . i o . x 

“ sin 2vTr V (1- 2v) ’ v,l 2v , 2iz) 


It follows that, when | argi'i? | < i|7r, 

g-Hz-vn) ^,^,3 (j/ 77 -) . (2^)” 
A 

TT-U 


( 2 ) 


(z) = 


r* r(- .s) r (- 2 j; - .v) r (y + 5 + J) . (2izy ds, 

J - QO ? 


and similarly, when | arg (— iz) | < ^tt, 

TT^ 

X T' r{-s)r{-2p-s)V{v+s + i).{-2izyds. 

J ~0C? 

The restriction that v is not to bo an integer may be removed in the usual 
manner by a limiting process, but the restriction that 2u must not be an odd 
integer cannot be removed, since then poles which must be on the right of the 
contour would have to coincide with poles which must bo on the left. 


w. B. p. 
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ASYMPTOTIC EXPANSIONS OF BESSEL FUNCTIONS 


7*1. Approccimate formulae for J„{z), 

In Chapter iii various representations of Bessel functions were obtained 
in the form of series of ascending powers of the argument z, multiplied in some 
cases by log^. These series are well adapted for numerical computation whtni 
is not large compared with 4 (v + 1), 4 (r + 2), 4 (i/ + 3), . . . , since the seriew 
converge fairly rapidly for such values of But, when \ z\k large, the series 
converge slowly, and an inspection of their initial terms affords no clue to the 
approximate values of Jv{z) and Yp(z). There is one exception to this state- 
ment.] when 1 / + i is an integer which is not large, the expressions for (::) 
m finite terms (§3-4) enable the functions to be calculated without difficulty. 

The object of this chapter is the determination of formulae which render 
possible the calculation of the values of a fundamental system of solutions ol’ 
nessel s equation when z is large. 

There aie really two aspects of the problem to be considered; the investi- 
^on ^en a .a large is very different from the investigation when n is „,.t, 
1^. The former investigation is, in eveiy respect, of a more recondite 
character than the latter, and it is postponed until Chapter vm. 

It must, however, be mentioned that the first step towards the solution of 

published. ® of X, was 

The formal expansion obtained by Poisson was 

— 'j cos(® — Pn-1 ii 1*.3^ _ 1*.3’.5*.7® 1 

I 2w+-ii(8i7— •••} 

+ sin(®-Jw).|AL_lL_§!i®! . 1 

IllSir 3r(^ + -| 

senes, his analysis (apart from his remainders in the 

t» te regarded as suggestive and mgenious‘’rathe^tnv°n“w ‘ 

Ricerche sulla convergenza della gerie » 

to t f 850-358 , ,aa ji-s. 

‘hem, J Tream. o„ B„„i Unction. (louL, "oustruoted by dray and 
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It will be eeen in the course of this chapter that Poisson’s sorioa are mynvptotiG j -this 
has been proved by Lipschitz, Hankel, Schlafli, Webei*, Stieltjes and Barnes. 

It must be mentioned that Poisson mei*ely indicated the law of formation of successive 
terms of the series without giving an explicit expression for the genoml term ; suoh an 
expression was actually obtained by W. R. Hamilton* (of § 1'6). 

The analogous formal expansion for /i(®) is due to Hansonf; and a fow 
years later, JacobiJ obtained the more general formula which is now usually 
written in the form 


/ 2 \i r 

— ] \QOB{x — \n’ir— \'n-) 
yirxj I 

^ [, (4n=‘ - 1*) {4m? - 3“) , - I**) {4m:^ - 3=') (4n« - 5«) (4?i“ - 7*) 

2T(^)=^ ” ■ 4l(8a;)* “ * 

4w3 _ 1* _ {4>n? - P) (4n» - 3’’) ( 4u.=‘- 5«) 


-1 


- sin (a- - i tt) . j-j fg'r ~ 


3!(8.'/:)» 


These expansions for (^) ^nd Ji (a?) wore used by Hansen for purposes of mimorical 
computation, and a comparison of the results so obtiiincd for isolated values of .r with the 
results obtained from the ascending series led Hansen to infer that the ex[)ansion8, altliough 
not convergent, could safely bo used foi’ purposes of computation §. 

Two years before the publication of Jacobi’s expansion, Plaiia|| had dis- 
covered amethod of transforming Pai-sevars integral which placed tlu! ex])anHi(»n 
of Jo{^) on a much more satisfactory basi.sIF. His work was hillowed by tlie 
researches of Lipschitz**, who gave the finst rigorous irivestigaliori of the 
asymptotic expansion of /« (^) with the aid of the theory of (‘.ontour integra- 
tion; Lipschitz also briefly indicated how his results could be ap[»lied to ./„ {z), 

The general formulae for and Fp(^), where v luis any assigned (com- 
plex) value andz is large and complex, were obtained in the great memoir by 
Hankel ff, written in 1868. 

* Some information concerning W. 11. Hamilton’s rortoarchos will be found in Sir (iforpe 
Gabriel Stokes, Memoir and Scientific Correspondence, i. (Cambridge, 11)07), pp. IHO — JUb. 

+ Erniittelung der absoluten Stbrungen [^Schriften der Sternwarte Scrinirg], (Oothii, 1H4.')), 
pp. 119—123. 

t Astr. Nach. xxvni. (1849), col. 94. \_Oce. Math. Werke, vir. (1891), p. 174.] Jauobi’ri nmuU 
is obtained by making the BubstitutionR 

. oo8(a:- ^?jir - ,f7r) = ( - l)4”^hH-I)oo8a; + ( - 1)^"^”" x, 

. sin {x-^nir -^tt) = ( - l)b‘(”+0Bin 3 ._ ^ coax, 

in the form quoted. 

§ See a note by Niemdller, Zeitschrift filr Math, und Pkys. xxv. (1880), pp, 41--48. 

II Mem. della R, Accad. delle Sei. di Torino, (2) x. (1849), pp. 276 — 202. 

IF Analysis of Pinna’s type was used to obtain the asymptotic expausious of Jv (*) and IV (jt) by 
HoHahon, Annals of Math. vm. (1894), pp. 57 — 01. 

** Journal filr Math. jcn. (1859), pp. 189 — 190. 
ft Math. Ann. i. (1869), pp. 467—501. 
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The general character of the formula for F»(a) had been indicated by Lommel, Siudien 
iiher die Beesd^tohen JFhmeiionen (Leipzig, 1868), just before the publication of HaukePa 
memoir,* and the researches of Weber, Maih. Ann. vi. (1873), pp. 146 — 149 must also be 
mentioned. ' 

The asymptotic expansion of Kf,{z) investigated (and proved to be 
asjnmptotic) at an early date by Kummer* ; this result was reproduced, with 
the addition of the corresponding formula for /„ {z), by Kirchhoff f ; and a little- 
known paper by Malmst^nJ also contains an investigation of the asymptotic 
expansion of (z). 

A close study of the remainders in the asymptotic expansions of Jq (,v), Yq (ar), Jo (as) 
and has been made by Stieltjes, Ann. Sd. de VEeole norm, sup, (3) in. (1886), 

pp. 233 — 2B2, and parts of his analysis have been extended by Callandreau, Bvll. des Sd. 
Math. (2) XIV. (1890), pp. 110 — 114, to include functions of any integral order; while 
results concerning the remainders when the variables are complex have been obtained by 
Weber, Maik. Ann. xxxvir. (1890), pp. 404 — 416. 

The- expansions have also been investigated by Adamotf§, Peterehurg Ann. Inst, polyt. 
1906, pp. 239 — 266, and by Valewink|| in a Haarlem dissertation, 1906. 

Investigations concerning asymptotic expansions of «/„ {z) and (js), when 
Isr j is large while v is fixed, seem to be most simply carried out with the aid 
of integrals of Poisson’s type. But SchlaflilT has shewn that a large number of 
results are obtainable by a peculiar treatment of integrals of Bessel’s type, 
while, more recently, Barnes***^ has discussed the asymptotic expansions by 
means of the Pincherle-Mellin integrals, involving gamma-functions, which 
were examined in ^ 6*5, 6*51. 


7-2. Asymptotic eocpansions o/ {z) and {z) after Hankel. 

We shall now obtain the asymptotic expansions of the functions of the 
third kind, valid for large values of \z\', the analysis, apart from some slight 
modifications, will follow that given by Hankelff. 

Take the formula § 6*12 (3), namely 


iz) 


f- 

,4 gt(z-ii»ir— i>r) /■ 

[ttzj 



1„ ^“*■‘(1+5) 


valid when -J7r</9<|7r and - fw + < arg^ < Stt + y9, provided that 

(i' + i) > 0. 

The expansion of the factor (1 + ^iu/zy-i m descending powers of z is 

1 u- , 

^ 2. 4. .2® 

* Jour^mlfUr Math. xvii. (1887), pp. 228-242. f Ibid, xlviii. (1864), pp. 848-^376.. 

t A. Svenska V. Akad. Handl. ixa. (1841), pp. 66 74. 

§ See the Jakrhuch iiher die Fortschritte der Math. 1907, p. 492. 

P* % Ann. di Mat. (2) vi. (1876), pp. 1—20. 

Trans. Camb. Phil. Soc. xx. (1908), pp. 270 279. 

tt Math. Ann. i. (1869), pp. 491—496. 
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but this SKpansion is not convergent all along the path of integration 
we shall replace it by a finite number of terms plus a remainder. 

For all positive integral values of p, we have* 

V 2^/ m=o m! \2iW (p — i)lV2i£r/ Jq^ ^ y 2i>j 

It is convenient to take p so large that J)^0; and we then choose 

any positive angle S which satisfies the inequalities 

I /3 1 i^TT - S, lB>rgs-(jv + i8)l^jr-S. 

The effect of this choice is that, when S is given, ^ is restricted so that 

— TT + 2S < arg ^ ^ 27r — 25. 

When the choice has been made, then 

>sinS, [arg(l-^)<w. 
for the values of t and u under consideration, and so 

i Ut\ 

I \ ~ ^ (sin = Ap, 

say, where is independent of z. 

On substituting its expansion for (1 + liujzy-^ and integrating term-bv- 
term, we find that 


-. ut 


where 


iz^ ^ (~ V Pv^ (j - y)m ♦ r (v + m -t- I) 1 

U=o wir(i; + j).(2w)"» 


A. 


I ^ , - 


(i - v)p 


'1 roi 

Jo Jo 


•00 exp <(3 


uUp+p-i 


er» u 


= £p.lzl~p, 

where 15^ is a function of v, p and 8 which is independent of z. 
Hence, when Ji(v—p~^)<:0 and 72 (v + i|) > 0, we have 

TT ti\ / A / 2 


(7u|| 


(z) — f— -V ^2* ~ — . Q 

[m=o m!(2i«)»»* 

when ^ is such that - tt + 25 ^ arg 5 ^ 27r - 25, S being any positive acute 
angle;,and the symbol 0 is the Bachmann-Landau symbol which denotes a 
function of the order of magnitude f of z~p as | ^ j cjo . 

The formula (1) is also valid when i2 (p _p_ |) > 0 j this may be seen by 

* Ot. Modem AjMlytU, g6'41. The use of this form of the binomial expansion seems to be 
due to Graf and Gubler, Einleitung in die Theorie der BesteVeohen Fuiiktionen, i. (Bern, 1898). 

Modem Analym (Cambridge, 1902), §161; Gibson, Proo. Edinburgh 
Math. Soc. ixxvm. (1920), pp. 6-9 ; and MaoRobert, ibid. pp. 10-19. 
t Of, Modem Analytit, § 2'1. 
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supposing that > 0 and then taking an integer q so large that 

M{v-'q-~-i)<0', If the expression which is contained in [ ] in (1) is then 
rewritten with q in place of p throughout, it may be expressed as p terms 
followed by g* — p + 1 terms each of which is 0 {z~^) or o ; and the sum 
of these g' — ^ + 1 terms is therefore 0 

In a similar manner (by changing the sign of i throughout the previous 
work) we can deduce from § 6*12 (4)- that 


( 2 ) 







provided that ii (v + i) > 0 and that the domain of values of z is now given 
by the inequalities 

— 27r + 28 arg ir ^ TT ~ 28. 


If, following Hankel, we write 

^ ^ ^ ml m\V{v — m^\) 

{4i/* - 1^} {4i/» - 3®} . . . {4z/s - (2m - 1)’} 

“ 2»»‘.m! 

these expansions become 

(3) W) W = (A)* + 0 (.-.)] . 

(4) W = , 

For brevity we write these equations thus : 

^ ^ ^ WzJ (2iz)”^ ’ 

(6) i 1^). 

n.o(2lz)”^ 


Since (p, m) is an even function of i/, it follows from the formulae of 
§ 3'61 (7)? which connect functions of the third kind of order v with the corre- 
sponding functions of order — v, that the restriction that the real part of v 
exceeds - ^ is unnecessary. So the formulae (1)— (6) are valid for all values 
of V, when z is confined to one or other of two sectors of angle just less than Stt. 

In the notation of generalised hypergeometric functions, the expansions are 

(T) ff.w i-.; A). 

(8) (*) ~ (Ay (i + „, i _ , . _ 

of which (7) is' valid when — w < arg ^; < 27r, and (8) when - 27 r < arg < tt. 
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7*21. Asymptotic expansions of J-.p{z) and Y„{z). 

If we combine the formulae of § 7*2, we deduce from the formulae of § 3'61 
(which express Bessel functions of the first and second kinds in terms of 
functions of the third kind) that 

r / ^ ^2 Vr / 1 I N V 2m) 

(1) -( 24 =- "■ 


cos (z — IvjT — ^Tt). S 

m-0 


(2r)»Tr— 'J. 

„ , , /'2Niir • / 1 I ^ 2m) 

- ( ~ ) [«n (. - 1 - i tt) . ■ 

/I 1 X V 2?a + 1)1 

+ cos (. - - i^) . -J . 

r / \ / 2 yi f / , 1 1 ^ V ’ (v, ^ni) 


• / 1 1 \ V (— y"’ . (i/, 2/a + 1)’ 

-s,n(z + i,^ - -- 

/A\ 1/ / \ / 2 f . . . 1 X V 2/a) 

+ cos (z + ^ UTT - i-TT) . 

and (in the case of functions of integral order n only), 

iK\ v / ^ /'27r\i r . j 1x5 (-)”^ . (//, 27 /i) 

(5) Y,H(^)~(^~-j sin(2:-^?/7r- |7r).^S^ ' (2«)=’'‘ “ 


, / I , X V (-)'".(//. S/a + 1)] 

+ co.s(ir-ia7r-.|7r). - 7 ^:;^ • 

m-O 


These formulae are all valid for large values of | 2 ' | provided that | arg j < tt; 
and the error due to stopping at any term is obviously of the order of magni- 
tude of that term multiplied by Ijz. Actually, however, this factor 1/z m»iy 
be replaced by l/^“ ; this may be seen by taking the expansions of (z) and 
{z) to two tertr/H further tlmn the last term requirefl in the pirticular 
combination with which we have to deal. 

As has been seen in § 7‘2, the integrals which are dealt with when 
Ji{v)> — ^ represent (z) and (z), but, when (v) *? - the integi’als 
from which the asymptotic expansions are derived are those which represent 
H^^'>^„{z) and H^'^^-„(z). This difference in the mode of treatment of '/^(z) 
and Y„{z) for such values of v seems to have led some writers to think ^ that 
formula (1) is not valid unless R{v)> — \. 

* Cf. Sheppard, Quarterly Journal, xxirr. (1889), p. 223 ; Soarle, Quarterly Journal, xxxix. 
(1908), p. 60. The error appears to have originated from Todhunter, Aii Elementary Treatise on 
Laplace’s Functions, Lanins Functions and Vessel’s functions (Loudon, 1876), pp. 312 — 818. 
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The asymptotic expansion of Jo(^) was obtained by Lipschitz* by inte- 
grating (1 -r round a rectangle (indented at + 1) with comers at ± 1 
and + 1 + oo i. Cauchy’s theorem gives at once 

I (1 — i®)-* dt 4- f u~i (2 + iu)~i du 
J-i Jo 

— f (2 — m)~* du = 0, 

(0 

and the analysis then proceeds on the lines already given ; but in order to 
obtain as)mptotic expansions of a pair of solutions ^ of Bessel’s equation it 
seems necessary to use a method which involves at some stage the loop 
integrals discussed in Chapter vi. 

It may be convenient to note explicitly the initial terms in the expansions 
involved in equations (1)— (4) ; they are as follows : 

^ (-)”^.(p,2m) ' (4i/»-l»)(4i;»~3») 

(2s)^ 2l(8sr 

(4yS _ IS) (4ya _ 38) (4i/s J 5S) (4^a _ 7*) 

4! (8^)*' 

» (-)«* . (v, 2m + l)_4i/‘- P (4y« - P) (4i/‘ - 3«) (4v^ - 6“) 

(2^ir+^ “ 118^ 31(8^)» 

The reader should notice that 

Jv* (z) +/v+ 1 ® («) ~ 2 /(Tr 2 ), 
a formula given by Lommel, Situiien, p. 67. 

Nora. The method by which Lommel endeavoured to obtain the asymptotic expansion 
of in his Studien^ pp. 93 — 97, was by differentiating the expansions of with 

respect v ; but of course it is now known that the term-by-term differentiation of an 
asymptotic expansion with respect to a parameter raises various theoretical difficulties. 
It should be noticed that Lommel's later work, Math. Ann. iv. (1871), p. 103, is free from 
the algebraical errors which occur in his earlier work. These errora have been enumerated 
by Julius, Archives N4erlamdaises^ xxvm. (1895), pp. 221—226. The asymptotic expansions 
of and- F„(«) have also been studied by McMahoUj Ann. of Math. vm. (1894), 
pp. 67 — 61, and Kapteyn, Monatsheftefilr Math, und Phys. xiv. (1903), pp. 276 — 282. 

A novel application of these asymptotic expansions has been discovered 
in recent years : they are of some importance in the analytic theory of the 
divisors of numbers. In such investigations the dominant terms of the ex- 
pansions are adequate for the purpose in view. This fact combined with the 
consideration that the theory of Bessel functions forms only a trivial part of 
the investigations in question has made it seem desirable merely to mention 
the work of Voronoif and WigeftJ and the more recent papers by Hardy§. 

* Journal fUr Math. lvi. (1869), pp. 189 — 196. 

t Am. Set, de vAScole norm. sup. (8) xn. (1904), pp. 207 — 268, 469—684 ; Verh. des Int. 
Math. Kongresses in Heidelberg, 1904, pp. 241 — 246. 

J Acta Mathematica, xxtvu. (1914), pp. 118 — 140. 

§ Quarterly Journal, xlyi. (1916), pp. 268 — ^283 ; Pt'oe. London Math. Soe. (2) xv. (1916), 

pp. 1 — 26. 
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7*22. Stokes’ 'phenomenon. 

The formula § 7-21 (1) for Jv{z) was established for values of z such that 
|arg£^|< 7 r. If we took arg^ to lie between 0 and 27r (so that argar®^ lies^ 
between - tt and tt) we should consequently have 

Jy{z) = e'^Jy(ze-^*) 

• / 2 Vi r . . , , V ^ (-)»” . (v, 2m) 

\7rze-^J L 2 ^ {2ze-'^)^ 

■ , 1 , \ V 2?71 + 1)" 

SO that, when 0 < arg z < 27r, 

(z) CN5 e'-'+i)’^* I^cos {z + lvir + ^ir) ^2 ^ ^ 

• / 1 , s V (-)^.(v,2m + iy 

- sin (z + l-i/TT + {2zy^ '^ J ’ 

and this expansion is superficially quite different from the expansion of 
§ 7'21 (1). We shall now make a close examination of this change. 

The expansions of § 7 '21 are derived from the formula 
J^(z) = j^[m^)(z)+U;^Hz)], 

and throughout the sector in which — tt < arg z < 27r, the function ^^<*1 (z) has 
the asymptotic expansion 

^ ^ WzJ m_0 {2%zy”' 

The corresponding expansion for (z), namely 

is, however, valid for the .sector - 27r < arg z < ir. To obtain an expansion 
valid for the sector 0 < arg < 27r we use the formula of § 3’62 (6), namely 

(z) = 2 cos I'TT . (ze~^) + e^ {ze~'^), 

and this gives 

VttW w-o(2h)”* 


+ 2cosy7r.(— X 
K'rrzJ m-o 


The expansions (1) and (2) are both valid when 0<argz<7r’, now the 
difference between them has the asymptotic expansion 

WzJ ^-0 (2^^)"‘ 

and, on account of the factor e^ which multiplies the series, this expression is 
of lower order of magnitude (when | if | is large) than the error due to stopping 
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at any definite term of the expansion (1); for this error is 0 when 

we stop at the pth term. Hence the discrepancy between (1) and (2), which 
occurs when 0<argaf<'jr, is only apparent, since the series in (1) has to bo 
used in conjunction with its remainder. 

Generally we have 

(y, in') 


.TTZJ 


where the constants Ci, Cg have values which depend on the domain of valnt'H 
assigned to arg And, if arg£: is continually increased (or decreased) wliil<^ 
j.?j is unaltered, the values of Ci and have to be changed abruptly at variou.s 
stages, the change in either constant being made when the function which 
multiplies it is negligible compared with the function multiplying the other 
constant. That is to say, changes in Ci occur when I(z) is positive, wliih^ 
changes in occur when I (z) is negative. 

It is not difficult to prove that the values to be assigned to the con.shii i t-s 
Cj and Ca are as fdllows : 

Cl = Ca = [(2^) _ 1) tt < arg z < (2p 4- 1 ) tt] , 

Ci = Ca = [2p7r< arg^< (2p + 2) tt], 

where p is any integer, positive or negative. 

This phenomenon of the discontinuity of the constants was discovered liy 
Stokes and was discussed by him in a series of papers. It is a phenomenon 
which is not confined to Bessel functions, and it is characteristic of integral 
functions which possess asymptotic expansions of a simple type *. 

The fact that the constants involved in the asymptotic expansion of the analytic fuiicti< )i i 
Jy (z) are discontinuous was discovered by Stokes in (March?) 1857, and the discovery svuh 
apparently one of tho.se which are made at three o’clock in the morning. See Sit Qi'.ovtfo 
Gabriel Stokes, Memoir and Scientijic Correspondence, i. (Cambridge, 1907), p. 62. TTio 
papers in which Stokes published his discovery are the foUowingt: Tranl. Camb. Phil. 
Soc. X. (1864), pp. 106—128; XL (1871), pp. 412 — 426; Acta Math. xxvi. (1902), pp. 393 — 
397. [Math, and Pkys. Papers, iv. (1904), pp. 77—109 ; 283—298 j v. (1906), pp. 283 - 287. ] 
The third of these seems to have been the last paper written by Stokes. 

7 * 23 . Asymptotic expansions of I y (z) and Ky (z).- 

The formula §7-2 (5) combined with equation §3-7(8), which oonnect-s 
Ky (z) and (iV), shews at once that 

(1) X,(a)~(|;yc- i (^) 

\2«>/ L 2l(8«)5 

* Cf. Bromwich, Theory of Infinite Series, f 1S3. 

til. change with the aid of Bessel functions whose orders are 0 and ± A 

the latter bemg those associated with Airy’s integral (§ 6’4). * ’ 
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when I arg j < f tt. And the formula ly {z) = Jy z) shews that 

( 2 ) 


r / ^ e* V (-)”* iv, m) « {v, m) 

(2^r rZoi'^^r’ 


provided that —\ir< a.rgz< f tt. 

On the other hand, the formula ly {z) — Jy z) shews that 

^Q^ r _J?L_ ^ (-r (v, m ) . * (j^i) 

W ^~(27r^)‘„.„ (22)”* + (,2,r«)l „.o(2^r’ 

provided that — ^tt < arg z<^7r. 

The apparent discrepancy between (2) and (3) when z has a value for 
which argz lies between — ^tt and ^tt is, of course, an example of Stokes’ 
phenomenon which has just been investigated. 


The formulae of this section wore stated explicitly by Kuniiner, Journal f\lr Maih. xvii. 
(1837), pp. 228 — 242, and Kirchhoff, Journal fUr Math. XLViir. (1864), pp. 348 — 376, except 
that, in (2) and (3), the negligible second series is omitted. The object of the retention of 
the negligible series is to make (1) and (3) formally consistent with §3‘7 (6). 

The fomnilae are also given by Riemunn, Ann. der Physik und GJi&mie^ (2) xov. (1866), 
p. 136, when v = 0, Pi-oofa aie to be found on pp. 496 — 498 of Hankel’s memoir. 

A number of e.xtreniely interesting symbolic investigations of the formulae are to be 
found in Heaviside’s* papers, but it is difficult to decide how valuable such I’esearches ore 
to be considered when modern standtirds of rigour are adopted. 


A remarkable memoir is due to Malmstdnf, in which the formula 
j'* cos ax . dx 7re““ 

jo 2'*"+r¥l 

X [(2a)« + nC, (n + 1) . (n + 1) (n + 2) . (2a)’*-“ + . . .] 

is obtained (cf. § 6‘3). This formula is written symbolically in the form 
/■“ cos ax.dx _ TTfl”® L 1 ] " 

j 0 (TT^^ “ 2^+»7?r! pif ‘ I ’ 

the [ ] denoting that [ri]"’’® is to be replaced by and this, in Malmst^n’s 

notation, means 

l/{(w + 1) («. + 2) . . . {n + m)}. 

It will bo observed that this notation is different from the notation of §4'4. 


7*24. The asymptotic expansions q/ber(x) and bei(^). 

From the formulae obtained in §| 7-21, 7-23, the asymptotic expansions of 
Thomson’s functions ber ( 2 ) and bei (z), and of their generalisations, may be 
written down without difficulty. The formulae for functions of any order have 
been given by Whitehead J, but, on account of their complexity, they will not 

* Proc. Boyal Soc. Lii. (1893), pp. 604 — 629; Eleetromagiietie Tlieoty, ii. (London, 1899). My 
thanks are due to Dr Bromwich for bringing to my notice the results contained in the latter work, 
t K, Svenska V. Akad. Handl. lxii. (1841), pp. 66 — 74. 
t Quarterly Journal, xlii. (1911), pp. 829 — 888. 
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be quoted here. The functions of zero order had, been examined previously by 
Eusaell*; he found it convenient to deal with the logarithmsf of the functions 
of the third kind which are involved, and his formulae may be written as follows: 


( 1 ) 

( 2 ) 

where 


lber(«) exp a (z) cos . 
(ker(ir) expa(— «)cos . 

lkei(.)=--:;fe-sin^^-">’ 


a(^)' 


1 

V2 V2 


26 


z 

'V2 


3842* V2 
1 1 
16«» 


13 

1282* 

26 


Te^ 4- 


82 V2 162* 3842“V2 
The ranges of validity of the formula are \ &rgz\ < ^nr in the case of (1) and 
1 arg 2 1 < -Itt hi the case of (2). 

These results have been expressed in a modified form by Savidge, Phil. Mag. (6) xix. 
(1910), p. 61. 

7 ‘ 26 . Hadamard*s modification of the asymptotic easpansions. 

A result which is of contiderable theoretical importance is due to 
Hadamard|; he has shewn that it is possible to modify the various asymptotic 
expansions, 50 thcut they become convergent series together with a negligible re- 
mainder term. The formulae will be stated for rea,! values of the variables, but 
the reader should have no difficulty in making the modifications appropriate 
to complex variables. 

We take first the case of J„(a;) when v > r- When we replace sin ^^ ,by 
u, we have 

^ ['««•'+*« exp (- 2w»$) du, 

r(v+j)rci)„i-o w! Jo ' ' 

the last result being valid because the series of integrals is convergent. 

We may 'Avrite this equation in the form 

(1) I (ai) = ^ % (i ~ fy+m-i g-t 

* ^ V -y)m • 7 (y + m + 2a!) 

“ /v/(27r«)„i_0 r(v + |).wil( 2 flj)”* ’ 

where 7 denotes the “incomplete Gamma-function” of Legendre§. 

* PhiL Mag. (6) xto. (1909), pp. 581, 687. 

t Of. the similar prooednre due to Meissel, which will be explained in § 8'11. 

X Bull, de la Soe. Math, de France, xxxvi. (1908), pp. 77 — 86. § Of. Modem Analysia, § 16’2. 
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For large values of x, the difference between 


is which is o(l) for each integral value of n. 

In the case of the ordinary Bessel functions, we take the expression for 
the function of the third kind 




( 


ttJ r(. + i)„t„ m!(2®)-“ j„'‘ " du+U{^e ), 


so that 


-v)my{p + m + l, 2x) 


+ 0 


(2') jy (*) ('a;'! — /^— V - *^'---*1^ 

(2) //, e r(i/+|).ml(2f^)« 

and similarly 

^ ^ ' WxJ rn -0 r(y+^).m!(-2ia:)’« ^ 

From these results it is easy to derive convergent series for the functions 
of the first and second kinds. 


Hadamard gave the fonuuliio for futicition.s of order zero only ; but the extension to 
functions of any order exceotling - h is obvioiw. 


7*3. Fonmdae for the reinaind&rs in the asymptotic aepansiom. 

In §7’2 we gave an investigation which shewed that the remainders in 
the asymptotic expansions of if,,'** {z) and {z) are of the same order of 
magnitude as the first terms neglected. In the case of functions of the first 
and second kinds, it is easy to obtain a more exact and rather remarkable 
theorem to the effect that when v is real* and m is positive the remainders 
after a certain stage in the asymptotic expansions of J±y{x) and F±„(fl;) are 
numerically less than the first terms neglected, and, by a slightly more re- 
condite investigation (§ 7‘32), it can be proved that the remainders are of the 
same sign as the first terms neglected. 

Let us write 


iuy~^ iu\ 

“V W 




2tT {v -f |)Jo 


,-T e 




l(= 


— J 


2®/ 


du — F {x, v), 
du=‘Q (x, v), 


* We may take v^O without losing generality. 
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(1) *4.. {«:) - [cos (® T ii/TT - ^tt) P (aj, v) ~ sin {x ^\vTr-\ir)Q {x, v}], 

j 

( 2 \4 

— j [sin (« T ira— J t) P (ic. ») + 008 (« T i ITT - i,r) <2 («, ^)]. 

Now I (v) = 0 and. in the analysis of § 1%. we may take « to be Iw since 
the variables are reab and so =1. 

It fbllowe that, if p be taken so large that 2p>r-i, there exists a 
number a, not exceeding unity in absolute value, such that 

\ 2a;y ni\ \ 2 ix) (2^)! \ 2 ix) ' 

and, on adding the results combined in this formula, we have* 

f 1 + fi - - 2 "f ‘ (i:-W / , 2«. . (} - a V / « 

^ ^ »-« (2m)l W ' 

where | ! < 1 j and, since 6o is obviously real, — 1 ^ ^ 1 

It follows on integration that 

P(®, v) ~ , (i ~ v)^ r^o 

m=o (2m)!(22?)>™ '^(^)!(2a;)^~r(j; + A) j ^oe~^ du, 

and sinriA ' 


9,e-'‘u"+v-idu < j“e-^u’*^idu = T(v + 2p + i), 


we see that the remainder after p terms in the expansion of PU .) does not 
exceed the (p + l)th term m absolute value, provided that 2p > v- J. 

From the formula 

V 2®/ ml 1^2Mi7 (2p + l)i Uir/ 

we find in a similar manner that the remainder after p terms in the expansion 
JQ ter) does not exceed the (p + l)th term in ahsoLe value, "dS’Zt 

reproduced by Gray and 

p. 70, but email iDaocuraoies have been pointed ont in ivita * v (London, 1896), 
cr<m4. PAH. Soc. xvii. (1899), pp. mveet.gat.one by Orr, TVana 


In the case of ir„ (x) we have the formula 


V-i 


du, 


(mO^^lT-Z ‘ Ke<». avr. 
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7 - 31 ] 


and 

j. JiV* -V 

ml , W 


+ 


(p-l)! \2a;/ 




and, whenp^v — l, the last term may be written 


(p-D! 




where 0 < ^ 1, and so, on integration. 



(v, p Y 


where 0 < ^2 "S 1 when p^v — \. 


This is a more exact result than those obtained for P{x,v) and Q{ic,v) 
by the same methods ; the retison why the greater exactness is secured is, of 
course, the fact that (1 + is positive and does not oscillate in sign 

after the manner of (1 + luit/xy~P~^ ± (1 — \iutjxy~P~^. 


7‘31, The researches of Stieltjes on Jo (a?), Yo{x) and Ko(a!). 

The results of § 7 ‘8 wei-c put into a more precise form by Stieltjes*, who 
proved not only that the remainders in the asymptotic expansions associated 
with Jo (ir),Fo(a;) and Kq(x) ai-e numerically less than the first terms neglected, 
but also that the remainders have the same sign as those t(!rms. 

Stieltjes also examined /(i(.r), hut liis result is cornjdiwited and we shall not mproduce 
itt. It is only to bo expected that /y (.r) is intracttiblo hooauso in tJie dominant expansion 
the terms all have the same sign whoi’eas in the other three asymi)totic expansions the 
terms alternate in sign. 

It is evident from the definitions of§ 7'8 that 

P {x, 0 ) = I {(1 + + (1 - 2 i/O'M dn, 

2if\J'ir j 0 

Q (x, 0 ) == u~i ((] + liu)-^ - (1 - du. 

In these formulae re[)lace (1 + by 

2 

TrJo 1 ± |iM. sin” <16 ’ 

* Ann, Set. I'&cole norm. sup. (8) iii. (1886), pp. 238 — 262, 

t The function Iy(x) has also been examined by Sohafheitlin, Jahreahericht der Deultchen 
Math.-Vereinigung, xix. (1910), pp. 120 — 129, but be appears to use Lagrange’s form for the 
remainder in Taylor’s theorem when it is inapplicable. 
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It is then evident that 


d(j> 


(1 + ^iuri+a - 1^. 

= - f^{l — w® sin* <A + . . . + (— )^~* (i w® sin* 4>y~ 

‘n'jQ 

+ ("•)^ (i^® sin* (pyiil + ^ M® sin* <;(>)} d<l>, 
yrhere p is any positive integer (zero included). 

Now, obviously, 

Jo l+iu®sm®(^ ^ Jo ^ ^ 

wh&re B lies hetwem 0 and 1 ; and hence 

i {(1 + ii«r* + (1 - W-*! = 1 - Vi" ( i «)’ + (i«)‘ - • - 


that 


+ ^'^(2p'V2 yr" ^ ^ 

If we multiply by the positive function e““® and integrate, it is evident 

a) P(^0Wl-iliil4- ,( ^2,-. 1^3®. 5®. ,.(4^-5 )® 

1 ^ (2D-2Mf8a;^®P-® 


(2p-2)!(8a:)®P- 

^ * ■(2p)!(8a!)®> ’ 


where 0 < < 1, and p is any positive integer (zero included); and this is the 

result which had to be proved for P (x, 0). 

Similarly, from the formula 

i((l+iTO)-i-(l-iiu)-i!=i 

TT 

we find that 



(2) «(-.0) = -if85 + 


1® 1® . 3® . 5® 




,l®.3®.5®...(4j?-3)® 


3! (8a;)® ••• ■ w (2p_l)! (8a;)®P- 

+ (-)P-^^0 1^3®. 5®. ..(4^ + 1) - 
^ “ (2;?+l)!(8a;)^+^ ’ 

where 0 < da < 1, and p is any positive integer (zero included) ; and this is the 
result which had to be proved for Q{x, 0). 

In the case of Kg (x), Stieltjes took the formula 


■K'o (ip) “ ^ (1 + ^ w )"* du, 

and replaced (1 + iu)~i by - [ . ; the procedure then follows the 

wJo l+tw8in®{^ ^ 

method just explained, and gives again the result of § 7-3. 

By an ingenious device, Callandreau* succeeded in applying the result of Stieltjes to 
obtain the corresponding results for functions of any integral order ; but we shall now explain 
a method which is eflFeotive in obtaining the precise results for funotions of any recti order. 
* Bull, dee 8ei. Math. (2) xtv. (1890), pp. 110—114. 
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7*32. The signs of the remainders in the asymptotic ecapansions associated 
with J„ {as) and {as). 

It has already been seen that J, (as) and F„ {as) are expressible in tenns of 
two functions P{as,v) and Q{as,v) which have asymptotic expansions of a 
simpler type. We shall now extend the result of Stieltjes (§ 7*31) so as to 
shew that for any real value* of the order v, the remainder after p terms of 
the expansion of P {x, v) is of the same sign as (in addition to being numerically 
less thanf) the {p + l)th term provided that 1p>v—\\ a corresponding result 
holds for Q {x, v) when 2p>p — ^. The restrictions which these conditions lay 
on p enable the theorem to be stated in the following manner: 

In the oscillatory parts of the series for P {x, v) and Q {x, v), the remainders 
ard of the same sign as, and numerically less than, the first terms neglected. 

By a slight modification of the formulae of § 7*3, we have 

af+h /•« 

^ ^ 2r{p + i) Jo du, 

Q {as, v) = |( I + 

and, exactly as in § 7 ‘3, we may shew that 

i{(i + ^iu)''-i + (1 - \iuy-^] ^ 

,»=o, (2w)! 

+ - (1 - dt. 

The reader will see that we can establish the theorem if we can prove that, 
when 2p>v — the last term on the right is of fixed sign and its sign is that of 

It is clearly sufficient to shew that 

2p^- \ (1 - 1)^~'^ \i {(1 + \iuty-^-^^ - (1 - liuty^^^] dt 
is positive. Now this expression is equal toj 

(2p - . - i > r (2y - . - f )/o <1 - <lt 

“ r(2p-V+~f).U, (1 

^ T^-vTi) I 0 i ~ 

■* Ab in § 7’8 we may take v^O without loss of geuerality. 
t This has already been proved in § 7'3. 

It Since |&in(i\ut) the condition 2p>v-^ secures the absolute convergence of the 

infinite integral. 


W.B.F. 


14 
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Now (1 — is a monotonic decreasing function of t\ a,nd hence, by the 
second mean- value theorem, a number between 0 and 1, exists such that 

f (1 - ty^~^ sin (|Xu^) dt — f sin dt ^ 0. 

Jo Jo 

Since F (2p — is positive, we have succeeded in transforming 

[\l - t)^\i {(1 4 - (1 - dt 

into an infinite integral in which the integrand is positive, and so the expression 
under consideration io positive. 

That is to say, 


\ {(1 4- ^uy-i + (1 - 


'^to (27n)l (2p)l 

where ^>0when 2p>p — ^. And it has already been seen (§7‘3) that in 
these circumstances Consequently and then, on multiplying 

the last equation by e~^ vT'^ and integrating, we at once obtain the property 
stated for P (a, v). 


The corresponding property for Q {x, v) follows from the equation 

I K1 + iiur^ - (1 - im)-*! = -”2 


the details of the analysis will easily be supplied by the reader. 


Note. The analysis fails when — if we take p=0, but then the phase of 

{l±^iuy~i lies between 0 and ±i(>'-'J)7r, and so J {(l+JiM)*'"i4(l has the 
same sign as unity, and, in like manner, ^{(1 -^iu)*'~4}/thas the same sign as 

®^d hence P(x’, v) and Q(x, v) have the same sign as the first terms in their 
expansions, so the oonolusions are still true j and the conclusion is true for Q (x, v) when 
<f ifp=0. 


7'33. Weber’s formulae for the remainders in the expansions of functions 
of the third kind. 

Some inequalities which are satisfied by the remainders in the asymptotic 
expansions of (z) and (z) have been given by Weber*. These inequali- 
ties owe their importance to the fact that they are true whether z and v are real 
or complex. In the investigations which we shall give it will be supposed for 
simplicity that v is real, though it will be obvious that modifications of detail 
only are adequate to make the mode of analysis applicable to complex values 

* Math. Ann. xxxva. (1890), pp. 404 — 416. 
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of V. There is no further loss of generality in assuming that v^O, R(z)^ 0. 
We shall write \z\ = r, and, since large values of | j are primarily under con- 
sideration, we shall suppose that 2r > v — 

If V — > 0, we have*, by § 6T2 (3), 


du 


/ 2 


r^+i) 

Kin! r(» + l> I /, 


, w y-i , 

1 + Fr) ^ 


i- 

\7rz 


TTz) r(i/ + 1) 

— I f — V 

WzJ 




-I.-* 


If 0 ^ V < ^, we use the recurrence formula 

Bf w = (2/^) („ + 1) w - w 

and apply the inequality just obtained to each of the functions on the right. 
It is thus found that 


( 1 ) 

and similarly 

( 2 ) 

where + 

(3) 


(z) ^ 0 1 (iTT^)-* I , 

(“-(■-“iT" 


(^>i) 

{v<h) 


The results may be called Weber’s crude inequalities satisfied by (z) 
and (z). By an elegant piece of analysis, Weber succeeded in deducing 
more refined inequalities from them in the following manner; 

Take the first p terms of the series involved in Hankel’s two expansions 
and denote them by the symbols {z ; p), {z ; p), so that 

2., {z,p) ^ , 2, {z,p) 


m.i=0 

It is easy to verify that 




2 (z’ 

A. ^2(_2u)p-i' 


\_dz^ dz z* 

We regard this as an equation to be.solved by the method of variation of para- 
meters; we thus find that 

{z\ p) — (^TT^r)* {X (z) (z) + B{z) (js)}, 

* In the third line of analysis the inequality «*^l + dr(ic^0) has been used, 
t When >»< i we take 2r >»» + . 


14—2 
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where A (z) and J3 (z) iaxe functions of z so chosen that 
(A'(z)E,(^)(z) + B'(z)H,<!^iz)=^0, 

\a' w w+ b' s.^ (.) = - 

It follows that 

W = I’T (i7r«r)-t ei (a-ivir-Jir) (^), 

and so 

A(z)^A-^irl^ {^TT (z + 0}~* e*<*+*-t*^) 
where A is a constant. 


We obtain a similar expression for B(z), and hence it follows that 
(z‘, p) = {AS^^^ (z) + (^r)} (^TTz)^ 



By considering th-e behaviour of both sides of this equation*'as ^ + oo , it 

is not difficult to see that A — 1 and B = 0. 

Hence we may write Hankel’s formulae in the forms 

H,« (a) = (2^(11 (^ ; p) 

if.* W = P-'” (*i i') + 


where the remainder may be defined by the equation 



Sinee^ B> {z) > 0, we have | | > \/(r* + 1*), and so, by using the crude 

inequalities, we see that the modulus of the Isist integrand does not exceed 


21>-P ^-1 QIa. (,Ji 

Hence ^ 


I I $ 2^-P O^p I {p, p) I I" (r» + <»)-J(p+J) 
and so, when p ^ 1, we have 


(4) 

and similarly 

( 6 ) 




These we the results obtained by Weber; and it will be observed that in 
the analysis no hypothesis has been made concerning the relative values of v 
and jp; in this respect Weber’s results differ from the results obtained by 
other writers. 
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7‘34, A'pproocimaUons to remainders in the asym'ptotio ecepiinsions. 

When the argument of a Bessel function is not very large*", the asymptotic 
expansion is not well adapted for numerical computation because the smallest 
term in it (with the remainder after the smallest term) is not particularly 
small ; at the same time the argument may be sufficiently large for the 
ascending series to converge very slowly. 

An ingenious method for meeting these numerical difficulties w*is devised 
by Stieltjesf; we shall explain the method in detail as applied to the function 
Ko(x) and state the results which were obtained by Stieltjes by applying the 
method to Jo (as) and Yoix). 

We apply the transformation indicated in §7'31 to the formula §6'16(4), ' 
so that 


rr / \ r e~’^du 


V2jo 

_ r r*' d0 du 

■jr L io td (1 4- sin“ 

P~^ kI'O r /“* riir fi—xu 

X — . (-^wain--'^)»«ddda 

n" l_m=0 Jo .0 

foo e~^‘ (— jtit ain^ d)P 

’*']() Jo w*(l + |a8in»<9) 

That is to say, 


where 


^ tt^Jo Jo sin^^?) 


Now the value of m for which (0, m)l(2.T)”* is least is nearly ecjiial to 2.r 
when CD is large; accordingly, in order to cuuisider the remainder after tlio 
jmallest term of the series for Ko{x), we choose p so that 

X ~ p + a, 

where or is numerically less than unity ; and then 
r® f'f 

^P=~S I d)P -V - -y-y . dffdu. 

J 0 Jo u*(L + ain^ d) 

Now, as u increases from 0 to oo , ^ ue“i" incroa-ses Irom 0 up to a maximum 
(when u = 2) and then decreases to zero ; so we write 

where f increases from — oo to oo , and, for siniilar reasons, wo write 

sin® 0 — 


* The range of values of x under contemplation for the funotiona ird (x), Ig (^) and ia 

rom about 4 to about 10. 

t Ann. Sci. de I'ficole norm, svp, (8) iii. (1886), pp. 241 — 252. 
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The domain of integration becomes the whole of the (f, tj) plane; and it is 
found that 


where 


fao /•« / 00 

= [ e-PiC-Wi] 2 a,,,^i‘ diAri, 

" J -CO J —00 


ttn.a — 


^0,0 — Qb,o— 2a’® — 1*0, a 

by some rather tedious arithmetic. It follows* that the dominant terms of 
the asymptotic expansion of Up for large values of p are 


so that 

( 2 ) 


13 . ao,a + a9.o . 1 


It is easy to verify by Stirling’s theorem that 

(O.j?) , 

{Zay' 




SO that the error due to stopping at one of the smallest terms is roughly half of the first 
term omitted. 


In like manner Stieltjes proved that, if P («, 0) and Q (w, 0) are defined as 
in § 7 ‘3, then 

(3) P(^. = 


(4) 

where 

( 6 ) 

( 6 ) 




vic*0 








W/ p 

2 p 


provided that p is chosen so as to be nearly equal to x, and t is defined to 
be a; — p. 


Roaulte of this character are useful for tabulating Bessel functions in the critical range; 
some similar formulae have been actually used for that purpose by Airey, Arokiv der Math, 
und Phy». (3) xx. (1913), pp. 240— 244-; (3) xxil. (1914), pp. 30—43 ; and BHtiih Association 
Reports^ 1913, 1914. 

It would be of some interest to extend the results, which Stieltjes has established for 
Bessel functions of zero order (as well as for the logarithmic integral and some other 
functions), to Bessel functions of arbitrary order. 


* Of. Bromwich, Theory of Infinite Series, §§188, 187, and 174, or the lemma which will be 
proved in § 8*8, 
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7*36. Deductions from Schafheitlin's irdegrals. 

If we replace u by 2 tan 6 in the formulae of § 7 '32, we deduce that 

r(l-+J).lo C08’'+>« ‘ 

r(»+i)Jo C08»+>tf ‘ 

which resemble Schafheitlin’s integrals of § 6*12, 

It is obvious from these results that 

P {x, v) > 0, {-I <v< f ) 

Q (a, v)> 0 , (i< J'<^) 

Q(x, v)< 0 . (-^<v< i) 

An interesting consequence of these results is that we ctin prove that 

Q (^> (^. v) 

is an increasing function of x when — ^ < v < ^ and that it is a decreasing 
function of x when ^ < v< 

For we have 


Of (x, v) P {x, v)- F (x, v) Q {x, v) 

=2 [*' 

U {y H- Jo Jo 

where 

F (fi, <^) = ^ ““ (" - i) (" - i) 

so that 

F ( 8 , 4.) + F(4,, 8 ) = 9 - ton « sin (i (9 - 4 ,). 

If we interchange the parametric variables 6 , <j) in the double integral and 
add the results so obtained we see that, when — | < v< the double integral 
has the same sign as ^ — v ; and this proves the result. 


7*4. Schldfli’s investigation of th e asymptotic expansions of Bessel funotions. 

In a memoir which seems hardly to have received the recognition which 
its importance deserves, Schlafli* has given a very elegant but somewhat 
elaborate investigation of the asymptotic expansions of the functions of the 
thuxl kind. 

The integral formulae from which he derived these expansions are 
generalisations of Bessel’s integral ; although Bessel’s integral is nob so well 
adapted as Poisson’s integral for constructing the asymptotic expansion of 

* Ann. di M<a. (2) vi. (1876), pp. 1—20. The only etondard work oa Beflael functions in which 
the importance of this memoir is recognised is the treatise by Graf and Gubler. 
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Jy {z) when z is large and v is .fixed, yet Schlafli’s method not only succeeds 
in obtaining the expansion, but also it expresses the remainders in a neat and 
compact form. 

Schlafli’s procedure consisted in taking integrals of the type 

Ju--' exp (« + i)| <i«, 

and selecting the contour of integration in such a way that, on it, the phafte* of 

(m — 2 + lju) 

is constant. He took two contours, the constants for the respective contours 
being 0 and it \ and it is supposed that r is positive and a is real. 

(I) Let us first take the phase to be tt ; write 

If = 1 + 

where p is positive and 6 is real, and then 

is negative, and is consequently equal to its conjugate complex. 


Hence we have 

(1) P = 


sin (ot + 2^) 
sin (a + ’ 


u — 


sin d 


sin (a + d) 


gt(2flH-a) 


Next choose a new parametric variable <j> such that 


and then 
( 2 ) u 


ooal(a-<f>) 
cos J (a +■ ^) ’ 


= 2^ + a — TT, 

ref* ~ _ 

u cos ji(a — <f) cos |(a + (f ) ' 


Now, as varies fi'om — (tt — a) to (tt — a), u traces out a contour emerging 
from the origin at an angle — (tt — a) with the positive real axis and passing to 
infinity at an angle (tt — a) with the positive real axis, provided that 0 < a < 27r. 


If this restriction is not laid on « the contour passes to infinity more 
than once. 


We shall now lay this restriction on a ; and then the contour is of the type 
specified for formula § 6*22 (9), provided that we give to and arg z the same 
value a, as is permissible. 


It follows that 

{ref*) -e-'^Iy (ra**)"; 1 

5^— : — ^ ^ — ^'=5—; I w^-^exp 

2%aini'7r 2>jrfj ^ 

where u is defined in terms of ^ by equation (2). 


ive" 




* The reader will fiad it interesting to compare the general methods of this section with the 
"method of steepest descents” which is applied to obtain varions asymptotic expansions in 
Chapter vm. 
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Changing the sign of <f> is equivalent to replacing u by 1/w, and so, replacing 
the expression on the left by its value as a function of the third kind, we have. 

(;^) (re* (“-*“■)) == “• J + w”) ®2£p ■ (^u + j . — - d(fi. 

From (2) it follows that —re^{u — Vflu increases steadily* from 0 to + co 
as <f) varies monotonically from 0 to tt — « ; and, if we write 

— re*‘ (u — ly/u = t, 

so that t is positive when u is on the contour, we have 

du dt _ dt 

u ~ — re** (m — 1 /m) e~^ (tr-<x) » (^i ^ ’ 

the range of values of arg \l being less than tt. 

Next, by Cauchy’s theorem, 

(U+,1/M+) . f lii 


U* + W 


1 ' 
27rt . 




+ 




it is convenient to take the point ^ = 1 inside the contour, but f = 0 must be 
outside the contour because the origin is a branch-point. 

It follows that 

u\ -1- w-» f <«+. ’/«+» f *'-» (C~ 1) dt 


(4) 

Hence 


U" -I- M-** 


_ w» -1- ur* J 

2771 


) 27r'irM'‘ ,'oJ (?-!)» + f«/(re^) ' 


Now it is evident that 


_p-V 


(_)i» i»n 


(_)r tP 


(f- 1)’ (if- !)»»«(,■«<•)” + (r- l(f- ly + ■ 

where is any positive integer (zero included). It will be convenient subse- 
quently to suppose that p exceeds both R(v — ^) and i2(— i' — ^). 

On making this substitution in the last integrand and observing that 


X( 

2m J 


(U+, )/lt+, 1+) 




— r (y + m + _ 7n \ (v, m) 


r(y- m + ^).(2m !) (2w)! 


(with the notation of § 7‘2), we deduce that 
(6) H,'>>(re^(“-*’^)) = (^yexp(?'e‘“-|y7n)[^^i^fc|~^ , 


where 


jl (1) -. - i 

^ 27rtV(27r)io 


00 /•(u+, 1/M+, l^) 


g-it ip-i d^dt 


(f - 1)®-' (rfi)f Kf- 1 )* + ir</(r«‘‘)l ■ 


d sin* 0 _ aln ^ (1 + 2 ooa a ooa 0 + oob^ 

d0OO8tt + eO8^~ (OOSa + OOB0)“ 


* Since 
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First consider 

When 2 ? is so large that it exceeds both R(v — \) and E(—v — ^), we take the 
contour to be as shewn in Fig. 16; and when the radii of the large and small 
circles tend to oo and 0 respectively the integrals along them tend to zero. 
If now we write 

on the two rays (which are all that survives of the contour), we find that 

_ (— )^ cos vrr p (1 “ as)P^'’~ida} 

TT Jo l — tai(l— x)lire^) * 



Now the numerator of the integrand is positive (when v is real), and the 
modulus of the denominator is never less than 1 when ^tt < a < f tt ; for other 
values of a it is never less than [ sina j. 

Therefore 


I I ^ loil *■“ I <"■ ^ ) I 

where | | is 1 or | cosec a | according as cos a is negative or positive. Whon v 

is complex, it is easy to see that 


( 7 ) 




cos VTT 


COS JB (vtt) 


^ol(-K(p)>j>) 

(2r)P 
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Hence, finally, when — ^tt < arg z < f tt, 


( 8 ) 


(^) 




gHz-ivw-iv) 




where | | does not exceed 1 or \ sec (arg «) j according as I (z) is positive or 

negative, provided that v is real and + ^ > I v 1 . When v is complex, the modi- 
fied form of the remainder given by (7) has to be used. 

Since {1 — te?(l — ^0 when JS(e“^)<0, we see that, in (8), 6i 

has its real part positive when v is real and I {z)^Q. 

If z be replaced by iz in (8) we find that, when | arg ^ | < tt, 

(9) 

and, when v is real, 

(i) ^0 and ( I < 1. if 

(ii) 1 I < I cosec (arg ^:) | , if (z) < 0. 


(v, vi) . (y. p) 


The modifications necessary for complex values of v are left to the reader. 


(II) We next discuss the consequences of talcing the phase of 

■i 7’6*“ (u - 2 + 1 /w) 
to be zero. As before, we write 

M = 1 + pe^^, 


and then is positive, and therefore equal to its conjugate 

complex, so that we obtain anew equation (1). We then diverge from the 
preceding analysis by writing 

.^ = -(2^ + «) 

so that 


( 10 ) 


sin i (« + </>) 1 rsin^(f> ^ 

sin .J {a - <f>) ’ u sin ^(a - </>) sin J (a + </>) ’ 


Now, as 0 varies from — a to a, m traces out a contour emerging from the 
origin at an angle a with the positive real axis and passing to infinity at an 
angle — a with the positive real axis, provided that a lies between — tt and tt. 
The contour is then of the type specified for formula § 6'22 (8) if, as is per- 
missible, we give co and arg^ the same value a. 

It follows that, when — tt < a < tt, 

Ky {re^) - 4 vTT J exp | re‘“ ^ d^, 

where u is defined as a function of (f> by equation (10); and therefore 

(11) (re'(‘‘-*’')) = exp ^ 
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and hence, if now 
we find that 


t = re^{u’-'iylu, 
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( 12 ) 


' ^ ^ 2ir’r»6»‘” JoJ (f- !)>-?«/(»•«*>) ' 


We have consequently expressed a second solution of Bessel’s equation in a 
form from which its asymptotic expansion can be deduced ; and the analysis 
proceeds as in the case of (z), the final result being that, when 


(13) {z) = 


— f 7r< argif< ^tt, 

■ {v,m) 

.,«7o 


where | 6^ | does not exceed 1 or | sec arg^r | according as I {z)^0 or I {z) > 0, 
provided that v is real and p + 1 > | v | ; and R (6^) > 0 when I (z) ^0. If y is 
complex the form of the remainder has to be modified, just as in the case of (8). 


It should be observed that, since the integrands in (3) and (11) are even 
functions of v, it is unnecessary in this investigation to suppose that R (y) 
must exceed as was necessary in investigations based on integrals of 
Poisson’s type. 


7*6. Barnes’ investigation* of asymptotic expansions of Bessel functions. 

The asymptotic expansions of functions of the third kind follow immediately 
^ firora Barnes’ formulae which were obtained in §§6’5, 6'61. Let us consider 

rcoi—y—p 

I r (— a) r (— 2y - j) r (y + 5 + 1) (- 2izy ds 

J _aoi— 

=(- 21 ^)“^“^ f r(—s+v+p) r(—s — 2 /+p) r(s—p + i)(- 2izyds. 
J -ni “ 

If I arg (^ u) I ^ f TT - S, we have 

i ^OOl 

I r(— 5 + y +p) r(— s — y +p) r (^ — p + J)(— 2izyds\ 

J -"ooi 
roai 

^ I r(-s + y + p) r(-s-y+p) r(s-p + ^)eiS'"-«) dv',, 

and the last integral is convergent and so the first integral of all is 

0 l(- 2iz)-’'-P} . 

But, by the arguments of § 6'51, the first integral is - 27ri times the sum 
of the residues at the poles on the right of the contour, and so it is equal to 
-7r-.ff‘„W(^)/[e<(*-''’") cos y7r(22:)‘'] plus -2wi times the sum of the residues at 
>5 = “ — V — — y-p + l^. The residue at — y — 77i - ^ is 

(— )”* r (y + w -H ■^) r ( — y + w + ^) 

ml (— 2i>)’'+^+* ’ 

w 

* Tram. Camh. Phil. Soe. xx. (1908), pp. 278—279. 
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and so, when | arg (— | ^ |7r — S 


if = 


qHZ Vlt) QQQ (pfr') . 


rt ' 




9 

=: [ j gH.Z-\vir-\v) 


TTZ 


'V 

_ »J=0 (~ 


m) 


+ 0 


and this is equivalent to the result obtained in § 7'2. The investigation of 
{z) may be constructed by replacing i by - i throughout. 


The reader should notice that, although the determination of the order of 
viagnitude of the remainders by this method is transparently simple, it is not 
possible to obtain concrete formulae, concerning the magnitude and the sign 
of the remainders, which are ultimately supplied by the methods which have 
been previously considered. 


7*61. Asymptotic expansions of products of Bessel functions. 

It does not seem possible to obtain asymptotic expansions of the four 
products J±ti{z) J±t,{z) in which the coefficients have simple forms, even 
when /x = v. The reason for this is that the products Hf^{z)Hf'^{z) and 
(z) (z) have asymptotic expansions for which no simple expression 

exists for the general term ; the leading terms in the two expansions are 

2e±2«aTi(M+>'+l)'rf 2/i®+2l/‘‘— 1 I 

r ^z 

The products (z)Hp^^ (z) and (£')jRr,,('*(£^),hDwever,do possess simple 
asymptotic expansions ; and from them we can deduce asymptotic expansions 
for 

JA^)M:^)+Y^{z)Y,{z) 

and for (z) Y, {z) - Y^ (z) {z). 

The simplest way of constructing the expansions is by Barnes’ method, 
just explained in § 7'6. A consideration of series of the type obtained in 
§ 6 ‘41 suggests that we should examine the integral 

the contour is to be chosen so that the poles of r(25 + 1) lie on the left of the 
contour and the poles of the other four Gamma functions lie on the right of 
the contour; and it is temporarily supposed that p, v and p±v are not 
integers, so that the integrand has no double poles. The integral is convergent 
provided that | arg (iz) | < ^tt. 
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Krst evaluate the integral by swinging round the contour to enclose the 
sequences of poles which lie to the right of the original contour ; the expression 
is equal to minus the sum of the residues at these poles, and the residue at 
w + IOi + v) is 

r +. y + 2m + 1) ■ (-)”* (|^)M+V+BW 

sin /ITT . sin VTT . sin (ja 4- v) TT ■ m ! r (/i. + m + 1 ) r (y + m + 1) r (/A + y + m + 1 ) ■ 

It follows that 


— Tr* 


:{ 




sin /jiTT sin VTT I sin (/n + y) tt 


sin (/A — y) TT 


(^) J, (s) (s) J_, {z) 

sin(y--/i)7r 8in(/i,+ y)7r 

(2 cos /ITT cos vnr +f sin + y) w} rr . , . ir / x r / m 

sin (^ + y) w sin Ot - y) TT 

^ 2sin|(/x + y)7r 

- cot i (^ - y) TT { («:) (^) - 7^, {z) /„ («)} ] 

” 2cosi(^ + y)7r ^ ^ 

+ tan i (^ - y) TT (^r) F„ {z) - 7^ {z) /„ (^)}]. 

By writing -i for % throughout the analysis we deduce that, if both 
I arg w I and I arg (- iz) \ are less than f tt, i.e. if | arg 5 1 < tt, then 

2sini(yit + y)7r (^)l 

- cot i 0^ - y) TT . { (^) F,- (g) - I'm (g) (^)}] 


( 1 ) 



7*61] 

and 

( 2 ) 


TT® 
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2 cos ^ (yU, + v) TT 

+ tan |(/i - 1 /) TT . {Jf,(z) Y„ (z) - (z) J, (^)}] 

These results hold for all values of {i and v (whether integers or not) 
provided that, in the case of the former /a + v and tx — v are not even integers, 
and, in the case of the latter /i. + i/ and /z — v are not odd integers. 

We now obtain the asymptotic expansions of the functions on the left of 
(1) and (2) after the manner of § 7‘5, 

We first take p to be an integer so large that the only poles of the in- 
tegrands on the left of the line R (s) = — p — { are poles of F {2s + 1) ; and then 


/•ooj raoi-p-i 
J — 00 i J — 


(when either integrand is inserted) is equal to 27ri times the sum of the 
residues at the poles between the contours. Since 


J - ooi-p-\ 

we deduce that the asymptotic expansions, whtm jargarj < tt, are 

(3) [J^ (z) Jy iz) + Y^ (z) (^)] - cot J (p - v) TT . [J^ (z) Yy (z) - J,(z) Yj, {z)] 


. 11 + V 

sin - TT 


TT* 


,_,(-)'»r(^-F+“+') r(^-2-‘'+i»+]) r(‘'2^+M+i) r(-^-F+®»+i) 




(2ra + 1)!(|2^)®"‘'*' 


+ 


7r^8inH>-*'K‘^ *V 2 ^ ’ 2 '2 ’2’ W 


and 


(4) [Jp {z) {z) 4- Yp {z) Yy (. 2 )] + tan \{fx-v) tt . [Jp.{z) F„ {z) ~ (») Yp{x)] 

^ W // ‘* + y 4- 1 p — y4l y — p 4 1 \ — fx — v , 1 _ ^ 

'IT z <iOQ ^ {fx — v) TT \ 2 ’ 2 ’ 2 ’ 2 ’ 2’ zy 
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In the special case when /a == i>, the last formula reduces to 
(6) I (1.8.6...(2m-l)t^, 


and, in . particular, 

( 6 ) 


2 ^ (-)^|1.3.6...(2m-l)}< 
(2m)I(2«)»™ 


Formula (6; seems to have been disoovered by Lorenz, K. Danske Vidensk. Selskabs 
Sh'ifteTy (6) VL (1890). ^Oeuvres ioieKtiJiques^ i. (1898), p. 436], while the more general 
formulae (3) and (4) were stated by Ow, Proc. Comb. Phil. Soo. x. (1900), p. 99. A proof 
of (6) which depends on transformations of repeated integrals was given by Nielsen, Hand- 
huch der Theorie der Oylii/ideifunktionen (Leipzig, 1904), pp. 246 — 247 ; the expansion (5) 
is, however, attributed to Walter Gregory by A. Lodge, British AsaooicUion Report^ 1906, 
pp. 494—498. 


It is not easy to estimate exactly the magnitude or the sign of the re- 
mainder after any number of terms in these asymptotic expansions when this 
method is used. An alternative method of obtaining the asymptotic expansion 
of {z) -1- (•z) 'will be given in § 13*75, and it will then be possible to form 

such an estimate. 



CHAPTEE VIII 


BESSEL FUNCTIONS OF LARGE ORDER 

8*1. Bessel functions of large order. 

The subject of this chapter is the investigation of descriptive properties, 
including approximate formulae, complete asymptotic expansions, and in- 
equalities of various types connected with Bessel functions ; and the pro- 
perties which will be examined are of primary importance when the orders of the 
functions concerned are large, though many of the results happen to be true 
for functions of all positive orders. 

We shall first obtain results which are of a purely formal character, 
associated with Carlini’s formula (§ 1'4). Next, we shall obtain certain 
approximate formulae with the aid of Kelvin’s* “principle of stationary 
phase.” And finally, wo shall examine the contour integrals discovered by 
Debye t; these will be employed firstly to obtain iisymptotic expansions when 
the variables concerned are real, secondly, to obtain numerous ipequalities of 
varying degi-ees of importance, and thirdly, to obtain Jisymptotic expansions 
of Bessel functions in which both the order and the argument are complex. 

In dealing with the fimction J„ {oc), in which v and x are positive, it is 
found that the problems under consideration have to be divided into three 
classes, according as .vjv is less than, nearly equal to, or greater than unity. 
Similar sub-divisions also have to be made in the corresponding theorems 
concerned with complex variables. 

The trivial problem of dotormining the ftHyinplotic o.xpaiiHion of ./p {z), when v is largo 
and z is fixed, may be noticed hero. 

It is evident, by up])lying Stirling’s theoixan to the exp/uision of .■?•!, that 

(i) ~ ox p I V -h I' log ilz) - ( V + i) log !•} . -I- -I- . . . J , 

whore l/v/(27r) ; this result has l;»oon pointed out by ITorn, J/ue/i. Ann. Lll. (1899), 
1). Sf)?). 

[Notk. For ijhysical applications of approximate formulae for functions of largo order, 
the following writers may l)e conHult(Ki: Macdonald, Prve. Royal Sm., LXXl. (1903), pp. 251 — 
258; (1904), pp. 59 — 68; xe.A(1914), pp. 50 — 61; Phil. Trans, of the Royal Spc. oxn. K 

(1910), pp. 113 — 144; Uobye, A nn. dor Pkysik imd Ohemie, (4) x.xx. (1909), pp. 67 — 136'! 
March, Ann. der Physik und Chemie, (4) xxxvii. (1912), pp. 29—50; Rybczyiiski, Ann, d&' 

* Phil. Maij. (6) xxni. (1887), pp. 252 — 266. [Math. antlPhya. Papers, iv, (1010), pp. 808 — 806,] 
In connexion with the principle, see Stokes, Trans. Gatnh. Phil, Soc. ix. (1850), p. 176 footnote. 
[Math, and Phys. Papers, ii. (188:-i), p. 841.] 

t Math. Ann, lxvii. (11)09), pp. 536 — 668; Milnchener Sitzuvgsberichte, xl. [6], (1910),. 


W. D. V. 
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where* 

(1) P^=;:^^(4sec»^ + sec‘/3) 
cot“/9 


— ' 2282^ ' ^ ^ ®®°*' ^ ^) 


4- (768 sec«^ + 41280 8ec*)S+ 14884 sec^/S + 17498 secs^Q 

+ 4242 sec” ^ + 103 sec” yQ) 

+ ..., 


(2) (2,=:„(tan/3~V9)-^(2 + 3sec«;3) 

- (16 - 1512 sec^ ^ - -3654 sec^ y8 -376 sec« /9) 

- (256 + 78720 sec^iS + 1891200 sec^/9 + 4744640 secOjQ 

+ 1914210 sec8y3 + 67599 sec”^) 

+ .... 


To deterrhine X (>^ sec /Q) in terms of these expansions, we take ^ to tend 
to and compare the results so obtained with the expansions of Hankers 
lype given in § 7*21 ; we see that, as /8 ^tt, 

P„ -► 0, Qyf^v (sec ^ — \it), 

and we infer that 


(3) {v sec /9) = 

(4) P-,®* (*; sec 0) = ^ . e-P.-<Q.+i- 
It follows that 

(6) J,(i/seo ^ ~ 

(«) 7, (v sec /3) = • e-^- sin (Q. - Ivr), 

where and Q„ are defined by (1) and (2). It will appear subsequently 
{§ 8'41) that these formulae are actually asymptotic expansions of {v sec y9) 
and Yy (v sec fi) when v is large and jS is any assigned acute angle. 

Formulae which are valid for small values of i.e. asymptotic expansions 
of Jy {z) and F„ (z) which are valid when z and v are both large and are nearly 
equal, cannot easily be obtained by this method ; but it will be seen in § 8*2 
that, for such values of the variables, approximations can be obtained by 
rigorous methods firom 'Schlafii’s extension of Bessel’s integral. 


* The reader vill obaerre th^ the approximation has been carried two stages further than in 
the corresponding anafysis of § 8*11. 
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The dominant terms in the expansions (5) and (6), which may be written in the 
My cos ( Qv ~ iir)i (^) = sin ( § 1 , — Jtt), 

Qv ““ "*) ~ i"”" + V arc sin (v/x), 

had been obtained two years before the publication of MeisseVs paper by L. Lorenz an a 
memoir on Physical Optics, K. JDantke Videtiakahemes Selskaha Sknfter, (0) vi. (1890). 
[Oeuvres Saientifiques^ l. (1898), pp. 421 — 436.] 

The prooedui-o of Lorenz was to take for granted that, as a coiasequenoe of the result 
which has been proved in § 7*61, 


Note. 

form 

(7) 

where 


J/8 




, 1.3 (.^-i).(.«-f) . 
^ ■^2.4 jr* 



and then to use the exact equation 


( 8 ) 


2 

dx irxMy^ ’ 


which is easily deduced from the Wron.skian formula of § 3*63 (1), to prove that 
whence the approximation stated for Qt. follows without difficulty. 


Subsequent researches on the lines laid down by Lorenz ai*o duo to Macdonald, F/iil, 
Tram, of the Roijal Sac. oox. A (1910), pj). 131 — 144, and Nicholson, Phil. Mag. (6) xiv. 
(1907), pp. 697—707 ; (6) xix. (1910), pp. 228—249; 516—637; Proc. London Math. Soo. (2) 
IX. (1911), pp. 67— 80; (2) XI. (1013), pp. 104 — 126. A result conoorning Qv+i-Qi>, which 
is closely connected with (8), has boen published by A. Lodge, British Association Report, 
1906, pp. 494—498. 


8’2. The principle of stationary phase. Bessel functions of equal order 
and argument 

The principle of stationary phaso was formally enunciated by Kelvin’'^ in 
connexion with a problem of Hydrodynamic.s, though the essence of the principle 
is to be found in some much earlier work byStokesf on Airy’s integral (§(i’4) 
and Parseval’s integral (§ 2'2), and also in a posthumous paper by RiernannJ. 

The problem which Kelvin propounded was to find an approximate expression for the 
integral 

1 /■* 

m = Y" / <ion\in {o:~tf{m)Y\dm, 

"in j 0 

which expresses the effect at place ami time {x, t) of mi impulsive disturbance at place and 
time (0, 0), when f{m) is the velocity of propagation of two-dimensional waves in water 
■corresponding to a wave-length 27r/m. The principle of interference set forth by Stokes 


* Phil. Mag. (6) xxiii. (1887), pp. 262 — 265. [Matft. and Phys. Papers, iv. (1910), pp. 803 — 806,] 
t Camh. Phil. Trans, rx. (1860), pp. 175, 188. [Math, and Phys, Paperr, tt, (1888), pp. 841, 861.] 
4: Q-es. Math. Werke (Leipzig, 1876), pp. 400—406, 
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and Bayleigh in their treatment of group-velocity and wave- velocity suggested to Kelvin 
that, for large values of the parts of the integral outside the range (jx-a, fi+a) 

of values of m are negligible on account of interference if is a value (or the value) of m 
which makes 


In the range (jx-a, fx+a), the expression is then replaced by the first 

three terms of its expansion by Taylor’s theorem, namely 

(^)} + 0 . (wi - /t) - {fxf' (n) -1- 2/' (jx)} (m - fxY, 

and it is found that, if* 

ff n/2 

“~>rV["-2<(M/"W+2/' (/*))] 

_ coa {tfx^ f' {fx) + ^ir} 

^[-2^t{fxr{fx) + 2f{ix)}y 

In the last int^pral the limits for <r, which are large even though a be small, have been 
replaced by - oo and -t- oo , 

It will be seen from the foregoing analysis that Kelvin’s principle is, effectively, that in 
th£ (me of th£ integral of a rapidUy osculating function, the importarU part of the integral is 
due to that part of the range of integration near which the phase of the trigonometrical 
function involved is staiionaryi. 


It has subsequently been noticed J that it is possible to give a formal 
mathematical proof of Kelvin’s principle, for a large class of oscillating functions, 
by using Bromwich’s generalisation § of an integral formula due to Dirichlet. 

The form of Bromwich’s theorem which will be adequate for the applica- 
tion of the principle to Bessel functions is as follows : 

Let F {x) he a function of x which has limited total fluctuation when x^O', 
let y he a function of v which is such that vj-^co as v-*-oo . Then, if—1 <//,<!, 

J^xf^~^ F(x) sin vx.dx-*~F(-h 0) J ain t . dt = F (+ 0) F (p) sin ^ pn- ; 

and, f 0 < p < 1, the sines may he replaced hy cosines throughout. 

The method which has just been explained will now be used to obtain an 


* This is the appropriate substitution when — has a minimum at m=tx’, for a 

maximum the sign of the expression under the radical is changed. 

t A persistent search reveals traces of the use of the principle in the writings of Cauchy. Bee 
e.g. equation (119) in note 16 of his Th€orie de la propagation des Ondes, crowned Sept. 1816, 
Mem. prisentSs par divers savants, i. (1827). [Oeuvres, (1) i. (1882), p. 280.] 
t Proc; Camb. Phil, Soc. vx. (1918), pp. 49—66. 

§ Bromwich, Theory of Infinite Series, § 174. 
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approximate formula for J„{v) when v is large and positive, 
which was discovered by Cauchy*, is 


( 1 ) 




r(i) 

2^ . 3^ TTV^ 


This formula, 


This formula has been investigated by means of the principle of stationary phase, com- 
paratively recently, by Nicholson, Phil. Miff. (6) xvi. (1909), pp. 276—277, and Rayleigh, 
Phil. Maff. (6) XX. (1910), pp. 1001 — 1004 \Scimtifia Papers, v. (1912), pp. 617 — 620]; see 
also Watson, Proc. Camh. Phil. Soc. xix. (1918), pp. 42—48. 

From § 6'2 (4) it is evident that 

Jv {v) — - f cos {v ($ sin ^)j d6 — [ e-Ki/n-sinho d* 

TTjo TT Jo 

and obviously 

I TT .'o 

Hence 

~ ^)] d6 + 0 {Ifv). 

Now let ^ = 6— sin 6, and then 

f cos [p (6 — sin ^)) f d^. 

Jo jo 1 — cos 0 ^ 

But lira — - — = — , 

e~*-o 1 — cos 6 6* 

and hence, if ^®/(l — cos 6) has limited total fluctuation in the interval (0, tt), 
it follows from Bromwich's theorem that 

and then (1) follows at once. 

It still hits to bo proved that (ft^Kl-ccmd) has limited tobil fluctuation ; to establish 
this result we obsorvo that 

jl — cos dj 3(1 — cosd)** ’ 

• where u(^)= — - 3 (d - sin d), 

sin 6 

so that (7(7r-0 )= +00 , 

(/ (d) «*>(!- cos 6)V(1 +COS 6) ^ 0» 

and therefore, by integration, ff{d)'^0 when O^S^n. Consequently (f>^ 1(1 - OOB 6) is 
monotonic and it is obviously bounded. The resxilt required is therefore proved. 


rer^>'^dt = 0(lh). 

v Jo 


* Oomptes Rendvs, xxxviir. (1864), p. 998. [Oeuvres, (1) xn. (1900), p. 068,] A proof by 

Cauchy’s methods will be given in § 8*21. 
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By means of some tedious integrations by parts*, it is possible to obtain 
a second approximation, namely 


( 2 ) 


JM 


r g) 

2^.3*.7n/* 


3^r(t) 

2^ . 1407ri/^ 


+ 0 


and it may also be proved that 
(3) 


an associated formula is 
(4) 


F„ (v) 


3*ra) 

2 ^ ’irv^ 


The asymptotic expansions, of which these results give the dominant 
terms, will be investigated with the aid of more powerful analytical machinery 
in § 8'42. 


8*21. MeiaseVs third expanaim. 

The integral just discussed has been used by Cauchy f and MeisselJ to 
obtain the formal asymptotic expansion of /„ (n) when n is a large integer. 
It will now be explained how this expansion was obtained by Cauchy and (in 
a more complete form) by Meissel ; the theoretical justification of the pro- 
cesses employed will be investigated in § 8’42. 

Taking the formula 

(«) = “ [ cos {n (^ — sin 6)} dO, 

let us write ^ — sin ^ ; it then follows that, for sufficiently small values of t, 

e = t + ^i?+^i^ + ...= i 

m=0 


It follows that 

/n (n) = ^ I (2w + 1) Xm cos (iwi*) — do. 

When n is large, is large at the upper limit, and Meissel inferred that 

dn (w) ~ - X (2m + 1) Xm • f cos dt, 
n-mmo Jo 

■* See Ptvc. Oamb. Phil, 8oc. xac. (1918), pp. 42 — 48. 

+ Comptes Bendru, xxxvni. (1864), pp. 990—998, 1104—1107. [Oeuvres, (1) xii. (1900), 
pp. 161—164, 167—170.] 

t Astr. Noah, oxxvn. (1891), ooL 869—362; oxxvm. (1891), col. 146—164. Concerning 
formula (1), Meissel stated “Behon vor dreissig Jahren war ioh za folgenden Formel gelangt.’’ 
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where Q is the sign indicating a “generalised integral” (§ 6 ’4) ; and hence, by 
integrating term-by-term and using Euler’s formula, Meissel deduced that 

1 00 /6\iw+4 

(1) ./n(w)~- 2 Xmr(§m-l-f)(-) cos(ir?i-t-^)7r. 

TT m-0 


Meissel also gave an approximation for X,„, valid when m is large; and this approxima- 
tion exhibits the divergent character of the expansion (1). 

The approximation is obtainable by the theory developed in the memoir of Darljoiix, 
“Sur I’approximation des functions de tr6s grands nombres,” Journal do Math, (3) IV. (1878), 
pp. 6—66, 377—416. 

We consider the singularities of 6 qua function of t ; the singularities (where ^ fails to 
be monogenic) are the ptiints at which ^«=2rTr and <=(12»’»r)^, whei*e »•*= ± 1, +2, ±3, ... ; 
and near* t= ±(12»r)^ the dominant terms in the eximnsion of d are 

±27r + (36jr)i|l + — 

1 (12»r)il 


By the theory of Darboux, an approximation to X,„ is the sum of the coefficients of 
fSm-n in the expansions of the two functions comprised in the la-st formula ; that is to say 


that 


X„i ~ 2 , (367r)^ 


^ji.j|...(2 w-A) 

(2m + 1)! (12n-)!!’'‘'*'^ 


__ 2 r (2m -PH) 

3^ r(H)r(2m-i-2).(127r)*l"‘’ 

and so, by Stirling’s formula, 

(18)^ r(H)(m-hH)*(127r)*’'*' 

This is Mei.sael’s approximation ; an approximation of the wvme character was obtained 
by Cauchy, loo. cit., p. 1 1 00. 


8 * 22 . The application of Kelvins fynticiple to Jy(vsec 0 ). 

The principle of stationary [)ha8e has been applied by Rayleigh f to obtain 
an approximate formula for ,/„ {u .sec y9) where ^ is a fixed positive acute angle, 
and V is large J. 

As in § 8'2 we have 

(v sec iS) = r cos (v (61 — sec j8 sin 0)) d0 -f 0 (1/v), 

TT : 0 

and d — sec /Q sin d is stationary (a minimum) when 6 = ^. 

Write 6 — sec /9sin ^ — tjin (f},so that <f> decreases to zero as 6 in- 

creases from 0 to /S and then increases as 6 increases from /3 to tt. 

* These are the singularities which are nearest to the origin, 
t Phil. Mag. (0) xx. (1910), p. 1004. [Scientific Paper*, v. (1912), p. 620.] 
t See also Macdonald, Phil. Trans, of the Royal Soc. aax. A (1010), pp. 181 — 144; and Proc. 
Royal Soc. ixxi. (1908), pp. 261 — 268; lxxii. (1904), pp. 59 — 68. 
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cos {v (^ — sec ^ sin ^)} 

” ■^1 
ytinp-fi Ji 
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0 


d0 


cos {v{(f) + ^ — t&n /3)} ^ d^, 


and <j)^ 


d$ 


AS 6 -*■ ^.• 


^ V (2 tan / 8 ) 

Hence, if {ddfd<f}) has limited total fluetuation in the range 0^0 ^ir, it 
follows from Bromwich’s theorem that 

cos [vXd — sec ^ sin 6)] 2 cos {i/ (^ + ^ — tan /Q)} ^^ 2 ^ 


itan^Q) 


2^ 


\v tan 

cos {v (tan /Q — / 9 ) — ^nr] 
^j{\v7r tanyS) 

sin (v(tany3-/S)-^7r} 

(1/ sec //I •' 4. 

^ V(i*^tan^) 


.cos {z/(tan /8 — /Q) — jTrj, 


“\/(i 

and so 

(1) Jv iy sec /9) 

The formula 

( 2 ) 

is derived in a similar manner from § 6‘2l (1). 

The reader will observe that these are the doraintint terms in Meissel’s 
expansions §8*12(6), (6). 


To complete the rigorous proof of these formulae we 
limited total fluctuation. 


have to shew that {d6Jd<fi) has 


Now the sqiiare of this function, namely (j) {d6ld<f))^, is equal to 


say. But 


^ - sec /3 sin ^-3+ tan 3 

(1 — sec3cos^)2 ^ 


cos 3 cosec d (1 — sec 3 cos - 2 (^ — sec 3 sin 6 - 3+tan 3) 
cos 3 cosec 5 (1 - sec 3 cos 6)^ 


The numerator, k {$), of this fraction has the differential coefficient 
-.cos 3 cos d cosec* ^ ( 1 - sec 3 cos 

and so k{$) decreases steadily as 6 increases ffiom 0 to and then increases steadily 
as 6 increases from ..ijr to tt; since k{ff)=0 when 3=«3<^7r, it follows tloat A'(5)^0 
when 0^d^3 and A'(^) changes sign once (from negative to positive) in the range 
3<d<}r. 

Hence | \/h (6) j is monotpnic (and decreasing) when 0 < 5 < 3) and it has one stationary 
point (a minimum) in the range 3 < d < »r ; since | (6) | is bounded and continuous 

when 0 < fl ^TT it oonsequently has limited total fluctuation when 0 < d < w, as had to be 
proved. 
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8*3. The method of steepest descents. 

A development of the theory of contour inteffration, called the method of 
steepest descents *, has been applied by Debyef to obtain integral representa- 
tions of Bessel functions of large order from which asymptotic expansions are 
readily deduced. If, in general,, we consider the integral 

(p(w) div, 

in which | v | is supposed to be large, the contour is chosen so that it passes 
through a point at which /' {w) vanishes ; and the whole of the contour is 
then determined by the assumption that the imaginary part of f(w) is to 
be constant on it, so that the equation of the contour may be written in 
the form 

To obtain a geometrical conception of the contour, let lu = u + iv, where m , v 
are real ; and draw the surface such that the three coordinates of any point 
on it are 

u, V, Rf{w). 


li Rf{w) — z, and if the ^-axis bo supposed to be vertical, the surface has no 
absolute maxima or minima except where f{w) fails to be monogenic ; for, at 
all other points. 


dfz 

du^ dv^ 


The points [a„, v^, Rf(w^)] are saddle points, or passes, on the surface, so that 
the contour of integration is the plan of a curve on the surface which goes 
through one of the pavsaes on the surface. This curve possesses a further 
property derived from the equation of the contour; for the rate of change of 
f(w), at any given value of w, has a definite ino(lulu.s, since /(w) is supposed 
to be monogenic ; and since If{w) does not change jis w traverses the contour, 
it follows that Bf {iv) must change tis rapidly as possible ; that is to say, that 
the curve is chanxcterise<l by the. property that its direction, at any point of 
it, is so chosen that it is the steepest curve through that point and on the 
surface. 

It may happen that we have a freedom of choice in selecting a pass and 
then in selecting a contour through that pass; our choice is to be determined 
from the consideration that the curve must descend on both sides of the pass ; 
for if the curve ascended, Rfim) would tend to + oo (except in very special 
cases) as w left the pass, and then the integral would diverge if R (v) > 0. 


* French “Mithode du Col,” German “Methodeder Sattelpunkte.” 

t Math. Ann. lxvii. (1909), pp. C36 — 668; Miinchemr Sitzunggberichte, XL. [6], (1910). The 
method is to be traced to a posthumous paper by Blemann, Werke, p. 406 ; and it has recently 
been applied to obtain asymptotic expansions ol a varioty ol functions. 
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The contour has now been selected* so that the integrand does not 
oscillate rapidly on it ; and so we may expect that an approximate value of 
the integral will be determined from a consideration of the integrand in the 
neighbourhood of the pass : from the physical point of view, we have evaded 
the interference effects (c£ § 8'2) which occur with any other type of contour. 

The mode of derivation of aS 3 nnptotic expansions from the integral will be 
seen cleiirly from the special functions which will be studied in §§ 8‘4 — 8'43, 
8*6, 8’61 ; but it is convenient to enunciate at this stage a lemmaf which will 
be useful subsequently in proving that the expansions which will be obtained 
are asymptotic in the sense of Poincar6. 

Lemma, Let F{r) he analytic when | t | ^ a + 3, where a>0, S >0; and let 


when I T I < a, r being positive ; also^ let [ (t) [ < tvhere K and b are 

positive numbers independent of r, when r is positive and t ^ a. Then the 
asymptotic escpansion 

f e~''^ F if) dr ^ a^V [mjr) 

Jo ♦»•=! 

is valid in the sense of PoincarS when | v | is sujfdently large and 

I arg V I < ^TT - A, 

where A is an arbitrary positive number 

It is evident that, if M be any fixed integer, a constant can be found 
such that 


F{t) -^2^ 


^ JJ-jTWD-lgir 


I 1 

whenever t > 0 whether t ^ a or r ^ a ; and therefore 


where ' 


f e~''^F{r)dT= 2 f ^dr + Pjffj 

J 0 f»=l J 0 

I ! :$ [ I I . 

J 0 


^KyV{Mlr)J[R{v)-h]^i^ 

provided that 22 (i/) > b, which is the case when \v\>b cosec A. The analysis 
remains valid even when 6 is a function of p such that R{v) — b is not small 
compared with y. We have therefore proved that 

r* J!f-i 

I e~'*^F{r) dr = 2 amT (m/r) p~^l^ + 0 

J 0 m-l, 

and so the lemma is established. 


* For an aooount of researohea in which the contour is the real axis see pp. 1843 — 1350 of 
Burkhardt’B article in the Enoycloptldie der Math. Wits. ii. 1 (1916). 
t Of. Froc. London Math. 8oc. (2) xvii! (1918), p. 138. 
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8*31. The construction of Debye’s contours* when the variables are real. 

It has been seen in ^ 6‘2, 6*2!} that the various types of functions associated 
with Jp (ai) can be represented by integrals of the form 

^QXBixihto-ytv^y) 

taken along suitable contours. On the hypothesis that v and a are positive, 
we shall now examine whether any of the contours appropriate for the 
method of steepest descents are of the types investigated in §§ 6*2, 6*21. 

In accordance with the principles of the method of steepest descents, as 
explained in § 8*3, we have first to find the stationary points of 

ai sinh w — vw, 

qua function of w, i.e. we have to solve the equation 

(1) X cosh w — V — \ 

and it is at once seen that we shall have three distinct cases to consider, 
in which xjv is less than, greater than, or equal to 1, respectively. We con- 
sider these three cases in turn. 


(I) When xjv < 1, we can find a positive number a such that 
(2) a-’ = i/secha, 

and then the complete solution of (1) is 

w ~±a + 2mri. 

It will be sufficient to confine our attention to the stationary pointsf ± a ; at 
these points the imaginary part of a? sinh u> — i>w is zero, and so the equation 
of the contour to be discussed is 

I {x sinh w — vw) = 0. ^ 

AVrite w = u + iv, where u, v are real, and this equation bt^comes 

ct)8h u sin v — v cosh a = 0, 


so that v = 0 , or 

(3) 


cosh w = 


V cosh a 
sin V 


The contour v = 0 gives a divergent integral. We therefore consider the 
contour given by equation (3). To values of v between 0 and tt, corre- 
spond pairs of values of u which are equal but opposite in sign ; and as v 
increases from 0 to tt, the positive value of u steadily increases from a to + oo . 


* The contours investigated in this section are those which were dieonssed in Debye’s earlier 
paper, Math. Ann. i.xvii, (1909), pp. 586 — 658, except that their orientation is different; of. §6*21. 

t The effect of taking stationary points other than ^ a would be to translate the contour 
parallel to the imaginary axis. 



238 THEORY OE ^BESSEL FITNOTIONS [OHAP. VDI 

The equation is unaltered by changing the sign of v and so the contour is 
symmetrical with regard to the axes ; the shape of the part of the contour 
between v — and «; = w is shewn in Fig. 16. 



Fig. 16. 


If T = sinh a — a cosh a — (sinh w ~w cosh a), 

it is easy to verify that t (which is real on the curves shewn in the figure) 
increases in the directions indicated by the arrows. 

As w travels along the contour from oo - -jn to cx3 + tti, t decreases from 
4- 00 to 0 and then increases to + oo ; and since, by § 6’2 (3), 

7 +iri 

Jp (®) = e* 

ZmJ oo-rri 

we have obtained a curve from which we can derive information concerning 
when ob and v are large and xjv< 1. The detailed discussion of the 
integral will be given subsequently in §§ 8‘4, 8-5. 

The contours from — oo to oo ± tti give information concerning a second 
solution of Bessel's equation; but this problem is complicated by Stokes’ 
phenomenon, on account of the two stationary points on the contour. 

(II) When a/i/ > 1, we can find a positive acute angle /3 such that 
(4) a? = 1 / sec 

and the relevant stationary points, which are now roots of the equation 

cosh w — cos yS = 0, 

are w=± ifi. 

When we take the stationary point the contour which we obtain is 
I (sinh w - -m; cos /S) = sin /3 - yS cos /S, 
so that, replacing why u + iv, the equation of the contour is 

( 6 ) + 


Sin V 
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Now, for values of v between 0 and tt, the function 
sin j3 + (v — cos /S — sin 

has one minimum {v — yQ) at which the value of the function is zero ; for other 
values of v between 0 and tt, 

sin l5 + (v — $)qos > sin v. 

Hence, for values of v between 0 and tt, equation (6) gives two real values 
of u (equal but opposite in sign), and these coincide only when v ^ They 
are infinite when -y is 0 or tt. 

The shape of the curves given by equation (5) is. as shewn in the upper 
half of Fig. 17 ; and if 

T = i (sin ^ — yS cos /6) — (sinh w — w cos /3), 

it is easy to verify that t (which is real on the curves) increases in the 
directions indicated by the arrows. As w travels along the contour from — oc • 
to 00 + ’Tri, T decreases from + oo to 0 and then increases to + oo and so we 



Fig. 17. 


have obtained a curve; from which [§ G’21 (4)] we can derive information con- 
cerning (a;) when x and v are large and xjv > 1. The detailed discussion 
of the integral will be given in §§ 8’41, 15’8. 

If we had taken the stationary point — iyS, we should have obtained the 
curves shewn in the lower half of Fig. 17, and the curve going from — oo to 
00 — Tri gives ah integral associated with ; this also will be discussed 

in § 8*41. The two integrals now obtained form a fundamental system of 
solutions of Bessel’s equation, so that there is a marked distinction between 
the case aj/i/ < 1 and the case ajv >1. 
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(HE) The. case in which may be derived as a limiting case either 
from (I) or from (II) by taking a or ^ equal to 0. The curves now to be con- 
sidered are v = 0 and 

(6) cosh u = w/sin v, 

and they are shewn in Fig. 18. 



Pig. 18. 


We obtain information concerning (v) and (v) by considering the 
curves from — oo to co ± m, while information concerning Jy (v) is obtained 
from the curve which passes from co — tti to oo + iri. The detailed investiga- 
tion will be given in §§ 8*42, 8*53, 8*54. 

8 * 32 . Geometrical propertiee of Debyes contours. 

An interesting result which will he found to be important in dealing with zeros of 
Bessel functions 16*8), and which is also used in proving certain approximate formulae 
which will be stated in § 8*43, is associated with the second of the three contours just dis- 
cussed (Fig. 17 of § 8-31). The theorem in question is that the slope"* of the branch from 
— 00 to 00 + TTZ is positive and does not exceed 

It is evident that, for the curve in question, 

sinh — — (v— ff) — (v - jS) cos 7? cos / 3 

dv~ sin®v 

But Bin(v— j8)8eov- (» — j3)oos/9 has the positive derivative cos/3tan®i>, and hence it 
follows that 

sin (w - /3) — (i> — /3) cos v cos /3 

has the same signt as v— /9. Therefore since v—^ sind v are both positive or both negative 
for the curve under consideration, dvjdu is positive. 

* Proc. Camb. Phil. Soe. ux. (1918), p. 106. Since, in the limiting case (Fig. 18) in which 
/3 =0, the slope is 0 on the left of the origin and is ,^3 immediatelj on the right of the origin, no 
better resnlts of this type exist. 

t This is obvious from a figure. 
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Again, to prove that dvjdu does not exceed v/3, we write 


■^{v) 


_ sin jS-f (i>—j3) cos ^ 


sin V 


and then it is sufficient to prove that 

>0. 

Now the expression on the left (which vanishes when v=/3) has the derivate 
[(w— jS) {sin®w+3cos^ v} cosi8+sin*®sin^-3oos v sin (i;-|3)]. 


But 


(v~^) C08/3 + 


sin^ g sin )3 - 3 cos sin (v ■- j8) 
sin^v+Scos^i? 


4 fiin^ v cos S 

baa the positive derivate -r -^ — and so, since it is positive when ?;=0, it is 
^ (sm’* « + o cos* y;' ’ 

positive w’hen 0<v<ir. Therefore, since (v) has the same sign as y - it follows that 

arM[3rM-^(p)] 

has the same sign as y — /3, and consequently 

3^|r'^(^f)-y|r^(v) + l 

has v==/3 for its only minimum between y=0and v=ir; and therefore it is not negative. 
This proves the result stated. 


8 * 4 . The asymptotic expansion* of Jy{vBQch a). 

From the results obtained in § 8‘31 we shall now obtain the asymptotic 
expansion of the function of the first kind in which the argument is less than 
the order, both being large and positive. 


We retain the notation of § 8'31 (I) ; and it is clear that, corresponding to 
any positive value of t, there are two values of w] which will be called u>i and 
Wa; the values of w, and w.^ differ only in the sign of their imaginary part, and 
it will be supposed that 

I(Wi)>0, /(Wa)<0. 


We then have 


{v sech a) — 


gv (tanh a— o) 
27rl 



dr, 


where a? = i/ sech a. 


Next we discuss the expansions of w, and w, in ascending powers of r. 
Since r and dr/dw vanish when w = a, it follows that the expansion of t in 
powers of to — a begins with a term in (w — a)® ; by reverting this expansion, 
we obtain expansions of the form 


Wi’-a — 






= 2 

JM=iO Wl + 1 


* The asymptotic expansions contained in this section and in §§ 8 ‘41, 8*42 were established 
by Debye, Math. Ann. Lxvii. (1909), pp. 636 — 668. 


W. B. F. 


16 
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and, by Lagrange’s theorem, these expansions are valid for sufficiently small 
values of I T j. Moreover 

1 r(o+^i>+)/dwA dr 

1 dw 

The double circuit in the r-plane is necessary in order to dispose of the 
fractional powers of t ; and a single circuit round a in the w-plane corresponds 
to a double circuit round the origin in the r-plane. From the last contour 
integral it follows that Om is the coefficient of l/(w — a) in the expansion of 
jji ascending powers of — a; we are thus enabled to calculate the 
coefficients am> 

Write w — a— W and we have 

T = - sinh a (cosh TT — 1) — cosh a (sinh W — W) 

= (cq + Cl W + + .. .)> 

where Co = - i sinh tt, Ci = ~ i cosh o, Cj = - ^ sinh a,.... Therefore am is the 
coefficient of IF”* in the expansion of {Co -t; Ci W -^c^ 4- . . . 

The coefficients in this expansion will be called ai{m\ a^{'m), 

and so we have 


( 1 ) 


Uo ira) = Co' 
Oi {in) - Co' 


ttj (w) = Co 
Oa (m) = Co 


-i (m+i) 
-i (tn+i) 


W -f- 1 Cl 

Tin -cof’ 

“m + l Ca C^ + l)(w-|-3) Cl' 
■ 2.1!*Co'^ 2“.2! "'co’ 


■i(in+i) J _ 


m-j- 1 

T.T! 


Cs , (m + l)(7n. + 3) 2ciCa 
Co"^ 2'*T2r~ * 


{7n+ l)(7?i-+-3)(/n + 5) 


04(m) = Co“^^”*'''*' 


m + 1 Cl (w -I- l)(w -h 3) /2ciC# Cg^N 
■"TU'co'* 2 '^ 2 ! Vc;^““^OoV 

(w -h 1 ) (m 4- 3) {m 4- 5) 3Ci‘-Ca 


23.3! ■ Co» 

{m 4- 1) (wi 4- 3) (m 4- 5) {m 4-7) Ci^ 
2^4! 


4- 


On substitution 

/ Oo == tto (0) = 


( 2 ) 


cti = ai(l)i 
aa = aa(2) 
a3 = as(3)i 
ai = ai{4i)- 


we find that 
* 4- (— ^ sinh a)~*, 

= - (- I sinh o)“^ coth «}, 

= - (- i sinh a)-* coth* a}, 

= — (— i sinh a)~* coth a — coth* a}, 

= 4- (- i sinh a)-i coth*a 4 coth'a}, 
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when I T j is sufficiently small ; and since 

dr 


dw 


cosh a — cosh w, 


it follows that d{wi — Wfs)fdr tends to zero as t tends to + oo . 

Hence the condition^ stated in the lemma of § 8'3 are satisfied, and so 

(dwi dw^ 




has the asymptotic eccpmsion 


when OB is large. 


V r{m + I ) 

n=o 


Since ar^ {(wi -■a)/Ti}-^- 1 tt as t 0, it follows that, in (2), the phase of 
has to be interpreted by the convention arg ao =* + ^tt, and hence 


(3) 
where 

(4) 


Jy (v sech a) r>w) 


^ gHtanh--«) ® Am 

V'(27ri/ tanh o) r(i) ‘ tanli a)”* ’ 


j'^o=l, = coth®a, 

I -da = ~ //ff coth® a + coth^ a, 


The formula (3) gives the asymptotic expansion of J^(i/8echa) valid when 
a is any fixed positive number and v is large and positive. 


The correm.M)nding expansion for the function of the second kind, obtained by taking a 
contour from - oo to oo ± jri, is 

.•-(o-taDhtt) 00 rfm-l-AI ( — 'W'A 
' ' Vdj’Ti' tank «) wool) I (^) (^1/ tank a)”* 


The position of the singularities of d{wi—wi)ldr, qua function of the 
complex variable t, should be noted. These singularities correspond to the 
points where w fails to be a monogenic function of r, i.e. the points where 
dr/dw vanishes. Hence the singularities correspond to the values ± a + 2w7rt 
of tVy 80 they are the points where 

T = '2mri cosh a, r = 2 (sinh a -a, cosh a) + 2mri cosh or, 
and jh assumes all integml values. 


It is ooiivonient to obtain a formula for dwjdr in tho form of a ooutour iatogral ; if 
tq) be a pair of corresponding values of (w, r), then, by Cauchy's theorem, 

^dv}\ 1 dw dr 1 r (w^+) dw 

ydr/Q 2vri j dr t -ro 2W J r-'To’ 

where the contour includes no point (except w^) at which r has tho value ro. 


10—2 
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8*41. The asymptotic eoopansions of {v sec /S) and F„ {v sec ^). 

In § 8*4 we obtained the asymptotic expansion of a Bessel function in 
which the argument was less than the order, both being large ; we shall now 
obtain the asymptotic expansions of a fundamental system of solutions of 
Bessel’s equation when the argument is greater than the order, both being large. 

We retain the notation of § 8*31 (II) ; it is clear that, corresponding to any 
positive value of t, there are two values of w lying on the contour which 
pfiUBses fiom — oo to qo + 7n ; these values will be called Wi and w,, and it will 
be supposed that 

It (Wi) >0, R (wa) < 0. 

We then have 

where x = v sec /3. The analysis now proceeds exactly on the lines of § 8*4 
except that a is replaced throughout by iyS, and the Bessel function is of the 
third kind. 

It is thus found that 

Jo l^T dr) ob”^ 

To determine the phase of Oo> that is of (— sin we observe that 

{(w'l — i^)Jr] -♦ + i7rasT-*-0, and so 

Consequently 

(1) g.w {v sec /3) I I^tl) 

V(ix^tauy8)«to r(^) (i^/xtan/S)”* 

In like manner, by taking as contour the reflexion of the preceding contour 
in the real axis of the w-plane, we find that 


(2) i . 


V(iv7rtan)S)^=,o r(i) (— |i/xtan^)”** 

In these formulae, which are valid when /9 is a fixed positive acute angle 
and V is large and positive, we have to make the substitutions : 

f "^0 Ij -d-i — cot*)8, 

® = tIb + i?/j «>f/3 + Ml oofyS. 

If we combine (1) and (2), we find that 
(4) J^, (y sec 13) 

/ 2 \i 




tan 


cos(j/tan/S~p)3-i^) i (r . )”^(^ + ^) ^ > 

^ r(i) (ii/tan/S)"" 


m^O 


+ sin(*;tan^-*;B-i7r) 2 + 
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8*41, 8*42] 

(6) y,(v8ec/8)f^ 


[ 2 o o \ \ % (— )”r(2w+i) 


py 

i ir o £> 1 \ ^ (■^)’” r* (2w + 1) -^am+i 

-oos(vten^-v/9-W 2 rW^- (^.tan/3r-? 'j ’ 


i»n. 


«i=0 


The dominant terms in these expansions are those obtained by the principle 
of stationary phase in § 8 ’21. 


8*4!2. Asymptotic expansions of Bessel funcUom whose order and argument 
are nearly equal. 

The formulae which have been established in ^ 8‘4, 8’41 obviously fail 
to give adequate approximations when a (or /8) is small, that is when the 
argument and order of the Bessel function concerned are nearly equal. It is, 
however, possible to use the same method for determining asymptotic ex- 
pan.sions in these circumstances, and it happens that no oomplicaMons arise by 
supposing the variables to he complex. 

Accordingly we shall discuss the functions 

where z and v are complex numbers of large modulus, such that \z — v\ is 
not large. It will appear that it is neceasary to assume that z — v = o{z^), in 
order that the terms of low rank in the expansions may be small. 

We shall write 

v^z(l -e), 

and it is convenient to suppose temporarily that 

I argz\ < Jtt. 

We then have 

^ rao H-irf 

(1) (z) = I exp {« (sinh w - w) + zew] dw, 

^ ' TTt J _oe 

where the contour is that shewn in Fig. 18; on this contour sinhw;— w is real 
and negative. 

We write 

r = w — sinli w, 

and the values of corresponding to any positive value of r will be called Wi 
and Wi, of which iOi is a complex number with a positive real part, and w.^ is 
1 real negative number. 

We then have 

(2) iyj*' (z) = i jexp (zeWi) ~ - exp (zewt) dr. 
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The expansion of t in powers of w begins with a term in w®, and hence we 
obtain expansions of the form 

exp («e«/i) = % hm 

CtT OT =0 

- 

exp (^ewa) = t“* S a* 6j» t**, 
dr rtt=,o 

and these are valid when | t | is su65ciently small. 


To determine the coefficients hm we observe that 




(0+,(H-,0+) 


exp (z&w^ . 


dwA dr 


( 0 +) 


exp (z€w) 


dx ) 
d/w 


{w — sinh w)^ * 


As in the analogous investigation of § 8‘4, a single circuit in the r-plane 
is inadequate, and the triple circuit is necessary to dispose of the fractional 
powers of t; a triple circuit round the origin in the r-plane corresponds 
to a single circuit in the w-plane. 


It follows that hm is equal to («+«»■< multiplied by the coefficient of 
in the expansion of 

exp (zew) . {(sinh w — 


The coefficients in this expansion will be called 60(7/1), 61(7/1), 62(7/1), ... so that 


6m = Je*‘”’^'^"*6„»(7»). 

It is easy- to shew that 

'6o(m) = 6*<’*'''^^, 

6i(w) = 

77^ + 1‘ 

2 "“ 60 r 

(m+l)€*«“ (7714- 1) (77n,-|- 8) 

^ 120 “^0400 


For brevity we write 


64 (m) = 


6a (m) = 


hm (m) = £m (ez), 
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8 - 42 ] 

so that* 


(4) 


Bo{ez)=^l, Bi(€Z)^€Z, 

Ba (ez) = Ba {€Z) = 

^ Bi{ez)==-:^€*z* — 

Ba (ez) == 


[^6 (0) = — ^gVi7> ^8 (^) “ niNwisj^f Bio (0) ** — gi^^Wi^iRr*] 

We then have 


exp (zeWi) ~ ^ T“^ 2 e*<’”+**'* 04(»ft+i) j5^ 7-4«i^ 

»T m=0 

-j 

exp (zeWo) = i T~S S e**'*"''*)’” 64(»»+i) Bm {zz) 

and [exp {zew) . (dw/dr)] satisfies the conditions of the lemma of § 8'3. 
It follows from the lemma of § 8'3 that 

( 6 ) J (m + l) 7 r. 

and similarly 

(6) H« W~-3^ J./'*""-'’" B„.(«)Bini(m + l),r 

We deduce at once that 


(V) JA^)~ ^ (m) Bin J (m + 1) ir . • 

(8) r,(^)~-.^^^SJ-)"‘/^,„(e^)«m•i(m + l)7^.J^^^P. 

From the Cauchy-Meisscl formula §H'21 (2), it is to be inferred that, when 
m is large, 

(_)»«/ 2)3 

r ( if ) . (m -f i)* (T27r)51«‘ ’ 

but there seems to be no very simple approximate formula for B,n(ez). 


Tho dominant tonns iti (7) worn obtained by Meissol, in a A7e? Broffmmmf, 1892j 
and some similar rosnltH, which Hcein to rcHOinhlo those stJitod i»i jf 8'43, wore obtained by 
Koppo in a Jier/w rro(/mtn?/i I, 1891). Tho dominant terms in (8) as well as in (7) were 
•also investigated by Nicholson, IViii. Mag. (fi) xvi. (If)08j, pp. 271—279, shortly before the 
appearance of Debye’s memoir. 


* The values of D(){0), ■•• -biolO) wore Riven by Moissel, Attr. Naeh. oxxvn. (1891), 

col, 359 302; apart from the use of tho oontours Muisael’s analysis (of. § 8'21) is substantially 

thfl samo as the analysis given in this section. Tho object of using the methods of contour 
integration is to evade the dilllonltieH produced by using generalised integrals, 

Tho values of Bf, (ei), Bi (ez) and Bq (««) will be found in a paper by Airey, Phil. Mag. (6) xxxi. 
(1910), p. 624. 

t See the Jahrhuch iUier die Fortschrilte der Math. 1892, pp. 476 — 478. 

J See the Jahrhuch ilher die Fortechritte det Math 1899, pp. 420, 421. 
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We next consider the extent to which the condition | arg z | < Itt, which 
has so far been imposed on formulae (5) — (8), is removable. 

The singularities of the integrand in (2), gm function of r, are the values 
of T for which Wi (or w,) fails to be a monogenic function of t, so that the 
singularities are the values of t corresponding to those values of w for which 

dr(dw = 0. 

They are therefore the points 

T = %nrit 

where n assumes all integral values. 

It is consequently permissible to swing the contour through any angle i} 
less than a right angle (either positively or negatively), and we then 
obtain the analytic continuation of (z) or (z) over the range 
— ^TT — ij< arg z<^7r-^ tj. By giving r) suitable values, we thus find that 
the expansions (6) — (8) are valid over the extended region 

— 7r< arg z <'rr. 

If we confine oiir attention to real variables, we see that the solution of the problem is 
not quite complete ; we have determined asymptotic expansions of i7„ (j?) valid when x and 
V are large and (i) xjv < 1, (ii) x/v> 1, (iii) \ x-v \ not large compared with But there 
are transitional regions between (i) and (iii) and also between (ii) and (iii), and in these 
transitional regions xjv is nearly equal to 1 while | | is large. In these transitional 

regions simple expansions (involving elementary functions only in each term) do not exist. 
But important approximate formulae have been discovered by Nicholson, which involve 
Bessel functions of orders + Formulae of this type will now be investigated. 

8*43. Approxijnate formulae valid in the transitional regions. 

The failure of the formulae of ^ 8’4 — 8'42 in the transitional regions led 
Nicholson* to investigate second approximations to Bessel's integral in the 
following manner : 

In the case of functions of integral order n, 

Jn{a;)=- r cos (nff -ipsinff) dd. 

TT Jo 

and, when x and n are nearly equal (both being large), it follows from Kelvin’s 
principle of stationary phase (§ 8*2) that the important part of the path of 
integration is the part on which 6 is small ; now, on this part of the path, 
sin 6 is approximately equal to d - It is inferred that, for the values of- 
a and n under consideration, 

1 f" 

— J cos (nd — + d6 

1 f* 

- I cos {716 — xd + iw6*) d6y 
rr J 0 

* Phil. Mag. (6) xix. (1910), pp. 247—249 ; see also Emde, Archiv der Math, und Phys, (3) 
XXIV. (1916), pp. 239—250. 
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and the last expression is one of Airy’s integrals (§'6'4). It follows that, 
when a < 

( 1 ) 


and, when co >n, 



where the arguments of the Bessel functions on the right are ^ {2 (a? — w)}^/a;h 

The corresponding formula for F„ (w) when aB>n was also found by 
Nicholson ; with the notation employed in this work it is 

(3) 

The chief disadvantage of these formulae is that it seems impossible to 
determine, by rigorous methods, their domains of validity and the order of 
magnitude of the errors introduced in using them. 

With a view to remedying this defect, Watson* examined Debyes 
integrals, and discovered a method which is theoretically simple (though 
actually it is very laborious), by means of which formulae analogous to 
Nicholson’s are obtained together with an upper limit for the errors involved. 

The method employed is the following : 

Debye’s integral for a Bessel function whose order v exceeds its argument 
a!{=v sech a) may be written in the formf 

g»(tanha-«) fv+H 

where t = — sinh a (cosh w — 1) — cosh a (sinh w — w), 

the contour being chosen so that t is positive on it. 

If T is expanded in ascending powers of w, Carlini’s formula is obtained 
when we approximate by neglecting all powers of w save the lowe^, 
sinh a; and .when a = 0, Cauchy’s formula of §8 2(1) is similarly ob- 
tained by neglecting all powers of w save the lowest, — \ 

These considerations suggest that it is desirable to examine whether the 
first two terms, namely 

- sinh a - iw® cosh «, 

may not give an approximation valid throughout the first transitional region. 

The integral which we shall investigate is therefore 

J e-^’'dW, 

.r = _ I F* sinh a - i cosh a, 


Proc. Camb. Phil. Soc. xix. (1918), pp- 96—110. . , . 

This is dedudble from § 8-81 by making a change of ongin m the w-plane. 


where 
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and the contour in the plane of the complex variable TT is so chosen that t is 
positive on it. If TT = Z7 + iV, this contour is the right-hand branch of the 
hyperbola 

27tanha + iZ7» = iF>, 

and this curve has contact of the third order with Debye’s contour at the origin. 
It therefore has to be shewn that an approximation to 


feo+n rceexpOrr*) 

I e"*' dtv is I 6“®^ d W. 

Joo-jr* J a>exp(-iiri) 

These integrals differ by 

\m: 


dw dlT) j 

-Wr—JFr^' 

and so the problem is reduced to the determination of an upper bound for 
||d('U>— W)ldT]\. And it has been proved, by exceedingly heavy analysis 
which will not be reproduced here, that 




and so 


Hence 


y 00 ( 

l Too +jri 1 

— I = — : 


Idr dr 

I 


I dr 


Stt 

< — . 

V 


ooexp(— Jin’) ^ 


where [ | < 1. 

To evaluate the integral on the right (which is of the type discussed in 
§6*4), modify the contour into two lines starting from the point at which 
W = — tanh a and making angles + with the real axis. 

If we write Tr= — tanh a + on the respective rays, the integral becomes 


exp {^v tanh® a) f exp {— if v^ — tanh® a} d^ 

J 0 


- exp (^z/ianh® a) j exp — tanh® a} 

Expand the integrands in powers of tanh® a and integrate term-by-term — a 
procedure which is easily justified — and we get on reduction 

§ iri tanh a exp tanh® a) . [f- j (|z/ tanh® a) — / j (^i/ tanh® a)], 

and hence we obtain the formula 

(4) Jt,{y sech a) = exp {v (tanh a -i- ^ tanh® a — a)} iTj ( J v tanh® a) 

+ rSdiZ “* exp {v (tanh a — a)}, 

where | | < 1. This is the more pref’ise form of Nicholson’s approximation (1). 


< 
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It can be shewn that, whether ^.v tanh* a be small, of a moderate size, or 
large, the error is of a smaller order of magnitude (when v is large) than the 
approximation given by the first term on the right. 

Next we take the case in which the order v is less than the argument 
a? (= 1 / sec ^). 

We then have 


(v sec /9) — 


gyi(tanfi—fi) |■oo+^(1^-j8) 
TTl 


I roo+i(ir- 

J _ao — <3 


e"®'" dw, 


where T — — i sin 0 (cosh ty — 1) — cos ^ (sinh w — lo), 

the contour being so chosen that t is positive on it. 

The process of reasoning already employed leads us to consider the integral 

je~^dW, 

where t = — ^i sin ^ ^ cos 

and the contour in the plane of the complex variable W is such that t is 
positive on it. If W s Cf + i V, this contour is the branch of the cubic 

(f/-“-7*)tany9 + i^F(3Cr»- T-*) = 0 
which passes from — oo — itan through the origin to oo exp^Tri. 

It therefore has to be shewn that an approximation to 

fQO+<(«— /S) . /•coexpiw 

I dw is I 

J —M~ip J -oo-itan/3 

The difference of these integrals is 

(W.'kIS-?!'''’- 

and it has been proved that, when* ^ ^ ^tt, then 

\d(w — W) '■ 


■dW, 


dr 


< 127r sec 


1 rooexpiwt i4>6' 

e~^ dw = — I 6“*’’ dW -i — 7— , 


Trij 


itanp 


Hence it follows that 

J rco+i(ir-P) 

TriJ -oo- 
where ] ^ | < 1. 

To evaluate the integral on the right, modify the contour into tWo lines 
meeting at W = - i tan ^ and inclined at angles Jtt and tt respectively to the 
real axis. On these lines, write 

TF = - i tan - 1, — i tan 

* The important values of /3 are, of course, mall values. If ^ is not small, Debye’e formulae 
of § 8*41 yielA effective approximatiops. The geometrical property of Debye’s contour vrhioh wae 
proved in § 8*82 is used in the proof of the theorem quoted. 
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expand the integrands in powers of tan* integrate term-by-term, and it is 
found that 

er^ dW = f TTt tan exp (— \vi tan® jS) 

J -oo-itanj8 

X [e~^ J_} (^v tan* fi) + e*** (| i/ tan* ^9)] 

On equating real and imaginary parts, it is at once found that 
(6) (v 8eej3) = ^tan j3 cos {v (tan ^ — ^tan*y8 — p)] . [t/_ j + /j] 

+ 3 “* tan P sin {p (tan p — ^ tan® P — P)]. [ J. § — «/i] + 24^a/i/, 
(6) (v sec P) = ^tan P sin [v (tan P — ^ tan® ;8 — /8)} . [/_ j + */j] 

— 3“* tan P cos [v (tan P — ^ tan* P — P)]. \J_ j — «/j] + 
where the argument of each of the Bessel functions J’ij on the right is 
tan*)8 ; and | d, | and 1 6i | are both less than 1. These are the more precise 
forms of Nicholson’s formulae (2) and (3); and they give effective approxima- 
tions except near the zeros of the dominant terms on the right. 

It is highly probable that the upper limits obtained for the errors are 
largely in excess of the actual values of the errors. 


8*6. Descriptive properties'^ of {pa) when 0 < ® ^ 1. 

The contour integral, which was obtained in §8’31(I) to represent 
Jy{v sech a) was shewn in § 8'4 to yield an asymptotic expansion of the function. 
But the contour integral is really of much greater importance than has hitherto 
appeared ; for an integral is an exact representation of a function, whereas an 
asymptotic expansion can only give, at best, an approximate representation. 
And the contour integral (together with the limiting form of it when /»=»!) 
is peculiarly well adapted forgiving interesting information concerning J„{pa) 
when V is positive. 

In the contour integral take p to be positive and write 

w=log {re*®}, 

so that u =» log r, u = ^. 

With the contour selected, 

X sinh w — w 

is equal to its conjugate complex, and the path of integration is its own re- 
flexion in the real axis. Hence 

q Too +»i 

{va) e” dw 

27nj*_,rf 

1 r"" 

s= _ I gi'(»8lnhw-w) 

. ■wJo 

* The resnlta of this section are investigated in rather greater detail in Proc. London Math, Soe. 

( 2 ) XVI. ( 1917 ), pp. 160 - 174 . 



8-6] 


FUNCTIONS OF LABGE OEDEK 


" 263 


Changing the notation, we find that the equation of the contour is 

1 26 


r + 


so that 


r SB sin 6 ’ 


r = 


6 


a;sin^ 


1 + 




and, when this substitution is made for r, the value of (w — a sinh w) is 

“ ^ • V(^ sm* 6 ). 

This last expression will invariably be denoted by the symbol* Fid^x), 
so that 


( 1 ) 


/„ {vx) = - f *> dd, 

w Jo 


and by differentiating under the integral sign (a procedure which is easily 
justified) it is found that 


( 2 ) 


/(vx)^y" 

TTj 0 




X a/(^ — x^ sin* 6) 

This is also easily deduced from the equation 

1 /•oo+irt 

Jy (vx) = X — . I sinh w dw. 

ZTTlfJ 00— JTt 

Before proceeding to obtain farther results concerning Bessel functions, it 
is convenient to set on record various properties! of F(6,x). The reader will 
easily verify that 


(3) 


(4) 


so that 


(5) 

and also 

F(d,x)^F(0,x)>F(0,l)^0-, 

(6) 

d ^ ^ — a;* sin ^ cos ^ , 

^ F (6, x) — 773^ j,- • a < 0. 

dx ^ ^ X \/(6^ — x^ am^ 6) 


Next we shall establish the more abstruse property 
(*7) F (6, x)"^ F (0, x) + ^ (6^ — sin* ^)/v'(l + a^). 

To prove it, we shall first shew that 

^ sin ^ cos ^ 


9(^, 0!) = 


a/(^ — «* sin* 6) 


^V(l+A 


* This function will not be confused witia SchlSifli’s function defined in § 4’16. 
t It is supposed throughout the following analysis that 0<x^l, 0^0 
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It is clear that 

f ^ (0, dj) = V(1 - < V(1 + «*)» 

t£r(7^,a^) = l <V(l4-»*), 

so that, if g{0,oD), qua function of 6, attained its greatest value at 0 or tt, 
that value would be less than a/( 1 + ®“)* however, g{B,x) attained its 
greatest value when 6 had a value 6^ between 0 and tt, then 

1 — a*cos2do ('^o — ^sin ^ocos do)* 

(d^-a;*sin*do)i (do* - sin* do)* “ 

and therefore 

g i&i sD)^g (do , /») = v'(l - «* cos 2do) ^ \/(l + «*), 

so that, no matter where g(B,x) attains its greatest value, that value does 
not exceed V(1 + ^)- 
Hence 


dF{0,x)^ . . .. d-fl;*sindcosd 


and 80 




— /»* sin d cos d 


\/(l + ®“) 


dd, 


whence (7) follows at once. 

Another, but simpler, inequality of the same type is 

(8) F (d, x)^F(O,x) + i0‘V(l- a^). 

To prove this, observe that 

» V(«’ - <»• sin’ 9)^e^a- *“), 

and integrate ; then the inequality is obvious. 

From these results we are now in a position to obtain theorems concerning 
Jv {vx) and JJ {yx) qua functions of v. 

Thus, since 

7\.T /n/r\ 1 Tit 

F(d,fl;)6-'' dd^O, 


dJv {vx) _ Ip 
dv ttJo 


the integrand being positive by (5), it follows that «/„ {vx) is a positive de- 
creasing function of v\ in like manner, // {vx) is a positive deoi'easing function 
ofv. 

Also, since 

d^’f^J.ivx)] i de^o, 

the integrand being positive by (5), it follows that Jy {vx) is a decreasing 
function of v ; and so also, similarly, is JJ {vx). 
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Again, from (8) we have 

vJ?(0, ») y*ir 


vJr(0, *) fir 

Jv{vx)^ — ~ — J exp {— 

["exp{-ij/^V(l“»*)} d6, 


so that 

( 9 ) 


g— i»jP(0,®) rco 

TT Jo 




q—»F (0, *) 


(1 — a!*)i \/(27ri/)‘ 

The last expression is easily reduced to Carlini’s approximate expressioii 
(^1'4, 8T1) for Jy{yx)\ and so Carlini’s expression is always in error by 
excess, for all* positive values of v. 

The corresponding result for JJ {vx) is derived from (7). Write 

— sin* d = 0{6, x), 
and replace Q{0,x)hY G for brevity. 

Then 

2i!;4'(i'®)= - fV'-f'*.” — \a{0,x)\-ide 

TTJo CLff 

g— 1 < F (0, x) r tr* 


TT 


exp j— ^vOI^(l + a;*)} . G~^ dO 


g—yF(0,x) rcfo 


IT 


- Texp (- +a;»)} . G-i dO, 


and so 

(10) xJJ (vx) ^ (1 + a?)^l>J{27rv). 

The absence of the factor ■(/(I — sd^) from the denominator is remarkable. 
It is possible to prove the formulaf 

exp }j/ \/(l — a,'®)} 


( 11 ) 


f J, {vt) dt 

J 0 


(27n/»)i (1 - sd)i {1 + V(1 - 

in a very similar manner. 

This concludes the results which we shall establish concerning a single 
Bessel function whose argument is less than its order. 

8'61. Lemma concerning F {6, x). 

We shall now prove the lemma that, when 0 ^a?^ 1 and 0 then 

dF{0, x) 


( 1 ) 


dd 


-[Fi6.x)-Fi0,x)l^-^^^^>0. 


The lemma will be used immediately to prove an important theorem con- 
cerning the rate of increase of (vx). 

It ia evident from Debyo’a expansion that the expression is in error by excess for tujdiciently 
large valnes of v. 

t Of. Proc, London Math. Soc. (2) xvi. (1917), p. 167. 
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If ^{6^ — iK* sin* $) = S {6, a;), we shall first prove that 

dF{6, x) j dU {6, x) 
dd / dd 

is a non-decreasing function of d ; that is to say that 

(1 — ^ cot dy d^ — a? sin* d 
^ — 53® sin cos d 

is a non-decrpasing function of d. 

The differential coeflSoient of this last function of d is 
{d — afi sin d cos d)~^ [(d® cosec* ^ — 1 — ^ sin* d) (1 — x^) 

+ 2 (d® cosec® ^ ^ cot ^ cosec* d — ^ sin® (1 — «*) 

+ 2a3® (1 — ^ cot d) (d cosec d — cob dy + sin* ^ (1 — a®)®], 

and every group of terms in this expression is positive (or zero) in consequence 
of elementary trigonometrical inequalities. 

To establish the trigonometrical inequalities, we first observe that, when 0.< 5 $ tt, 

(i) 6 +sin ^ cos <9 - 2^“^ sin® 6 ^ 0 , 

(ii) 5 + sin 5 cos d - 25® cot ^ ^ 0, 

(iii) sin 5-5 cos 5-^ sin* 5 >0, 

because the expressions on the left vanish when 5*=0 and have the positive dififerential 
coefficients 

(i) 2 (cos 5 -5-1 sin 5)®, (ii) 2 (cos 5 - 5 cosec 5)®, (iii) sin 5 (5 - sin 5 cos 5), 
and then 

5® cosec® 5 — 5® cot 5 cosec® 5 - ^ sin® 5 

=> (5® cosec® 5 - 1) (1 - 5 cot 5) + cosec 5 (sin 5 - 5 cos 5 - J sin* 5) ^ 0, 

5® cosec* 5 — 1 — J sin® 5 

—5 cosec® 5 (5 +8m 5 cos 5 - 25-® sin® 5) +co8ec 5 (sin 5 - 5 cos 5 - J sin® 5) > 0^ 
so that the inequalities are proved. 


It has consequently been shewn that 

dd\w\^^’ 

where the. variables are understood to bo d and x, and primes denote differ- 
entiations with regard to d. It is now obvious that 

and, if we integrate this inequality from 0 to d, we get 

Ifl 


[F'S I 


> 0 . 


Since F' and HjH' vanish when d = 0, this inequality is equivalent to 
F'id,x)H(d,m) „ ^ 

(d x) ^ ^ ^ 

and the truth of the lemma becomes obvious when we substitute the value 
of H {d, x) in the last inequality. 
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8*62. The monotonio property of J^{voB)JJy(v). 

We shall now prove a theorem of some importance, to the effect that, if as 
IS fixed, and 0 <: aj < 1, then {va>)jJ^ (v) is a iion-increasing fmotion of v, when 
V is positive. 

[The actual proof of the theorem will be valid only when (where d is an 

arbitrarily small positive number), since some expressions introduced in the proof contain an 
X in their denonainators; but the theorem is obvious when 0 ^ a? ^ 8 since Jy (yx) and 
e-vF(o, x)ij^ (y) are non-increasing functions of v when x is sufficiently small j moreover, as 
will be seen in Chapter xvii, the theorem owes its real importance to the fact that it is 
true for values of x in the neighbourhood of unity.] 

It will first be shewn that 


(I) 


J^(vx) dJ^jvx) ^ ^ 


dvdx dx dv 

Tq. establish this result, we observe that, with the usual notation, 


dJviyx) V f”' 


ttJ 0 

!'((? (ff. *))-» dff, 


da 27ra, 

and, when we differentiate under the integral sign, 
d^Jy (pa) 1 /■" 


dvda 27ra 


I' {G (0, a)}-i — dO 

= ^ /,' [f® - i W «) f (.e, ^ 


if we integrate by parte the former of the two integrals. 
Hence it follows that 


do 

X *1 dd, 


n («, ir ) = 2 me , .)!» 


where 


>2 

^0, 


(O/p , T'{O,a)-F(0,a)dO(e,a)~\ 

M — + 20(975) 


by using the inequality F('\Jr, a)'^F (0, a) combined with the theorem of § 8*51. 

17 


W. B. F. 
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Since id, is not negative, the repeated integral cannot be negative ; 
that is to say, we have proved that 


so that 


r/ dJ„(vx)dJy(vx) - 

gs--8?— 

Integrating this inequality between the limits x and 1, we get 




>0, 


so that 


dJ„ {vx) 


^ jj^ivx). 


dJ„{v) 




Since J,{vx) and J»{v) are both positive, this inequality may be written 
in the form 


( 2 ) 


^ [J^{vx)lJ„iv)]^Q, 


and this exhibits the result which waa to be proved, namely that J„{vx)jJf{v) 
is a non-increasing function of v. 


8*63. Properties of J„(v) and JJip). 

If, for brevity, we write F(0) in place of FiO, 1), so that 

( 1 ) 


F ($) H log — - cot 9 V(«* - 8in> ff), 


the formulae* for J,(v) and Jy(v) are 

( 2 ) r 

TT J n TT J 0 


0 — sin 6 cos 6 
0 V(^'“ sin* 6 ) 


dd. 


The first term in the expansion of F{d) in ascending powers of 0 is 
4s0*/iQ \/3) ; and we shall prove a series of inequalities leading up to the 
result that F {0){6^ is a non-decreasing function of 0. 

We shall first shew that 

i{m>o 

de\ P 

To prove this we observe that 

F'(0) {(I-^cot^)/^}» 


0* 0-^>^i0>-sin^0) 


+ ^-^V(^~sin®^), 


* It is to be understood that Jv (>') means the value of dJy (x)ldx when x has the particular 
value V. 
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d f V(^ sio* _ (^cos ec* ^ ^ cot ^ - 2) sin*-^ 
0 ^ J 


Hence it follows that 

^ — sh 

6* (0* — sin* 0^ 

>0, 


A iO£)l = (tf*co3ee«e + ^ cot tf- 2) 

<291 9> J 


X (^ + sin ^ COS 0 — 2^ cot 0) 


by inequalities proved in § 8‘51. 

Consequently 

(3) dF'(0)-2iJ’'(^)>O, 

that is to say ^ (^) “ ^ 

If wc integrate this inequality from 0 to ^ we get 

(4) 

an<2 tkU is ths conditim that ^6)1^ should bs a murdeorsasiug function of $ 
It follows that 

F{e,i) .. 

— x- — i > iim — rt,- — A /o » 




and therefore 




expi- 


9V3 
4i2^ 


9V3) 


dB 


ra) 


so 


2^ 3^ irv^ 

that Cauchy’s approximation for M") is 


An iuequftUty which will be required subsequently is 

^5 J 2 (tf* - sin* 6) F' (0) -3(0-ain0 cos 9) F [9) > 0. 

The truth of this may be seen by writing the expression on the left in the form 
(^ — 2 sin* ^ ^ sin cos 9) F' (9) +(9- sin 9 cos 9) {9^" [9) - 3F (0)}, 

ill which each group of terms is positive (of. § 8-51). 

fNom A formula resembling those which have just been established is 

ri 1 2^ 

( 6 ) 

see FAiL Mag. (0.^v. (1918X PP- 384-370.] 
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8' 64. Monotonic properties of J,{v) and J^' iy). 

It has already been seen (§ 8*6) that the functions J, (p) and JJ (v) are 
decreasing functions of v. It will now be sKewn that both (y) and v^JJ{y) 
are steadily increasing* functions of v. 

To prove the first result we observe that 


Stt Ji 


dv 


de 


TTJq 


rF(e) 

J 0 


e-^w de 


Sir 


ee-»Fi6) 


' + ^ {er (0) - sF (0)} dd 

0 air J 0 


>0, 


since the integrated part vanishes at each limit and (§ 8’53) the integrand is 
positive. 

Hence v^J^{v) is an increasing function of v\ and therefore 
(1) 4 iv) < lim {v\j, (v)] = r (i)/(2^ 3W) = 0-44731. 

p-^co 

In connexion with this result it may he noted that 

Ji(l)= 0-44005, 2J8(8)=0-44691. 

To prove the second result, by following the same method we find that 


L-.W) 

dv OTT 1_ 


r'Lrt/A/.v ,//!» • , /IX 3 sin ^cos 0) ' 

+ 3^ J . K V(g--si.i»g) ^ <'’>] 

> 0 . 

by § 8-53 (6), and so JJ (v) is an increasing function of v. 
Hence 

(2) {v) < lim {vi J; (v)] = 3* r (f )/(2i tt) = 0-41086. 


d0 


It is to be noted that 


Ji’ (1) = 0-32615, 4.^8' (8) = 0-38864. 


. 8’66. The monotonic property of v^Jy {v)IJy (v). 

k theorem which is slightly more recondite than the theorems just proved 
is that the quotient 

is a steadily increasing function of v. 

* It is not possible to deduce these mouotonio properties from the asymptotic expansions. If, 
asv-*-oo, f{v)~^{v), and if (p{v) is monotonio, nothing can be inferred concerning monotonio 
properties olf(jf) in the absence of further information concerning /(i/). 
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To prove this result we use the integrals already mentioned in ^ 8*63, 
8’64 for the four functions 

Taking the parametric variable in the first and third integrals to be in 
place of 0, we find that 


d[vUJ{v)\ 

dv 


where 

n.(9. f) JW 

= - (igr(tf) -F(0)] - W --P W1 

+ e V(/- g) ^ ^ ^ ^ ^ 


> 2 V(f_- am. W -Fm. 

by § 8*51. The function Q>i (0, yjr) does not seem to be essentially positive 
(cf. § 8'52) ; to overcome this difficulty, interchange the parametric variables 
^ and i/r, when it will be found that 


Now, from the inequality just proved, 

«.( 0 .f)+n,(t.^ 

^ |2 _ 2V(t’-8 i nMa | j’jj 


+ 


f sin ^ QOS dr - 2 BiD« 1 11 Pf (P) _ y (»)) 
yjr ^(yjr^ - sin* yfr) ^ 


^ ^ ^ sin ^ cos 0—2 sin * 0 

0^/{0^-am^0) 




Since V(^ - sin* 0) and ^ 0F'{d) - F{0) are both (§ 8*63) increasing functions 
of 0, the factors of the first term in the sum on the right are both positive or 
both negative ; and, by §§ 8*61, 8'53, the second and third terms are both 
positive. Hence Oi (0, yfr) +■ L\ 0) is positive, and therefore 


(1) 


d [ vUJ{v) 
dv ( J,{v) \ 


^0, 


which establishes the result stated, 
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8 ‘6. Asymptotic expansions of Bessel functions of large complex order. 

The results obtained (§§8‘31 — 8‘42) by Debye in connexion with J„(x) 
and Yy (x) where v and x are large and positive were subsequently extended* 
to the case of complex variables. In the following investigation, which is, in 
some respects, more detailed than Debye’s memoir, we shall obtain asymptotic 
expansions associated with (e) when v and e are large and complex. 

It will first be supposed that | arg^ | < ^tt, and we shall write 

v = e cosh y = e cosh (a + ij3), 

where a and j3 are real and 7 is complex. There is a one-one correspondence 
between a + i^ and v/s if we suppose that /8 is restricted to lie between f 0 
and IT, while a may have any real value. This restriction prevents z/v from 
lying between — 1 and 1, but this case has already (§ 8‘4) been investigated. 
The integrals to be investigated are 

1 fco+tri 

Hf'‘ (s) = — , I dw, 

TTlJ _ao 

(s) = — f dw — — \ f dw, 

•n-lj-co 

where f(w) = w cosh 7 — sinh w. 

A stationary point of the integrand is at 7, and we shall therefore in- 
vestigate the curve whose equation is 

//(«;) = //(7). 

If we replace w by w -H iv, this equation may be written in the form 
(v - j3) cosh a COB j3 + (u — a) sinh « sin /9 - cosh u sin v + cosh a sin /3 = 0. 
The shape of the curve near («, /3) is 

{(m - a)* - (v - yg)2} cosh o sin ^ + 2 (w - a) (w - /3) sinh a cos ^ = 0, 
so the slopes of the two branches through that point are 

TT + ^arc tan (tanh a cot /8), 

— 1 TT -h ^arc tan (tanh a cot /3), 

where the arc tan denotes an acut§ angle, positive or negative ; Ji f (w) in- 
creases as w moves away from 7 on the first branch, while it decreases as w 
moves away frqm 7 on the second branch. The increase (or decrease) is steady, 
and Rf (w) tends to + 00 (or — 00 ) as w moves off to infinity unless the curve 
has a second double-point;[;. 

* Milnchener Sitzungsleriehte, xl. [6], (1910); the asymptotic expanflions of J„(a;) and Kv{x) 
were stated explicitly by Nicholson, Phil. Mag. (6) xx. (1910), pp. 988—948. 
t That is to say 0</9<ir. 

+ As will be seen later, this is the exceptional case. 
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If (i) and (ii) denote the whole of the contours of which portions are 
marked with those numbers in Fig. 19, we shall write 

{z) = — . f dw, 8,®) (z) ==-— { dw, 

and by analysis identical with that of § 8-41 (except that i/S is to be replaced 
7)> it is found that the asymptotic expansions of (z) and (z) are 
given by the formulae 

gv(tanhy-v)-l,ri * r(m+i) 

Z 1 T I 1 1_ \ ^ 1-1 / 1 * • 


( 1 ) 


(z) 

{z) 


V(-- i vjri tanh 7) F (^) ’ (i v tanh 7)’" ' 

Ar,,. 


g-i'(tanh7-y)+J«rf 00 r (wi + ^) 

V(-- i vTrt tanh ^ ^-o F (J) * (- \v tanh 7) 


ijji ^ 


( 2 ) 

where arg (— \ viri tanh 7) = arg z + arg (— i sinh 7), 

and the value of arg (— i sinh 7) which lies between — \tr and is to be taken. 

(i) 


(ii) 



The values of A^y A^, A^, ... are 


(3) 


'^0 = 1 , ^ - l/if COth“ 7, 

-^s = tIb “ coth® 7 + coth** 7, 


It remains to express (i;) and (z) in terms of 8^®’ (2:) and {z ) ; 
and to do this an intensive study of the curve on which 

If{w) = 7/(7) 

IS necessary. 


8 * 61 . The form of Debye's contours when the variables are complex. 

The equation of the curve introduced in the last section is 
(1) {v — yS) cosh a cos )8 + (« — a) sinh a sin yS 

— cosh u sin V + cosh a sin 8 = 0, 
where {u,v) are current Cartesian coordinates and 0 < yS < tt. 

Since the equation is unaltered by a change of sign in both u and a, we 
shall first study the case in which a ^ 0 ; and since the equation is unaltered 
when ir — v and w - yS are written for v and 8, we shall also at first suppose 
that 0 < y8 <^7r, though many of the results which will be proved when yS is 
an acute angle are still true when y3 is an obtuse angle. 
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For brevity, the expression on the left in (1) will be called v). Since 

= sinh a sin )S -- sinh u sin v, 
ou 

it follows that, when v is given, d(j>/du vanishes for only one value of «, and so 
the equation in u, 

(j) (u, v) = 0 , 

has at most two real roots ; and one of these is infinite whenever v is a multiple 

of IT. 

When 0 < < TT, we have* 

^(- 00 ,v)=- CO , (f)(+ CO ,v) = - 00 , 

<l> (a, v) = cosh a {(v — ^) cos /8 — sin v + sin yS} 0 , 
and so one root of the equation in u, 

<ji (w, v) = 0, 

is less than a and the other is greater than a, both becoming equal when v = 
By considering the finite root of the equations 

<^(w, 0) = 0, <^(w, 7r) = 0, 

it is seen that, in each case, this root is less than o, so the larger root tends 
to + 00 as tends to + 0 or to tt — 0, and for values of v just less than 0 or just 
greater than tt the equation <j) (u, v )==0 has a large negative root. The shape 
of the curve is therefore roughly as shewn by the continuous lines in Fig. 20. 
Next consider the configuration when v lies between 0 and — tt. 



7 - 2iri 


Fig. 20. 

When V is — d<f> (u, v)/du vanishes at u = — ay and hence <f) (u, — /8) has a 
minimum value 

2 cosh a sin (1 — y8 cot yS -- a tanh a) 
at w = — CK. There are now two cases to consider according as 

1 — /8 cot — o tanh a 
is (I) positive or (II) negative. 

* Sinoe 30 (o, v)/3r =oo8h a (oob p - oos »), and this has the same sign as v - /3, <p (a, p) has a 
minimum valae zero at v=:|8. 
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The domains of values of the complex 7 = a + i/S for which 

l—j 3 cot yQ — a tanh a 

is positive (in the strip O'SyS^Tr) are numbered 1, 4 , 6 in Fig. 21 ; in the 
domains numbered 2, 3 , 6a, 66, 7 a, 76 the expression is negative;, the cor- 
responding domains for the complex v/z = cosh (a -1- i^) have the same numbers 
in Fig. 22. 



(I) When 1 — y8 cot /Q - a tanh a is positive, (f> (u, — j 3 ) is essentially positive, 
so that the curve never crosses the line v — — ^. The only possibility therefore 
is that the curve after crossing the real axis goes off to — cx3 as shewn by the 
upper dotted curve in Fig. 20 . 

(II) When 1 — yScot/S — atanha is negative, the equation <^(— a,v) = 0 
has no real root between 0 and yS — 27r, for 

d<p (— a, v)/dv = cosh a (cos y8 — cos v). 

Therefore <f> (— a, v) has a single maximum at — yS, and its value there is 
negative, so that (— a, v) is negative when v lies between 0 and ^ — 27 r. 

Also ()b (a, /Q — 27 r) has a maximum at ti — a, and its value there is negative, 
so that the curve (f) («, v) = 0 does not cross v = yS — 27 r ; hence, after crossing 
the real axis, the curve must pass off to 00 — iri, as shewn by the dotted curve 
on the right of Fig. 20. 

This completes the discussion of the part of the curve associated with 

(z) when a>0, 0<y9^^7r. 

Next we have to consider what happens to the curve after crossing the 
line v = + -TT. 

Since ^ (a, v) = cosh a {(t> - 0 ) cos y8 — sin v + sin y9}, 

and the expression on the right is positive when w > /8, the curve never crosses 
the line u = a ; also 

(f> {u, nir) = (w - a) sinh a sin /3 + (iiir - y 3 ) cosh « cos /9 + cosh a sin yS, 
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and this is positive when u > a, so that the parts of the curve which go oflf to 
infinity on the right must lie as shewn in the north-east comer of Fig. 23. 

When 1 - « tanh a + (w — yS) cot yS > 0, 

i.e. when (a, y8) lies in any of the domains numbered 1, 2 and 3 in Fig. 21, it is 
found that the curve does not cross i> = 27r — and so the curve after crossing 
v — ir passes off to — oo + wf as shewn in Fig. 23 by a broken curve. 



We now have to consider what happens when (a, /8) lies in the domain 
numbered 6a in Fig. 21. In such circumstances 

1 — a tanh a -f- (w — y8) cot yS < 0 ; 

and (f)(—a,v) has a maximum a,t v=‘2'ir^ the value of ^ (— a, 27r — yS) being 
negative. The curve, after crossing = tt, consequently remains on the right of 
M = — a until it has got above v = 27r — y8. 

Now <}) (— a, v) is increasing in the intervals 

(ff, 27r - y8), (27r + y9, 47r - y8), (47r + yS, 6-7r - yS), ; 

let the first of these intervals in which it becomes positive be 

i^Mir + yS, 2if7r -f- 27r — yS). 

Then ^ (w, ^Mir + 27r — yS) has a minimum at « — a, at which its value is 
positive, and so the curve cannot cross the line v => 2ilf7r -i- 27r — y8 ; it must 
therefore go off to infinity on the left, and consequently goes to 

— 00 -|-(2Jf + 1) wt; 

it cannot go to infinity lower than this, for then the complete curve would 
meet a horizontal line in more than two points. 



8*61] FTJNOTIONS OF LABGB OBDBR 267 

When (a, is in 6a, the curve consequently goes to infinity at 

— 00 + (2M + 1) TTt, 

where M is the smallest integer for which 1 — a tanh « + {(Af + 1) tt — cot 
is positive. 

We can now construct a table of values of the end-points of the contours 
for {z) and (z), and thence we can express these integrals in terms of 
(z) and {z) when (a, 0) lies in the domains numbered 1, 2 and 6a in 
Fig. 21 ; and by suitable reflexions we obtain their values for the rest of the 
complete strip in which 0 <• /S < tt. The reader should observe that, so far as 
the domain 1 is concerned, it does not matter whether ^ is acute or obtuse. 

If Jlf is the smallest integer for which 

1 -- a tanh a -4- {(Af 1) tt — ^0} cot ^ 

is positive when cot /S is positive, and if N is the smallest integer for which 
1 — a tanh a — (Ntt H- /Q) cot ^ 

is positive when cot is negative, the tables of values of (z) and (z) 
are as follows : 


B«gion& 

End-points 

S„(') («) 

1, 3,4 
2,6a 

6, 76 

66 

7a 

— 00 , 00 •+■ rrl* 

00 — TTt, 00 -f- JTl 

— 00 , — 00 •+ 27rl 

— 00 — 2^7rt\ 00 + irt 

— 00 , 00 4- (2Jf + 1) iri 

2J, (z) 

e - Mvri jffj}) {ze— Mui') 


Regions 

End-points 


1,2,6 

3, 7a 

4, 66 

6a 

76 

— 00 -4- TTt, 00 

— 00 -1- wl, — 00 — jri 
00 -f- 2ir^ 00 

— 00 + (2i^-f 1) iri, 00 
— 00 + iri, 00— 2N-ni 

HJ^) (s) 

2jy{z) 
y (e) 

eMmi 

e-Nmd zr^(a) {zeNwi) 


From these tables asymptotic expansions of any fundamental system of 
solutions of Bessel’s equation can be constructed when v and z are both arbi- 
trarily large complex nurnbers, the real part of z being positive. The range of 
validity of the expansions can be extended to a somewhat wider range df values 
of arg z by means of the device used in § 8'42. 
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The reader will find it interesting to prove that, in the critical case /3=^7r, the qontours 
pass fipopi — 00 to 00 + TTi.aind from — oo + jri to oo , so that the expansions appropriate to 
the r^on 1 are valid. 

Note. The difierences between the formulae for the regions 6d and 66 and also for the 
regions 7a and 76 appear to have been overlooked by Debye, and by Watson, Proo. Royal 
Boc, xov. A, (1918), p. 91. 


8 * 7 . K(ipUyn's m€qmlity for Jn{nz). 

An extension of Carlini’s formula (§§8'11, 8’5) to Bessel coefficients in 
which the argument is complex has been effected by Kapteyn* who has 
shewn that, when z has any value, real or complex, for which — not 
a real positive numberf, then 


( 1 ) 




exp \/(l — «*)} 

{l + V(l-^)}n 


This formula is leas precise than Oarlini’s formula because the factor (Sn-n)^ (1.— does 
not appear in the denominator on the right, but nevertheless the inequality is sufficiently 
powerful for the puiposes for which it is required!. 


To obtain the inequality, consider the integral formula 

(nz) = I exp [\nz {t - l/t)] dt, 

in which the contour is a circle of radius e“, where u is a positive number to 
be chosen subsequently. 

If we write t = we get 

Jn (nz) — exp [n {^z -u- idW dO. 

Now, if M be the maximum value of 

I exp {^z — w — id] | 

on the contour, it is clear that 

I Jn {nz) I < ilf". 

But if .S’ = pe^, where p is positive and a is real, then the real part of 

is — er^e~^) — u — id 

is cos (a + ^) — e~“ cos (a — d)] — u, 

and this attaint its maximum value when 

tan d = — coth u tan a, 

and its value is then 

p \/(sinh* u + sin® a) — u. 

* Ann. Set. de VJtcole norm sup. (3) x. (1898), pp. 91 — 120. 

t Since both sides of (1) are oontinuoas when z approaches the real axis it follows that the 
inequality is still true when - 1 is positive: for such values of z, either sign may be given to the 
mdicals aooording to the way in which z approaches the outs, 
t See Chapter xvn. 
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Hence, for all positive values of w, 

1 Jn {npe'*) j < exp [np v/(sinh* u + sin® a) — niC\. 

We now choose u so that the 'expression on the right may be as small as 
possible in order to get the strongest inequality attainable by this method. 

The expression 

p ^(ainh® u 4- sin® a) — u 

has a minimum, qua function of u, when u is chosen to be the positive root of 
the equation* 

sinh u cosh u 1 

V(8inh® u + sin® a) p' 

With this choice of u it may be proved that 

2 \/(l — 2 ^) . sinh u cosh u = ± (cosh 2w — 


and, by taking z to be real, it is clear that the positive sign must be taken in 
the ambiguity. Hence 


2 {1 + V(1 ” sinh “ cosh It = 0®’‘ — e®*“. 


and so 


log 


z exp V(1 — ■^*) 

1 + V(1 - ^)" 


, 2 v'(sinh®M + sin® a) . | exp \/(l — z^) | 

_ log _______ 


H \/(l — z^) — u 


— sinh® u -I- s in® a 
” sinh u cosh u 

— p \/(sinh® u -h sin® a) — u. 


and it is now clear that 

I Jn {nz) I < 


'z exp \/(l — ■8^)1” 

;i+v(i-^) j 


An interesting consequence of this inequality is that j Jn (nz) | < 1 so long 
as both I ^ I ^ 1 and 

I z exp v'(l — «®) i ^ 

|"r+ 


To construct the domain in which the last inequality is satisfied, write as 
before z — pe^, and define u by the equation 


sinh u cosh u _ 1 
V(sinh ® u + sin® a)~ p' 

The previous analysis shews at once that, when 

js exp v'(l -1 

p V(sinh® u + sin® a) — it = 0. 


* This eqaation is a gaadratio in sinh® u ^rith one positive root. 


then 
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It follows that 


2u 


sin* a == sinh u (u cosh u — sinh u). 


^ ~ sinh 2m’ 

As u increases from 0 to 1*1997 sin* a increases from 0 to 1 and p de- 
creases from 1 to* 0*6627434.... It is then clear that ^ 


i+va--^*) 

inside and on the boundarj of an oval curve containing the origin. This curve 



is shewn in Fig. 24; it will prove to be of considerable importance in the 
theory of Kapteyn series (Chapter XVii). 


When the order of the Bessel function is positive but not restricted to be an integer we 
take the contour of integration to be a circle of radius s’* terminated by two rays inclined 
+ tt — arc tan (coth u tan a) to the real axis. If we take [ r |=e* on these rays, we get 

I ^ 

|i + 

and so 


irl f* r , cosh (tt+w) -cos 2a cosh (v-tt) 

iJ. 

I / “p{— 


■vv \d/v 


\J. 



sin vTT n l a exp^/(l— " 1 
vit [ ’ I l+/v/(l — «*) f I 


This value is given by Plummer, Dynamical Astronomy (Oambridge, 1918), p. 47. 



CHAPTER IX 


POLYNOMIALS ASSOCIATED WITH BESSEL FUNCTIONS 


9*1. The definition of Neumann's polynomial On (t). 

The object of this chapter is the discussion of certain polynomials which 
occur in various types of investigations connected with Bessel functions. 

The first of these polynomials to appear in analysis occurs in Neumann’s * 
investigation of the problem of expanding an arbitrary anal 3 rtic function / (s) 
into a series of the form Xa^iJn (s). The fiinction 0„ (<), which is now usually 
called Neumann's polynomial, is defined as the coefficient of €nJn (•s) in the 
expansion of l/(i — 2 ?) as a series of Bessel coefficients f, so that 

(1) ^ ^ (^) Ofl if) + 2«/ 1 {z) Oi if) + 2«/^ j (z) Oa (i) + ... 

— 2 €nJn{f) Onif)- 

n=0 

From this definition we shall derive an explicit expression for the function, 
and it will then appear that the expansion (1) is valid whenever l 2 r|< |4j. 
In order to obtain this expression, assume that 1 2 1 < | < | and, after expanding 
lj{t-z) in ascending powers of z, substitute Schlomilch’s series of Bessel 
coefficients (§ 2'7) for each power of z. 


This procedure gives 


1 

t — z 


1 

t 

1 

t 


00 ^ 
+ 2 -~ 
,ri 


2* 


S !,» (z) + 2 — pj 

tt=0 «=i ^ 


.m=0 wl 




8+sm 



Assuming for the moment that the repeated series is absolutely convergent 


* Tluorie der BeaseVschen Functionen (Leipzig, 1867), pp. 8 — 16, 88 ; see also Journal fUr 
Math. Lxvii. (1867), pp. 810 — 814. Neumann’s procedure, after assuming the expansion (1), is to 
derive the differential equation whioh will be given subsequently (§ 9*12) and to solve it in 
series. 

t In anticipation of § 16-11, we observe that the expansion of an arbitrary function is obtained 
by substituting for l/(t - z) in the formula 


/(*) = 


27rt 


/'(«+) /(<) dt 

J t~z ' 


j; Of. Pinoberle’s rather more general investigation, Reiidiconti R. I$t. Lombardo, (2) xv. (1882), 
pp. 224 — 225, '' 
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we effect a rearrangement by replacing s by n— 2m, and the rearranged series 
is a series of Bessel coeflficients ; we thus get 


= — 2 m, (^) + X Cn 

V ~~ Z Z n=l 


n . (to - w - 1)! 

^=0 


m! 




— -jj } (^) + S fin ■] 2 , Jn-2m+i f W* 




Accordingly the functions On (t) are defined by the equations 


( 2 ) 

(3) 


On(i) = 


1 ^to.(to — m~ 1)! 
4„^o ’ 


Oa {t) — l/)f. 


(to > 1) 


It is easy to see that 


(4) 


On (0 


I I 

I 2(2n-2), 2.4.(2»-2)(2»-4) 


and the series terminates before there is any possibility of a denominator factor 
being zero or negative. 


We have now to consider the permissibility of rearranging the repeated seiies for 
A sufficient condition is that the series 


00 

2 

4=1 



/ s (g+2Bt).(a+m— 1) ! 
U=o 



should be convergent. To prove that this is actually the case, we observe that, by § 2’11 
(4), we have , 


’2 (8- f2»»-).(s+m-l) l 

Ws:0 »i ] 


Js 


+ 2m (^) I ^ 


2 

«i=0 ml (« + 2wi-l)l 


exp(i|«P) 


^ 2 (J 1 2 D* +*» {exp (i 1 2 l*)}/(2m) ! 
«=o 

<(^|2l)*exp(if|2|*). 

Hence 


« 2* f “ («+2m).(«+m-l)l, 

.f, I < !•+! i;r! 


_ 1 2 1 exp 1 2 |g) 


The absolute convergence of the repeated series is therefore established 
under the hypothesis that And so the expansion (1) is valid when 

\z\< 1 ^ |, and the coefficients of the Bessel functions in the expansion are 
defined by (2) and (3). 

It is also easy to establish the uniformity of the convergence of the ex- 
pansion (1) throughout the regions \ t\'^R, | | < r, where R>r>0. 
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When these inequalities ai’e satisfied, the sum of the moduli of the terms does not 
exceed 

2 » 


8=0 


!_ J 5 (s+2w).(g+w^-l)l ( ^r)«+a»»exp(^r^) ’| exp (^r* ) 
Imzro ‘ (s+2m)! J"^ R-r 


Since the expression on the right is independent of z and t, the uniformity of the 
convergence follows from the test of Woierstrasa. 

The function 0„(i) was called by Neumann a Bessel function of the second 
kind*] but this term is now used (cf. ^ 3*63, 3'64) to describe a certain solution 
of Bessel’s equation, and so it has become obsolete as a description of Neumann’s 
function. The function On (0 ia a polynomial of degree w + 1 in 1/t, and it is 
usually called Neumanns polynomial of order n. 

If the order of the terms in Neumann’s polynomial is reversed by writing 
— m or ^ — 1 ) — m for m in (2), according as w is even or odd, it is at 

once found that 


(5) 


( 6 ) 


n (f\- \ % n.{\n+m-l)\ 










n n(n®--l®) n(«®— P) (n* — 3®) 


(n even) 


(n odd) 


These results may be combined in the formula 
0) 


n V wr(|7i-i-^m)ros®^(m± «)7r 

‘H m=0 


(n >1) 


r (in — + 1 ) . 

The equations (5), (6) and (7) were given by Neumann. 

By the methods of § 2T1, it is easily proved that 
(8) I Cfl On (0 1 -s i • (n !) . (i 1 < 1)“”"' exp (i | ^ |*), 

(^) 6 n 0 „ (0 = i . ( n !) . (!«)-«-» {1 + 6 ), 

where ^ | ^ j $ [exp | « 1®) - l]/(2n - 2). 

From these formulae it follows that the series /„ (z) On (t) is convergent 
whenever the series lanizlt)'"' is absolutely convergent ; and, when z is outside 
the circle of convergence of the latter series, a„ Jn {z) On. (t) does not tend to 
zero as w 00 , and so the former series does not converge. Again, it is easy 
to prove that, as n oo , 


^nJn {z) On {t) — 






* By analogy with the Legendre function of the second kind, Q,^ (t), which is such that 

-^= S (2n + l)P,( 2 )Q,(t). 

® » n=0 

Of. Modem, Analysis, § 16'4, 


W. B. F. 


18 
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and hence it may be shewn* that' the points on the circle of convergence at 
which either series convergesf are identical with the points on the circle at 
which the other series is convergent. It may also be proved that, if either 
series is uniformly convergent in any domains of values of z and so also is 
the other series. 


Since the series on the right of (1) is a uniformly convergent series of 
analytic functions when | ^ | < | ^ |, it follows by differentiation! that 


(--)g.(p + g)l _ I 
(i-^)P+3+i 


(z) d^Onjt) 


where p, q are any positive integers (zero included). 


It may be convenient to place on record the following expressions: 

Ot (t) = l/tf Oi {t) = 1/i*, 

Oa (t) = l/t + 4/«», 0, (0 = B/t» + 

0* {t) = l/t + 16/«» + 192/i», 0. (t) = + 120/«* + 1920/«*. 


The coefficients in the polynomial 0«(<), for 1, 2, ... 15, have been calculated by 
Otti, Bern MittAeilve^en, 1898, pp. 4, 5. 


9*11. The reourrence formulae satisfied by On(t). 

We shall now obtain the formulae 

(1) (n - 1) Qw(<) + (« + !) 0.-(0 - ^ ~ 0,(t) = ^ ^ (n>l) 

(2) Ofv-l (t) ■“ On+i (t) = 20n ( t), (fl ^ 1) 

(3) -0,(0=0o'(0. 

The first of these was stated by Sohlafli, Math. Ann. in. (1871), p. 137, and proved by 
Gegenbauer, Wiener Siteungeberiohte, ixv. (2), (1872), pp. 33 — 35, but the other two were 
proved some years earlier by Neumann, Theorie der Beea^eohm Functionen (Leipzig, 1867), 

p. 21. 

Since early proofs consisted merely of a verification, we shall not repeat 
them, but give in their place an investigation by which the recurrence for- 
mulae are derived in a natural manner from the corresponding formulae for 
Bessel coefficients. 

Taking | ^ | < | < |, observe that, by § 9*1 (1) and § 2*22 (7), 

00 00 

(i - 5) S SnJn (^) On (0 = 1 = 2 €„ COS® \mr . {z), 

«>=0 n*=0 

* It is sufSoient to use the theorems that, if 2!5„ is convergent, so also is ^bjn, and that then 
2bjn^ is absolutely convergent. 

+ This was pointed out by Pincherle, Bologna Memorie, (4) in. (1881 — 2), p. 160. 

X Of. Modem Analytis, § 6*83. 
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n<=0 


n=0 


^^XenJn (^) {tOn {t) - COS* ^ir ] , 

»»! 

since tOo{t) = l. If now we use the recurrence formula for Jn{^) to modify 
the expression on the right, we get 

I CnJn (■») On (t) = t {/„_! {z) + Jn+i (z)} [tOn (0 - COS* 

»=0 n=] 

If we notice that Jn+i{z)[tOn{t) — coQ^\mr\jn tends to zero as n-*-oo, it 
is clear on rearrangement that 

Jo (^) { Oo (0 — tOi (i)} ■\-Ji{z)[20i (t) — ^tOi (t) + !•} 


+ 2 Jn(^) 




on nN ^On+i(t) tOn-i(t) . 2nsin*in7r 

20.(0 - 


= 0. 


Now regard ^ as a variable, while t remains constant ; if the coefficients of 
all the Bessel functions on the left do not vanish, the first term which does 
not vanish can be made to exceed the sum of all the others in absolute value, by 
taking \z\ sufficiently small. Hence all the coefficients vanish identically* 
and, from this result, formula (1) is obvious. 

To prove (2) and (3) observe that 

and so, { a I being less than 1 1 j , we have 

i e„ J-, (s) 0.' (() + 5 e./„' (s) 0. (0 = 0. 

»-0 «>»0 

By rearranging the series on the left we find that 

2 €nJn (z) On (0 ~ J i ('®^) Oo (0 ^ \Ji%r-\ (^) ~ J r»+i fy)) On (0 

WESO «=1 

= — Jo(^) 0i (t) — 2 Jniz) (On+i (0 ~ 0n—\ {^)}i 
n~\ 

that is to say, 

J, (s) 1 o; ( 0 + 0 . (e)l + 2 /„ (a) ( 20 .' ( 0 + O.+. (0 - o„_. ( 01 = o. 


n=l 


On equating to zero the coefficient of Jn{z) on the left, just as in the 
proof of (1), we obtain (2) and (3). 


* This is the argument used to prove that, if a convergent power series vanishes identically, 
then all its ooefBcients vanish (cf. Modem AnalysU, §8*78). The argument is valid here because 
the various series of Bessel ooeihoieutB converge uniformly throughout a domain containing r=0. 
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By combining (1) and (2) we at once obtain the equivalent formulae 
(4) wiOn_i (0 - (w® - 1) 0„ (t) = (w - 1) tOn (0 + n sin® |n7r, 

(6) ntOn+i (t) — (n*-l)On(t) = — {n+l) tOn (t) + n sin* ^mr. 

If ^ be written’ for t {d/dt), these formulae become 

(6) (n — 1) (^ + n 4- 1) On (t) — n \tOn~i (0 — sin* 

(7) (71 + 1)(^ - n+ 1) 0n(^) = ~ w {tO«+i(i) — sin®|-727r}. 

The N eumann polynomial of negative integral order was defined by' Schlafli * 
by the equation 

(8) O_„(l5) = (-)«On(0. 

With this definition the formulae (1) — (7) are valid for all integral 
values of n. 


9 * 12 . The differential equation'\ satisfied hy On{t). 

From the recurrence formulae §9T1 (6) and (7), it is clear that 

(Sr + 71 + 1) (^ — n + 1) 0„ (i) = — ^ (S- + 7?. + 1) {— ntOn+i (t) + n sin® 

Jit X 
Jlft 

~ -* (S' + 71 + 2) On+i (t) + n sin® \mr 

~ — t [tOn {t) — cos® \n 7 r] + n sin® \mr, 
and consequently On (t) satisfies the differential equation 

(Sr + 1)* On {t) + (i® — 71®) On{t) = t cos® J/iTT + 72 sin® |n7r. 

It follows that the general solution of the differential equation 
d^y , 3 dy ^ ti* — 1\ cos®^n7r ^ 7i8in®^n7r 


is y = On{t) + t-'^^n{t), 

and so the only solution of (1) which is expressible as a terminating series 
is On (t). 


It is sometimes convenient to write (1) in the form 


where 


(72 even) 
(ti odd) 


* Math. Ann. tji, (1871), p. 138. 

t Neum-ann, Theorie der BesteVschen Functionen (Leipzig, 1867), p. 18 ; Journal Jur Math, 
ixvii. (1867), p. 314. 
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l£n«V„(«)6?„(0 = j«a^+a|+4 A 

n=.o I 03^ 0« ) t-Z 
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and so 


+ 7^ — :xo + 








Now 

and hence 
Therefore 


1=» 2 f2n'-^!hl (*)» 2 «ijn + l (2« + l) t/ 2 » + i («), 

»=0 a =0 

n =0 

{z) [^1^2 + 3i i + 1 + ^ j (i) _ _ 0. 

On equating to zero the coefficient of (z) on the left-hand side of this identity, just 
as in § 9‘11, we obtain at once the differential equation satisfied by O.^ify. 

9" 13. Neumann's contour integrals associated with 0„(z). 

It has been shewn by Neumann* that, if G be any closed contour, 

j^Om(s) On(js^)dz=: 0, (m = n and m^n) 

(2) m (s) On (s) dz = 0, (w“ ^ nO 

(^) J n (z) On (z) dz = 27rik/ e„ , 

where k is the excess of the number of positive circuits of the contour round 
the origin over the number of negative circuits. 

The first result is obvious from Cauchy’s theorem, because the only singu- 
larity of Om (z) On (z) is at the origin, and the residue there is zero. 

The third result follows in a similar manner; the only pole of the inte- 
grand is a simple pole at the origin, and the residue at this point is l/e^. 

To prove the second result, multiply the equations 

^wJm (^) — 0| {zOn (z)\ = Z^gn {z) 

by zOn (z) and (z) respectively, and subtract. If U (z) be written in place of 

dm(z) zOn(z) , 

the result of subtracting assumes the form 

^U'{z)+zU {z) + (7a* - n*) zJ^, (z) On (z) = z^gn (z) (z), 

* Theorie der BeaseVschen Funotionen (Leipzig, 1867), p. 19, 
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and hence 

\zU (ir)]( 7 + (m» - n») f {z) 0„ (z) dz=: f z^g^ (z) Jm (z) dz. 

Jo Jo 

The integrated part vanishes because U (z) is one-valued, and the integral 
on the right vanishes because the integrand is analytic for all values of z ; and 
hence we deduce (2) when 

Two corollaries, due to SohlSfii, Jifath. Ann. m. (1871), p. 138, are that 

^ (z) + (- )** Jm+n (^)- 

The first is obtained by applying (2) and (3) to the formula § 2'4 (1), namely 

i •^n+p(z)J-p(y), 

peSmmOO 

and the second follows by making an obvious change of variable. 

9’14. Neumann’s integral for On (z). 

It was stated by Neumann * that 

(1) o.(.) - VC-- 

We shall now prove by induction the equivalent formula 

fco exp ia 

(2) On(z) = iJ^ [{« + V(1 + <*)}" + {< - V(1 + «*)}”] e-** dt, 

where a is any angle such that ] a + arg z\<^] on writing t = ufz, the truth 
of (1) will then be manifest. 

A modification of equation (2) is 

rcD+ia. 

(3) On (z) = i cosh 0dd. 

Jo 

To prove (2) we observe that 

rooeipta rooexpia 

0o(z)= e~^dt, Oi(z)= te'^^dt; 

Jo, Jo 

and so, by using the recurrence formula § 9T1 (2), it follows that we may write 

roo expta 

On(z)^ <f>n(t)e-^dt, 

J 0 

where 

(4) if>n+x (t) - 2t<l>n (t) - <l>n-i (<) = 0, 

and 

(5) 

* Theorie der BfMtVKhen Functionen (Leipsig, 1867), p. 16; Journal fUr Math. Lxvn. (1867), 

p. 612. 
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The solution of the difference equation (4) is 

(t) = ^ + 1)}« + 5 - V(1 + <“)}", 

where A and B are independent of n, though they might be functions of 
The conditions (6) shew, however, that = = and the formula (2) is 

established. 


This proof was given in a symbolic form by Sonine*, who wrote (2)) . (I/ 2 ) where we 

/ «) exp in 

(<) dt, D standing for (djcU). 

A completely different investigation of this result is due to Kapteynf, 
whose analysis is based on the expansion of § 9T (1), which we now write in 
the form 

When j f 1 < I -» |, we have 


if p be so chosen that 


It follows that 


u I / 1\ 


1 ^ r r s 

■8^ - ? J 0 Ln= -00 " 





We shall now shew that the interchange of summation and integration is justifiable; it 
will be sufficient to shew that, for any given values of ( and z (such that 1 f | < 1 « |), 


M 

S 

n=JV+l 


/: 


(i±^?^±i2LV.(o 


e~^du 


can be made arbitrarily small by taking N sufficiently lai’ge J ; now 


and so 


|«±v/(M*+a*)|<2(tt + |a|), 





e-'^du^^ '^^P - j 2» (tt+|s|)»e-“rfM 

l^l” J\z\ 

<|(f/a)"|exp {l«l + i|f 1“}. 


* Math. Ann. xvi. (1880), p. 7. For a similar symbolic investigation see § 6 '14 supra. 
t Ann. 8ei. de Vl^eoU norm. sup. (3) x. (1898), p. 108. 

X Of. Bromwich, Theory of Infinite Series, % 176. 
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[OHAP. EK 


M r> 

^ / 

“^+1 J 0 




e» 


>«(«) 


s-du < LC^+MexpfUl+j , I f PI 


left oa„ b« „bit,arily smaU b, taking ^ auffloieatl, laage 

Hence, when | ifl < | -^ |, we have 

— L_s- y r /'>'\ f* W + ■*'*)}" 

«.-« ^-^e-du 

~ n=0^”*^” 

where 0„ (^) is defi/ned by the equation 

0„ (z) = r + ‘g')!” + - \/(w* + ^*)}” 

Jo 2i^i+i ^ e-«rfw; 

it ia easy to see that 0„M, so defined, is a polynomial in 1/s of degree 

te J?t“ ?f eapanded* in powers of s and integrated term by 

rm. easy to reconcile this definition of 0, (s) with the formula § 91 (4 J 

9-16. Soninds investigatim of Neimiann’ 8 integral. 

of et^nSm'TM^aTs)'^ dne to®lonh7+“7“‘’®l““ 

^SrVoX“'^ ^ ^ ““ b? derileTlXout 

ditheulty. Sonme s general theorem is as follows : 

Let Zn amd An he defined by the equationsl 
„ 1 f(»+> dw r» 

~ J (®)}" 

— ~ = X Z A 

it hmg oaawnad thattksermm (ke right i, cmvergmL 

Suppose that for any given positive value of m, |«>|>|di(®)| on a closed 
cures 0 surrounding the origin and the point s, and |J|< Z I cS 

Of. Hobson, Plane Trigonometry (1918) § 264 
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curve 0 surrounding the origin but not enclosing the point 5. Then 

S = iff 

«=-« 27n„^oJo Jo 




dwdx 


+-i-. 2 rf 

ZttI hz 2 qJ 0 J e 

=j_.r|/ _f 

STrtJo \j c Jc) w — j^(a!) 

=xrf 

270, Jo J 

i 


dwdx 


00 (■i/i(a!)+ 


dwda 

—a® ■ 

W — (x) 

— I 

Jo 

provided that B(z)< B (a) ; and the result is established if it is assumed 
that the various transformations are permissible. 

In order to obtain Neumann’s expansion, take 

yjr (w) = |(io - 1/w), ^ (a;) = ® ± ^(x^ + 1), 

and then 

= i 


a — z 


Since 


= 2 
n^O 


(z) [An + (— )“ -4_„). 


An + (“)” A-n = f “ e-** [{® ± V(^ + 1)1« + (-)" {« ± V(a^ + 1)}-’*] dx, 

Jo 

we at once obtain Neumann’s integral. 

Soaine notes ^p. 328) that 

♦^n W 1) «n On (a) -- W ! (|a) " », 

SO that the expansion of l/(a-z) converges when |«| <| a| ; and in the later part of his 
memoir he gives further applications of his general expansion. 

9*16. The generating function of (a). 

00 

The series S (- which is a generating function associated with 0»(a), 

n^O 

does not converge for any value of t except zero. Kapteyn* howevei’, has “summed” the 
series after the method of Borel, in the following manner : 

s f-V‘f i 2 

»v w J. 

n-o m -0 (n - m) ! + ■'* 

_1 l + i* « “ 7l.(/t + OT-l)U*‘ 

-si (w + ^). (« + m) ! 

,n=On=m (w- ?n) 1 


1 - 
2 


(2m)I «*»(!+<*) 1 « (2m + l)l + + 

2 nZo (1 - 2 „io + “ (1 - 

l+«® * 

2 7* TiTrr 


Nieuw Archief voor Wiskunde (2), vi. (1906), pp. 49 — 66. 
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/ “* 6~^du 

int^pral 

is convergent so long as (1 - <*) z\t is not negative. 

00 

There is no great difficulty in verifying that the series 2 ( — is an asym- 

n*o 

ptotic expansion of. the integral for small positive values of t when | ai^ «!<«') and so the 
integral may be regarded as the generating function of 0^ («). Kapteyn has built up much 
of the theory of Neumann’s function firom this result. 


9*17. The inequality of Kapteyn' s type for On{nz). 

It is possible to deduce from Neumann’s integral an inequality satisfied 
by Oft {nz) which closely resembles the inequality satisfied by {m) obtained 
in § 8’7. 

We have 

Oft {m) ==■ j [{w + + {w — \/(w* + -8®)]“] dw, 

the path of integration being a contour in the w-plane, and so 

I (^) k I [{^ ± + ^)1 «""] I” • I i « 

where that value of the radical is taken which gives the integrand with the 
greater modulus. 

Now the stationary point of 

[w + VCw* + ^)} 

is V(1 ^), and so 

(1) 1 0»(«) U l e^pva-^i rv i I® + + *•)) «-»|. I I. 

where the path of integration is one for which the integrand is greatest at the 
stationary point. 


If a surface of the type indicated in § 8’3 is constructed over the w-rplane, 
the stationary point is the only pass on the surface ; and both w — 0 and 
w = + Q 0 are at a lower level than the pass if 


1 + ^(1 

Hence, since a contour joining the origin to infinity can be drawn when (2) is 
satisfied, and since the integral involved in (1) is convergent with this contour, 
it follows that, throughout the domain in which (2) is satisfied, the inequality 


( 3 ) 






z exp /i/{l — 2 *) 


is satisfied for some constant value of A ; and this is an inequality of the same 
character as the inequality of ’§ 8*7. 
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9*2. OegeTtbauen'^s gmeralisatim* of Neumarm’s polynomial. 

If we expand •- z) in ascending powers of z and replace each power of 
z by the expansion as a series of Bessel functions given in § 6'2, we j&nd on 
rearrangement that 

“ ^ 

« 2y+s ^ « (v + « + 2m).r(v + s + 7n) ^ , ,1 

~ ,ro I j 

_ ^ (j^ + n).r(i/ + w-wO r / x 

~nio U=o ‘ m\ ’ 

the rearrangement has been effected by replacing s by a — 29W, and it presents 
no greater theoretical difficulties than the corresponding rearrangement in § 9‘1. 

We are thus led to consider Qegenbauer’s polynomial defined by 

the equation 


( 1 ) 




this definition is valid whenever v is not zero or a negative integer ; and when 
I -2 1 < I < |, we have 

z'’ 


( 2 ) 


— ^ -dn,|.(t)tl>,+n (^)* 

t-- Z ncO 


The reader should have no difficulty in proving the following recurrence 
formulae : 

(3) (i. + »- 1) (() + (k + M + 1) 

W j, + n- T w - „ j (0 = (0. 

(6) (v-hn)iAj^j^y(t)-(n+l)(v + n-l)A„,y(t) 

/ nv j/ V 2‘'(i' + n) (v + n— 1) r(j/ + in — i) . , 

= (j/ + w - 1) tA'n,. — ' — ~ 

(6) (v + n) tAn+i, ^(t) — (v + n+l)(2v + ri-l) An, , (t) 

- - (1/ + n + 1) V . (e) + — — f(| ;r +V — ' — ~ 


( 7 ) 


Wiener Sitzungsberichte, lxxiv. (2), (1877), pp. 124 — 130. 
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The diflferential equation of which is a solution is 

(8) . 3 ~ 2v dy . f, (»+l)(2»/ + »i-l)) 

t Tt'^Y ^ '\y = 9n.At), 

where ^ 

® ~ ra„+i)t -- 

The general solution of (8) is ^n.p(0 + ^‘'“*^,.+n(0- 

Of these results, (3), (4), (8) and (9) are due to Gegenbauer ; and he also 
proved that 

2^- f ' = 2*- r (i;) . (,; + ri) (^), 

where On" ( 2 ) is the coefficient of a” in the expansion of (1 - 2a? + a*)-*' • this 
formula is easily proved by calculating the residue of {iztf^ ^ (i) at the origin. 
The corresponding formula for Neumann’s polynomial is 


(11) 

1 r(o+) 

2 ^. J On (t) 6“^ dt = i^ cos { n arc cos zj . 


The following formulae may also be mentioned : 


(12) 

V {z) An,y iz) dz = 0, i^fi 

= n and m^n) 

(13) 

1 " *^v+m (z) An,y (z) dz — 0, 

J Q 

(m® n®) 

(14) 

i V (z) dz = ^7rik, 



where (7 is any closed contour, n = 0. 1, 2. . . . , and A. is the excess of the number 
0 positive circuits over the number of negative circuits of 0 round the origin. 

The firet and third of these last results are proved by the method of S 9-13 • 
the second is derived from the equations * 

{z) = 0 , [z^-* An, y (?)} = Qn, „ {z\ 

whence we find that 

(m - «) (2. + « + ^ ^ ^ ^ ^ g 

9*3. Schldjlis polynomial Sn it). 

■ oonnected with Neumann’s polynomial 0.(t) was 

mvesti^ted by SchlM,, In view of the greater simpUdty of some of i“ 

nomM convenient to use it rather than Neumann's poly- 
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Schlftfli’s definition* of the polynomial is 


( 1 ) 

( 2 ) 


Sn(t) = 


{n — m — 1)1 

?n=0 




So(t) = 0. 


On comparing (1) with § 91 (2), we see at once that 
(3) 8n (t) — tOn (t) — cos® Imr. 


(«>1) 


If we substitute for the functions On(t) in the recurrence fonnulaei,§ 911 (1) 
and (2), we find from the former that 

(4) jStH-i (t) + Sn-i (t) — 2nt-^ Sn (t) = 4t~^ cos® ^ UTT, 

and from the latter, 

I (71 - 1) (0 - + 1) ^n+i (t) = nSn (t) - nt-^ Sn (i) - cos® ^7i7r. 

If we multiply this by 2 and add the result to (4), we get 

( 6 ) Sn-^{t)-Sn+^(t) = 28n'(t). 


The formulae (4) and (5) may, of course, be proved by elementary algebra 
by using the definition of Sn{t), without appealing to the properties of 
Neumann’s polynomial. 

The definition of Schlafli’s polynomial of negative order is 

(6) S^(t) = (-r^^8n(t), 

and, with this definition, (4) and (5) are true for all integral values of n. 

The interesting formula, pointed out by Schlafli, 

0) Sn-Ut) + («) = 4O„(0, 

is easily derived from (3) and (4). 

Other forms of the recurrence formulae which may be derived from (4) 
and (5) are 

(8) tSn-i (t)— nSn (t) — t8n (t) = 2 cos® ^ nir, 

(9) tSn+i (t) — nSn (t) 4- tSn (t) = 2 COS® |7l7r. 

If we write ^ for t {djdt), these formulae become 

(10) (^ 4- 7l) Sn (t) = tSn-i (0 “ 2 C08®|W7r, 

( 11 ) ('^ — n)Sn (0 = — tSn+i (t) 4- 2 COS^i^ WTr. 

It follows that 


(^® — 71 ®) (0 = ^ (^ + 1 — 71) Sn -1 (t) + 2n cos® i^TlTT 

= — t^Sn (t) + 2t sin® f Ti-TT 4- 2/1 cos® 
and so Sn (t) is a solution of the differential equation 

(12) i® ^ y = 2i sin® | ?^7^ + 2/1 cos® ^ /itt. 


Math. Anil. m. (1871), p. 138. 
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It may be convenient to place on record the following expressions : 


Sr(t) = 2/t, 

8,(t)-=2lt + 4,8lt? + 16S/if‘, 


S,(t)==4,lt^ 

Si{t) = 8/t^ + 9e/t^, 

/Se (t) = 12/<» + S84>/P + 7680/ 


The general descending series, given explicitly by Otti, are 


(13) 


(14) 


b (|n + m-l)! 


m=l 




2n 2n(n^-2*} 2m ( 7 ?= - 2^) ( 71 “ - 4») 

_ 2 2 (ji* - 1*) 2 (w* - 1») (m» - 3*) 


(m even) 


(n odd) 


The coefficients in the polynomial (t)) for »= 1, 2, ... 12, have been calculated by Otti, 
Bern MittheUungen^ 1898, pp. 13 — 14 ; Otti’s formulae are reproduced (with some obvious 
errors) by Graf and Gubler, EivXeitung in die Theorie der BeeseVschen Funktionen^ li. (Bern, 
1900), p. 24. 


9*31. Formulae connecting the polynomiaU of Neumann and Schldjli. 

We have already encountered two formulae connecting the polynomials of 
Neumann and Schlafli, namely 


1 71 Sn (t) = tOn (t) — COS^* |?l7r, 

hn— 1 (0 + ^n+i (t) — 40n (0> 

of which the former is an immediate consequence of the definitions of the 
fiinctions, and the latter follows from the recurrence formulae. A number of 
other formulae connecting the two functions are due to Crelier * ; they are 
easily derivable from the formulae already obtained, and we .shall now discuss 
the more important of them. 

When we eliminate cos*^M7r from §9'3 (3) and either § 9’3 (8) or (9), we 
find that 

( 1 ) Sn-^{t)-Sr:it) = 20n{t), 

(2) Sn^^{t)+Sn{t) = 20r,{t). 

Next, on summing equations of the type § 9’3 (5), we find that 


(3) 8n (t) = — 2 8 n-am— 1 (^) + sin* ^ IITT . 8i (^), 

M = 0 

and hence 

(4) S„(«) + «„.,(() = - 2 "2 S'^,(t) + S,{t). 

• w— 0 


Coniptes Sendus, oxxv. (1897), pp. 431 — 428, 860 — 868; Bern Mittheilungen, 1897, pp. 61 — 96. 
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Again from § 9*3 (7) and (5) we have 

4 {On_i (t) + On+i (t)} — ^n— s m+2s„(t)+s„,{t) 

= [S^{t)-Sn(t)]-l8„ (t) - 8^ (t)} 4S. («) 

= 2S'„ («) - 2SVi (*) + 4.S„ («) 

= 4S,''(i) + 4S„(!), 

SO that 

(6) 8V (t) + Sn (t) = 0„_, (t) + 0^, (t). 

This is the most interesting of the formulae obtained by Crelier. 

Again, on summing formulae of the type of §9T1 (2), we finrl that 

(6) 2 ^ 0 n_a»R_i (i) + sin^ ^TiTT . Oj + cos* ^ TiTT . Oo (^), 

m»0 

and hence 

(7) 0,(t) + On— 1 it) — 2 "t ^ n— TO— 1 (0 + 0.(i)+0.(e). 

tobO 

9’32. Grafs eacpression of Sn (z) as a sum. 

The peculiar summatory formula 

(1) Sn(z) = 'n- i [Jn(z)r„,(3)-J„,(z)Yniz)] 

m=-n 

was stated by Graf* in 1893, the proof being supplied later in Graf and 
Qubler’s treatisef. This formula is most readily proved by induction; it is 
obviously true when w = 0, and also, by §3*63(12), when n= 1. If now the 
sum on the right be denoted temporarily by (z), it is clear that 
<^n+i (z) + (fj n — 1 (z) - {2nlz) <f)n iz) 

tl+1 Jl+1 

— rrJn+xi^) S Yfniz) — ’ir Yn^^iz) 2 Jm{z) 

TO=-«-l m=-»-l 

+ irJn^i if) 2 Yfn iz) — IT Fn_x iz) 2 J iz) 

TO=— »+l m=-»+l 

-i2mmjz)Jniz) 2 Ymiz) + i2mrlz) Yn{z) 2 Jmi^)- 

tob— « m=~n 

Now modify the summations on the right by suppressing or inserting terras 
at the beginning and end so that all the summations run from — n to w; and 
we then see that the complete coefficients of the sums XJmiz) and 2Fm(z) 
vanish. It follows that 
*pn+i (z) + (^) “ i^n/z) 4>n (z) 

~ n+1 (^) { Fn+i iz) + F_n_i (z)} — TT F,i+i iz) (i/n+i iz) + J-nr-\ iz)\ 

- 'rrJn-x iz) { Yn iz) + Y-n + -TrYn-i (z) {Jniz) + J-n (z)| 

= ^ ^ |1 + (_ l)n{ { (^) Y„ iz) Jn iz) Yn^, (z)} 

«= 4z"^ cos^^mr, 

by §3*63(12); and so <j>niz) satisfies the recurrence formula which is satisfied 
by Snif), and the induction that <t>niz) = Sniz) is evident. 

* Math. Ann. xnm. (1898), p. 188. 

t Einleitung in die Theorie der BesseVaehen Funktionen, a. (Bern, 1900), pp. 84 — 41. 
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9*33, Orelier’s integral for 8n{z). 

If we take the formula § 9‘14 (2), namely 

1*00 ezpta 

0« (2) = } [(« + ^(1 + <■)}” + 1« - V(1 + «’)!“] dt, 

' J 0 

and integrate by parts, we find that 

i f 1 4- 1 Nnl 1 (' « exp ia ^ 

On (^) = I [{t + V(1 + <*)}" +{t- V(1 + dt 

C08»^7i7r , n /'“«P<“|l54-v'a+<»)}”-|«-V(l+f')]" ,, 

• ^ 2 ^ jo V(l+«“) 

Hence it follows that 

(1) 5„ w = 17^- 

This equation, which was given by SchlaOi, Math. Ann. in. (1871), p. 146, in the form 
f »~\-4a 

is fundamental in Crelier’s researches* of which we shall now give an outline. 


We write temporarily 

= {« + V(1 + ^)|« -{t- V(1 + «=>)}«, 

and then 

Tn+i — ^tTn — • Tn_i = 0, 

SO that 


and therefore 


T, 


■* n 


1 

TnlT^^^ 


^n+i _ oji I 2: A ^ 

Tn ~^'^2t + 2t+...+m^ 


the continued fraction having n elements. It follows that Tn+ifTn is the 
quotient of two simple continuants'^ so that 

^n+i K(^,2t, ... , 2t)n 

Tn K{2t,2t,...,2t)r^,' 

the suffixes n,n—l denoting the number of elements in the continuants. 

It follows thatj TnfK {2t)n-.i is independent of n ; and since 

T, = 2V(l + n ir(20o=l, 

we have 

n = 2V(l + i»).Z(20n-i, 


* Comptet JRendus, oxxv. (1897), pp. 421—428, 860—868 ; Bern Mittheilungen, 1897, pp. 61—96. 
+ Chrystal, Algebra, ii. (1900), pp. 494 — 602. 

t Sinos all the elements of the continuant are the same, the continuant may be expressed by 
this abbreviated notation. 
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(•2f) — 2 I 
J (\ 


00 exp la 


K e"** dt. 


From this result it is possible to obtain all the recurrence formulae for 
(^) by using properties of coiifinuants. 


9 * 34 . Schldjlia ea^ansion of Sn{t + 0 ) as a senes of Bessel coeffijci&nts. 

We shall now obtain the result due to SchlSifli* that, when \ z\< \t , 
Sn{t + z) can be expanded in the form 


( 1 ) 


8nit + z)- 1 


The simplest method of establishing this formula for positive values of n 
is by induction f. It is evidently true when n = 0, for then both sides vanish ; 
when n = 1, the expression on the right is equal to 

(i) «/o ( 2 ) + % [Si^tn(t) fn{z) + Sjn+i(t) 
m=l 

~ 2 O 0 (t) Jo {-Z)^ 2 {t) + S,n+i (^)l Jm (~ Z) 

w=l 

= 2 ^ (1) Jvi ( Z) 

m=0 

= 2[(t + z) = Si z), 
by §9-1(1) and §9-3 (7). 

Now, if we assume the truth of (1) for Schlafli’s polynomials of ordem 
0, 1, 2, ... n, we have 

^n+i (t + ^) = Sfi^i (t -h z) — 2Sft (t + z) 

= X Sn-iiu-i (0 J m {z) — 2 S%i_in (t) J^^ (z) 

= 2 26 ,7^,1 (ir) 

m=‘ — ao 

~ 2 (^) J ^ (a), 

m= — ao 

and the induction is established ; to obtain the second line in the analysis, 
we have used the obvious result that 

Sn "i” ~ ^ '3'» ■+■ ■®)* 

Math. Ann. m. (1871), pp. 189 — 141; the examiuation of the oonvergonoo of the aeries is 
left to the reader (of. § 9'1). 

t The extension to negative values of n follows on the proof for positive values, by § 9*8 (6). 

W. B. F. 


19 
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The expansion was obtained by SchlSfli by expanding every term on the right of (1) in 
ascending powers of 2 and descending powers of t. The investigation given here is due to 
Sonine, Math. Amx. xvi. (1880), p. 7 ; Sonine’s investigation was concerned with a more 
general class of functions than Sohlafli’s polynomial, known as hemi-cylindrical functions 
(§ 10 - 8 ). 

When we make use of equation § 9'3 (7), it is clear that, when | ^ 1 < | < |, 

(2) 0n(< + ^)= i 0,^it)J^(z). 

r»=— 00 


This, was proved directly by Gegenbauer, Wiener SitzuTigsberichte, lxvi. (2), (1872), 
pp, 220 — 223, who expanded (^+ 2 ) in ascending powers of 2 by Taylor’s theorem, used 
the obvious formula [cf. § 9T1 (2)] 

( 8 ) ^ On— p+3m{i)) 

and rearranged the resulting double series. 

It is easy to deduce Graf s* results (valid when \z\< j i |), 


00 


(4) 

&{(-*)= 2 

Sn+m (0 (^)) 

00 

( 5 ) 


On^tn (0 (^)‘ 


fn»=-oo 


9'4. The definition of Neumann’s 'polynomial ^nifi)> 

. The problem of expanding an arbitrary even analytic function into a 
series of squares of Bessel coeflScients was suggested to Neumann f by the 
formulae of § 2'72, which express any even power of a as a series of this type. 

The preliminary expansion, corresponding to the expansion of \j{t — z) 
given in § 91, is the expansion of lj{t^ — z'*)\ and the function Gn(0 will 
be defined as the coefficient of e^Jn^z) in the expansion of — z^), so fliat 

p _ ^2 ~ *^0* (^) ^0 (0 "i" 1 * (^) (0 "b (fi) 'fla (G "b • ■ ■ 

= S €nJ n (^) fin (O’ 

n =0 

To obtain an explicit expression for fln(0> take j j < ] 1 1, and, after ex- 
panding l/(<® — z^) in ascending powers of substitute for each power of z tho 

* Math, Ann, xliu . (1898), pp, 141 — 142; see also Epstein, Die vier EechnungKoperationen 
mit BessePschen Ftmctionen (Bern, 1894). [Jahrbuch liber die Fortscliritte der Math. 1893—1894, 
pp. 848—846.] 

t Leipzigei' Berichte, xxi. (1869), pp. 221 — 266. [JkfatA. Ann. iii. (1871), pp. 681 — 610.] 
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series of squares of Bessel coefficients given by Neumann (S 272). As in 
§ 9*1, we have 

1 “ 

= 2 — 

when we rearrange the series by writing n — s for m ; this rearrangement 
presents no greater theoretical difficulties than the corresponding rearrange- 
ment in § 9*1. 

Accordingly the function (<) is defined by the equations 


(2) n CiVs: - \ ^ • (w- + g 1 ) ! ( s 1)* 

^ 4,ro(n-s)!(2s)l(i«)»+>' 

(3) n.(0 = iA“- 

On reversing the order of the terms in (2) we find that 

/AX Q /A -I s n . (2n - m - 1)! {(n - wt)!}^ 

i rZo m\{2n- 2m ) ! ( ^ ’ (n > 1 ) 

while, if (2) be written out in full, it assumes the form 

o 1.2 4w«(4n*-2*) . 1.2.3 4n*(4H“-2’>)(4»*-4») 

nw ^3+2 ■^3.4^ ^ + •••• 

Also 


(6) enO„ (t) = 


2«‘(n!)» 

fm + a 


1 + 






+ ... 


where 


0 ) 


1 . ( 2?1 - 1 ) ^ 1 .2; (271 - 1 ) ( 2/1 - 2 ) 

. ) 

i .2 ... 77. (27i- i)(' 27 i - 2) ... n\ ' 


^ e _ ?« - 1 

2n" 


« _ (2«-l)(2-i-3) 
'* 271(2/7 — 2) 


e = (2a - 1) (271 -3) ( 2/1 - 5) 
® 2/1(27/- 2) (2/7 — 4) 


(A _ 
^an — 


(27/-l)(27?-3)... 1 
2/1(271-2)... 2 ’ 

Since 0 < < 1, it is easy to shew by the methods of § 211 that 

(^) i e„ (0 1 ^ 2«* I « I -«*->> (//!)« exp ( I i p), 

and, when n>0, 

(9) e„a„(«) = (n!)* (1 H- 0), 

^*iere |^|^{exp|i|»-l|/(27/-l). 


19—2 
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By reapsoning similar to that given at the end of § 9‘1, it is easy to shew 
that the domaiDS of convergence of the series Xln (<) and %an{sfty^ 

are the same. 

The reader should have no diflficnlty in verifyiag the curious formula, due 
to Kapteyn*, 

ao) 


9 •41. The recurrence forrmlae for (t). 

The formulae corresponding to § 9*11 (2) and (3) are 


(1) 

2« //.V fln-ift) fln+i(^) 2flo(^) 

n»-l’ 

(n^2) 

(2) 

(2/t) fli (t) — -^no (t) — -JIlj (<), 


(3) 

(2/0 flo’ (0 = - 2nx (0 + 2fl, (<). 



There seems to be no simple analogue of § 9*11 (1). The method by which 
Neumann f obtained these formulae is that described in § 9*11. 

Take the fundamental expansion § 9*4 (1), and observe that 

and that, by Hansen’s expansion of § 2*6, 

2»/o (z) Jo if) =® — Z ^ ,^1 (^) — '/*n+i (^)}/^' 

i»«=i 

We find by difierentiations with regard to t, and with regard to z, that 
- 2</(i“ - = 5 e„/n» {z) a/ (0, 

n <=0 

2z/(t^ — Z^y = 2 Jq{z) Jo (z) fip (t) 4" 1 (z) — J \+1 {z)} Oin (t)ln 

»sl 

= .2 2 {z) J \+1 (z )} I fin (0 “ 

«=»1 

On comparing these results, it is clear that 

t ^ 2 €nJn{z)iln (t) + 2 \J ^ i (p®) »^*n+i (^)} • (^) “" flfl (0}/*^ ~ 

»* a 0 »*1 

On selecting the coeflBcient of Jf^{z) on the left and equating it to zero 
(cf. § 9*1), we at once obtain the three stated formulae. 

* Ann. Sei. de Vtcole norjii. sup. (8) z. (1898), p. 111. 
t Leipziger Beiichte, xzi. '(1869), p. 261. [Math. Ann. m. (1871), p. 606.] 
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9*6. Gegenhauer’s generalisatfion of Neumann's polynomial (<). 

If we expand 2'*'+ l(t — g) in ascending powers of b and replace each power 
of z by its expansion as a series of products of Bessel functions given in § 6’6, 
we find on rearrangement (by replacing s by ?i ~ 2m) that 




00 giH+y + $ 

X 


t^z ,Zo 

_ * ( « r(At+is+l)r(i/+^s+l) (a+v+s+2m)T(fi+v+s-¥-m) 

~ sZo U,to r(/x+v+s+l) ml 

X t/jA+Jg + m (•®) «/M + jg+m (^)| 


K + n— s 

~ ^ 1 ^ y«— am+i 

n=0 lm=0 " 


(fjL+v + n)V(fji> + lin — m + 1) r(i/ + ^n--m+ l)V (fi+v + n—m) 


ml r ((U. + 1/ + w — 2m + 1) 


X J I 


M + Jn 


(z) Jv + )fn (f) ■ j 


it is supposed that 1 2 1 < j 1 1, and then the rearrangement presents no greater 
theoretical difficulties than the corresponding rearrangement of § 91. 

We consequently are led to consider the polynomial defined by 

the equation 

2^i+i» + n/- 

(1) 


<i'» T{fi+ ^n-m+l)r(v+in-m-^-l)r(ji+v+n-m ) , 

^ m! r (/u, + »' + n — 2m-f 1) ^ 

This polynomial was investigated by Gegenbauer*; it satisfies various 
recurrence formulae, none of which are of a simple character. 

It may be noted that 

(2) 0^0(1) — 

The following generalisations of Gegenbauer’s formulae are worth placing 
on record. They are obtained by expanding the Bessel functions in ascending 
series and calculating the residues. 

(3) I i"" ('2t am 4>) t m, - (0 

(4) j r " .4 (2t sm <f)) B.in. „ (t) dt 

2^+''(/i,+ y + 2n)r(fi + 1) r(/x + y + ?t)sin'^ <f> 

?iPr(/i.+ V + 1) 

K n, fjt, + 1, fi + V + n\ ^/jl + l/j> Iv + 1] sin® <^). 

In the special case in which fi-v, this reduces to 

1 f(0+) 

(6) ^ j t-''4(2t8in(^)^«»,,..(0d^*2*»'(/v+»0r(v)8in''(j!>CV(cos2(/>). 

This formula may be still further specialised by taking </> equal to or 
* Wiener Sitzungsberichte, txxv. (2), (1877), pp. 218 — 222. 
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9*6. The genesis of LommeV 8* polynomial Mm, w{^)‘ 

The recurrence formula 

(^) 

may obviously be used to express linearly in terms of Jv(e) and 

Jv-iif)'} and the coefficients in this linear relation are polynomials in I/ 2 ; 
•which are known as LommeVa polynomials. We proceed to shew how to 
obtain explicit expressions for them. 

The result of eliminating from the system of 

equations 

J,+p+i ( 0 ).- [2 (v + p)/s} J,+p (z) + J^+p^i (z) = 0, (p = 0, 1, . . . m - 1) 
is easily seen to be 


•^w + m (*)j 

0 , 

0 , 


-2z~^ (v+m-l), 1, 

1, — 2?“^ (i/ + ni-2), 

0 , 1 , 


0 

0 

0 


= 0 . 


0 , 0 , 0 , 1 

Jy(e), 0, 0, -2a-»(i/+l) 

(a) - (2»//*) (a), 0, 0, 1 


By expanding in cofactors of the first column, we see that the cofactor of 
J^+m (-e) is unity ; and the cofactor of (— (z) is 


2 «~*(v + ot -1), 1, 0, 0, 0 

1, —2e~^(v+m—2), 1 , 0 , 0 

0, 1, -2a“^(v+m— 3), 0, 0 


0, 0, 0, -2«-i (*' + !), 1 

0, 0, 0, ■ 1, -2«-iv 


The cofactor of (z) is this determinant modified by the suppression 

of the last row and column. 

The cofactor of «/„ (a) is denoted by the symbol (— )”* Mm, „ («) ; and 

Min.vi^)) thus defined, is called Lommel’s polynomial. It is of degree ?» in 1/z 
and it is also of degree m in v. 

The effect of suppressing the last row and column of the determinant by 
which Mm, y (^) is defined is equivalent to increasing v and diminishing m t>y 
unity ; . and so the cofactor of (-)»»-» (z) is Mm-i.y+i (^). 

Hence it follows that 

>h+m (•^) ~ Jy (•2^) Mm, V (• 2 ) + i7v_i {z) Mm~\, if) — 0, 

* Math. Ann. iv. (1871), pp. 108 — 116. 
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that is to say 

( 1 ) J v+m ('^) Jv (^) Rm, V (•^) J (^) k+i ('®)’ 

It is easy to see that* R^^iz) is the numerator of the last convergent of 
the continued fraction 

(v + m 1) 2^_j ^ ^ _ 2) — (v + m — 3) — . . . — 2z~^ v 

The function Rm,v{^) was defined by Lommel by means of equation (1). 
He then derived ah explicit expression for the coefficients in the polynomial 
by a somewhat elaborate induction ; it is, however, simpler to determine the 
coefficients by using the series for the product of two Bessel functions in the 
way which will be explained in § 9'61. 

It had been observed by Bessel, Berliner Abk.y 1824, p. 32, that, in consequence of the 
recurrence formulae, polynomials dn-i (^), ^n-i (^) exist such that 

4 W= (,) (,)), 

where [cf. § 9*62 (8)] 

-gan-i 

dn-i (2) ^n-ii^)= 2^, 4SI ... (274 — 2^ 2m ‘ 

It should be noticed that Graft and Crelier| use a notation which diflTers from 
Lommel’s notation ; they write equation (1) in the form 


9*61. The series for Lommel’ s polynomial. 

It is easy to see that {z), qua function of the integer 7ri, satisfies 

the same recurrence formulae as J^+m, (^) 1 hence the analysis of § 9*6 also 
shews that 


(I) ( — )”* J—v—m {^) — 'I—*' (^) "H J—v^\ (•3^) i.i'+i (‘2’)- 


Multiply this equation by tf„_i {z) and § 9*6 (1) by {z), and add the results. 
It follows that 


(2) J {z) J {z) + J - («) J y-l (Z) 

— Rm, V V -H-i (2^) H" (2^) ^-1 (2^)} 
2 sin vtr 


TTZ 


Rm, V 


* Of. Chrystal, Algebra, ii. (1900), p. 602. 

t Ann. di Mat. (2) xxiii. (1896), pp. 46 — 66; Einleitmg in die Theorie der BeaaeVtchen Funk- 
tionen, n. (Bern, 1900), pp. 98 — 109. 

t Ann. di Mat, (2) xxiv. (1896), pp. 181—163. 
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by § 3'2 (7). But, by § 5*41, we have 
(J fAT fA T 

W ‘^-+1 ■ pto ! r (i/ + m + ^) + 1 j r (- 1/ + 2 + p) ’ 

T (A T (A- " (-)»(- m + 

{z) J,., I r (_ p _ 4 . + 1) r (x; + n) , 


1 ^ I (-)» (- m + •».)« 

«=o r(— z/ - m + n + 1) r(i/ + n) 

p=o(wi + p + l)! r(-v + 2+^)r(v + m+j3 + l)’ 

. when we replace n in the last summation by m + p + l. Now it is clear 
•that 

_ ( ^ + + 1) 1 ^ (m +p + 2)p 

(w+^j+1)! p!(w+pH-l)! p\ ’ 

and so, when we combine the series for the products of the Bessel functions, we 
find that 

2 sin vir ^ ^ V w + n)n 

wz ^ rt=o?i! r'(— — + l)r(j/H-n) 

_ sin vir (— )” (m - n) 1 P (y + m — n) 

“TT , 1=0 {vi — 2w)! r(y + n) ’ 

the terms for which H>^m vanish on account of the presence of the factor 
(— m + n)n in the numerator. 

When V is not an integer, we infer that 

' »=o n ! {m - 2n,) ! F (y + n) 

ji=o r(y + ?i) ' 

But the original definition of Rm,v(z), by means of a determinant, shews 
that R^,^^(z) is a continuous function of y for all values of y, integral or not ; 
Md so, by an obvious limiting process, we infer that (3) is a valid expression 
01 Rm,v(z) even when y is an integer. When y is a negative integer it may 
be necessary to replace the quotient 

ri!) bv (-Y r(-..-.i + i) 

r(y + ?i) -y ^ r{-v~m + n + i) 

in part of the series. 

The series (.3) was given by Lommel, Math. Ann. iv. (1871), pp. 108-111; an equi- 
valent i^ul^ in a different notation, had, however, been published by him ton years earlier, 
Archiv de}' Math, und Phys. xxxvii, (1861), pp. 364 355. 

An interesting result, depending on the equivalence of the quotients iust 
mentioned, was first noticed by Graf*, namely that 

* Ann. di Mat. (2) xxni. (1895), p. 66. 
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In the notation of Pochhammer (of. ^ 4*4, 4*42), we have 

(5) Rw,v{z) = (v)„, 2^3 (I - i ; v,-m;\-v-m\ - sP). 
Since R,„ „{z)l 2 is a linear combination of products of cylinder functions of 

orders v + m and v— 1, it follows from § 5'4 that it is annihilated by the operator 
- 2 {(y + my + {v- 1)'^} + j(,. + mf -(v- 1)=}-] + 4^“(^* + 3^ + 2) ; 

where = 2 {djdz ) ; and so R^„. „{z) is a solution of the differential equation 

(6) [(Sr + 7ri) (^ + 2i/ + m — 2) (^ - 2y - m) (S- - m - 2)] y 

+ 4>z^'^ (^ + 1) 2/ = 0. 

An equation equivalent to this was stated by Hurwitz, Math. Ann. xxxiii. (1889), 
p. 251 ; and a lengthy proof of it was given by Nielsen, Ann. di Mat. (3) vi. (1901), 
pp. 332 — 334 ; a simple proof, differing I'rorn the proof just given, may be obtained from 
formula (5). 


9‘62. Various properties of LommeVs polynomial. 

We proceed to enumerate some theorems concerning Rm,v(^), which were 
published by- Lommel in his memoir of 1871. 

In the first place, § 9‘6 (1) holds if the Bessel functions are replaced by any 
other functions satisfying the same recurrence formulae ; and, in particular, 

^ t'-l-m i^)— Vv (■2) Rm, y {z) — Fp_j (z) Rm-i, h-J i^)> 
whence it follows that 


( 2 ) (^} Jv—i (■ 2 ) J v-tui ( 2 ) (z'j 

= Rm,y{z) [Yy{z)Jy.^{z)-Jy{z) Yy^i{z)\= 2Rm,v{z)l{'rrz). 
Next, in §9'61(2), takej'm to be an even integer; replace m by 2m, and 
p hy V - m. The equation then becomes 

(3) "t" J—v—iri {z:)J = 2 ( — sin VTT . Rsm,v—m(.^')l{,'^^')} 
and, in the special case v = we get 


(4) /Vi (z) + {z) = 2 (-)- (z)/(7rz), 

that is to say 

7r2'„=o |(m-n)!}».?il 

This is the special case of the asymptotic expansion of § 7-61 when the 
order is half of an odd integer. 

In particular, we have 


=s ('+?)- 

J>,0) + />_, 0) = ^ (i + f. + p) . 


225 \ 
z’^ )’ 


( 6 ) 
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I 

Formula (6) was publisbed in 1870 by Lommel*, who' derived it at that time by a 
direct multiplication of the expansions (§ 3'4) 

followed by a somewhat lengthy induction to determine the coefficients in the product. 

As special cases of § 9'6 (1) and § 9'61 (1), we have 

Jm+i (^) ~ sin COS Z . (z), 

( 2 \1 / 2 

— j cos^.B;„,lt(^^) + f— j 

By squaring and adding we deduce from (4) thatf 
(®) +-K* m-],} (■^) 

Finally, if, in § 9‘61 (2), we replace m by the odd integer 2m + 1 and then 
replace j/ by v — m, we get 

(9) J (^) J -H-m+i (^) •” «/— I'— Wl— 1 (z)J^ (^) 

= 2(-)‘^amvTrRi,^^^^(z)/{7rz). 

An interesting result, pointed out by Nielsen, Ann. di Mat. (3) v. (1901), p. 23, is that 

ft 

if we have any identity of the type where the functions /»,(«) are 

ni=0 

algebraic in e, we can at once infer the two identities 

s /m(*) ^ ..(«)= 0, i /*,(«) „+i («)30, 

mao m=>0 

by writing the postulated identity in the form 

n 

2 fm{^ {•^1' (®) (®) ■^n-1, 1' + l (*)}® 0, 

J»=sO 

and observing that, by §4-74 combined with §3'2 (3), the quotient («) is not an 

algebraic function. Nielsen points out in this memoir, and its sequel, ibid. (3) vi. (1001), 
pp. 331 — 840, that this result leads to many interesting expansions in series of LommePs 
polynomials; some of these formulae will be foimd in his Handbuoh der Theorie der 
CylinderfunJetionm (Leipzig, 1904), but they do not seem to be of .sufficient practical 
importance to justify their insertion here. 

9*63. Recurrence formulae for LommeVs 'polynomial. 

In the fundamental formula 

(-S') = {z) Rfn,, V Jy-1 (^) Rjn—i, H-l (■®)> 

replace m and v by m + 1 and y — 1 ; on comparing the two expressions for 
Jv+m we see that 

i.i'+i + Rtr^iftf—i (^)} “ *!■ J \>-i (^)} 

* Math. Ann. n. (1870), pp. 627—682. 

t This result was obtained by Lommel, Math. Ann. iv. (1871), pp. 115 — 116. 
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Divide by which is not identically zero, and it is apparent that 

(^ ) , v+i (^) + Rm+i ,^1 (z) = — ^ ^ Rfn y (js). 

z 

To obtain another recurrence formula, we replace m in § 9*62 (2) by wi + 1 
and m — \, and use the recurrence formula connecting Bessel functions of 
orders v + m — 1, v + m and v + w + 1 ; it is then seen that 

Z 

and hence, by combining (1) and (2), 

(^) 1, V (^) + t> (^) ~~ im-i ~~ v— i (■2) = ~ — ^ Rm, v 

z 

Again, write § 9'62 (2) in the form 

and differentiate it. We deduce that 
m + 2 


(4) 




and so, by (3), (1) and (2), 

vn. 

R — ~ Rm,p (^) + Rm-\,v (^) ~ v+i (■2')» 

Rm, V (^) ~~ Rtn~i, K+i (^) “■ -Rrn+i, v (-3^)) 


(5) 

R 

(6) 

R'm,. 

(7) 

R tn,v 


m 
z 

2v+ m 


2i/4-m— 2». 

" •“»», V (•^) d" Rm+i,v—i\^) "I" 

z 

The majority of those formulae were given by Lommel, Math. Ann. iv. (1871), pp. 113 — 
116, but (6) is due to Nielsen, Ann. di Mat. (3) vi. (1901), p. 332; formula (2) has been used 
by Porter, Annals of Math. (2) iii. (1901), p. 66, in disousahig the zeros of /£„^ v ( 2 ). 

It is evident that (2) may be used to define Rf„ y(z), when the parameter 
m is zero or a negative integer; thus, if (2) is to hold for all integral values 
of «i, we find in succession from the formulae 

D 4v(v + l) ^ ^ 2p 

z z 

that 

(8) (z) = 1, R^,,y{z) = 0, B.^y {z) = -l. 

and hence generally, by induction, 

(9) 

This formula was given by Graf, Ann. di Mat. (2) xxiii. (1896), p. 69. 

If we compare (9) with Graf’s other formula, § 9'61 (4), we find that 

(10) -Rtn, K (•3f) = (~)”‘ * ('2^) = (^) = (”)*” •Km.-r—m+i C-®)- 

When the functions of negative parameter are defined by equation (9), all the 
formulae (1) — (7) are true for negative as well as positive values of m. 
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9*64. Three-term relationa connecting Lommel polynomials. 

It is possible to deduce from the recurrence formulae a class of relations 
which has been discussed by Crelier*. The relations were obtained by Crelier 
from the theory of continued fractions. 

First observe that § 9'63 (2) shews that (z) and Rm,,v (z), qua functions 
of m, satisfy precisely the same reourrence formula connecting three contiguous 
functions; and so a repetition of the arguments of | 9’6 (modified byreplacing 
the Bessel functions by the appropriate Lommel polynomials) shews that 

(1) V (^) “ R'm, vi^') R'n, v+m (^) “* v (^) i, »'+ to+i (^)’ 

Next in §9'63(2) replace m by m — 1 and v by v+l, and eliminate 
2 (in 4- v)lz from the two equations ; it is then seen that 

(z') — (^) Rm-i, v+i (‘2^) 

= Rtn—i, V Rm-i.y+i (^) — Rm, y (■^) Rmr-'a, k+i 

and so the value of the function on the left is unaffected by changing m into 
m — 1. It is consequently independent of m ; and, since its value when m = 0 
is unity, we have Crelier’s formula 

(2) R^^Az)Rnn .v+i ~’Rm+i,y (^) Rtn-i.f+i 

a result essentially due to Bessel (cf. §9 6) in the special case'»' = 0. 

More generally, if in § 9*63 (2) we had replaced m hy m — n and v hyvi-n, 
we should have similarly found that 

Rm, y (^) “Km-n+i, y+n (^) ~ v (^') Hm—n, v+ft (^) 

= Rrn~i, t>{^) Rm—n,y-{<fi (^) Rin,i>(^} R'mr-n—l, v+n (•®')» 

and so the value of the function on the left is unaffected by changing m into 
m — 1. It is consequently independent of m ; and since its value when m — n 
is Rr-i,v{^\ we find from § 9'63 (10) that 

(3) V (•^) Ji+i , v+n (^) -^n+i, V (^)- Rm—n, v+n (^) “ Rfu-i, v 

a result given in a different form by Lommelf . 

Replace m and a by m — 1 and n + 1 in this equation, and it is found that 

( 4 ) J^Tn— 1, y (^) n— 1, v+n+i (^) “" Rm, y (^) ^m~n—a, v+n+i (^ ) ~ R'n,v (^)' 

If we rewrite this equation with p in place of n and eliminate Rm-^,y(^) be- 
tween the two equations, we see that 

R“n, y (^) Rmr-p—i, H-P+i (^) ^P, y Rm~n—i, K+n+i (^) 

~ Rm, V (^) v+p+i (^) H’m—n—i, H-ti+i (^) Rm-^n-% (z) R^nb-p—i , «'+P+i (^)] 

“ Rm,v (^) I^n-p— 1, H-P+i (■^)> 

by (3). If we ti'ansform the second factor of each term by means of § 9*63 (10), 
we obtain Crelier’s result {loo. cit. p. 143), 

(6) Rn^ ^ (z) 1 , y+m+i (•®') Bp. y (^) R>ry~m~i, v+m+\ (^) 

— Rm,v -^p— n— 1, 1'+JH-i i^)’ 

* Ann. di Mat. (3) xxiv. (1896), p. 186 et seq. t (1871), p. 115. 
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This is the most general linear relation of the types considered by Crelier ; it 
connects any three polynomials Rm,v{z), Rn,p(^), jKp,„(^) which have the same 
parameter v and the same argument e. The formula may be written more 
symmetrically 

(6) JRn^ „ {z) Rp~.in~i, v+m+i (■^) "h Rp^ p (^) Rm—n—y, K+n+x (•^) 

■h Rm,pi^) Rn-p-ifP+p-i-i — 0, 

that is to say 

(*i^) S Rn,v{^^ Rp—m—i,v+m+i{^')~^‘ 

m, n, p 

A similar result may be obtained which connects any three Bessel 
functions whose orders differ by integers. If we eliminate Jp+m-\ i/) between 
the equations* 

p+n i>+7n (■^) Rn—tn, k+ot (^) »+»h— i (^) Rn—m—i, I'+m+i (^)> 

Jp+p ('2') ~ J v+7n (■^) Rp—m, f+Jft J v+m—i {z)Rp 

— m-i, »»+m4i (■®)> 

we find that 

Jp+n Rp—m—i,P+in+\ (■2^) v+p (^) Rn~m—\,p+tn+i 

~ *A<+7/i \,Rn—m, p+tn (^) Rp~7n-i,p-^m+\ (^) ~ Rp—m,p+iii Rn—in—i,p+m+i (^)] 

~ J p+m (2f) Rp-n—i, p+n+i 1 

the last expression is obtained from a special case of (5) derived by replacing 
m, n, p, V by 0, n — in, p — m,v + m respectively. 

It follows that 

(8) 2 Jp^n{z)Rp-7,.-7 ,p+m-hi (^) ~ 0, 

m, n, p 

and obviously we can prove the more general equation 

( 9 ) 2 ^p^n(^) Rp-~m—i,p+m+i ( 2 ^) 9 , 

m, }i, p 

where ^ denotes any cylinder function. 

The last two formulae seem never to have been previously sbitod explicitly, though 
Graf and Quhler hint xit the existence of such expiations, ICinleitung in die. Theorie dee 
BesseVscken Funktionen, il. (Bern, 1900), pp. 108, 100. 

[Nora. If we eliminate ./„_i ( 2 ) from the equations 

i^)~dp ( 2 ) /i,„, „ ( 2 ) Rtn-l, p+l ( 2 )) 

"l*^ »< + m - 1 ( 2 ) = df, ( 2 ) /l5,„ — t^p ( 2 ) •/► _ 1 ( 2 ) Rni—'i, p + 1 ( 2 )) 
and use (2) to simplify the resulting equation, we find that 

dp ( 2 ) = — f/j/ + m ( 2 ) Rm—i, p + 1 ( 2 ) ■f"«A'+ «i— X ( 2 ) Rm - X, v + X ( 2 )) 
and so, replacing v by v-m, wo have 

dp-mi^)~ ^dy ( 2 ) R,n-i, p-m + i (2)+«A'-i ( 2 ) Rm-l, i'— m + X i^)- 
By using § 9'C3 (10), wo dedixoo that 

dp~m {^)~dp (2) R-m, p (2) ~ dy_i (z) R-m-l, p+1 W) 
that is to say that the equation § 9’6 (1), which has hitherto been considered only for 
positive values of the parameter m, is still true for negative values.] 

* It is supposed temporarily that m is the smallest of the integers in, n, p ; but since the final 
result is symmetrical, this restriction may be removed. See also the note at the end of the section. 
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9*66. Eurwiiz limit of a Lommel polynomial. 


We shall now prove that 



1 ■ (z) 

r(v + m + l) 


Jy{z). ■ 


^Thifl result was applied by Hurwitz, Math. Ann. xxxni. (1889), pp. 260 — 262, to discuss 
the reality of the zeros of Jy (*) when v has an assigned real value (§ 16-27). It has also 
been examined by Graf, Ann. di Mat. (2) xxni. (1896), pp. 49 — 62, and by Crelier, Bern 
Mitthedungen^ 1897, pp. 92—96. 

Prpm § 9:61 (3) we have 

(js) _ (-)» (m--w)!r(v + m-w + 1) 

r(v + w + l) „=o r (v + n + 1)‘ (w — 2w)! r(v4-.7n. + 1) 

Now write 

{m-~n)\T {v + m-n + V) _ . 

(m — 2?i) ! r (V + w + 1) “ 

so that 

B(m (w-n)(m-n-l)...(m- 2y> + l) 

(v + 7»)(v + TO — 1) ... (v + m — n + 1)’ 


If now N he the greatest integer contained in | v | , then each factor in the 
numerator of 6 (m, n) is numerically less than the corresponding factor in the 
denominator, provided that n> N. 

Hence, when n > N, and m > 2N, 

|^(w, n>l<l, 

while, when n has any fixed value, 

lim n) = 1. 


Since 


5 

n=0 W ! r (v + W + 1) 


is absolutely convergent, it follows from Tannery’s theorem* that 

and the theorem of Hurwitz is established. 


... * ( — 1 * (ilY '*■ 

Again, since the convergence of 2 - - . r is uniform in any bounded domain t 

«=o»l rii/+»+l) ^ 

of values of e (by the test due to Weierstrass), it follows tliat the convergence of 
(i«)’'''"‘An..+i(*')/r(v+m+i) 

to its limit is also uniform in any bounded domain of values of z. 


* Of. Biomwich, Theory of Iv finite Series, § 49. 

t An arbitrarily small region of which the origin is an internal point must obviously be 
exolnded from this domain when i? {v) ^ 0. 
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From the theorem of Hurwitz it is easy to derive an infinite continued 
fraction for J^i {z)IJv (^). For, when {^z) 0, we have 


lim 


R 


a= lim 

m-*-oo L 


1 _ 1 j 


by § 9*63 (1). On carrying out the process of reduction and noticing that 
Rj, V+inr-l (^) n / . , X 1 


= 2(v + m-l)z~^--_~ 


2z~^ (v + m)' 

1 1 


■^1, 1'+m 

we find that 

i- 

Rm , .+1 (^) 2(p + l)z-^-2(p+2)z-^-- ... -2(i;+ m) ’ 

and hence 

{^\ - - - — 

J,(z) ~ 2(p + l)z~^-2(p + 2)z-^-... 

This procedure avoids the necessity of proving directly that, when ?a-»“Co, the last 
element of the continued fraction 

*/v_l (2) 1 1 •^K+»l+l(^) 

ZW 2(v + l)2-»-...-2(p+m)2-‘- 

may be neglected; the method is duo to Graf, Ami. di Mat. (2) xxiir. (1895), p. 52. 

9*7. The modified notation for Lonwiel polynomials. 

In order to discuss properties of the zeros of Lominel polynomials, it is 
convenient to follow Hurwitz by making a change in the notation, for the 
reason that Lommel polynomials contain only alternate powers of the variable. 

Accordingly we define the modified Lommel polynomial gm,v{z) by the 
equation * 

{~T ^ " !'• + 

Ms=o r (w + + i) 

so that ^ 

( 2 ) Rm,v+i{z) = {hz)~^gm,y{iz'^)- 

By making the requisite changes in notation in §§ 9*63, 9*64, the reader 
will easily obtain the following formulae : 

(3) + [§9*63(2)] 

(4) /7»a+i. —i {z) = vgm, V {z) - zgm.-^, „+, {z), [§ 9*63 ( 1 )] 

[z''9m,y{z)] = zg,^i^^{z) + gm+i,y-l {z), 
d 


( 1 ) 


gm,viz') ~ ^ m-vPn 


[§9-(i3(7)] 


(5) 

(6) ^ 9'm,viz)\ = g.,n+\,y~\{z) ~ gm+i,v{z), [§9*63(4)] 

0^ {.Z) ~ gm-H,v{,z) gm-i^v+i {z) = Z^"' go,v (z) gi^v+m+i (z). 

[A special case of § 9*64 (6).J 

* This notation differs in unimportant details from the notation used by Hurwitz. 
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These results will be required in the sequel ; it will not be necessary to write 
down the analogues of all the other formulae of ^ 9’6 — 9'64. 

The result of eliminating alternate functions from the system (3) is of 
some importance. The eliminant is 

{v + m) gm ^ ,. (^) = Cm (^) „ (^) - (v + w + 2) ^ {z), 

where = (j/ + m + 1) |(i/ + m) (v + m + 2) — 2z}, 

We thus obtain the set of equations : 


' (v + 2) gi. „ (^) = c, (z) g^ ^ (z) - (v + 4) z^go, ^ {z), 
(v + 4i)g^y(z) = Ci (z)gi^^ {z) - (i/ + 6) {z), 


( 8 ) 


(v + 2s)gu+t^, (z) = Cg, (^) - (v + 2a + 2) ii^g»,^y (z), 


[ (v + 2m - 2)gm^, (z) = (z)gim^^(e) -{v+ 2m) z^gg,n~ 4 ,^(^)‘ 


9'71. The reality of the zeros of g^ „ (z) when v easceeds — 2. 

We shall now give Hurwitz’ proof of his theorem* that when, v> — 2, the 
zeros of g^^v{z) are all real; and also that they are all positive, except when, 
— l>v>-2,in which case one of them is negative. 

After observing that gsm.u{e) is a polynomial in z of degree m, we shall 
shew that the set of functions gm,A^)> ••• 92 ,v(z), (z) form a set 

of Sturm’s functiona SuflBcient conditions for this to be the case are (i) the 
existence of the set of relations 1 9*7 (8), combined with (ii) the theorem that 
the real zeros of 5 'a„_ 9 ,„(a) alternate with those of gan,v i^)- 

To prove that the zeros alternate, it is sufficient to prove that the quotient 
is a monotonic function of the real variable z, except at the 
zeros of the denominator, where the quotient is discontinuous. 

We have ^ 

where HBr. i’=9r,v {z) («) - 9t. p (^) 9'r, v {e ) ; 

and from § 9*7 (3) it follows’ that 

“ 9^vn—a,v {z) + (v + 2m) ®!0tflm— i,sm— 8) 

•®ftam— i,sm-a 21©8m-8,Bm— 4 + (l' + 2m 2) 

SO that 

. m-1 

®R9m,9mr-B = ^*am-8.K(^) + (v + 2m) 2 (v + 2r) g^3r-i,y (z), 

r=l 

and therefore, if m > 1, is expressible as a sum of positive terms 

when V > — 2. 


Math. Ann. xxxm. (1889), pp. 254—266. 



ASSOOIATBD POLYNOMIALS 


305 


9*71, 9*72] 

The monotonic property is therefore established, and it is obvious from a 
graph that the real zeros of separate those of 

It follows from Sturm’s theorem that the number of zeros of on 

any interval of the real axis is the excess of the number of alternations of sign 

in the set of expressions gm.-^y{^) g<i,v (^) at the right-hand end of 

the interval over the number of alternations at the left-hand end. 

The reason why the number of zeros is the excess and not the deficiency is that the 
quotient „ ifi)lg'im- 2 , v ( 2 ) is a decreasing function, and not an increasing function of 
as in the usual version of Sturm’s theorem. See Burnside and Panton, Theory of Equations^ 
I. (1918), § 9^. 

The arrangements of signs for the set of functions when is has the values 
— 00 , 0, 00 are as follows : 



2m 

2m - 2 

2m- 4 

■ 

2 

B 

— 00 

+ 

+ 

+ 

B 


+ 

0 

+ 

+ 

+ 



+ 

00 




B 

B 

+ 


The upper or lower signs are to be taken according as v -H 1 is positive or 
negative ; and the truth of Hurwitz’ theorem is obvious from an inspection 
of this Table. 


9*72. Negative zeros of g.an,v{z) when v < — % 

Let V be less than — 2, and let the positive integer s be defined by the 
inequalities 

— 2s > v > - 2s — 2. 

It will now be shewn that*, when v lies between — 2s and — is - 1, g^m^vi^) 
has no negative zero; hut that, when v lies between — 2s — 1 and — 2s — 2, gwn,v{!ii) 
has one negative zero. Provided that, in each case, m is taken to he so large 
that V -h 2m is positive. 

It will first be shewn that the negative zeros (if any) of gtm,u(j^) alternate 
with those of gm-c, v{^)- 

* This proof differs from the proof given by Hurwitz; see Troc. London Math. Soc. (2) xix. 
(1921), pp. 266—272. 


W. B. V. 


20 
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By means of the formulae quoted in § 9’7, it is clear that 

= ^sm-s. r (^) {^ffamr-1, v{^) + 5^am+i, “ ffum, v(^) jS'm-i, v-i ffwi-i, t> {^)] 

= (v + 2T7l)^*am— !,>>(•?) ~ i(^) 

= (v + 2m) {5r*anv-i.v(‘8') “ 


> 0 , 

provided that v + 2m is positive and z is negative. Therefore, in,the circum- 
stances postulated, the quotient 

(_ ^)K+«m-i ,{z) 

is a decreasing function, and the alternation of the zeros is evident. 

The existence of the system of equations § 9*7 (8) now shews that the set 
of functions 


■“ 9^-i, V (■*')> + v(^)> • • • j {~y 9o, v{^) 

form a set of Sturm’s functions. 

The signs of these functions when is - oo are 


+,+,..., -h, (— )*, 

and there are s alternations of sign. When z is zero, the signs of the 
functions are 

±, ±. ±, +, +, 

the upper signs being taken when — 2s >v> — 2s— 1, and the lower signs 
being taken when — 2s — l>i/> — 2s— 2; there are s and s -I- 1 alternations 
of sign in the respective cases. Hence, when -2s>i/> — 2s — 1, 99 m,yi^) ^las 
no negative zero ; but when — 2s — 1 >!»> — 2s — 2, 9sm,v{^) has one negative 
zero. The theorem stated is therefore proved. 


9*73. Positive arid complecc zeros of g^^y{z) when v< — 2. 

As in § 9*72, define the positive integer s by the inequalities 
— 2s > j/ > — 2s — 2. 

It will now be shewn* that when v lies between — 25 and — 2s — 1, g^ „(«) 
has m — 2s positive^ zeros; hut that, when v lies between - 2s — 1 and — 2s'— 2, 
5^a>n, v(^) m — 2s — 1 positive ^sros. Provided that, in each case, mis so large 

that m+v is positive. 

* This proof of a more elementary character than the proof given by Hnrwitz ; see the 
paper cited in § 9*72. 
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In the first place, it follows from Descartes’ rule of signs that, in each case, 
cannot have more than the specified number of positive zeros. For, 
when V lies between — .2s and — 2s — 1, the signs of the coefficients of 

1, ...,z^ in g^,,(z) 

arc +1 +, +, ...,+, 

and since there are m — 2s alternations of sign, there cannot be more than 
m - 2s positive zeros. When v lies between — 2s — 1 and — 2s — 2 the coiTe- 
sponding set of signs is 

and since there are m — 2s — 1 alternations of sign there cannot be more 
than m — 2s — 1 positive zeros. 

Next, we shall prove by induction from the system of equations § 9’7 (8) 
that there are as many as the specified number of positive zeros. 

When V lies between - 2s and — 2s — 1, the coefficients in 5 ' 4 g,„(s) have no 
alternations of sign (being all +) and so this function has no positive zeros. 
On the other hand 

5'4*+2,,.(0) >0, 3o) = -oo, 

and so gis+s,^(z) has one positive zero, say ; and, by rejisoning already given, 
it has no other positive zeros. Next, take from § 9’7 (8) it follows 

that its signs at 0, ai,i, +■ 00 are ; hence it has two positive zeros, and by 

the reasoning^ already given it has no others. The process of induction (whereby 
we prove that the zeros of each function separate those of the succeeding 
function) is now evident, and we infer that g.M,y{^) has 7n — 2s positive zeros, 
and no more. 

Again, when v lies between - 2s — 1 and — 25 — 2, the coefficients in 
have no alternations in sign (being all — ), and so this function has 
no positive zeros. On the other hand 

.*( 0 ) < 0 , gu ^ A , A + 00 ) = + 00 , 

and so gu^i,y{z) has one positive zero, and by the reasoning already given it 
has no other positive zero. 

By appropriate modifications of the preceding reasoning we prove in suc- 
cession that gu+9,v{.z\ g4»^6,y{z ), ... have 2, 3, ... positive zeros, and in general 
that gii,n,v(z) has m — 2s — 1 positive zeros. 

By combining these results with the result of § 972, wc obtain Hurwitz’ 
theorem, that, whm */< — 2, and m is so large that -m + v is 'positive, gn>i,»{z) 
has 2s complex zeros, where s is the integer such that 

— 2s > V > — 2s — 2. 
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FUNCTIONS ASSOCIATED WITH BESSEL FUNCTIONS 


lO'l. The functions Jk(^) and B^( 2 f) investigated hy Anger and H. F. 
Weber. 

In this chapter we shall examine the properties of various functions whose 
definitions are suggested by certaiin representations of Bessel functions. We 
shall first investigate functions defined by integrals resembling Bessel’s inte- 
gral and Poisson’s integi’al, and, after discussing the properties of several 
functions connected with F„ (z) we shall study a class of functions, first defined 
by Lommel, of which Bessel functions are a particular case. 

The first function to be examined, J„ (z), is suggested by Bessel’s integral. 
It is defined by the equation 

(1) J„(^)=lf cos sin 

TT Jo 

This function obviously reduces to Jn {z) when v has the integral value n. 
It follows from § 6‘2 (4) that, when v is not an integer, the two functions are 
distinct, A function of the same type as J„ {z) was studied by Anger but 
he took the upper limit of the integral to be 27r; and the function Jv{z) is 
conveniently described as Anger’s function of argument z and order v. 

A similar function was discussed later by H. F. Weberf, and he also 
investigated the function E„ {z) defined by the equation 

(2) E„ = — f sin (v0 — z sin B) dd. 


In connexion with thia function reference abould also be made to researches by Lommel, 
Math. Ann. xvi. (1880), pp. 183—208. 

1 f*"’ 

It may be noted that the function —I cob(v 0 -s sin ff) dO which was actually dis- 

Zw J 0 

cussed by Anger is easily expressible in terms of J„ (s) and (e ) ; for, if we replace 6 by 
2rr— 5 in the right-hand half of the range of integration, we get 

fiv 


2ir jo 


cos (v^- 2 sind) dff' 


.1 r 

2ir Jo 


COS (vd - e sin 




cos (2v7r -vd + z ain d) dd 


I cos* PIT , nfy (a) + sin vw cos ptt . E,(a). 


Neueste Schriften der Naturf. Oes. in Danzig, v. (1865), pp. 1 — 29. It was shewn by Poisson that 


Vv I ^ cos {pO-zBin 9) dO={z - p) sin vv, 


Additions b la Conn, des lemps, 1886, p. 15 (cf. § 10-12), bnt as he did no more it seems reasonable 
to give Anger’s name to the function. 

t Zurich Vierteljahrsschrift, xxiv. (1879), pp. 38 — 76. Weber omits the factor 1/irjin his defi- 
nition of Bv (a). 
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To expand J„ (z) and (^) in ascending powers of z, write ^tt + ^ for 6 
in the integrals and proceed thus : 

I sin’"'6^sini^^c2^= I cos’" ^ sin 
Jo J -h 

. fi"" 

= 2 sin ^PTT cos’” ^ cos v(f>d<f> 

J 0 

TT . ml sin ^PTT 


TT • m! cos ^VTT 
2’” r (i^ w — +1)1^ ('i’Wi + H~ 1) 


2’” r (-^ni — + 1) r + ■^y + 1) ’ 

by a formula due to Cauchy*. 

In like manner, 

f sin’^^cos y^d^ = 

Jo 

But, evidently, 

JJz)=- 2 W-:; — rr I sin^ ^ cos yd + - 2 I sin"”+' dsin yddd, 

' '^■,,.=0 (2wi)! jo 7r„^=,o(^w+l)I jo 

so that 

00 / \m 

(3) ( 2 :) = cos ^yTT 2 rr; i — TiTT'? — _L 1 '" .T ' lX 

+ »m iPTTj^ j, ^ , 


and similarly 

00 / 

(4) B„( 2 ^)= sin|y7r 2 - , . i\p/ rr 7'V\ 

^ „,-or(m- Jy+ l)r(m + ^y + l) 


-C08 |y7r 2 




lo r (m - ^y + I) r (t/t + |y + f ) ■ 

These results may be written in the alternative forms 


(5) = 


smyTT 


yTT 


1 *' 

t tin n d" 


2" 


' (2*-y“)(4»-y») 


+ ... 


Sin yTT 

+ - 

TT 


2^ 


+ 


l®-y“ (P-y=')(3--y=') (l*-y“)(3»-y“)(6*-y=>) ■" 


(6) E,(2)- 


1 — cos Vtt 




^ 2»-y*^(2*-y’>)(4' 


'-v^j •■•_ 


VTT 

1 + COS TTT P 2 : 2 * ^ 2 ^ 

_ - - (p 1 ,;») + (P^z/j) ( 3 ^- y^) (6* - p^) 


Results equivalent to these were given by Anger and Weber. 

The formula corresponding to (5) was given by Anger (before the publication of his 
memoir) in a letter to Cauchy which was communicated to the French Academy on July 
17, 1864 ; see Comptes JRendus, xxxix. (1864), pp. 128 — 136, 


M6m. sur les intSgraUa difinies (Paris, 1825), p. 40. Of, Modern Analysu, p. 268. 
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For a reason which will be apparent subsequently (§ 10*7), it is convenient 
to write 

{7) (la - V*) ( 3 » - !/») (1» - v») (3* - 1;») (5“ - •••’ 






(8) ya+ya(2»_vS) va(2a- v*) (^a- j;*) 
and, with this notation, we have 

... _ . . sini/TT . . i/sinvTT . . 

(9) J, (^) = — ^ So. „ (je) s_i, „ (z), 




( 10 ) 


TT 

1 4- COS I/TT 


. . 1/(1 - COS vtt) . . 

So.v (2) S_i,„ (4 


TT ’ ' ' 7,- 

It is easy to deduce the following formulae from | these results : 

( 11 ) 


( 12 ) 

(13) 

(14) 
(16) 
(16) 


f cos 1 / 0 . cos {z sin ^) = — 1 / sin vtt . s_, „ (s), 

j sin p0 . COB (z sin ^) = — 1 / (1 — cos ptt) . s_i „ (.gr), 

Jo ^ 

I sin I/d . sin (z sin d) dd = sin pit . So, ^ (n), 

Jo . ’ 

f cos I/d . sin (g? sin d) dd = (1 + cos i/tt) . So i^), 

Jo ’ ‘ 

riir 

cos p^ . COS (z COS <l>)d<p‘= — p sin ^i/w . 5_i. ^ (^f), 

JO 

f Jir 

cos p<f ) . sin cos <^) d^ = cos ^pir . So, ■> (z). 

J 0 


Integrals somewhat resembling the integrals discussed in this section, namely 

f GOfi 

gSlne _ pQg 

J sm ' 

have been examined by Unferdinger, Wiener Siteungsberiolitey LVii. (2), (1868), pp. 611 — 620. 
Also, Hardy, Messenger, xxxv. (1906), pix 168 — 166, has investigated the integitil 

/ Bin (v5-«Bm tf) - 2 -, 
jo 0 

00 

and has proved that, when v is real, it is equal to ^ir 2 «/» («), where rj^ is 1, 0 or - 1 

Ras >QO 

according as v — ti is positive, zero, or negative. 

10*11. Weber’s formulae cormecting his functions with Anger’s functions. 
It is evident from, the, formulae § 10*1 (9), (10), (15) and (16) that 


( 1 ) 


- / \ \ 4c(»*i/7r . 

J„ {z) + J_v {z) = = — I cos p<f> cos (z cos 6) dd), 

TT Jo 

(2) J,, (z) — J_„ (z) = I cos 1/0 sin (z cos 0) d0, 
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(3) 

E. (*)+!:_(«) — 

4ico8}vTr 

TT 

fi* 

COS v<f> sm (z COS <f>) d<f), 

Jo 

( 4 ) 

rr Jo 

IT 

COS v«j!> cos (z COS (/>) d<f>. 

It 

follows on addition that 




= i cot ^PTT (Ev (e) — 

B-.W)- 

- ^ tan ^vTT {E^ (z) +• E_„ (j 

so that 



(^) 

sin VTT . (z) 

= COS VTT . 

B.(*)-E...W. 

and similarly 


(6) 

sin VTT . E^ (z) 

= J-.(^)- 

- COS VTT . J„ (z). 


The formulae (6) and (6) are due to Weber. 

10 * 12 . Recut'i'ence formulae for (z) and {z). 

The recurrence formulae which are satisfied by the functions of Anger and 
Weber have been determined by Weber. 

It is evident from the definite integrals that 

J v-i (^) + J K+i (^) ” y ^ ^ ~ ~ ^ 

_ 2 sin VTT 

TTZ ’ 

and 

E.-1 (^) + Ej.+i (z) — E^ (z) = - f fcos ^ sin (v0 — z sin 6) dd 

Z TT I 0 \ Zj 

_ 2(1— cos i/tt) 

TTZ 

It is also very easy to prove that 

rj,_,(^)- j,+,(^)-2 j;(^)=o. 

1e._, (z) - E,+, {z) - 2E/ {z) = 0. 

From these results we deduce the eight formulae 

(1) J„_i -f J^+, (^r) = — J„(2) , 

Z TTZ 

(2) j,_,(^)-j,+,(^)=2j;(^), 

(3) + v) J„ {z) = 2 J„_i {z) + (sin vTr)lTT, 

(4) - v) (^r) = - zJ^+i {z) - (sin vtt)Itt, 
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.(6) 

z 

(6) 

(e) - Ep+i {z) = 2 E„ ( 

( 7 ) 

(^ + p) E„(^) = £;E„_] 

(8) 

(^-'p)E,(5) = -^E, 


TTZ 


where as usual, stands for z{dldz). 

Next we construct the differential equations; it is evident that 
- V*) J„ (z) = (^-v) 1^; J„_i (z) H- (sin vir)l'7r] 

= z{^ + l — v) Jp_a (z) — {v sin V7r)/7r 
= — J„ {z) + {z sin v’ir)l’ir - (v sin V7r)l'ir, 

(z — v) sin VTT 


so that 

( 9 ) 

We also have 




TT 


SO that 
( 10 ) 


(^* - p*) B„ (z) = (^ - p) [zE^i (z) + (1 - cos p7r)/7r} 

= jgr (Sr + i - p) (■2') — P (1 - cos P7r)/7r 
= — E„ (z) 5 (1 + cos P7r)/'7r — p (1 — cos P7r)/7r, 


Formulae equivalent to (9) and (10) were obtained by Anger, Neueste Schriftm der 
Natnrf. Oes. in Daiw^, v. (1866), p.‘l7 and by Weber, Zurich Vierteljahrsschrift, xxiv. 
(1879), p. 47, respectively; formula (9) had been discovered earlier by Poisson (cf. § lOi). 


lO'lS. Integrals ecoyressihle in terms of the functions of Anger and 
H. F. Weher. 

It is evident from the definitions that 

1 f"' 

(1) J„ (z) ± i E„ {z)=^— 1 exp { ± i (p^ - ^ sin 6)] dd. 

n" Jo 

By means of this result, combined with formulae obtained in §§ 6'2 — 6‘22, it 
is possible to express numerous definite integrals in terms of the functions of 
Bessel, Anger and Weber. Thus, from § 6’2 (4) we have 


( 2 ) 


'00 

g-vt-zai 

Jo 


;-esinht£^j_ 


TT 


sm PTT 


{J,(z)-J,(z)l 


when \ex^z\<\Tr\ the result is valid when jarg^rl = |^7r, provided that 
i2(p)>0. 

Again, we have 


( 3 ) 


f" 

I gvt—z ai 

Jo 


-zainbt _ 


TT 


sm PTT 
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80 that, when we combine (2) and (3), 

(4) r cosh utdt = i7rtan I vir f J, {z) - J, {z)] - ^ tt {E, {z) + F, (a)}, 

(6) ‘ sinh ^ tt cot | j/tt { {z) - J„ (z)] - tt {E„ (a) + F, (a)| . 

The integral j cosh vtdt has already been evaluated (§6-3); but 

I e-2ooah«ainh vtdi 
0 

does not appear to be expressible in a simple form; its expansion in ascending 
powers of z can be obtained from the formula of § 6*22 (4), 

(a) + /„ (a) = — f cos vddd + - - sinh vtdt, 

■^Jo tt Jo 

but, since 

m. a a (~)”* sin vtt „ f v ■\-m . j/ + m , \ 

i. ^ = 2%-+ m) ■ (- >«. - 2 - ; 1 - - r ■ - V > 

the integi’al under consideration cannot be evaluated in any simple form *. 

The formulae (2) — (5) are nugatory when v is an integer, but from §§ 6'21, 
9‘33 we have 

(6) J” 6’“-“""“ * = i (S„ (z) -■7rE^(^)-,r )’„ («)), 

(7) = lS„{2) + 7rB„W + wr„W). 

J 0 


Tlio juiHociatcd intogralH 

f e~''^ {a! mill i) (it, f <?"*'* ^?** (a’ cosh f) 

Jti Hill' jo am' ' 

have been noticed by Cloatoa, Qunrtei'li/ Jounuil, xx. (1885), p. 260, 

Various integrals of those tyjKVj iiccur in researches on diffraction by a prism ; see, o.g. 
Whipple, Proc. Umdon Math. Soc. (2) xvi, (1917), i». 106. 


10*14. Asymptotic etr/pansions o f A7iyer- Weber functiom of large argument. 

It follows from § 10’13 (2) that, in order to obtain the asymptotic expansion 
of J±v{ii) when |a| is large and |arga|<^7r, it is sufficient to obtain the 
asymptotic expansion of the integrals 

Jo 

To carry out this investigation wo shall first expand cosh vt/oosh t and 
sinh i^i/cosh ^ in a series of ascending powers of sinh t. 

* See Anding, Sechastellige TaJ'eln der Deaaehchen Funktionen iimgindren Argument* (Leipzig, 
1911) {Jahrhuch ilber die Fortachritte der Math. 1911, pp. 498 — 494], and Takenchi, TGhoku Math. 
Journal, xviii. (1920), pp. 296 — 296. 
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If ~ M, we have, after the manner of § 7*4, 

so that 

cosh 
cosh 


J 27rij (^— 1)* — 4(;'smh*# 

1 r(«+,i/«+,i+) rj>-i2"»^’»smh^i 

^TTlj LmaO 


lo 


2 ^ ^ sinh*9» t 


Now 


(f- lyp-^ l(^- l)*-4?8mh“ t] 


]<if. 


1 rcw^h+fn-id^ r(^v + m + i) 

27riJ rQv-m+i).(2m)! 

_ (-)”^cos^v7r r(m+.^ + ^y)r(7ra+|-^t/) 

TT * (27/7,) ! 


and, if we take jd so large that jR( 23 + > 0, and then take the contour 

to be that shewn in Fig.* 15 of § 7*4, we find that 

«J (?- l)^“i {(t- 1)* - 4fsmh^} 

cos dw 
TT io 1 + 4a; (1 — a?) sinh* ^ 

If V and t are real, the last expression may be written in the form 


6 r(pH-i + iy)r(p + ^-^v) 

^ TT (2p) I 

where 0 ^ ^ 1, since 1 + 4a? (1 — a;) sinh® t>l. 


It follows that, when iJ (jp + ^ ± ^ v) ^ 0, we have 


coshy^ ^ 22i.i r ^2 (- rr(m + ^ + ^v)r(m + ^-^i/) 

C0sh^ TT L»n=0 (2m) 1 '* ' 


+ ^a 


(-) L ^ +i .. +>) r (p + ^ 


For complex values of v and t this equation has to be modified by replacing 
the condition 0 < ^ 1 by a less stringent condition, in a way with which the 

reader will be familiar in view of the similar analysis occurring in various 
sections of Chapter vii. 


Similarly we have 


— u 


2«j ^ ir-M r-i/4 
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so that 


sinh vt 1 f («+.!/«+.!+) 

sinh ** 27rt J (f -■ 1)® — sinh* t 


I r(u+. i/«+, 1 +) r P -1 sinh*"^ « ( 

"asj *■ U-o (f-i)*”** 


2^ sinh^ t 


l)a 4fsmh*<}J 


d^, 


whence it follows that, if we take p so large that J2(jp + 1 ± ^i') > 0, then 

^ sinji/TT (-)”*r(w + l + ^p)r(m + l-| i/) 
coshi TT l_»=o (2m + 1)1 


+ 


0. (-)■’ r(p + 1 +*■') y <P t ’■..tJJL) (2 sinh 


(2p+l)! 



On integrating these results, it follows that 

"oosh-J I (-)’" r (m + i r (m + ^ - jp) 

ooBbvt.e <tt~ 2 ^ 


2 H" r + 1 ^;y:(g_+l - i-) . 

»*=o \ 2 ^/ 


If V is real and z is positive, these asymptotic expansions possess the 
property that the remainder after p terms is of the same sign as, and is numeri- 
cally less than, the (p + l)th term when p is so large that R(p+1 ± 4 1 ^) > 0. 

It follows from §§ 1013 (2) and (3) combined with § lO'll (6) that 


(1) J,(2r)^J,(^) + 


sin VTT 
irz 

sin i/TT 

TTZ 


P-v* (P- ^*)(3->-P) 


- 


V v{2'^— P) y (2* — (4* — v^) 

_ ^ __ 

z z z 


(2) E,W~-F,W 


1 + COS vir 


wz 

1 — cos VTT 

TTZ 


[< — ;r -+ 


v _ v { 2 * - 1 >«) j/ ( 2--' - v“) (4* - v'^) 
z z^ ^ 


These reaults were stated without proof by Wobor, Zurich Vierteljahrsschrift, xxiv. 
(1879), p. 48 and by Lommel, Math. Ann. xvi. (1880), pp. 186 — 188, They wcro proved <is 
special cases of much more general formulae by Nielson, Handhuch der Theoria dcr 
Gylinde/rfunktionen (Leipzig, 1904), p. 228. The proof of this section does not seem to have 
been given previously. 


Since the only singularities of cosh vtjeoaht and sinh i/i/coshi, qua functions 
of sinhi, are at sinh < = ± i, it is possible to change the contours of integration 
into curves in the i-plane on which arg (sinh t) is a positive or negative acute 
angle; and then we deduce in the usual manner (cf. § 6'1) that the formulae 
(1) and (2) are valid over the sector | arg z\<Tr. 
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lO'lS. Asymptotic expansions of Anger- Weber f mictions of large order and 
argument. 

We shall now obtain asymptotic expansions, of a type similar to the 
expansions invetJtigated in Chapter viii, which represent J„(e) and E„ (^) 
when i V \ and | | are both large. 

In view of the results obtained m § 10-13, it will be adequate to obtain 
asymptotic expansions of the two integrals 

- [ dt. 

TrJo 

As in Chapter viii, we write 

v = z cosh (a + il5) = z cosh y, 
where 0 ^ ^ tt and y is not nearly equal* to iri. 

(I) We first consider the integml 

1 /*“ 1 r* 

— I e~''^~^ ^dt= — I e“* dt 

TTJo n-Jo ’ 

in which it is supposed temporarily that v/z is positive. When cosh y is positive, 
t cosh y + sinh t steadily increases from 0 to oo as ^ increases from 0 to oo ; we 
shall take this function of i as a new variable t. 


It is easy to shew that t is a monogenic function of t, except possibly when 
r = (2w -h 1) Trt cosh y ± sinh y + y cosh y, 

where n is an integer; and, when ooshy is positive, none of these values of r is a real 
positive number ; for, when y is real, (2 to + 1) ri cosh y does not vanish, and, when y is a pure 
imaginary the singularities are on the imaginary axis and the origin is not one of 

them since y is not equal to vi. 


The expansion of dt/dr in ascending powers 


^=2 


where 


27rt i r^w+i ' (It ~ 27ri J T-am+i > 


and so a,^ is the coeflScient of 1/t in the expansion of ascending 

powers of t. In particular we have 


a _ ^ ^ 1 ^ 9 - cosh y 

1 + cosh 7 ’ ^ 2(1 + cosh 7 )*’ 24(1 + cosh 7 ^ ’ 

_ _ 22h — 54 cosh 7 + cosh* 7 
720(1 + cosh 7 )“ 

From the general theorem of § 8‘3, we are now in a position to write down 
the expansion 

(1) -I 

n - Jo tt ,„=o .8^^ 

* Expansions valid near y=xi are obtained at the end of this section. 
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This expansion is valid when vjz is positive ; it has, so far, been establii^hed 
on the hypothesis that | arg z \ < ^tt, but, by a process of swinging round the 
contour in the r-plane, the range of validity may be extended to cover the 
domain in which | arg z \\< ir. 

Next, we consider the modifications caused by abandoning the hypothesis 
that cosh 7 is real. If we write t — iv, the curve on which t is real has 
for its equation 

u sinh a sin ^ + w cosh a cos yS h- cosh w sin v = 0. 

The shape of this curve has to be examined by methods resembling those 
of § 8‘61. For brevity we write 

u sinh a sin yS + cosh a cos y9 + cosh u sin w = <f> (w, v). 

Since <1> (w, v) is unaffected by a change of sign of both u and a, we first 

study the curve in which a > 0. It is evident that the curve has the origin as 

its centre. 

Since 9<1> (u, v)jdu = sinh a sin + sinh u sin v, 

it follows that, when v has any assigned value, 94>/9w vanishes for only one 
value of w, and so the equation in u 

<I> (w, = 0 

has, at most, two real roots; and one of these is infinite whenever is a 
multiple of tt. 

When 0 > V > — TT, we have 

<[5 (— 00 , v) = — 00 , (+ 00 , i;) == — 00 ; 

and, when v — the maximum value of 4 >(m, v), qua function of u, is at 

u = a, the value of <!> (w, v) then being 

— cosh a sin yS { 1 — « tanh a + (tt — y0) cot /tl). 

If this is negative, the equation <b (m, — 7r) = 0 has no real root, and so the 

contour does not meet the line v - ^ - ir or (by symmetry) the line 
V — TT — f3. 

Hence provided that the point (a, /8) lies in one of the domains num- 
bered 1, 2, 3 in Fig. 21 of § 8’61, the contour <I> {u, v) = 0 lies as in Fig. 25, 
the continuous curve indicating the shape of the contour when a is positive 



Fig. 26. 


and the broken curve the shape when a is negative; the direction in which t 
increases is marked by an arrow. 



318 THEORY OF BESSEL EXJNOTIONS [OHAP. X 


It follows that the expansion (1) is valid when (a, lies in any of the 
domains 1, 2, 3. 

Next, we have to consider the asymptotic expansion when (a, y8) does not 
lie in any of these domains. To effect our purpose we have to determine the 
destinations of the branch of the curve <I> (u, v) «> 0 which passes through the 
origin. 

Consider first the case in which a is positive and ^ is acute. The function 
<i> (a, v) has maxima at v = (2n + 1) tt — and minima at v = (2n 4- 1) tt + /3, 
each minimum being greater than the preceding; and since <f> {a, ^ — tt) ib now 
positive, it follows that (a, v) is positive when v is greater than — tt. 

Hence the curve cannot cross the line ti — a above the point at which 
V = — TT, and similarly it cannot cross the line u- — a below the point at which 
i; = TT. The branch which goes downwards at the origin is therefore confined 
to the strip — a < w < a until it gets below the line w = — 2.ff'7r + tt ~ yS, where 
K is the smallest integer for which 

1 — a tanh a + {(2^ + 1 ) w — cot > 0. 

The curve cannot cross the line v — — (2K + 1) tt + j8, and so it crosses the 
line u = a and goes off to infinity in the direction of the line v — — 2K’ir. 


Hence, if a is positive and /8 is acute, we get 


( 2 ) 


1 raa —iKiri 


1 5 (2m)! 


while, if a is negative and is acute, we get 


( 3 ) 


2 rao +BAjri 

•n-Jo 


ro 


1 * (2m)! 


By combining these results with those obtained in § 8‘61, we obtain the 
asymptotic expansions for the domains 6 a and 7 a. 

If, however, ^ is obtuse and a is positive, the branch which goes below the 
axis of u at the origin cannot cross the line u=>a below (a, tr — ^) aind it does not 
cross the M-axis again, so it must go to — x along the line v — - (2L + 1) tt, 
where L is the smallest integer for which 


1 -atanh a - {(2ii + 1) tt + ySj cot > 0. 
Hence, if a is positive and is obtuse, we get 


(4) 


IT Jo ’ 


while, if a is negative and /9 is obtuse; we get 


( 6 ) 


1 I (MLi... 

irJi, TTm-a 
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By combining those results with those obtained in § 8*61, we obtain the 
asymptotic expansions for the domains 4, 5, 60 and 70. 

Since formula (1) is the only one which is of pi'actical importance, we shall 
not give the other expansions in greater detail. 

An approximate formula for a,n when m is lar^ and y is zero, namely 

31/8^ + 6/8^ V3 » 

was obtained by Cauchy, Comptet Rmdw^ xxxvm. (1864), p. 1106. 


(II) Next consider the integral 

1 1 /■“ 

- I di = — I e"^Mooshy+Binht) 

wjo TrJo 

The only difference between this and the previous, integral is the change in 
the sign of cosh 7; and so, when 7 lies in any of the regions numbered 1, 4, 
6 in Fig. 21 of§8‘61, we have 


( 6 ) 


1 r* 

W jo 


1 5 (2m)! 


where is derived from by changing the sign of cosh 7/ so that 

, 1 , _ 2 , 9 + cosh 7 

^ 1— cosh 7 ’ ™ . (1 --cosh 7 )*’ ^ ~ 24(1 —cosh 7 )’’ 


This expansion fails to be significant when 7 is small, just as the previous ex- 
pansion (1) failed when 7 was nearly equal to Tri. 

To deal with this case we write 


i/s=£:(l — e), V=i — sinhi, 
after the method of § 8*42. It is thus found that 

I r g,t-zBinhtat = 1 f ^ dr 
TtJo TTjo (*T 

SB — ~ f 1 6* <”*■*■*> Bm (— €-^) • (— di 

OTT.'o " 


m*0 


and hence 

(7) 


If i (-)"Tam + i)£„(«) 


A result equivalent to this has been given by Airey, Proo. Royal Soc. xoiv. A, (1918), 
p. 313. 
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10*2. Hardy's generalisations of Airy’s integral. 

The integral considered by Airy and Stokes (§ 6‘3) has been generalised 
by Hardy* in the following manner: 

If s = sinh <f>, then 

2 cosh 2^ = + 2 

2 sinh 3<^ = 8fi® + 6s 
2 cosh 4t<f> = 16s* + 16s“ + 2 
1 2 sinh 5^ = 3.2s“ + 40s® + 10s, 

and generally 

2 n<i> = (2s)« 8 (-•^7?,J-Jn;l-n; - 1/s®), 

the cosh or sinh being taken according as w is even or odd. 

Now write 

Tn (t, a) = «". (- in, ^ ; 1 - w ; - 4a/i®), 

so that 

Ti(t,a) — t^ + 2a 
T3(i,a) = i® + 3at 
■ Tt {t, a) = P+ 4ai® + 2a® 

Tg {t, a) =s <® + 5ai® + 5aH 



Then the follosving three integrals are generalisations f of Airy’s integral : 

(1) Gin (a) = cos Tn (t, a) dt, 

(2) Sin (a) = sin Tn (t, a) dt, 

(3) (a) = exp {- Tn {t, a)] dt. 

It may be shewn J that the first two integrals are convergent when a is 
real (whether positive or negative) if n = 2, 3, 4, . . . . But the third integral 
converges when a is .complex ; and it is indeed fairly obvious that Hin (a) is 
an integral function of’a. 

When n is an even integer, the three functions are expressible in terms 
of Bessel functions ; but when n is odd, the first only is so expressible, the 
other two involving the function of H. F. Weber. 

Before evaluating the integrals, we observe that integral functions exist 
which reduce to Ciniot.) and Sin {a) when a is real; for take the combination 

Gin («) + Sin (a) = f exp {i Tn (t, a)} dt. 

Jo 

* Quarterly Journal, xli. (1910), pp. 226 — 240. 

t The sine-integral in the case n=:8 was examined by Stokes, Camb. Phil. Trans, ix. (1856), 
pp. 168 — 182. {Math, and Phys. Papers, n. (1888), pp. 882 — 849.] 
t Hardy, loe. eit., p. 228. 
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10 * 2 , 10 - 21 ] 


By Jordan’s lemma, the integral, when taken round an arc of a circle of 
radius with centre at the origin (the arc being terminated by the points 
with complex coordinates R, tends to zero as R^oo . 

And therefore 

rooexp(Jirt/») 

Cin (a) + iSin (a) = I exp {» Tn (t, a)} dt 

J 0 

= f exp {— T„ (t, ae”"*/”)} dr, 

J 0 

where t = ; and the last integral is an integral function of a. The 

combination Gin (a) — i Sin {a) may be treated in a similar manner, and the 
result is then evident. 


10-21. The evaluation of Airy-Hardy integrals of even order. 


To evaluate the three integrals Gin(a), Sin{a), Ein{a) when n is even, we 
suppose temporarily that a is positive, and then, making the substitution 

t — 2a* sinh {ujn) 

in the integrals, we find that, by § 6'21 (10), 


2a* 

Gin (a) + ^ (a) = — exp (2a*” i cosh u) cosh {ujn) du 

n J 0 


= Tna* n"* e*"^/” Hi/n^^ (2a*”), 

that is to say 

«„ (a) + (a) = ^ Ji,. (2a‘“)l . 

If we equate real and imaginary parts, we have 

(“> = 2„ J 

In a similar manner, 

2a* r* 

Ein(<x)= - I exp (— 2a*" cosh m) cosh (jf/w) du, 
n J Q 

so that, by § (j'22 (6), 

(-3) /iV,,(a) = (2a*/n)iir,/«(2a*”). 


These results have been obtained on the hypothesis that a is positive; and 
the expressions on the right are the integral functions of a which reduce to 
Gin (o). Sin (a) and Ein (a) when a is real, whether positive or negative. Hence, 
when a is negative the equations (1), (2), (3) are still valid, so that, for example, 
we have 

2n sin (^tt/w) | wi! r(m + 1 — 1/n) * wt! V {m + 1 + l/w)J ’ 

whether a be positive or negative. 


W. B. F. 


21 
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Hence, replacing a by — /8, we see that, when ^ is positive and n is even. 


then 


(4) 

(5) 


(6) 



It follows irom § 4'31 (9) that, when n is even, the functions Gin (a) and 
8in (a) are annihilated by the operator 


d* 


and that Ein (a) is annihilated by the operator 


do? 




In the case of the first two functions it is difficult to obtain this result* 
directly ftnin the definitions, because the integrals obtained by differentiating 
twice under the integral sign are not convergent. 


10*22. The evaluation of Airy-Hardy integrals of odd order. 

To evaluate Gin (a) when n is odd, we suppose temporarily that a is 
positive, and then, by § 6*22 (13), 

Gin (®) ” j sinh u) cosh (w/n) du 

That is to say, 

(1) Oi,(.«) = 

Using the device explained in § 10'21, we see that, when /Q is positive, 

It follows that the equation § 10*21 (4) is true whether n be even or odd ; 
and, whether n be even or odd, Gin (a) is annihilated by the operator 

for all real values of a. 

* It has been proved by Hardy, loe. eit., p. 229, with the aid of the theory of “ generalised 
integrals.” 
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Next we evaluate Ein (a) when a is positive ; making the usual substitution, 
we find that, by § 10*13 (4), 

Too 

Ein ~ IT j 

•jraJ' 

= (tan (iw/n) J,/„ (2a*«) - Bi/„ (2o*~)} 

7h 

Hence the series which represents Ein («) when n is odd and a. may have 
any value is 

^^{fH-1) « (_)«««*” 


(3) Ein{a)^ 


n cos (i7r/»i) «,=o r (m + f - ^n) F (w + f + i/n) 


I* 00 
■ 2 
,!» = ( 




— « 2 


(.,)»* amn 


n sinX7r/w) \,n=o wil F (m + 1 — 1/n) ma© w^! F (m + 1 + 1/w)) ’ 
and hence it follows that 


(4) 


da’‘ 


+ 


Ein (a) = 


Next consider (7i„ (a) + 1 <Si„ (a), where o is temporarily assumed to be 
positive. From § 10*13 (4) we deduce that 

2a* r* 

(^in («) + i ^in («) = — Qxp (2a*-” i sinh u) cosh {u/n) du 

71 f n 


W .'o 

Tra* 

n 

+ 


(tan (^Tr/n) J i/n (- 2o*”'i) - Bi/„ (- 2a*”t)} 

-7r«* 

{ J_,/« (- 2a*”i) - J,/„ (- 2a*”i)} 


n sin (tt/ti) 
7ra*(”+iU’ I 


and therefore 

(5) 8in{ci):=- 


n cos (^tt/w) rft=o F (wi + 1 - i/n) F (m + §• + ^jn) 

+ [8W/» (2at») - e-*-". (2a»“)l, 

n sm yirjn) ^ ' 


7ra*<”+>' ® 


omn 


w COS (i 7r/n) m=o F (m + f - i/n) F (rn + § + ^/w) 
•Tra* 


4- 

* in _ _ 


2?i cos (i-Tr/w) 


whence it follows that, when > 0, 


{/-x/«(2a*")+/,/»(2a*”)}. 


^ ^mn 


7r/3*<”+’' " 

(6) 8%n nco^i^TrJrij 3o F (m + f - i/w) F (w + f + J/») 


+ 


TT, 


•/3* 


271 cos(^'Tr/7t) 




21— S 
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and hence, for all real values of a, 

(7) 1^ — = — 

This equation was given by Stokes in the case w = 3. 

It should be noticed that 

firni 

(8) Si„ («) + Ei, («) = {8in + (- l)H-‘+«} 

X {/_„„(2<<‘“) + /i/„(2a^)l 

= - .’"f*. , |eio(i7r/re) + (-l)H"-i-'l 

7i8in(7r/w)‘ ' j 

X (2)8*’*) -Jvn(2y8*”)|, 

where j3 = — a, and a and )3 are real. 

The formulae of the preceding three sections are due to Hardy, though 
his methods of obtaining them were different and he gave some of them only 
in the special case w = 3. 

10 * 3 . Gauchy's numbers. 

In connexion with a generalisation of Bessel’s integral which was defined 
by Bourget, and subsequently studied by Giuliani (see § 10'3I), it is convenient 
to investigate a class of functions known as Gauohy's numbers. 

The typical number, N-n,k,m, is defined by Cauchy* as the coefficient of 
the term independent of f in the expansion of 



in ascending powers of t. It is supposed that n, k, and m are integers of which 
the last two are not negative. 

It follows from Cauchy’s theorem that 

(1) = (^-f) 

cos* 6 sin’" $dd 

— IT 

2w4*ifc otn rir 

= — — J I + (-)”* e’*"} cos* 0 sin’" 6 dd 

2ni+ifc fir 

= j cos (^wiTT — nff) cos* 6 sin’" dd6. 

It is evident from the definition that is zero if —n + k + m is odd or 

if it is a negative integer. 

* CamfteB Bendwi, xi. (1840), pp. 478—476, 610—611; xn. (1841), pp. 92—98; xiii. (1841). 
pp. 682—687, 860—854. 
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From (1) it is seen that 

(^) ^ ~ ("“)”* ^ n,k,m — 

These results, together with recurrence formulae from which successive 
numbers may be calculated, were given by Bourget*. 

The recurrence formulae are 


(3) ^ —n,k,m — ^—n+i,k—i,ni "h n— i,fc— 

(4) — n, k,m~ ^ —n—i,k,in-i) 

and they are immediate consequences of the identities 

(t + 1/t)^ (t -r (t + 1/0*-' {t - 1/0”* + r”-* (t + 1/0*-' (t - 1/0”*, 

r" (i + 1 /O* (t - 1/^r = + V^f - I/O”"-' - + 1/0" (< - I/O”"'- 


By means of these formulae any Cauchy’s number is ultimately expressible in 
terms of numbers of the types N^^is,oi 


A different class of recurrence formulae, also due to Bourget, owes its 
existence to the equation 



It follows that 


rHni-Hrh 


2'7n (m + 1 ) , 


by a partial integration. On performing the ditFeroiitiation we see that 

(5) (fn + 1) iV^ —n,k,w ~ aiir -n,A— i.m+i (^ ~ 1) JV —n,k— 2 ,m+a> 

and similarly 

(6) -4- 1) — 71, k,m ~ wiV —n.it+i.w— 1 0^ 1) — n,ifc+a,OT— a- 


Dovelopmenta duo to OhoHsin, Annals of Math. x. (1896 — 6), pp. 1 — 2, tire 

(0 ^-n, k, 2 ii(-'r . u-i-fl - a,-, k~i, mi 

r— 0 

a 


(8) 


A-n, fc, m“ 2 i~~y -11 + k, 


r=i0 

These may be deduced by induction from (3) and (4). 

Another formula duo to Ghoasin is 

(9) A-n. *. m“ 2 {-YkGp-r.T^xCr, 

r=o 

where jD = !(;(: 4- m — This is proved by selecting the coefficient of in the product 

(<+ 1/^)* X (« - 

* Journal de Math. (2) vi. (1861), pp. 83 — 64. 
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10*31. The functions ofBourget amd Giuliani 

The function Jn,k{^) is defined by the generalisation of Bessel’s integral 

where n is an integer, and A; is a positive integer. 

It follows that 

= ^ exp {— i « sin . (2 cos 

and therefore 

(2) r (2 cos cos {n6 — 2 ; sin d6. 

' "TT Jo 

The function J^jc{z) has been studied by Bourget, Journal de Math. (2) vi. (1861), 
pp. 42 — 66, for the sake of various astronomical applications; while Giuliani, Qiomale di Mai, 
XXVI. (1888), pp. 161 — 171, has constructed a linear differential equation of the fourth 
order satisfied by the function. 

[Note. An earlier paper by Giuliani, Oiomale di Mat. Ixxv. (1887), pp. 198 — 202, 
contains properties of another generalisation of Bessel’s integral, namely 

1 /* **’ 

- I cos (w^ - sin** B) d6, 
n J 0 

but parts of the analysis in this paper seem to be incorrect.] 

If we expand the integrand of (1) in powers of z, we deduce from § 10'3 that 

(3) </■«,» W= i 

^ »i=0 

and it is evident from (1) that 

(4) = 

Again from § 10'3 (2) and (3) it is evident that 

( 5 ) J-n,k(z) = {-T-^JnA^l 

(6) *^n,k if) ~ J n— (■^) + J n+i,*-i f) \ 
and, if we take A; = 1 in this formula, 

O'M 

(7) = 

Z 

These results were obtained by Bourget; and the reader should have no 
difficulty in proving that 

(fi) ^J*n,kif) — J n-i,k (■2^) *" J n+i,* (■^)- 

Other recurrence formulae (due to Bourget and Giuliani respectively) are 

( 10 ) 
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The diflferential equation is most simply constructed by the method used 
by Giuliani; thus 


^nJnk{^) = - I + -S' cos d) sin (ud - z sin ^)} (2 cos Q'f dO 

= — — r (n + cos sin (nd — zaiaO) (2 cos d)’‘~^ sin dd0 
"JT j 0 

ns — tkzJ'n^jt (^) + — I COS (nO — z sin &) • (2 cos sin QdQ 
2/* r** 

= — 2kzJ\ ifc («) cos {nd — z sin 6) ^ {(2 cos sin 0] d0, 

' TT J a ttv 


and so 


^ nJn^k {^') — — ^lcZtf'n^k{^) ~ ^ J^n,k {^) "J" 1) Jn,k—a i^)- 

d? 

Operating on this equation ^ + using (10), it follows that 

+ 1) l^« W + (z), 


and hence we have Giuliani’s equation 

(11) (z) + (2k + 5) zJ'\i, (z) + I2z>‘ + (k + 2y - n»} (i^) 

+ (2k + 6) zJ'n,k (z)-\-(z'^ ■irk + 2- n“) (z) = 0. 

It was also observed by Giuliani that 

(12) e«8‘n«(2cos0)*= S €^J^^k(^)ooB2n0 

71=0 

00 

+ i X ej„+i/!m+i,*(^) sin (2/1 + 1)^; 

n^O 

this is verified by applying Fourier’s rule (cf. § 2'2) to the function on the 
right, 

A somewhat similar function J( 2 ; v, k) has boon studied by Bruns, Astr. Nack. oiv. 
(1883), col. 1 — 8. This function is dofinod by the series 

^ 00 jm + 2v 

(13) J{z-,v,k)^ niiowl r(J + 2A+m) (v + 2ife-2) (r + 2A) (,/-f afc+2m + 2)- 
The most important property of this function is that 

(14) J{t\ V, k)-J{z\ V, ^+l)“(y^2;t-2)(»»+2l?+2)’ 
whence it follows that 

Tf, % 2vJy^i^{e) 

^*^(^ + 2f»-2)(V+2m+2)* 


( 16 ) 
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10*4. The defimtion of Struve's function 

Now that we have completely examined the functions defined by integrals 
resembling Bessel’s integral^ it is natural to investigate a function defined by 
an integral resembling Poisson’s integral. This function is called Struve’s 
function, although Struve investigated* only the special functions of this 
type of orders zero and unity. The properties of the general function have 
been examined at some length by Siemonf and by J. WalkerJ. 

Struve’s function H»(z), of order v, is defined by the equations 


= r(.4)r(i) j. 

provided that R(v)>-^. 


By analysis similar to that of § 3*3, we have 


H, 


r(i; + i)ra)«^o(2m + l)lJo^ 




(-yn^am+l.rn! 


so that 
( 2 ) 


r (i) m-o (2m + 1)1 r (i/ + w + f) ’ 


The function {z) is defined by this equation for all values of v, whether 
R{v) exceeds — or not. It is evident that H, (z) is an integral function of v 
and, if the factor (^zf be suppressed, the resulting expression is also an in- 
tegral function of z. 


It is easy to see [cf. §§ 2'11 (5), 3121 (1)] that 

(3) 

where 

(4) . 




^ 1 < I exp 


il^l 


Vo + ^ 


-1 


and I Vo + f I is the smallest of the numbers [j' + fl, |j^ + f|,lv + ||, .... 


* Mem. de VAcad. Imp. de» 8ci, de St Petersbourg, (7) m. (1882), no. 8; Ann. der Physik, 
(3) XVII. (1882), pp. 1008 — 1016. See also Lommel, Archiv der Math, und Phys. zxxvt. (1861), 
p. 399. 

t Programm, Luisenschule, Berlin, 1890. [Jahrbuch Uber die Fortschritte der Math. 1890, 
pp. 840 — 842.] 

t The Analytical Theory qf Light (Oaxubridge, 1904), pp. 892 — 896. The results contained in 
this section, with the exception of (3), (4), (10) and (11), are there given. 
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We can obtain recurrence formulae thus : 

I (-r(2z/ + 2m + l).ga»’+«" 

dz^ *.-o2-+>«+ir(m + |)r(»/ + m + f) 

and similarly 

dz^ ■«=o2‘'+«»+ir(m + |)r(,; + m + f) 

(_^n»+i ^am+s 


_ V 


2-'r(r;+f)r(i) 

On comparing these results, we find that 

( 6 ) 




H,_i {z) + {z) = - H, (z) + = — 


( 6 ) 

( 7 ) 

( 8 ) 


+ v) (^) = («), 




r(^+t)r(i)’ 


In particular we have 

( 9 ) 


v)i3.,{z) 


{.H, (.)} = (4 ^ {Ho (.)! = I > H, (.). 


329 


Again, from (7) and (8), we have 

- v^) H, {z) = (^ - 1;) [za.,_, {z)] 

so that H„ (z) satisfies the differential equation 
(10) V H M- 

The fuuotioii I*,, (a) which boars the same rotation to Struve’s function os /,, (z) bears 
to (z) has been studied (in the case j/«0) by» Nicholson, quarterly Jmmal, XLir. (1911), 
p. 218. This function is defined by the equation 

(^z)>’+»m+l 


(11) 


1 ji> (z)< 


m=>or (m + ^) r(i/+«i + f) 




fin 

I ^ siuh (z cos d) sin*" d dd, 


r(*'+i)r(i) 

the integral formula being valid only when /t (v) > — 

The reader should have no difficulty in obtaining the fundamental properties of thin 
function. 


See also Gubler, ZUrich Vierte^ahr$8chri/t, xi.vii. (1902), p. 424. 
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10*41. The loop-irUegral for Hv (^). 

It was noticed in § 10*4 that the integral definition of (e) fails when 
— because the integral does not converge at the upper limit. We 
can avoid this disability by considering a loop-integral in place of the definite 
integral. 

Let us take 

r (1+) 

(i* -- 1)*^ Bmet.dt, 

J 0 

where the phase of — 1 vanishes at the point on the right of i = 1 at which 
the contour crosses the real axis, and the contour does not enclose the point 

If we suppose that R(v)> — ^, we may deform the contour into the seg- 
ment (0, 1) of the real axis, taken twice, and we find that 

/•(1+) ri 

I — l)*^ sin jpt.dt= 2i cos inr j (1 — sin at . dt, 

Jo Jo 

where the phase of 1 — ^* is zero. 

Hence, when B,(v)> — \y we have 

(1) H, (z) = ^ 1 - 1)*"* 

TTZ 1 ; J 0 

Both sides of this e<5[uation ajre analytic functions of v for all * values of v ; 
and so, by the general theory of analytic continuation, equation (1) holds for 
all values of v. 

From this result, combined with § 6*1 (6), we deduce that 

(2) J, (,) + iH. (z) = If ' (P - 1)’-‘ dt. 

To transform this result, let oa be any acute angle (positive or negative), 
and let the phase of z lie between — Itt-I-q) and Jtt + o). We then deform 
the contour into that shewn in Fig. 26, in which the four parallel lines 
make an angle — co with the imaginary axis. It is evident that, as the lines 
parallel to the real axis move off to infinity, the integrals along them tend to 
zero. The integral along the path which starts from and returns to 1 + oo 
is equal to (z ) ; and on the lines through the origiu we write t - iu, so 
that on them 

(i® - I)-*-* = sT (V- J) iri (1 + 

It follows that 

* The isolated Talaes J, #, f , ... are excepted, beoaase the expression on the right is then an 
undetermined form. 
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where the phase of 1 -f has its principal value; and hence 
(3) H. W = r. W + + 

This result, which is true for unrestricted values of i>, and for any value of 
z for which - tt < arg 0 < tt, will be applied immediately to obtain the ^ym-. 
ptotic expansion of {z) when | ^ | is large. 



A result equivalent to (2) was obtained by J. Walker*, who assumed 
that R{v)>~\, R{z)>0, so that w might be taken to be zero. In the case 
v = 0, the result had previously been obtained by Rayleighf with the aid of 
the method of Lipschitz (§ 7 -21). 

If, as in §6'12, we replace w by oxgz — ^, it is evident that (3) may be 
written in the form 


(4) 




i?\ •'-i 


du, 


where - ^tt < ^ < Itt and - |7r + /S < arg z< ^7r + 

This equation* gives a representation of H„ {z) when | arg z\<'ir. To obtain 
a representation valid near the negative half of the real axis, we define 
for unrestricted values of arg z by the equation 

(5) H,. H, {z), 


and use (4) with z replaced by 
* The Analytical Theory of Light (Oambridge, 1904), pp. 894 — 895. 

t Proe. London Math, Soe. xix. (1889), pp. 604 — 607. ISdentiJle Papers, 111 . (1909), pp. 44'-46.] 
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If we write in (3), where a; is positive, we see that, when R{v)<\i 

and, by considering imaginary parts, we deduce that 

(6) 

. result given by Nioholeou, Jmmal, an. (1911), “ a® “V«>W ^ «> 

which v=0. 




10‘42. The asymptotio expansion of H„ (^) when \z\i8 large. 

We shall now obtain an asymptotic expansion which may be used for tabu- 
lating Struve’s function when the argument z is large, the order v being fixed. 
Since the corresponding asymptotic expansion of Vy (z) has been completely 
investigated in Chapter vil, it follows from § 10*41 (4) that it is sufficient to 
determine the asymptotic expansion of 


(•00 exp is / 

L 


l.9\ "-I 


du. 


As in § 7*2, we have 

/ uy-* _ • (i - 

'Jto 

^ (p-.l)l«® Jo \ ^ ' 

m take p so large that B (u - p - 4) < 0, and take a to be any positive angle 
for which 

)/81$|w-a, |argif-^l<iw-a, 
so that z is confined to the sector of the plane for which 

- tt + 28 < arg 5 < tt — 28. 

We then have 


so that 


(1 ± ^ sin arg ^1 ± 


<7r, 


1^1 «ei^iW!(8in = A,, 

say, where is independent of z. 

It follows on integration that 

i. *■“(! + ?) 

I a (i ~ ^)p I If* 

^ liJo 


" « exp ip 


e“** du 


where 
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10-42, 10-43] 


We deduce that, when | arg^^ | < tt and | j ia large, 


( 1 ) + 


.m=0 


mi 2 ' 


provided that R (p ^ v + 0] but, as in § '7‘2, this last restriction may be 

removed. 


This asymptotic expansion may also be written in the form 


1 r(m + i) 


(2) H. M = r. W + , s ^ r i ^ Q 


It may be proved without difficulty that, if v is real and z is positive, the 
remainder after p terms in the asymptotic expansion is of the same sign 
as, and numerically less than the first term neglected, provided that 
^ _ j;) ^ 0. This may be established by the method used in § 7 •32, 


The asymptotic expansion* was given by Rayleigh, Proc. London Math. Soo. xix. (1888), 
p, 604 in the case v = 0, by Struve, Mim. de VAcad. Imp. dea Sci. de St Pdterabourg, (7) 
XXX. (1882), no. 8, p. 101, and A7in. der Phya. und Chemie^ (3) xvii. (1882), p. 1012 in the 
ease v = l\ the result for general values of v was given by J. Walker, The Analytical 
Theory of Light (Cambridge, 1904), pp. 394 — 395. 


If V has any of the values i}, .... then (1 + is expressible as a 

terminating series and F„ (z) is also expressible in a finite fonn. It follows 
that, when v is half of an odd positive integer, H,,(^:) is expressible in terms 
of elementary functions. In particular 



10’43. The asyrnptotiG expansion of Struve’s functions of large order. 

We shall now obtain asymptotic expansions, of a type similar to the 
expansions investigated in Chapter vill, which represent Struve’s function 
H„ {z) when | v \ and | £: | are both largo. 

As usual, we shall write 

V ~ z cosh (a + iyS) — z cosh 7 


and, for simplicity, we .shall confine the investigation to thii special case in 
which cosh 7 is real and positive. ’I’lie more general ttxso in which cosh 7 is 
complex may be investigated by the methods used in ^ H '6 and § lO'lS, but it is 
of no great practical importance and it involves some rather intricate analysis. 


* For an asymptotic expansion of the associated integral 
see Rayleigh, Phil. Mag. (6) viii. (1904), pp. 481--487. [Scientijic Papers, v. (1912), pp. 206—211.] 
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The method of steepest descents has to be applied to an integral of Poisson’s 
type, and not, as in the previous investigations, to one of Bessel’s tj^e. 

In view of the formula of § 10*41 ( 3 ), we consider the integral 

dw 


g~W (1 4 . 


which we write in the form 


V(l+w“)’ 

dw 


J V(l+«^)’ 

where t = w- cosh 7 . log (1 + w®). 

It is evident that t, qua function of w, has stationary points where w = 
so that, since 7 is equal either to a or to i/ 3 , two cases have to be considered, 
which give rise to the stationary points 

(I) (II) 

Accordingly we consider separately the cases (I) in which zjv is less than 1, and 
(II) in which zjv is greater than 1 . 

(I) When 7 is a real positive number a, t is real when w is real, and, as w 
increases from 0 to 00 , t first increases from 0 to — cosh a. log (1 + e“®“), 
then decreases to - cosh a . log (1 + e*®) and finally increases to + 00 . 

In order to obtain a contour along which r continually increases, wc suppose 
that w first moves along the real axis from the origin to the point and 
then starts moving along a certain curve, which leaves the real axis at right 
angles, on which t is positive and increasing. ' 

To find the ultimate destination of this curve, «it is convenient to make a 
change of variables by writing 

w «= sinh ^ = I + irj, e-“ = sinh f 0 , 
where 17 and fo aJ'e real; 

The curve in the f-plane, on which t is real, has for its equation 
cosh ^ sin ■>; = 2 cosh a arc tan (tanh f tan 77), 
and it has a double point* at fo- 
We now write 

nut \ ^ 1’^’^ (tanh ^ tan 77) 

cosh^sinr/ 

and examine the values of F 77) as ^ traces out the rectangle whose, corners 
0 , A, B, G have complex coordinates 

0, arc sinh 1 , arc sinh 1 + J tti, liri. 

As f goes from 0 to A, F{^, 77) is equal to 2 sinh |/cosh“ and this steadily 
increases from 0 to 1. 


Except when a=0, in which case it has a triple point. 
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10 - 43 ] 

When f is on AB, rj) is equal to 


^tan Ti\ 

\W)' 


cosec 17, 


V2 . arc tan i 

and this steadily increases jfrom 1 to '7r/v'2 as -rf increases from 0 to 
Notb. To establish this result, write tan t]=>=t ^2 and observe that 


di 


|^^( ^t ^^^arctan j ^ L. , , fjjg-arcten. 


>^( 1 + 2 * 3 ) 11 +<» 


(j^O, 


f -i- 9/® 2^^ ^2 *4“ 

because *>-^0 tan t, which vanishes with t, has the positive derivate • 


When ^ is on BG, F(^, rj) is equal to tt sech and this increases steadily 
from 7r/\/2 to tt as ^ goes from B to 0 ; and finally when ^ is on GO, F(^, ij) 
is zero. 

Hence the curve, on which F{^, v) is equal to sech a, cannot emerge firom 
the rectangle OABG, except at the double point on the side OA; and so the 
part of the curve inside the rectangle must pass from this double point to the 
singular point G. 

The contours in the ii7-plane for which a has the values 0, J are shewn in Fig. 27 by 
broken and continuous curves respectively. 



Consequently a contour in the w-plane, on which t is real, consists of the 
part of tlie real axis joining the origin to and a curve from this point to 
the singular point i; and, as w traces out this contour, r increases jfrom 
0 to + 00 . 


It follows that, if the expansion of d^jdr in powers of t is 


ar m-o 
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then 


/%(i <ir 


S m\bf> 

2i 


=0 ’ 


«■ / N • r / \ . 2(A^)*’ ^ wi^ho, 

H“W~ *»+■ 


and hence, by 10‘4 (1), we have 

( 1 ) 

It is easy to prove that 

6o=l, 6i=2co8h7, 62 = 6 cosh® 7 — hj = 20 cosh® 7 — 4 cosh 7 

(IE) When 7 is a pure imaginary (= i^), r is real and increases steadily 
from 0 to 00 as iw travels along the real axis from 0 to 00 ; and so 

/" (1 + »•)'-» = /V- {^ 7 ^^ dr. 

Hence, from § 10*41 (3) it follows that 

2(if) 


( 2 ) 




provided that j arg | < |7r. This result can be extended to a somewhat wider 
domain of values of arg 2 , after the manner of § 8*42. 

From the corresponding results in the theory of Bessel functions, it is to be 
expected that these results are valid for suitable domains of complex values 
of the arguments. 


In particular, we can prove that, in the case of functions of purely imaginary argument, 
(3) Ij,. (vO!) f'j ly iyx) 

when I V I is large, ] arg v ] < x is fixed, and the error is of the order of magnitude of 

times the expression on the right. 

[Note. If in (I) we had taken the contour from w=0 to w=e“ “ and thence to «= - i, 
we should have obtained the formula containing iJy («) in place of - iJy (z). This indicates 
that we get a case of Stok^i’ phenomenon as y crosses the line ^=0.] 


10*44. The relation between {z) and E„ {z). 

When the order n is ^ positive integer (or zero), we can deduce from 
§ 10*1 (4) that En {z) differs from — H„ {z) by a polynomial in z\ and when n 
is a negative integer, the two' functions differ by a polynomial in Ijz. 
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10-44, 10-46] 

For, when n is a positive integer or zero, we have 

J” ‘ “ Jo r (im - i« + 1 ) r (im + + 1 ) 

g- J»uri 


_ V 


and 




-n F {^Ttl + 1) r (^m + 71 + 1) ’ 


=0 r (|7ft + 1 ) r (J7>2 + n + 1 ) ’ 

and therefore, since Jn {z) = Jn {^), we have 

®" “ Ji f^r- Po)T (k'i-t -"po ~ 

that is to say 

^ i, r in ^ i r S)- - «« w- 

In like manner, when — n is a negative integer, 

(2) K_.W- ^ H_„W. 


10 ' 46 . The sign of Struves function. 

We shall now prove the interesting result that H„(a;) is positive when w is 
positive and v luis any positive value greater than or equal to 4- This result, 
which was pointed out by Struve* in the c^use v — 1, is derivable from a 
definite integml (which will be esUblished in § 13‘47) which is of con- 
siderable importance in the Theory of Diffraction. 

To obtain the result by an elemcmtary method, we integrate § 10’4(1) by 
parts and then we see that, for values of v exceeding J, 


„ , , (W'-‘ 


(id 

cos {x cos d) sin'^‘"'‘ 6 


iir 
_ 0 


— (2i/ ~ F) j cos (a’ cos 6) sin“‘'~*^ cos 6d^ 


iir 


I — (2j^ ”1) sin“''~''‘^ cos 6(16 


r^ + d)r(i) 


Vlv + i)V{\) 

_ f sin-*'~‘'*6^ cos 0 1 1 — cos (a cos 6)\ d6 

1 (i' + 5 ) 1 (4) -i (• 

>0, 

since the integrand is positive. 

* MSm. de I'Acad. Imp. den Sci. de St Pitcrabimnj, (7) x.xx. (ISHS), no. 8, pp. 100—101. The 
proof given here is the natnral extension of HlniveV proof. 

W. B. K -- 
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When V is less than the partial integration cannot be performed ; and, when we 
have 

(x) e (1 - cos a:) > 0, 
and the theorem is completely established. 

A comparison of the asymptotic expansion which was proved in § 10"42 with that of 
F, (x) given in § 7 ’21 shews that, when x is efficiently large and positive, H,, {x) is i>ositive 
if v>i and that is not one-signed when v<^', for the dominant term of the 

asymptotic expansion of H,. (x) is 

r(>+trr(|) " W 

according asv>^ori;<|. The theorem of this section proves the more extended result 
that Struve’s function is positive for all positive values of x when v > ^ and not merely 
for suf&oiently large values. 

The theorem indicates an essential difference between Struve’s function and Bessel 
functions ; for the asymptotic expansions of Chapter vii shew that, for sufficiently large 
values of x, J„ (x) and F„ (x) are not of constant sign. 


10*46. Theisinger^s integral. 

If we take the equation 

{/o W -1.0 W} =1 /J'j, 

“ /-, “P { ■ i ('+D} S T ’ 

and choose the contour to be the imaginary axis, indented at the origin* and then write 
3— ±itau^^, we find that 

j {7o (^) - 1*0 (.1?)} = cos [a: cot </>) log tan Hir+^cf)) , 

and so 

(1) /o (a?) - 1*0 (a*) = 4 f 008 {x tan <#>) log-cot , 

IT J 0 Wafp 

a foi*mula given by Theisingor, Monatshe/te fur Math, und Phys. xxiv. (1913), p. 341, 

If we replace x by a* sin 6, multiply by sin 6, and integrate, wo find, on changing the 
ordei* of the integrations in the absolutely convergent integral on the right, 

Ej (x tan (p) log cot (^(p ) | ^ ^ Ko ~ l*o ^)} sin ^ 

so that 

(2) B. (» tan ^,) log oot (W) " i • ’ . 

on expanding the int^and on the right in powers of x. This curious result is also due to 
Theisinger. 

* The presence of the logarithmic factor ensures the convergence of the integral round the 
indentation. 
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10’6. Whittaker’s integral. 

The integral 

which is a solution of Bessel’s equation only when 2i/ is an odd integer, has 
been studied by Whittaker*. 

It follows from § 6T7 that, for all values ofv, 

(1) vAz^\\^^P,.^{t)dt\ = - lim 

(. J —1 J 

2 

= —COS^I/TT 
TT * 

If we expand the integrand (multiplied by e^) in ascending powers of z and 
integrate term-by-term + it is found that 


(2iz)”*. m\ 


(2)- = 

uggests that we write 


The formula of § 3 '32 suggests that we write 

ri 


and then it is easy to verify the following recurrence formulae, either by using 
the series (2), or by using recurrence formulae for Legendre functions : 

(3) w,_, {z) {z) = - yr, {z ) - 


(4) {z) - W.+, {z) = 2W/(^) - — 

(6) (^ + v)W,(^) = ^W,_i(^) + 


2i^~'’z~^e~^ 


^{27r)ri^-v)V{^ + v)’ 
2i^~’'zh~'*^ 


v(27r) . r (^ - v) r + 1^) ’ 


(6) - .) w, (.) = - (.) + . 


An asymptotic expansion of W„ (z) for large values of 1 5 1 may be obtained by 
deforming the path of integration after the manner of Lipschitz (§ 7’21). 


* Proc. London Math. Soc. xxxv. (1903), pp. 198—206. 
t By a use of Legendre’s equation the reourrenoe formula 

( 1 +<r n., w *= /', (* +‘r-> p.-i (0 

/ I 2 

+ r(^ y) expanding 

F (i - 1*! iH-** ; 1 ; 4 - 40 ill ascending powers of 1 - 1, and integrating term-by-term. 

22—2 
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The function is thus seen to be equal to 


.«/;:*■ ■“'-'‘"“-Sr 


” V(2w) 

Now it is known that*, near i= 1, 

Pp-i{t) = iFi(^-v,i-{-v:, 1; J-iO* 




■n / fooBviry 5 r(m--w + i)r(m + v + i) /I — 

. io ;; w 1 2 ) 

X jlog (~T“) “ 2i^ (m + 1) + i|r (m - 1/ + ^) + ^ (wi + 1/ + i)| , 


and since 


rl-<ci / 

/. 




2 ; 


] dt 








we obtain the asymptotic expansion 
(7) yr,{i)~iE,<»(z) 

j-fB+ipp+bi oosra- r S (v, m) , , , . , 

+ - - L-.(25F + 

4-'^(w + ^ + v) — (m + 1) — log2x — Itt'i} 

Some functions which satisfy equations of the same general type as (1) have been 
noticed by Nagaoka, Journal of the CoU. of Sai. Imp. Dniv. Japan^ iv. (1891), p. 310. 

10’6. The functions composing {z). 

The reader will remember that the Bessel function of the second kind, of 
integral order, may be written in the form (§ 3‘62) 

7rF„(ij) = ~ i /” ~ ^ (^z)-^+»^ 


«i=0 


121og(i^)-f (m-f 1)- t(,>+m+l)l. 

The series on the right may be expressed as the sum of four functions, each of 
which has fairly simple recurrence properties, thus 

(1) TrFn {z) = 2 {log (ia) - 1 (l)],/„ {z) - (z) + (z) - 2 17„ {z), 

* Of. Barnes, Quarterly Journal, xxxiz. (1908), p. 111. 
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where 



(2) 

7’„W = -' 

m>tn ffll 



and (cf. § 3’682) 


« ("—Nm /I -\n+2i» 

+ Jo + ^>1’ 




The funotions T^ (z) and U^ (z) have been studied by Sohlafli, McUL Ann. ill. (1871), 
pp. 142—147, though he used the slightly different notation indicated by the e<]^uations 

;S„(«)=-2G'n(z), 7;(a) = 2Zr„(s), D^{z)= - E^{z) 

more recent investigations are due to Otti* and to Graf and Qublert. 


The function Tn {z) is most simply represented by the definite integral 

(4) Tn(z)=- f (iTT — 0) sin (s sin 6 — nd) dd. 

TT Jo 

To establish this result, observe that 


Tn{z)^ 


‘3 

36, 

J_ 

27rt 




> _ r (wi + 1 + €) r (w + HI + 1 — e) 
(_)»n (|^)«+am f(o+) (1 ^ 


»o.O 


- i 

m> -|rt-i 


I 


(n 4- 2m) 

(n + 2??fc)! 


l-arn f(o+ 

rj_, 


pn+i+t 

2»n no+) (1 + lyi+wi log ^ 


dt 

Jt-O 


no+) (ij 

J —1 


^m+i 


dt 


= ^ r i e”’*’ (- sin . (d - I tt) 
’’riJo (n + 2m)! ’ 

where t has been replaced by 

It follows that 


Now 


and so 


(a+2m)! J 

^ (— iz sin 0y*+'^*^ _ [cosh (— iz sin 6) (n even) 


(n + 2w)! (sinh (— zz sin ff) 

_ ^ l^-fcHlne ^ (_)n gizalnffj^ 

If"' 

Tn {z) = I (6 - Att) {0»««-WHinfl + gni(0-7r)+iza\x\0\ ^0 

Trt J 0 ' 


{n odd) 


* Bern MitUieilungen, 1898, pp. 1 — 56. 

t Einleitmg indie Theorie der BesaeVtchen Funktionen, n. (Bern, 1900), pp, 42—69. Lommel’s 
treatise, pp. 77 — 87, should also be consulted. 
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If Q is replaced by tt — ^ in the integral obtained by considering only the 
second of the two exponentials, the formula (4), which is due to Schlafli, is 
obtained at once. 

The corresponding integral for is obtained by observing that 

TJ frV- g (1 + 6) 1 

” ^ ^ .W ! r (n + 7/1 + 1 + e) Jv-o 

= - [I r (1 + *)/.+, 

and so, from § 6*2 (4), we deduce that 
( 6 ) ? 7 „ {z) = {log {\z) - yfr (1)1 Jn(z) 

+ — f ^ sin (n0 — z sin B) dd + (— )” f df 

w Jo Jo 

10*61. Recurrence formulas for Tn {z) and (In (z). 

From § 10*6 (4) we see that 
^n-i (^) + !^n+i (■») - {^nfz) Tn {z) 

2 T"’ 

= - j w — sin (z sin 6 — nd) . {2 cos 6 — 272/^:} dS 

-~~j (l'Jr—d)-^{coB(zBin6 — nB)] dd 
4 4 

= -COS®|?7.7r-- 

on integrating by parts and using Bessel’s integral. 

Thus 

(1) ^n-l (^) + ^n+i («) = (^n/z) Tn (z) + 4 jcOS* ^7177 - (z)]lz. 

Again Tn'(z) = ^J Q'rr — B) bib. B cob (z ain B — ?iB) dd, 
and so 

( 2 ) , Tn-^{B)-Tr^,{z)^2Tf{z). 

From these formulae it follows that 

(3) + n) Tn {z) = zTn~i (z) - 2 co8 » lmr + 2Jn (z), 

(4) (^ - n) Tn (z) = -z Tn+J (z) + 2 cos* i TITT - 2Jn (z), 
and hence (of. § 10*12) we find that 

(5) Tn («) = 2 {z sin* ^nrr + u cos® \mr] — AnJn (z). 
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With the aid of these formulae combined with the corresponding formulae 
for Jn {z), y„ (js) and 8n {z), we deduce from 1 10*6 (1) that 

(6) Un-i (z) + Un+i (z) « {2n/z) Un{z)- (2/^:) Jn (z), 

a) Un-, {z) - {z) = 2 UJ iz) - (2lz) Jn (z), 

(8) {^-i-n)Un{z)=^zUn-iiz) + 2Jn{z), 

(9) i^-n) Un(z)=^--zUn+^{z), [cf. §§3-58(1), 3-58(2)] 

( 10 ) ^nUn(z) = --2zJn^,(z). 

The reader may verify these directly from the definition, § 10*6 (3). 

It is convenient to define the function (z), of negative order, by the 
equivalent of § 10'6 (4). If we replace 0 by tt — ^ in the integral we find that 

(z) = — [ (I v- 0) sin (^ sin 0 + nff) dd 
-w J 0 

2 rw 

= - ~ (^ TT - 6) sin (z sin 0 ~7id + inr) dd, 

TT j 0 

and so 

(11) 7U(^) = (-)”+' 

We now define U-n(z) by supposing § 10-(3 (1) to hold for all values of n ; 
it is then found that 

(12) U.n (^) = (-)" j Un (Z) ~ Tn {z) + Sn {z)]. 


10 * 62 . Se7'ies for Tn (z) and Un (z). 

We shall now shew how to derive the expansion 

(1) T„ (4 = I ;i {z) - W) 

»n=l 

from § 10*6 (4). The method which we shall use is to substitute 

, ^ $ sin 2'm0 

iir — u = 2* — - 

w=l 

in the integral for 2\ (z), and then integrate term-by-term. This procedure 
needs justification, since the Fourier series does not converge uniformly near 
d = 0 and d = ir, and, in fact, the equation just quoted is untrue for these two 
values of 0. 


To justify the process*, lot b and t bo arbitmrily small positive numbers. Since the 
series converges uniformly when 8 •^6 ^ir — b, wo «in find an integer such that 




^ sin 2m6 

2 

m=i Tti 


<f, 


* The analysis immediately following is duo to D. Jookson, Palermo Rendiconti, xxzii. (1911), 
pp. 267— 202. The value of the constant A is 1'8619... . 



344 


THEORY OE BESSEL EUNOTIONS 


[OHAP. X 


throughout the range fi < 5 for all values of M exceeding Again, for all values 

of 6 between 0 and jt, we have 


^ sa\2mB 

'-B- 2 

m=i tn 


C 

/ {l+2coB2^ + 2cos4< + ... + 2cos2Jfi}c?^ 

■i 


sin (2if+l) t t 


'(■W+i)"' sin^ 


dx 


t sin t 

^ f( 

J <l> t ./ (ajf+1)^ X 

for some value of (f) between 6 and i»r, by the second mean-value theorem, since it/sin t is 
a monotonio (inoreasing) function. 

By drawing the graph of A’~^sina? it is easy to see that the last expression cannot 

exceed Jir 1 -dx in absolute value ; if this be called ^irA, we have 

Jo a? 

^m=ljQ 


sin (xsin 6 — nB) d6 


2| m ^ sin 2wi51 • / ■ n /isjiil 

= - I 2 — v am (esin ad 


sin 2»id 
m 


. I sin (2 sin 6 — n6)\d6 


< — {jr A S -}- («r — 2d) f } 5, 

TT 

where B is the upper bound of | sin {z sin 6 - nB) | . 

Since 2 (AS + e) J? is arbitrarilj small, it follows from the definition of an 
infinite series that* 

^ 2 * f" sin 2me • , . ^ a, 

Tn{z)~— ^ I - s,m {z 6 - nd) dO 

111 = i J 0 ^ 

00 J 

~ ^ ~ n+em (^) n—'an (^)) i 
m=l’^ 

and the result is established. 


It will be remembered that Un {z) has already been defined (§ 3‘681) as a 
series of Bessel coefficients by the equation 

!/« W - »n J. (*) + J/ li(n + m)^ 

and that, in § 3'582, this definition was identified with the definition of Un (z) 
as a power series given in § 10’6 (3). 


10'63. Graf’s expansion of Tn{z + t) as a series of Bessel coeffiaents. 
It is easy to obtain the expansion 

(1) Tn{z + t)= 2 Tn-„,(t)Jm(z), 

m= -00 


This expansion was discovered by SohlSfli, Math. Ann. in. (1871), p. 146. 
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for, from § 10'6 (4), it is evident that 

Tn (z + t)— — f (Itt ~ 6) sin (< smd — nd + z sin 6) dd 
'TTJo 

3 = _L ~ 2 J,n{z) d$ 

TTl J g in=‘—aa 

= -[ Qtt — 9) 2 J,n (a') sin [i sin 0 — (ti — m) 

by using § 2*1 ; since the series under the integral sign is uniformly con- 
vergent, the order of summation and integration may be changed, and the 
result is evident. 

The proof of the formula given by Graf, Mat/t. Ann. XLin. (1893), p. 141, is more com- 
plicated ; it depends on the use of the series of § 10‘62 combined with § 2-4. 

There seems to be no equcally simple expression for (z+O- 


10*7. The genesis of LommeV s functions and {z). 

A function, which includes as sjiocial cases the polynomials 5 O,, {z) and 
Sn {z) of Neumann and Sclilafli, was derived by Lomrnel, Math. Ann. ix. (1876), 
pp. 425 — 444, as a particular integral of the equation 


( 1 ) 

where k and /x are constants. It is ejwy to shew that a particular integral of 
this equation, proceeding in ascending [wwers of ^ beginning with is 


( 2 ) 


2 / = 


{fi -f 1)‘ — 






m I i 4.\atn 1 2 

= k'Z>^~' 2 - - ' > 2 ^' 

«i+l • (l/i + 2*' + 3)irt+i 

S P M - i >' + 1) r i » + 1) 

»t(, ra7.-i„ + m + §)r(J/^+ir+m + }) • 

For brevity the expressions cm the right are written in the form 

ks^^„(z). 

The function s^^v{z) is evidently undefined when eitlnu' of the numbers 
g + v is an odd negative int(?ger*. Apart from thi.s ro.striction the general 
solution of(l) is evidently 

(3) 1 / = Vfv (^) + ks^ „{z). 


In like manner tho gonoral .solution of 


(4) 

is 

(6) 




* Tho solution of tho equation for such values of fi and v is disoussed in § 10*71. 
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Next let us consider. tEe solution of (1) by the method of “variation of 
parameters.” We assume as a solution* 

where A (z) axid B(z) are functions of z determined by the equations 
Jy{z) A* {z) + {z) B' (z) = 0, 

J*v{z) A' {z) + ir_y (z) B' {z) = kz!^^. 

On using § 3-12 (2), we see that 

Hence a solution f of (1) is 

hjT 


where the lower limits of the integrals are arbitrary. 

Similarly a solution of (1) which is valid for all values of v, whether 
integers or not, is 

0) y = Ptt (z) J, (z) dz - J, (z) {z) d^ . 

It is easy to see that, if both of the numbers ya ± v + 1 have positive real 
p^. the lower limits in (6) and (7) may be taken to be zero. If we expand 
the mtegmnds m ascen^ng powers of we see that the expression oif the 

tW no powers of ^ other 

numhor^ \ Hence, from (3), it follows that, since neither of the 

numb^s fi±vts an odd negative integer, we must have 

In obtaining this result it was supposed that is not an integer • but if 
we mtroduce functions of the second kind, we find that 

and m this formula we may proceed to- the limit in making „ an integ-er. 

It should be observed that, in Poohhammer’e notation (| 4-4). 


( 10 ) s^^„{z) = 


(fl — V + l)(fi + 1 ) 


Of. Forsyth, Treatise on Differential Equations (19141 8 fift . o la 
V IB not an integer. ^ supposed temporarily that 
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The associated function is derived from a consideration of a solution 

of (1) in the form of a descending series. We now proceed to construct this 
solution and investigate its properties. 

10-71. The construction of the function 8^^v{z), 

A particular integral of the equation 1 10*7 (1), proceeding in descending 
powers of z, beginning with is 


(1) y = hi^~^ 


1 _ + {(/A - ly - v^] \{(x - 3)^* - v^] 

Z^ 


This series, however, does not converge unless it terminates ; but if it terminates, 
it is a solution of § 10-7 (1), and it will be called kS^^y(z). 

The series terminates if — v is an odd positive integer, or if fi + v is an 
odd positive integer, and in no other case. 

In the former case we write /jb=v + 2p+l, and then we have 


S^,y{z)- z>^-'^ t 


(-r 1^ + lu + ^) 


=0 ( 1 ^)’“*” r (i/A - ^ V + i - wi) r + 1 1 / + - »n) 

^ (-)" T(p + l)V{v + p+l) 

7 , 1=0 1 + 1 ) 1 -^ + 1 ) 

= (-)p 2'*-> r (^fi -iv+ 1) r(ip+^v+ i)Jy(z) + (z) 

= - 2-- r (4 - i ^ + i) r (i + i ., + i ) ,4 w + s,,, (4 


Sin VTT 


When p — vi=2p + l, the function 

2-- r (i,. - iv + j) r (i,. + + 1 ) J'-. (^) 


Sin vir 


vanishes, and so, when ft — j/ is an odd positive integer, we have 

(2) 3,,,(s) = *,,,(*) + i •' + i) (i'* +J>i+J) 


sin I/TT 


X [cos ^ (ft — */) TT . «/_„ (z) — cos ^ (ft 4- y) TT . t/„ {z)\ 

Since both sides of this equation are even functions of v, the equation is 
true also when ft + v is an odd positive integer, so that it holds in all cases in 
which Sn y{z) has, as yet, been defined. We adopt it as the general definition 
of 8fi^y{z), except that, when v is an integer, we have to use the equivalent form 

(8) 8^,^{z) = Sy^y{z) + 2f^-^ r(|ft-|v + ^)r(J^ + Iv + l) 

X [sin Kft - 1 /) TT . (z) - cos J (ft — t>) TT . Yy (z)]. 

It will be shewn in § 10‘73 that Sf^^y{z) has a limit when fi+ v or p — p 
is an odd negative integer, i.e. when s^^y {z) is undefined ; and so, of Lommers 
two functions 8n^y{z) and 8^^y(z), it is frequently more convenient to use the 
latter. 
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It will appear in § 10*76 that the series (1), by means of which Sfi^p{z) is 
defined’ when either of the numbers fj, ±v is an. odd positive integer, is still 
of significance when the numbers /jl ± v are not odd positive integers. It 
yields, in fact, an asymptotic expansion of valid for large values of 

the variable 


10*72. Recurrence formulae satisfied by LommeVs functions. 
It is evident from § 10’7 (2) that 




(/i + 1)*-!/' ’ 


that is to say 

( 1 ) ^# 1 + 2 , 1 ' (^) = ~ \{y> + 1 )* ” 3 ^} ifi)- 

Again, it is easy to verify that 

d 

^ = (/X + 1/ - 1 ) „_i {z), 


SO that 


( 2) „ {z) + {vfz) 8^^^{z)^{fi + v-l) (f), 

and similarly 

(3) s ii,p{z) {v/z) Sfi^^iz) = (/X V — 1) 

On subtracting and adding these results we obtain, the formulae 

(4) {^v/z) V fy) = (^ + V — 1) (z) ~ (|tX ~ V — 1 ) p+i (^), 

(.5) 2s fi,v{z') — (/X + V — 1) K-ri {z) + (/X — y — 1) (^f). 

The reader will find it easy to deduce from § 10*71 (2) that the functions of 
the type Sfi^,{z) may be replaced throughout these -formulae by functions of 
the t 3 ^ „ (z ) ; so that 

( 6 ) 8^,, , (z) = - {(/X + 1)“ - y»l 8^,.{z\ 

C^) (^) + (v/z) S^^„{z) = (jl + V- 1) (-S'). 

(8) (^) - (viz) 8,,M = (/X - y - 1) 8^,,^+, (zl 

(9) (ivjz) Sn^f(z) = (/X + y — 1) (z) (fl V — 1) ^/u— 1 , r+l (■ 2 ), 

(10) 2/8V,»' (^) = (/IX + V -.1) (z) + {ji-v-\) (z). 

These formulae may be transformed in various ways by using (1) and (6). They are 
due to Lommel, Math. Ann. ix. (1876), pp, 429 — 432, but his methods of proving them were 
not in all cases completely satisfactory. 


10*73. LoTYvmeVa functions 8^^p(z) when }i±v is a/n odd negative integer. 
The formula § 10*71 (2) assumes an undetermined form when /x — y or /x + y 
is an odd negative integer*. We can easily define in terms of 

8p^i^p(z) by a repeated use of § 10-72(6) which gives 

(1) 2«»« (k -pW ^ (1 - I-V 

* Since Sfi, p («) is an even fueotipn of v, it is sufficient to consider the case in which y - v is an 
odd negative integer. 
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We next define by the limiting form of § 10-72 (6), namely 

(2) lim 

LC/* *'4*l)(/i + l'+l) 

The numerator (which is an analytic function of /* near /* = i/ - 1) vanishes 
when /4 = V - 1, and so, by L’Hospital’s theorem* 


Now it is easy to verify that 

^^M+a. P (■g) 


Ing 

d/jL 


/* = !'— 1 




dfi 

Also 


=i^-r(r+i) 1 7- 

#*="- 1 m=o (wi + 1)1 r (i/ + m + 2) 


X {21og^r4-i/r(l) + '^(i;^l)_i^ + 2) — (i/ -f m + 2)}. 

" 0 

^ { 2 '*+! r - Ji/ + 1 ) r (l/i + + I) cos I (/i + 1 /) Tr}] 

= 2 >'r(i; + l)8inv7r {log 2 + (1) + (^ + 1 ) + J^cot rir}, 


and 


V + f ) cos i(fi-v) 7r] 

and hence it follows that 

(3) 


1 


= 2«'-^7rr(v + l), 


r(i/+»?i4- j) 

X {21og^a:-^/r(i; + m + l)--T/r(7a-f 1)) -2’'-^7r r(»/) Y,{z), 
^d this formula, which appears to bo nugatory whenever j/ is a negative 
integer, is, in effect, nugatory only when v = 0 ; for when v = -n (where n is 
a positive integer) we define the function by the formula 

M-I,— n (^) = n 

in which the function on the right is defined by equation § 10'73 (1). 

To (liscuas the oaso in which v=0, wo take the formula 

whiohgivea 

Since s,.,iow=»“**{r(i/<+3))‘ s 

+ Mr {008 . F„ (z) - sin . Jo (is)}, 

it follows, on reduction, that 

(4) (w+ ^ l) + i7ri>]. 

* Of. Bromwioh, Theory of Infinite Series, § 162. 
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10*74. Fwictions expressible in terms of LomnieVs functions. 

From the descending series g^ven in § 10*71 (1) it is evident that Neumann s 
pol 3 momial On(f) is expressible in terms of Lommel’s functions by the equations 

(1) Oi,n (z) — (z), (z) = [(27/1. 4- ^)lz\ 5^o,swi+i (^). 

and Schlafli’s polynomial >S„ {z) is similarly expressible by the equations 

( 2 ) Sjm ( 5 ) — 47/1 (^z), (z^ — 2^o,anH-i 

It is also possible to express the important integrals 

, ’ j zf^Jp (z) dzy J zf^ Yp (z) dz 

in terms of Lommel’s functions ; thus we have 

^ {z'' Jp (z) . z^-'^ {z)] = zJp^x {z) p-i {z)+ ip-v-l)zJp (z) p {z), 

^ {z^-'’ Jp,^ {z) . sr^ /Sf^, ^ (,z)] = - zJp {z) 8^,p {z) + (fi + v- l)zj^p^i (z) p-i (z). 

On eliminating 8fi-.j,p-i{z) from the right of these equations, and using 
§ 10‘72 (6), we find by integrating that ■' 

(3) j z>^ Jp{z)dz — {p-^V'-l)zJp(z)8,iP^i^p^i(z) — zJv-i{z)8ii.^p{z), 

and proofs of the same nature shew that 

(4) j z>^ Yp {z) dz = {p + v-l)zYp (z) p-j (z) - zYp-i (z) 8^ „ {z), 

and, more generally, 

(6) j z>^^p(z)dz = (/i + V -! 1) z^p (z) p^j (z) - (z) 6V. ^ (-n). 

Special cases of these formulae are obtained by choosing p and v so that 
the functions on the right reduce to Neumann’s or Schl&fli’s polynomials, thus 

( 6 ) j Z^gm (z) dz = Z^ I 27 /I — 1 1 if) ” (^) (. 2 ')|' > 

(7) J (^) dz — ^Z {^sm+i (^) (.®) “ if) ^am+i (^)}' 

Of these results, (1), (3), (4) and (6) are contained in Lommel’s paper, Math. Ann. ix. 
(1876), pp. 426 — 444 ; (6) and (7) were given by Nielsen, JSandbuch dw Theorie d&r 
Cyliiiderfmkiionen (Leipzig, 1904), p. 100, but bis formulae contain some misprints. 

It should be noticed that Loramers function, in those cases when it is 
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expressible in finite terms, is equivalent to Gegenbauer’s polynomial of § 9*2. 
The formulae connecting the functions are* 

2’'T{v + rn) v + 2m 


( 8 ) 


■^27n., K (•^) ■” 


■ 8 - 


1— I'+um 




ml z 

A r (v 4- m + 1) i' + 2m4-l5, 

^ am+i, i» “ irri • w* 

\ 7ft • Z 

It follows that the most general case in which the integral (6) is expressible 
in terms of elementary functions and cylinder functions is given by the formula 

O'! [V>«' (rW..- 

tJ) J 2 2.r(i. + m)L v + 2m-l 

(^) ^im,v (^) 

v + 2m 

The function defined by the aeries 

mlor(i/ + 27n + l)“ r(«'-i) 

htis been studied in great detail by W. H. Voungt ; this function possesses many properties 
analogous to those of Bessel functions, but the increase of simplicity over Lommel's more 
general function soemsiinHuffioient to justify an account of them here. 

J (t) 

The integral v / - -■ [. dt has been studied (when v ia an integer) by H. A. Webb, 

Ju t(« — t) 

Measengevy xxxiir. (1904), p. 68 ; and he stated that, when i/ =n, its value is 0^^ (a). This is 
incorrect (as was pointed out by Kapteyn) ; and the value for general values of r is f 

{*^1. V (—*)}/«, 

when A (>^) > 0 and | arg ( - «) | < tt. 


10*76. The asymptotic eeepansion of S^^y{z). 


We shall now shew by Barnes’ method§ that, when are not odd 

positive integers, then admits of the asymptotic expansion 


(1) Sf,^y{z)r^zi^- 




when 1 1 is large and | arg z 


2^* 
< TT. 


+ 






Ijet us take the integral 

_ + r(^ 7rQz)^ds 

^irij -ooi-p+it r(J- + Jv) r(|-|/i — ^w) ■ sinSTT 


The contour is to be drawn by taking p to be an integer so large that the 
only poles of the integrand on the left of the contour are poles of cosec stt, the 
poles of the Gamma functions being on the right of the contour. 

* Gegenbauer, Wiener Silzungeberiehte, lxxiv. (2), (1877), p. 126. 

+ Quarterly Journal, xun. (1911), pp. 161 — 177. 
t Of. Gubler, ZUrich Vierteljahraechrift, xlvii. (ld02), pp. 422 — 428. 

§ Proc. London Math. Soo. (2) v. (1907), pp. 69—118; of. §§6*6, 7’6, 7-61. 
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The integral is convergent when | arg sj< tt, and it may be seen without 
difficulty that it is 0 

It may be shewn from the asymptotic expansion of the Gamma function 
that the same integrand, when integrated round a semicircle, of radius H with 
centre at -p - on the right of the contour, tends to zero as 12 oo , provided 
that jR tends to infinity in such a manner that the semicircle never passes 
through any of the poles of the integrand. 

It follows that the expression given above is equal to the sum of the 
residues of 

+ — l/tt — |i/) ■ sinsTT 

at the points 

0,-l,-2,...,-(p-l), 

1.2, 3,..., 

.... 

+ Ji/, .... 

When we calculate these residues we find that 


aM-i (-)”* r + r {\-\ix--\v ■\‘m) 

«»=o (iz)**** r ( J -- i/u, + v) v) 

+2M-1 i (-)"* r (I + I/A -• |t/) r 4 t + ^v) (yy”* 

m=l + + r(J + ^^ + ^i; + 7re) 

+ vTTn^oml r(l-v + m) 

+ » (-)mQgy+»m 

r(i“ J/*-iv)8in v7r«_ow! r(*/ + 7/i + 1) ' 

so that 

^-1 (~)” r(|— 

»=. (W”r(i-iM+i.')r(i-i,.-i..) -v.w 

_ f (j + j/* + ^v ) 

sin VTT 


X [cos \{fi-v)>ir. {z) - cos ^ (/A + i;) tt . (z)] = 0 

and so, by § 10‘7l (2), we have the formula 

and this is equivalent to the asymptotic expansion stated in (1). 
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10'8. Hemi-oylindrical functions. 

Functions {z) which satisfy the single recurrence formula 

(1) Sn-i {z)- Sn+i (z) = 2S„' {z) 
combined with 

(2) Si(^) So'(^) 

have been studied in great detail by Sonine*. They will be called hemi- 
cylindrical functions. 

It is evident that 8,1 [z) is expressible in the form 
Sn(^)=fn(D).S,{z), 

where J) = d/dz and /« (D) is a polynomial in D of degree n ; and the polynomial 
fn (^) satisfies the recurrence formula 

combined with 

It follows by induction (cf. § 9‘14) that 

/« (i) = i [{- ^ + v(p + 1)}” + h f- v(r + 1)}’*], 

and therefore 

(3) S„ (z) = i [{- D + 1)}« + {- i) ~ + 1))"] . S, (z). 

If it is supposed that (1) holds for negative values of n, it is easy to see that 

(4) S_„(^) = (-)'‘S„{4 

To obtain an alternative expression to (3), put = sinh t, and thenf 



. [cosh at 

{n even) 
(??. odd) 




(m even) 



I n n{n’‘-V) 

{ IP 3! ^ 

[n odd) 

Hence 

1 

I So (,z) + 21 So (z) H S„‘ ( 2 ) + . . . 

(neven) 

(5) 

S„( 2 ) = 

[--jjSo {z)- So {z)-.... 

(a odd) 


It is tobc^ noticed thatO,, {z), Tn {z) and arc hemi-cylindrical functions, 
but Sn(z), Un{s) and H„( 2 ;)>arc not hcmi-cylindrical functions. 

It should be remarked that the single recurrence formula 

( 2 ) + X„+, (z) = ” {z) 

z 

gives rise to functions of nogreater intrinsic interest than Lommel's polynomials. 


w. B, p. 


* Math. Ann. xvr. (18H0), pp. 1— S), 71—80. 
t See e.g. Hobson, J‘liind Triyonometri/ (1918), §204, 


23 
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10*81. The addition theorem for hemi-cylindrical functions. 

We shall now establish Sonine’s important expansion* 

S,h(^ + <)= 2 


( 1 ) 




the expansion is vdid when + < lies inside the largest circle, whose centre is 
at the point z, which does not contain any singularity of the hemi-cylindrical 
function under consideration. ' 

Take as contour a circle G with centre z such that So(0 has no singularity 
inside or on the circle. Then 

- 2^ df. 

The series converges uniformly on the contour, and so we have 

S711 (^ + 0 ~ ftTZ' ^ ^ndn(^) f Gn(^— z) d^ 

, 1=0 J a 

= €nJn {t)fn S,„ (z) dz 

“ Jo (■ i£) 

But it is easy to verify that 

2/« (- ?)/». (f ) =/»-.. (f ) + (-)”/«+« (f ). 


so that 


S.„(s + t) = d.(0S™(s)+ 2 J-„(t)(S*-„(s) + (-)“S„„^.(s)l, 

W = 1 


whence Sonine’s formula is obvious. 

It should be noticed that, if S,i (z) denotes a function of a more geneml 
type than a hemi-cylindrical function, namely one which merely satisfies the 
equation 

loithout satisfying the equation Sj (z) = — So' (z)^ we still have 

/« (- 5) s„ (a) = (a) + (-)» (s), 

and so the formula (1) is still valid. We thus have an alternative proof of 
the formulae of ^ 6‘3, 9’1, 9’34 and 10'63. 

* Math. Ann. xvi. (1880), pp. 4 — 8. See also EOnig, Math. Ann. v. (1872), pp. 810 — 340; ibi</. 
xvn. (1880), pp. 85 — 86. 
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10-81, 10-82] 

10‘82. Nielsens functional equations. 

The pair of simultaneous equations 
|( 1 ) F,., {z) - F,+, (z) - (z) = 2f {z)/z, 

1(2) (z) + F^+i (z) - {2vlz) F„ (z) = 2g^ {z)/z, 

where and g„(z) are given arbitrary functions of the variables v and z, 
form an obvious generalisation of the pair of functional equations whereby 
cylinder functions are defined. It has been shewn by Nielsen* that the 
functions /„ (z) and g„ (z) must satisfy the relation 

f-i {z) +/.+1 {z) “ {^vlz)f (z) = (z) - g,+, (z) - 2g,' {z ) ; 

and it has been proved f that, if this relation is satisfied, the system can be 
reduced to a pair of soluble difference equations of the first order. 

For brevity write 

fu {z) + gu {z) = a, {z), f {z) - g„ (z) = (z), 

and the given system of equations is equivalent to 
r (3) (Sr + v) F^{z)^ zF.^i (z) - {z), 

1(4) (^ - J') Fu (z) = ~ zF,+r (z) - (z). 

It is now evident that 

(^a _ yS) = (Sr - v) [zF^_i (z) - 0 f„ (^)] 

= - z^F^ (z) - ( 2 ) - - y) {z}, 

so that (z) = — (z) — (S- — i^) a„ {z). 

Again 

(S“ - v^) F, (z) = (^ + v) [- zF^^, (z) - f3. (^)j 

= — z^F^ (z) + 2 a„+i (z) - (S + v) j3u (z). 

! We are thus led to the equation 

(6) V^F^{z) = znT^{z), 

where 

r(6) zvt^ {z) = - (z) - (S- - v) a„ (z), 

1(7) zvT^ (z) = + zuu^i (z) - (S' + I/) /9„ (z). 

On comparing these values of vt„(z), we are at once led to Nielson’s 
condition 

(8) /,_! (z) +/,+! (z) - i2vlz)f (z) = (z) - g,+i (z) - 2gJ (z). 

It now has to be shewn that Nielsen’s condition is sufficient for the exist- 
ence of a solution of the given system. To prove this, we assume (8) to bo 

* Ann. di Mat, (3) vi, (1901), pp. 61 — 69. 
t Watson, Messenger, xLvni. (1919), pp. 49 — 68. 

23—2 
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given, and, after defining «■,, (z) by (6) aJid ('7), we solve (6) by the method 
of variation of parameters. The solution is 

(9) F, (z) = Jp (z) jc„ - Jtt [ (0 (t) 


Fp (z) = Jp {z) |c„ 

Tp (z) |c2k + (0 ®'»' (0 ^ 


where a and 6 are arbitrary constants J and c„ and dp may be taken to be 
independent of z, though they will, in g’eneral, depend on v. 

It remains to be shewn that c„ and dp can be chosen so that the value of 
Fp (z) given by (9) satisfies (1) and (2), or (what comes to the same thing) 
that it satisfies (3) and (4). If (3) is satisfied, then 

Zjp^l (z) • C„ — JtT j Fp (t) •Bfp (t) — ^TTZ Jp (z) Tp {z) VTp (z) 

+ zYp^l (z) jdy + i’T J *(^) (0 (^) Jy {z) ■Br„ (z) 

= zJp^i (z) I Cp^i ^*^1 (0 (0 

+ zYp_i(z) |d »>— 1 4" i^TT J „ — j (t) tZp—i (t') c2i| — 'dp (^z)f 

that is to say, 

(^) ^Cp - - iir J* { Fp (t) ^p (t) ~ (t) V 7 p_, (i)l dtj 

+ zFp-i (z) — dp-1 + Itt {/ ^ (t) -aTp (t) - Jp-i {t) nTp-i (^)} dt + a„ (z) = 0 . 

But it is easy to verify that 

^ {^p-i (z) ^p-i (z) - ^p {z) dp (z)} = tsr,, (z) ^p (z) - OT„_, (^r) 
since (6) and (7) are satisfied ; and so (3) is satisfied if 

zjp-l (z) |c„ - Cp-I - Fp-I (z) fip_i (z) — Fp (z) dp (z) * I 

+ z Fp-1 (z) ^dp- dp-1 + \'ir {z^ (^) _ * I (^z) = Q, 

and this condition, by § 3-63'(12), reduces to 

zJp-i (z) {cp - (;,_i + Jtt [ 7 (a) (a) - Tp (a) dp (a)]} 

+ ^ Tp-i (z) {dp - dp-1 - [J- ( 6 ) (5) _ (5) j| ^ Q 

concerned, it is sufficient to choose c, and d 
to satisfy the difference equations " 

|(10) - <v.. (a) /9^, (a) - 7, (a) o. (a)] 
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and the reader will have no difficulty in verifying that, if these same two 
difference equations (with v replaced by i/ + 1 throughout) are satisfied, then 
the value of {z) given by (9) is a solution of (4), 

These difference equations are of a type whose solutions may be regarded 
as known and so the condition (8) is a sufficient, as well as a necessary, 
condition for the existence of a solution of the given pair of functional equa- 
tions (1) and (2). 

If, as 5 00 , 

/„ {z) = 0 (^-*), 9v (^) = 0 

where 8 >0, then we may make a oo , h-*-oo , and we have 

On — On—i , d|/ — dv—i , 

so that the general solution may be written 

(12) Fn (z) = Jy (z) Itti (v) + i'rr I" (t) nTy (^ 

+ Yn(z) ^7rB(v)-^‘ir I Jn{t)‘a!n{t)d^, 

where 7 ri(v) and are arbitrary periodic functions of v with period unity. 

Noth. Some interesting properties of functions tphich satisfy equation (2) only are to 
be found in Nielsen’s earlier pai>or, Ann, di Mat. (.3) v. (1901), pp. 17 31. Thus, from a 
set of formulae of the typo 

Fy.y (2) - (a.'/^) Fiz)=2yn{z)ls, 

it is easy to deduce that 

(13) Fn + ni^)^Fn (z) Rn, „ («) — /^ _ I (a) k + I (^) 

n-I 

+ {2lz) 2 (s) ,/+nt + l (^) > 

»l=0 

the first two terms on the right are the complementary funotion of the difi'erence oqiuition, 
H nd the series is the particular integral. 

* An apoount of various memoirs dealing with such equations is given by Barnes, Proc. London 
Math. Soc. (2) ii. (1904), pp. 488—469. 



CHAPTER XI 

ADDITION THBOEEMS 

11*1. The gen&ral nature of addition theorems. 

It has been proved (§ 4-73) that Bessel fanctions are not algebraic functions, 
and it is fairly obvious from the asymptotic expansions obtained m Chapter vii 
that they axe not simply periodic functions, and, afortion, that they are not 
doubly periodic functions. Consequently, in accordance with a theorem due 
to Weierstrass*, it is not possible to express J^^Z + a) a&m algebraic function 
of JAZ) and 4(4 That is to say, that Bessel functions do not possess 
addition theorems in the strict sense of the term. 

There are, however, two classes of formulae which are commonly described 
as addition theorems. In the case of functions of order zero the two classes 
coincide ; and the formula for fanctions of the first kind is 

4 W{Z> + cos </))} « i emJm (Z) Jm (^) cos mcl>, 

m-O 

which has already been indicated in § 4-82. 

The simplest rigorous proof of this formula, which is due to Neumann f, 
depends on a transformation of Parseval’s integral ; another proof is due to 
Heine J, who obtained the formula iis a confluent form of the addition theorem 
for Legendre functions. 


11*2. Neumanns addition theorem^ 

We shall now establish the result 

00 

(1) 4 S €^4* {Z) Jm {z) COS m<}>, 

where, for brevity, we write 

«r = *J(Z^ + 2 ^® — 2Zz cos Ip), 

and all the variables are supposed to have general complex values. 

* The theorem was stated in §§ 1 — 3 of Schwarz’ edition of ■Weierstrass’ lectures (Berlin, 
1893) ; see Phragmfin, Acta Math, vii, (1886), pp. 88 — 42, and Forsyth, Theory of Funotiom (1918), 
Ch. xm for proofs of the theorem. 

t Theorie der BeseeVtehen Functionen (Leipzig, 1867), pp. 69 — 70. 

t Handbvush der Kugelfunetimen, i. (Berlin, 1878), pp. 340—348; cf, § 6*71 and Modern 
Analysis, § 15‘7. 

§ In addition to Neumann’s treatise cited in § 11 T, see Beltrami, Atti della B. Accad. di Torino, 
XVI. (1880—1881), pp. 201—202. 
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11-1-11-3] 


We take the formula (Parseval’s integral) 




: i J = e*"" COS.(fl-a) 


which is valid for all (complex) values of vr and a, the integrand being a periodic 
analytic function of 6 with period 27r. We next suppose that a is defined by 
the equations 

•a sin a — Z — z cos <f>, vr cos a = ^ sin </>, 
and it is then apparent that 


If”’. 

(to-) — ^J 6xp (i {Z — z cos 0) sin 6 + iz sin ^ cos d| dO 
27r J —nr ( flta— w ) 


aTT =] - X . — TT 


27r 


S {Z) 

—00 J —It 


= S /»(2)./»We”''>, 

« l =— 00 

the interchange of the order of summation and integration following from 
the uniformity of convergence of the series, and the next step following from 
the periodicity of the integrand. 

If we group the terms for which the values of m differ only in sign, we 
immediately obtain Neumann’s formula. 


The corresponding formulae for Bessel functions of order were obtained by Clobsch, 
Journal filr Idaih. LXi. (1863), pp. 224—227, four years l)oforo the jmblication of Neumann’s 
formula; see { 5 1T4. 


11’3. Oraf s generalisation of Neumanns formula. 

Neumann’s addition theorem htis been extended to functions of arbitrary 
order v in two different ways. The extension which seems to be of more 
immediate importance in physical applications is due to Qraf’’^, whose 
formula is 

(1) J, {^) . I = {Z) {z) 

and this formula is valid provided that both of the numbers | ze^^* | are less 
than \Z\. 

* Math. Ann, xlui. (1898), pp. 142 — 144 and Verhandlungen der Schweiz. Nattirf. Oes. 1896, 
pp. 69 — 61. A special case of the result has also been obtained by Nielsen, Math. Ann. hii, (1899), 
p. 241. 
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Graf’s proof is based on the theory of contour integration, but, two years after it was 
published, an independent proof was given by G. T. Walker, Mmenger^ xxv. (1896), pp. 76 — 
80 ; this proof is applicable to functions of integral order only, and it may be obtained 
from Graf’s proof by replacing the contour integrals by definite integrals. 


To prove the general formula, observe that the series on the right in (1) 
is convergent in the circumstances postulated, and so, if arg.^=a, we have 

,»=I-00 

^TT% fli«-oo J -ooexpC—ia] ( \ 

= (* - D - (?j - t)i % ’ 

there is no special diflSculty' in interchanging the order of summation and 
integration*. 

Now write 

{Z — ze~^^ ) t — tsTu, (Z — ze^)lt = taju, 
where, as usual, ter = ^J{Z^ + z^— 2Zz cos <p), 

and it is supposed now that that value of the square root is taken which makes 
mr ~*- + Z when z ->~0. 


For all admissible values of z, the phase of ‘bt/Z is now an acute angle, 
positive or negative. This determination of tir renders it possible to take the 
w-contour to start from and end at — qo exp {— i^), where ^ — arg vr. 

We then have 


^ J v+w J m {^) 


J_ (Zj-zfffy 

27rt \ tj- / 

~\ Z~ze^) 

by § 6'2 (2); and this is Graf’s result. 


DO exp (-t|S) 


exp 




du 

„i>+i 


If we define the angle ^|r by the equations 

— X cos = t3- cos ■\|r, sin ^ = tj sin 

where 0 as 0 (so that, for real values of the variables, we obtain the 
relation indicated by Fig, 28), then Graf’s formula may be written 

(2) S J.^(Z)J,n{z)^^, 

00 

and, on changing the signs of ^ and we have 

(3) i 

00 


Of. Bromwich, Theory of Infinite 8erie$i § 176. 
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dxxjl fits — 00 mix 



Fig. 28. 

If, in this formula, we change the signs of p and m, we readily deduce from 
§ 3‘54 that 

(5) s 

oLii s — '30 oLli 

and so 

(6) '#.(«) i 

olll 00 Dill 

The formula (6) was given by Neumann in his troatiao in tlio special cose v=0; sec 
also Somraerfeld, Math. Ann. -\lv. (1894), p. 276; ibid, xr.vii. (1896), p. 356. Some phy.sical 
applications of the formulao are duo to Schwarzschild, Math. Ann. nv. (1902), pp. 177 — 247. 

If we replace Z, z and vs in these equations by iZ, iz and ivs respectively, 
it is apparent that 

(7) 2 

nlii hIjI 

( 8 ) I 

Dill 00 Dill 

Of those results, (7) w<is stated by Beltrami, Atti della R. Acnad. di Torino, xvi. (1880 — 

1881), pp. 201—202. 

The following special results, obtained by taking Jtt, .should be noticed : 

(9) (w) cos = S (-r%%m(^)'^!!m(^), 

T)i« — « 

( 10 ) 2 , 

m- -00 

where Z^ctcost/t, z = vs Bin yjr and \z\<\Z\. 

For the physical interpretation of these formulae the reader is referred to 
the papers by G. T. Walker and Schwarzschild ; it should be observed that, in 
the special case in which v is an integer and the only functions involved are 
of the first kind, the inequalities \ze’*‘^\< \ Z\ need not be in force. 



362 THEORY OF BESSEL BTOOTIONS [CHAJP. XI 

11*4. Gegenhauer’s addition theorem. 

The second type of generalisation of Neumann’s addition theorem was 
obtained by Gegenbaue?* nearly twenty years before the publication of 
Graf’s paper. 

If Neumann’s formula of § 111 is differentiated n time? with respect to 
cos (f>t we find that 

(^) _ ^ Jm+n Jm+n (-g) COS (w + n)<f> , 

Z‘^ d(C08«^)« 

This formula was extended by Qegenbauer to functions of non-integral order 
by means of the theory of partial differential equations (see § 1T42); but 
Soninef gave a proof by a direct transformation of series, and this proof we 
shall now reproduce; it is to be noted that, in (1), is not restricted (as in 
§ 11-3) with reference to Z. 

We take Lommel’s expansion of § 6*22, namely 


{V(^ + ^)] _ 2 {—\hY Jvj^ p (VS *) 

(r+Zt)*” A 

and replace f and h by + and —2Zeco8<j3 respectively; if we write 12 
in place of for brevity, it is found that 


00 

a= t 


Jj-o 


{Zz cos {V(-^* + Z')] 

p! ' (^® H- 


__ I I {-)UP^COBP<f> JyWi) 
«=o 2s.p!g'! Z*+^ 


by a further application of Lommel’s expansion with f and h replaced by Z^ 
and z*. 


But, by § 5-21, 

Jv^P+q{Z)_ ^ q\ j/+p-f-2^ r(y4-p-fA;) r /ax 

Z^ ” j,tok\{q-k)\ 29 " t{v + p + q + k+iy'^^^^^^' 

and so 


a = i i 1 (-)^ (y -f jp + 2A;) r (y -H p + A;) z^'^9 coa^ J,+p^{Z) 
p-Oa-oA-o 2’^p\k\{q-k)\r{v+p + q +k + l) Z’' ’ 

the triple series on the right being absolutely convergent, by comparison 
with 

_ T(v+p+k) ZP-^^ 

2i>^+aijpj /;j r {y + p + 2k) V{v +p + q+k + 1) 

* Wittier Siteungsberichte, uci. (2), (1876), pp. 6 — 16. 
t Math, Ann. ivi.. (1880), pp. 22-^28. 


00 CO 0 

s s i 

ax0o»0A;>0 
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But, for an absolutely convergent series, 

00 9 ^ 

X S ^k,q~ S 2 

^as()A;s>0 A:*=0 ttssO 

and so 

V V V (~)^(v+P + ^k)r(p + p+k)zt^*^coaP<l> J,^p^{Z) 
p~ok%n~o 2<*-^^io!A:ln!r(v + p + 2fc + n+l) 

= X S (-)^ 2*"^ (v + p + 2k)r(v+p + k) cobP < f> J^p+^(Z) Jy+p+ M 
p-ojfc-o Z'’' z'’ 

= X i (-)" (1/ + m) r 4- m - A;) cos”^-»^<^ J.+,M 

4 - 0 JM- 2 A (?n-2A;)!A;! 

oo, <^w* (_)* 2*’+’”"** (v + wi) r (v + jw — k) cos’”"®* (#> i7p+,tt (^) {^) 

“ ^ (ni^2k)\k\ Z- " > 


m-O fc-O 

Now 


<*'«(-)* 2«‘-®*r(j/ + w-A?)cos’”"®*(i „ , 

^ (m-2Jt)!A;ir(»») ' - C',/ (cos 


^-0 


where, as in § 3*32, Cw” (cos <^) denotes the coefficient of «”* in the expansion 
of (1 — 2a cos ^ + 0 ®)”*' in ascending powers of a. We have therefore obtained 
the expansion 

'^v (®) _ (iy T /.A V /,. j ,M \ *^v +n^ (^ ) *^v+m (^) 


(2) = 2-' r (z.) 2 («/ + m} ^ a,/ (cos 0), 


tST (» - 0 

which is valid for all values of Z, z, and and for all values of v with the 
exception of 0, - 1, — 2, .... 

In the special case in which v = we have 
(3) 52-^ = ,r 2 (m + i) P,„ (cos 

VS «l -0 V" V* 


This forniuln is due to Clebsch, Journal fUr MatK lxi. (1863), p. 227 ; it is also 
given by Heine, Journal filr Math. lxtx. (1868), p. 133, and Neumann, Ui^tzigor Benchtc, 
1886, pp. 75—82. The formula in which 2v is a jioBitivo integer has been obhiincd by 
Hobson, Proc, London Math. Soc. xxv. (1894), pp. 60—61, from a considoratiou of solutions 
of Laplace’s otiuation for space of 2v + 2 dimonsions. 

An extension of the expansion (2) has been given by Wendt, MonaUhvfto fhr Math, and 
Phya. XI. (1900), pp. 125—131 ; the effect of her generalisation is to oxproH.s 

^-v-P Hin®P ^Jy^p (or) 

as a series of Bessel functions in which the coeHicionts are somewhat complicated 
determinants. 


11*4]. The modified form of Gegenhauei's addition theorem. 
The formula 


^ m=0 ^ 


y+m 


(^) 


O',/ (cos <j>) 


)«=0 ^ 
may be established in the same manner as the Gegenbauer-Sonine formula of 
§ 11*4. This formula does not seem to have been given previously explicitly, 
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though it is used implicitly in obtaining some of the results given subsequently 
in this section. 


Unlike the formulae of § 11'4, the formula is true only when \z\ is so 
small that both the inequalities | j < | ^ | are satisfied; but, in proving the 
formula, it is convenient first to suppose that the further inequalities 

I 2j3>cos(^| < 1 ^ 1, \z\<\Z\ 

are satisfied. 

We then use Lommel’s expansion of § 5*22 (2) in the form 

p=o V * 

which is valid when | A ] < i (^1. 

It is then found by making slight alterations in the analysis of § 11*4 that 


nr" p=o p! ^ ^ ^ 


y(,Z^ + z-)] 


_ * I (-)PzP+^co^< l> 
“p=0 5=o 23p!5! 




5 ? V (v+p + 2k)V {- V - p q — k) z^+^ cos? <f) {Z) 

„=og=o*.o 2^p!A;l(?-^)!r(l~j;-p-A;) Z" 

X I 1 {if + P + 2/fe) r {-p — p-2k — n) zP+^+^ coBP(f> (Z) 

p'^ofc«on«o 2**+*'*p!fc!n!r(l-v-p-A!) Z^ 


* I i (-)^* {v+p + 2k)V(v + p + k) cosP 4> J^^^jZ) J,+p+ak {z) 
~proi=o pi^i z^' 

= I ( -)m-fc (p + m) r (y 4- m - A;) cos {Z) 4+^ (z) 

„=oA=o (m-2A;)!fcl Z>> z* 

= 2- r (») I (-r (v + m) 0„' (C08 

»»=0 ^ ^ 

so the required result is established under the conditions 
\2 Zz cos (f)\<\Z^ + z^\, \z\<\Z\. 

Now the last expression is an analytic function of z when z lies inside the 
circle of convergence of the series* 

S {v + m) ^ Cot" (cos 0) 

TO=o r(l-i/-7n)r(l+i' + wi) ’ 
and this circle is the circle of convergence of the series 


00 / „\m 

Cfm” (cos 1^). 

Hence the given series converges and represents an analytic function of z 
provided only that | ze^^^ 1 < 1 1 ! and, when this pair of inequalities is satisfied, 

(ot)/ot’' is also an analytic function of z. 


Of. § 6*22. 
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Hence, by the theory of analytic continuation, (1) is valid through the 
whole of the domain of values of z for which 

If in (1) we replace v by - v we find that 

Again, if we combine (1) with § 11-4 (2). we see that, for the domain of 
values of z now under consideration, 

(3) M7-> = 2>r W + «. 

and so, generally, 

(4) = 2» r W („ + M) 0,,^ (cos i). 

If in (3) we make v -»-0 and use the formulae 


(7o« (cos </)) = 1, {r (v) (v + m) C„p (cos <^)} = 2 cos m0, ( 7 n 0) 


we find that 
( 6 ) 


Fo (w) = 2 €„, (Z) (z) cos m 6. 

«t = 0 


The formulae (1) and (2) have not boon givou proviouHly; but (3) is duo to (iogenbuuer, 
and (6) woe given by Noumann in his troatise (save that tho functionH K„, wore replaced 
by the functioiiH Ki’")). Tho formula (3) with v equal to an integer has also been oxaniincd 
by Heine, Handlmch d&r Kuijelfunctionen, i. (Berlin, 1878), pp. 463—464. Some dovolop- 
ments of (4) are duo to Tgnatowsky, xirchiv der Math, und Phys. (3) xvin. (191 1), pp. 322— 


If we replace Z, z and w by iZ, iz and its in the formulae of § 11-4 and 
this section we find that 

(8) = 2' r (») (-r (- + ni) (cos ^), 

c^) = 2 ' r (-)”■(., + m) c?„« (008 ^), 

(8) = 2- r (v) (. + m) G„- (cos ^). 


Of these formulae, (8) is due to Macdonald, Proc. London Math. Soc. xxxii. (1900), 
pp. 166 — 167 ; while (6) and (7) were given by Neumann in the special case J. 
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The formulae of § 11*4 and of this section are of special physical importance 
n the case v = If we change the notation by writing ka, hr and $ for Z, 
and ^ we see that the formulae become 

sin k — ^ar cos 6) 

V(r* + a® — 2ar cos 6) 


= J, + *) 


COS AV(r® + g® — 2ar cos 6) 
\/(r® + a® — 2ar cos 6) 


= •>r 2 . (-)•» (m + J) { r^(.ka ) Jmfjikr) ^ 
»t=o j^a i^r 


(11) t ~ ^V(r® + ft®— 2ar cos 6)} 

V + a® — 2 ar cos 

oente .» at the origin. Of. CMolaw. Math. Ann. U;xv°"w45"p^ UlT^.”’ 

The following special cases of (4) were nointerf o„t V,.. n 
are worth recording: ' ^ ^ ^ Gegenbauer, and 

If ^ = TT, we have 

(■^ I s) 

~(2 + zy + r(2t^ + m) 

If ^ = Itt, we have ^ 

r 1 q i ^ v + Z^)\ w 

~C^*n®)*^ + 2 m) '^v^tm{z) r (y + 

It iT- ^ = 0, and is taken to be J„, 

(14) = r(v + l) * n/o . . 

' ^ «=o ^ ni] ^ >'+•»»* (^), 

ii torijiula already obtained (8 5-o) hv n 

the reader should consult GegenbaL connexion 

I1W7), p. 221. gennauer, Wiener SUmngeberickte. lxxv. (2), 

ilore genemlly, taking ir= r, o » - r 

r ,g . , , vve have 

(15) ‘^*'(2-2' s in id)\ oc 

T2^ sin|<^)-' = 2'' r (i/) S (v + m) “ q 

1 1 , »*=o } z" \ (cos <6). 


ADDITION THEOREMS 


11-42] 


367 


Again, it can be shewn that* if JS (v) > — 

(=0 

sin®" (ji Cm" (cos <ji) Gp'’ (cos <l>)d(f>{ 


'V 

0 


(mi=p) 


and so, provided that J? (y) > — ^, 


2®''-»(y + 7n).m!{r(y)l® ^ 




and, more generally, 

f- ^4^(Z^+z^-2Zzcos<l>)] 


C'hi" (cos (f)) sin®" (j) d<l> 

= ^ r (2? ^ + m) %+ni jZ) J^ +m (g) 

“ 2''-i . ?« ! r'(y) if" ’ 


A simple proof of this formulaf, iu the special case in which m — 0 and the cylinder 
functions arc functions of the first kind, w'ns given by Sonino, Math. Ann. xvx, (1880), 
p. 37. Another direct proof for functions of the first kind is duo to Kluyver, Proc, Section 
of Sci., K. Acad, van Wet. te Amsterdavn, Xi. (1909), pp, 749 — 765. An indirect proof, 
depending on § 12-13(1), is dvie to Gegenbauor, Wiowr Sitzunffsberichte, Lxxxv. (2), (1882), 
pp. 491 — 502. 


[Note. An interesting consequence of (4), which was noticed by Qegenbauer, Wimtn' 
Sitziingsbenchte., Lxxiv. (2), (1877), p. 127, is that, if \ze^^ \ <\Z\ throughout the contour 
of integration, then (cf. § 9-2) 


(18) 


2irl J 


(0 + )'^,(nr) 


(^) 

, (z) dz=>ii’' r (p) . (p + m.) — — Cm” (cos <jb). 


Special cases of this formula, rosombling the ro.sult8 of 4? 9'2, are obtainable by taking (f> 
equal t<i 0 or tt.] 


11 -42.. (jegenhauePe investigation of the addition theormn. 

The method used by Gogonbauer, Wimer Sitzungsherichie, LXX. (2), (1875), pp. 8 — IG, 
to obtain the addition theorem of J) 11'4 is not quite so ea.sy to justify as Sonine’s 
transformation. It consists in proving that £8 is a solution of the partial differential 
equation 

9'‘Q 2p+1 dQ 1 2p(iot(f)dQ 

32^ ^2 dz z^ d(p z^ d<f> ” ’ 
and assuming that £8 can be expanded in the form 

0= 1 A„-CV(oos(/>), 
m^o 

where lim independent of 0, and O',,," (cos 0) is a polynomial of degree ni in cos0; it 
follows that 

* Qegenbauer, Wiener Sitzungsberichte, nxx. (3), (1875), pp. 438 — 443, and Bateman, Proc, 
London Math. Soc. (2) iv. (1906), p. 472; of. also Barnes, Quarterly Journal, xxxix. (1908), p. 189; 
Modern Analysis, § 16-61 and Proc, London. Math. Soc.^) xvii. (1919), pp. 241 — 246. 

t Formula (16) has been given in the speoial ease vs 0 by Heaviside, Electromagnetic Theory, in. 
(London, 1912), p. 207, in a somewhat disguised form. 
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is a constant multiple of Cm" (cos (^), and so CJ'^^cos (t>) may be taken to be the oooffioient 
of a* in the expansion of (1 -2acos And then 5^, qua function of satisfies tho 

difierential equation 

, 2v + l , A (2 v+m)] „ 

so that Aw is a multiple of x" (-?), the other solution of this differential equation not 
being analytic near the origin. 

From considerations of symmetry Glegenbauer inferred that jSm} qua function of is 
a multiple of 


2 

ft=0 


»« CW' (oos 4 '), 


z> 


where is a function of v and m only ; and ’s determined by comparing coefficients of 
2 »»^» cos”* ^ in Q and in the expression on the right. 

A similar process was used by Q^enbauer to establish § ll’4i (3), but tho analysis 
seems less convincing than in the case of functions of the first kind. 


11*5. The degenerate form of tiie addition theorem. 

The formula 

(1) gfecos^ (£)* Jo 

was discovered by Bauer* as early as 1859 j it was generalised by Gegenbauer f , 
who obtained the expansion 

(2) «*■»■*_ 2' rw 2 („ + m)t'»ia^'o„*(co8A); 

in=0 « 

Bauer’s result is obviously the special case of this expansion in which 
In the limit when i/ 0, the expansion becomes the fundamental exftaiision 
of§2'l. 

Gegenbauer’s expansion is deducible from the expansion of § ll-4l (4) by 
multiplying by .2'*'+* and making Z-^co; it is then apparent from § 11*41 (9) 
and (10) that the physical interpretation of the expansion is that it gives 
the effect due to a train of plane waves coming from infinity on tho axis of 
harmonics in a form suitable for the discussion of the disturbance produced 
by the introduction of a sphere with centre at the origin, 

A simple analytical proof of the expansion consists in expanding .g*' e^oos';^ 
in powers of ^ and substituting for each power the series of Bessel functions 
supplied by the formula of § 5-2; we thus find that 

2»gizcos4>- I t2*C0S"<^ 

«=o n\ 

» V « ^''■^{v + n + 2k).Tiv + n + k) 

i»=0 n\ ^=,0 ~ ~ ' •dy+n+ak 


* Journal f Ur Math, lvi, (1869), pp. )|p4, 106. 
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If we rearrange the repeated series by writing n = m — ^h, we deduce that 

00 ntn — at prtiaWi— 2fc fk 

„t=oft-o h\{m~2k)\ 

= 2''r(i/) 2 (v + m) i”* Jv+m (2) C'm*’ (cos 0), 

TO = 0 

and this is Gegenbauer’s result. 

Modified forms of this expansion, also due to Gegenbauer, are 


( 3 ) 


gzooB^ = 2" r (v) 2 (v + m) 

m=Q 


^v+m (^) 


(4) g-zoo80 2'* r {v) t (-)”* . {v + m) (7,/ (cos 


m=0 


Z 

Iv4-tn 


Gm'' (cos <f>), 


OQ Jf ( 

(5) cos {z cos ^) = 2*' r (v) 2 (— )"* . (y + 27n) — — 0”^^ (cos <f>), 


«i=0 


(6) sin (z cos <^) = 2” F (v) 2 (— )”* . (y + 2»?i + 1) 

»i=0 


»'+8OT+l 

Z ’' 




G‘'2,rt+1 (cos </)), 


0 ) 


1 = 2-1 + 

ni-0 * 


(8) f Gm’'(co3(p)ain'“'<f>d<f} 

Jo 


2** r (y+ r (.^) r ( 21?+ /^) t / (z) 

IQ ?/i,!r(2y) z’' 

The last is a generalisation of Poisson’s integral, which was obbiined by a 
different method in § 3*32. It is valid only when R (y) > - 

These forinulHiO are to be found on pp. <363 — 365 of the first of Oegonbiuier’s memoirs 
to which roferonco has just been made. 

Equation (1) was obtained by Hobson, Prac. LomUm Matk. *SW. xxv. (1804), p. <59, by a 
consideration- of solutions of Laplace’s equation in space of 2«/-l-2 dimensions, 2i'H-2 being 
an int^er. 

A more general set of formulae may be derived from (2) by replacing 
cos 0 by cos 0 cos </>' + sin 0 sin </>’ cos i/r, multiplying by sirP'"'’ t/t, and inte- 
grating with respect to i/r. The integml* 

[ Gvi' (cos <fi cos <p' -f- sin 0 sin cos -^) sin’"'”* 

” 

I \Zv-\r'iU) 

which is valid when R (y) > 0, shews that 

I exp [iz (cos ^ cos 0' -l- sin ^ sin cos i/r)] siiP”"' yjr dyjr 
Jo 

= 2"-Mr(.)l» 2 

m-0 ^ "r ^ 

*■ Of, Gegenbauer, Wiener SiteungsbericlUe, lxx, (2), (1874), p. 433; on. (2a), (1898), p. 942. 

24 


W , B . V . 
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and so 

The integral used in the proof converges only when R{v)>0, but the final 
result is true for all values of v, by analytic continuation. 


This result was given by Bauer, MilTUshener Sitemiffsberickte, v. (1876), p. 263 in the 
case v=-i; the general formula is due to Gtegenbauer, Mmatahefte fWr Math, und Phys. x. 
(1899), pp. 189 — 192; see also Bateman, Mmmg&r^ xxxni. (1904), p. 182 and a letter from 
Qegenbauer to Kapteyn, Proo. Swtion of 8ci., K. Acad, van Wet. te Amaterdam, iv. (1902) 
pp. 684—588. 


Interesting special oases of the fomula are obtained by taking </>' equal to ^ or to ; 
and, if we put 0' equal to multiply by sin®*' 0 and int^rate, we find that 


(10) I " (z sin (^) sin®*' (f>dif> 

_ 2«' nj(2tr) S ( — )*'* (**4-^) Jy + im. (^) + {^) 

• m=o' wi! e*” Z" ’ 

BO that the expression on the left is a symmetric function of z and Z\ this formula also 
was given by Bauer in the case v = 4 . 


11'6. Bateman’s expansion. 


We shall now establish the general expansion 
(1) \zJ^{z cos ^ cos <l>) Jy {z sin ^ sin <J>) 

= cos'^ </) cos'* <E> sin” ^ sin** <!) 2 (— )”(p, + z/ + 2w + l)/H-»'+iMH-i (■®^) 

n-O 


xJFi{-n,fjL + v + n + l',v + l; sin® 4>), 


which is valid for all values of fi and v with the exception of negative integral 
values. 


Some of the results of § 11'5 are special cases of this expansion, which was 
'discovered by Bateman* from a consideration of the two types of normal 
solutions of the generalised equation of wave motions examined in § 4*84, 
We proceed to give a proof of the expansion by a direct transformation. 

* Measenger, xxxm. (1904), pp. 182 — 188 ; Proc. London Math. Soc. (2) in. (1906), pp. Ill — ^128. 
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It is easy to deduce from the expansion (§ 5-21) of a Bessel function as a 
senes of Bessel functions that 
\zJ^{z cos 0 cos <I>) (z sin <\i sin <E>) 

mto mir(;a + m + l) 7“ 


= cos**^ (j> cos'* <E> sin" <f> sin" ^ % 


t »«-0 


(— )m coginn ^ cogam (J) 

m!r(/i + ?n + l) 


X 2 k + ,, + 2m + 2n + l)£lii±ii±2!!l+±+l) r 

M-0 t ^ n!r(*/ 4 -l) ' 


fi-f «'+am+2n+i 


(^) 


^ 2 Fi{— n, fi + V + 2m + W + 1 ; 1 / + 1 ; sin® <f> sin® 4>)| 


=5 cos'* cos'* O sin" <f> sin" <I> S 


n~0 


(/M + v + 2n+l) (z) 


\ 2 K-)*** C 0 S®»» <t) cos®'” ^ . r (yLt + 1 / + ?t + m + 1 ) 

2»=o 1 m!(n-m)!r(y + l)r(/i + m+ 1) 

X a^i (m — n, /X + If + m + n + 1 ; i/ + 1 ; sin® 0 sin® <I>)| 

= cos'*0cos'*<I>8in"<f>sin"<I> I + 2». + l)r(/x + if + n + l) 

«-oL ♦'!r(/^+i)r(i/+i) 




(^) 


^ .iF^ (■” w, ^ + 1/ + M + 1 ; ^ j/ -j- 1 j cos® (j) cos® sin® (j) sin® <t>) 


where jp, denotes the fourth type of Appell’s* hypergeometric functions of 
two variables, defined by the equation 

7. 7; ^ 

We now have to transfornif Appell’s function into a product of hyper- 
geometric functions in order to obtain equation (1); in effecting the trans- 
formation we assume that R (/x) > 0, though obviously this restriction may 
ultimately be removed by using the theory of analytic continuation. 

The transformation is a consequence of the following analysis, in which 
series are rearranged, and a free use is made of Vandermonde s theorem : 

cos®'* . Jp4 (— w, + If -h ?i -h 1 ; yci -f- 1, 1/ -H I ; co.s® cos® <I>, sin® <f> sin® tfJ) 

V ^ ^Of +8 (/^ + 1' "f" n -|- 1 

.r„ ^0 r I (ya + i) 7 iVVl)r ^ 

= 2 (H‘ + v + n + l) ,.+g ^ ^)‘sin®'"^-’*0 ” (— )“ sin®*^** <!> 

r-o 8-0 r\{v+ 1 ),. ~i\(s~t)r «! (/x + r)~ 

* Comptes Rendw, xo. (1880), pp. 296, 781. 

t This transformation has not been previously notioetl to exist except in the special case in 
vfhich <1. = 0, see Appell, Journal de Math. (8) x. (1884), pp. 407—428 ; some associated researches 
are due to Tisserand, Annales (M&moirea) de V Obsei'vatoire (Paris), xviii. (1835), ra4m. C. 
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= S *2* '2 ^ ^)r+a (a*' + y + + 1 )r+a ^ sin”* <l> 

r-O «-0 ^-r «-r ^ I (v + l)y (i - r) ! (r + 5 - 0 Kw - r) ! (/i + l)r+,_„ 

= ^ i) 2 ” 2 ** (~ ^)r+a (f^ + v + n + l)r+a (~)*'^ sin^ ^ sip*** ^ 

<-0 tt-0 r-0 s-t-r r\(v+l)r(t-r)\{r + s-t)\(u-r)\{fi+l)^,_^ 


= I I 2 ^ ^ + l)t (^ + ^ + ^ + 1 )n-t (f) sin’^** ^ 

<-0«-0r-0 ^K*^ + l)r(<-r)!(M-r)l(/A+l)^ 

^ J I I t . ”)- fa sin« ^ <- sin-" 1. 

i-0 «-o i!(v+l)t ^ 


( )” (^ + 1) “ (■^^j/^ + i' + w+ l; 1 / + I; sin® <f>) 

x aFii— fi — n, V + n + 1 1 i;+l; sin* <l>) 
“ _j7 2 j~ cos®^ . jj^ I ( — fly fi + v + n-\‘\\ v + lj sin® 

Xji^iC-n, /i. + */ + w+l; v + l; ain®<[)). 
Hence we at once obtain the result 
^zJy.{z cos 0 cos $) Jy {z sin ^ sin 4>) 

= cos'* ^ cos'* sin" 6 sin" <I> 2 (/^ + y + w + 1) _ 

^ n-o W.!r(/i+l)r(l/+l) ‘/M+H^n+lW 

^ (^4. ij" * (~?i, /A + i' + w + l; i' + l; sin® 

A‘ + v + w + 1 ; 1 /+I; sin®*!)), 
from which Bateman’s form of the expansion is evident. 



CHAPTER XII 


DEFINITE INTEGRALS 


12*1. Various types of definite integrals. 

In this chapter we shall investigate various definite integrals which contain 
either Bessel functions or functions of a similar character under the integral 
sign, and which have finite limits. The methods by which the integrals are 
evaluated are, for the most part, of an obvious character ; the only novel feature 
is the fairly systematic use of a method by which a double integral is regarded 
as a surface integral over a portion of a sphere referred to one or other of 
two systems of polar coordinates. The most interesting integrals are those 
discussed in §§ 12'2 — 12’21, which are due to Kapteyn and Bateman. These 
integi’als, for no very obvious reason, seem to be of a much more recondite 
character than the other integrals discussed in this chapter ; their real sig- 
nificance has become apparent from the recent work by Hardy described in 
§ 12’22. The numerous and important types of integrals, in which the upper 
limit of integration is infinite, are deferred to Chapter xiii. 

The reader may here be reminded of the very important integral, duo to 
Sonine and Gegenbauer, which has already been established in § ll‘4l, namely 


+ z^ — 2Zz cos 4>)} 
0 (Z^ + z^ — 2Zz cos ^ y*" 


Cjh'' (cos (f)) sin®’' 


ttP (2y -I- m) ^u+m (Z) if) 

2»'-‘.wrr(v) Z” z^ 


12 'll. 8o nine’s first finite integral. 

The formula 

gy+\ fiir 

(1) ( Z ) = 2 up ( p + 1) ^ 

which is valid when both R{/jl) and R(v) exceed - 1, expresses any Bessel 
function in terms of an integral involving a Bessel function of lower order. 

The formula was stated in a slightly different form by Sonine*, Rutgers f 
and SchafheitlinJ, and it may be proved quite simply by expanding the inte- 

* Math. Ann. xvi. (1880), p. 86; see also Gegenbauer, Wiener Sitzungsberichte, lxxxviii. (2), 
(1884), p. 979. 

t Niemo Archief voor Wiskunde, (2) vi. (1906), p. 870. 

:]: Die Theorie der BeaeeVsehen Funktionen (Leipzig, 1908), p. 81, Sohafheitlin seems to have 
been unaware of previous researches on what he desoribes as a new integral. 
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grand in powers of z and integrating term-by-term, thus 
(-S' sin 0) sin'*+^ 6 6 dO 

l)Jo 


[chap, xn 


*v+l 


2''r(i/+i). 


= X 


j^+v+am+i 


r 


0 r(/a + m-Hl) r(y + 1) Jo 


gijjS/t+am+i COS®"’*'* ffdS 


fnaO Wl-ir(/i4-V-f-W.-4-2)’ 

and the truth of the formula is obvious. 


It will be observed that the effect of the fSactor sin'^'*'^ 0 in the integrand 
is to eliminate the factors r(jA + m + i) in the denominators. If we had taken 
sin^"**^ as the factor, we should have removed the factors ml. Hence, when 
jS (v) > — 1 and fi is unrestricted, we ^ve 

( 2 ) jy,(zBm0)Birf-'‘eoo^»0dS^J^^f^^. 

In particular, by taking j/ = — we have 

(3) f— ) [ Jn{zam6)su]}~>^6dd = 13.^^{z). 

\'jrJ J 0 


A formula* which is easily obtained from (1) is 

(4) j JfL {z sin 6) ly {z cos $) tan 6d6 = 

when B (y) > R(im)> — 1. This may be proved by expanding 7„ {z cos 6) and 
integrating term-by-term, and finally making use of Lommel’s expansion 
given in § 6'21. 

The functional equation, obtained from (1) by substituting functions to be determined, 
Fy. and in place of the Bessel functions, has been examined by Sonine, Math. Ann. 

LIX. (1904), pp. 629—662. 

Some special cases of the formulae of this section have been given by Beltrami, 
Istituto Lombardo JRendtcontii (2) xiiL (1880), p. 331, and Eayleigh, Phil. Mag. (6) xii. (1881), 
p, 92. [Scientific Papers, l. (1899), p. 528.] 

It \7ill be obvious to the reader that Poisson’s integral is the special case of (1) obtained 
by taking 

For some developments of the formixlae of this section, the reader should consult two 
papers by Rutgers, Nieim Archiefvoor Wiskunde, (2) vl (1906), pp. 368 — 373 ; (2) vii. (1907), 
pp. 88 — 90, 


12‘12. The geometrical proof of Sonine' s Jirst integral. 

An instructive proof of the formula of the preceding section depends on 
the device (explained in § 3'33) of integrating over a portion of the surface of 
a unit sphere with various axes of polar coordinates. 

If (?, m, n) are the direction cosines of the line joining the centre of the 
* Due to Eutgers, Nieuw ArcHef voor Wishmde, (2) rn. (1907), p. 176. 
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sphere to an element of surface d(o whose longitude and co-latitude are and 
d, it is evident from an application of Poisson’s integral that 

r* + i) r* (^) [* {z sin 6) sin'*'*'^ 6 cob*^+^ 6dB 

= I I ^ sin®'*'^^ 6 003®"+^ 6 sm®** <f>d<f)dB 

J 0 J 0 

= 1 1 m®*‘ n®''+* dto 

e^. dco 

J J 2 > 0 , m >0 

f [* e**“”®sin®^'^’'+®dcos®'‘ ^8in®''+^</)d<^dd 
Jo 0 

2r (/LL + V + §) Jo 

= i r (/* + i) r (v 4- 1) r (i) (s), 

and the truth of Sonine’s formula is obvious. 

An integral involving two Bessel functions which can be evaluated by the 
same device* is 

f t/p(af8in®d)/p(ifcos®d)sin®*'+‘d cos®‘'+'ddd, 

Jo 

in which, to secure convergence, Ii(v)> — }. 

If we write 

cr® “ sin^d -f- cos*d — 2 8in®d cos®d cos ^ = 1 — sin® 2d cos® | (f>, 
and use § 11’41 (16), we see that the integral is equal to 


(bY 


i'f' J.(liir) 


r(-'+i)r(i) 


/ 

Jo . 


gin4''+i d COS'*'"'"* d (f>d(f> dd 


(W" f'f*'' i'JMLr 42 !f ,in..+.09in>' UMB 

2"+' r(i' + J) r(i)J Jo ( 1 -ami^cos’i^)*' ™ 

, (1^)- ff 

2 -«r(.+j)r(i)Jj,»o,™>« ( 1 -i')*’ 

. ^ (1^)" 

■2-+T(:/ + i)r(i) 

■ 23w+i 


JJl>0,n>il 


.0 (1-H®)»» 


■nr r; f * [ *4 sin d) sin’"''* d cos®" (/> cos®" dd9d(f> 

r(z/-t-i)r(J) j-*Jo 

— 1 . I* J„( 2 sin d)8in’'"'"‘dcos®’'ddd, 

1 (v4- 1) Jo 


2si'+i 

so that finally, by § 12*11 (1), 

r*' 


(1) j* Jy {z sin®d) Jy {z cos® d) sin®*'-'"* d cos®’'+* ddd = +*1)J 

* This integral has been evaluated by a different method by Rutgers, Nieuw Archil voor Wii- 
ktmde, (2) vn. (1907), p. 400; of. also § 12-22. 
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Some integrals which resemble this, hut which are much more difficult to evaliiate, 
have been the subject of researches by Bateman, Kapteyn and Eui^ers ; see § 12-2. 

As a simple example of an integral which may be evaluated by the same device, the 
reader may prove that, when R (v) > —i, 

(2) J" coat. I, W*"- <>)} ’ 

by writing the integral on the left in the fonn 

- — 77 . f" f’'eteoQ8S+«aln8cos0sin2>'+i^siD2*'0c?^c?(i. 

2*'+ir(v+i)r(J) jo jo ^ ^ 

This formula was given (with j/aaO) by B6cher, Annals of Math. AaiL (1894), p. 136. 


12*13. Sonine's second finite integral. 

The formula 

(1) [* 4 {z sin d) J, {Z cos 6) eos ‘’+^ OdO = . 

which is valid when both R (/*) and R{p) exceed — 1, is also due to Sonine* ; 
and, in fact,, he obtained the formula of § 12*11 from it by dividing both sides 
of the equation by Z*' and then making Z ^0. 

A simple method of proving the formula is to expand the integral in powers of ? and Z 
and to verify that the terms of degree fi+j/+2»i on the left combine to form 

ml r(/i+v+m+2) ■ 

The proof by this method is left to the reader. 


We proceed to establish Sonine’s formula by integrating over portions of 
"the surface of a unit sphere. Under the hypothesis that R(fi) and R{v) 
exceed — we see that, with the notation of § 12'12, we have 

^ ) r f QQg 0^ sin '‘+^ 6 003*'+^ 6 dO 

h 

Jo . oJo 

gtel+i2h cos 0 ^a/i ginSi/ 


J OJ J m>0, n>0 


'OJJ n>Q,l>0 


gixm+iZl 008 ili /si'+i gin®’' ^ da> d^jr 


= rf f e»sin«(»oos^+.^sin«oos.;-) cos*^^ ain®''^^^ sin*^+*^ 'ylrd<f>d6dy(r 

JoJo J -iv 

= f* f| e«in»{*»+^07/i»'>cos*'‘^sin*'+*^dQ)d^ 

Jo J. m>0 

= I 1 1 e* ® ^ai/ QQg^ft 0 sin»'+* ddcodO 

Jo JJn^O 

m Ss- 

g» sin 8sin ^ (sr cos $+2 sin « cos*" <f>BUnf> COS*'^ 0 sin*"+* 6 drjr d<f> dd. 

) 

* Math. Ann. xvi. (1880), pp. 86 — 86. 
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Now the exponential function involved here is a periodic analytic function of 
with period 27r, and so, by Cauchy’s theorem, the limits of integration with 
respect to may be taken to be a and 27r + a, where a is defined by the 
equations 

tJT cos a. = Zt VT = Z, 

and isr = >J{Z^ + z^). If we adopt these limits of integration, and then write 
+ a for the triple integi’al becomes 

/■JjT riir fZir 

giw8iii<»8in0cos.A cos*"' sin cos'^^ sin*''+®^di/rci<^d^, 

Jo Jo Jo 

and this integral may also be obtained from its preceding form by replacing 
by «• and Z by zero. On retracing the steps of the analysis with these 
substitutions we reduce the triple integral to 

f f ei’WBm9oo80aii^2M+i^cos®''+^^sin“'‘^sin®'''x|rd^d>|rd^, 

Jo Jo J 0 


r (v 4- 1) r f j' 

J J tn>0, 

//, 


r(i. + i) 

r(v+i)r({) 


Qivrl 


M>0 




/>0, w>0 


r (jf 4- 1) 

1 (v + 1 ) J oJo 
2r (/a + // + «) Jo 


J. 


” -I ■ 


and we obtain Sonine’s formula by a comparison of the initial and final 
expressions. 

Sonine’s own proof of this formula was based on the use of infinite dis- 
continuous integrals, and the process of making it rigorous would be long and 
tedious. 

The formula may be extended to the domains in which (/a) > — 1, 

and — ^ > J? (i/) > — 1, by analytic continuation. 

In Sonine’s formula, replace Z by V(^* + cos <^), multiply by 
sin®‘'^/(.Z^-^-^-2i^fco8</))^^^ and integrate. It follows from § 11-41 (16) that 

(2) j (z Bin 0) J^(Z coa 0)Jy(^coa COB 0d0 

Z"^'' lV(z^ + Z^ + ^-2Z^ cos <^)} , 

■■2-r(»/ + ^)r(lf)Jo (z^ + Z^ + ^- 2^rcos <f>)i ^ 

provided that 

i2(;a)>-l, /i(x/)>-i. 

This result is also due to Sonine, ibid. p. 46. In connexion with the formulae of this 
section the reader should consult Maodonald’a memoir, Proc. London Math. Soo. xxxv 
(1903), pp. 442, 443. 
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12*14, Oeg&nhauer^ 8, finite integral. 

An integral which somewhat resembles the first of Sonine’s integrals, 
namely 


/, 


cos 


(z cos 6 cos ylt) sin 0 sin ^|r) G/ (cos &) bmy^Bdd^ 

has been evaluated by Gegenbauer*; we shall adopt our normal procedure of 
using the method of integration over a unit sphere. 

It is thus seen that 

r eM'cosooos.if aip 0 sin yjr) G/ (cda 0) 8m’"^0d0 

J 0 

"" U/*" («»««« G/ (cos 0) Bm^‘'-^<f>d<f>d0 

I \^/ I \5/ J J m^O 

= f [ e*® (0 da> 

” f f Gr ” (sin 0 cos <f>) co8“‘'~^ 0 sin 0d6 dd 

Air sill Z*^ 

r (y)>jr(^) j J ® 0/ (sin 0 cos ((f> + ^|f')] cos®**"^ 0 sin 0 d(f> d0, 

since the penultiiriate integrand is a periodic analytic function of with 
period 27r. 

If we retrace the steps of the analysis, using the last integral instead of its 
immediate predecessor, we find that the original integral is equal to 

(Icos-^ — m sin rlr) do) 

i JJn>0 

= \ '' ff (n cos'^—l sin yjr) m®'"* do> 

^ ^ xa) w>0 

Now, by the addition theorem f for Gegenbauer’s function, 

G/ (cos cos 0 — sin i/r sin ^ cos <f)) 

_ r(2v — 1) ^ 2^.(r— p)l {r (v 4-p)}® ^ 2 y i 2.n _ i\ gjnP gainPylr 

- {r(v)}®;!o r(2p+p+r) l)sitf'6;8mt 

X G;:j(co8^)a;iJ(cost)G;-*(cos0). 

* TTiener Sitzungtberiehie, lxxv:.( 2), (1877), p. 221 and lxxxv. (2), (1882), pp. 491 — 602. 

+ Thia.was proved by Gegeabaaer, Ftener Sitzungsberichte, lxx. (2), (1874), p. 488 ; on. (2a), 
(1898), p. 942. 
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12*14, 12*2] 

When this is multiplied by sin‘"'-i <f> and integrated, all the terms of the integral 
of the sum vanish except the first which is 

r(2v+r\ 0/ (cos d) Gr” (cos sin“''-^ 

We thus find that 

I gw cos 0 cos ^ gin ^ gin <^) 0/ (cos $) sin''+* 6 dd 

** 0 

_ r ! r (2y) . (^z sin 

r(v + i)r(2i; + r) io 

and hence, by § 3*32, 

(1) gisooaeoos (z sin e sin yjr) Or'' (cos 6) sin''+i 6d6 

/27rN^ 

= [-j) ^''Slrl'’-i^Jr0/(C0Sf)J^r(s). 

If we ecjuate real and imaginary parts, we obtain Qegenbauer’s formulae 

( 2 ) I cos (z cos d coa y/r) J^_^ (2 sin d sin f)Gr‘' (cos 0) sin''** 0dd 

J 0 

{ /27r\ i 

(-)*»• ^ _ j gin>'-l 0/ (cos ‘^) (z), (r even) 

’ (r odd) 

(3) sin (z cos 0 cos •^)J^(z sin 0 sin y^) 0/ (cos 0) sin’'^^ 0d0 

(r even) 

sin*"* yjr 0/ (cos t/t) J^^r(z). (r odd) 


and 


ro, 



(77 


12 * 2 . Integrals deduced jh'ovi Bateman’s eaypansion. 

In Bateman’s expansion of § 11’6, write ^> = </>; and then, noting Jacobi’s 
formula* 

ri"- 

2 I i(-n, iM + v + n + l] v + 1 ; sin® ^)}® cos®^+* (f> sin®''^' ^d(fj 

n\ r(/A + n+ 1) { r (y+ 1) }® 

•(/i + V + 2n + 1) r (|U. + V + ?i 4- 1) r (v + n + 1) ’ 
we deduce that, when R(fj.) and R(v) both exceed - 1, 

(1 ) z I J^(z cos® ^)J„(z sin® <^) sin (jj cos (f>d(f> == 2 (-)" J^+r+m+i (e), 

•' 0 »=0 


• Journal fUr Math. lvi. (1869), pp. 149—176 [Werke, vi. (1891), pp. 184—202]. 
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that is to say 

(2) j (z'— t)dt — 2 2 (-*)” J ii+K+sfl+i (^)‘ 

J 0 »=o 

An important deduction from this result is that, when R(ji)>0 and R{p)> — 1, 

fn fe 

2/4 j Jy{z — t) — — J \J (i) + J n+1 (i)} Jy{z 2J (^)» 

so that 

(3) = 

Jo 4/4 

This formula is due to Bateman*; some special cases had been obtained 
independently by Kapteynf, who considered integral values of /4 and v only. 

It will be observed that we can deduce from (2), combined with § 2’22 (2), 
that 

(4) I J)^{£)J^^(^z — t)dt = sm.z, 1 J^(t) Ji^^{z — t)dt — Jo (z) — COB z, 

Jo Jo 

when — 1 < (/t) < 1, and when -- 1 < (/t) < 2 respectively. 

By interchanging /t with v and t with z — t in (3), we see that, if R (/i) 
and R (v) are both positive, then 

(6) — Q _ /I I’N 

^ ^ ^ Jo t ' — t z 

It seems unnecessary to give the somewhat complicated inductions by 
which Kapteyn deduced (3) from the special case in which /4 = v = l, or to 
describe the disquisition by Rutgers J on the subject of the formulae generally. 


12*21. Kapteyn’ 8 trigonometrical integrals^. 

'A simpler formula than those just considered is 

(1) I cos (z — ^) Jo (t) dt = zJo {z), 

Jo 

* To prove this, we put thp left-hand side equal to u, and then it is easily 
verified that . 

and therefore 

u = zJo {z) -h A cos 4- .R sin .ef, 
where A and B are constants of integration. 

■* Prcc. Londcfli Math. Soc. (2) in. (1906), p. 120. Some similar integrals oooorring in the theory 
of integral equations are examined by the same writer, ibid. (2) ir. (190G), p. 484. 

\ Proc. Section of Sci., K. Akad. van Wet. te Amsterdam, vn. (1905), p. 499; Nieuv> Archief 
voor WisJcunde, (2) vn. (1907), pp. 20 — 26; M&m. dela Soc.E. des Sci, deLiSge, (8) vi. (1906), no. 6. 
t Nieuw Archief voor Wiskunde, (2) vn. (1907), pp. 886 — 405. 

§ Him. de la Soc. R. des Sci. de LiSge, (8) vi. (1906), no. 6. 
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12 - 21 ] 

Now, when z is small, 

u - z -\-0 ( 2 ®), 

and so = J5 = 0, and the result is established. 

It follows from (1) by differentiation that 

(2) [ Bin (z-t). Jo (t) dt = 2/1 ( 2 ), 

J 0 

and, by a partial integration, 

(3) I sin (2 - i) . Jj (t) dt = sin 2 - zJo ( 2 ). 

Jo 

The formula 

rz T (f\ 2 M 

(4) sin (2 - (it = ^ 2 (-)” {z). 

Jo 5 /^u~0 

which is valid when R (/u.) > 0, is of a more elaborate character, and the result 
of the preceding section is required to prove it. 

We write v=i Jo{z — t)Jn{t)di, 

Jo 

and then we have 

p+v~l‘ (z-t )+ (s - ()i j, (0 dt + j; (z) 

(w . 0 

= r , /-,((), it + //(z) 

Jo ^ — t. 

= rj^(z-t)'p^dt+j;(z) 

Jo c 

by § 12-2. 

„ By the method of variation of parainetoi’s (cf. §7’33), we deduce that 

V = A co.s 2+71 sin z '+ fi f sin (2 - t) — dt, 

Jo i 

^/i+i 

and, since v = f (^"-f 2) 

whei) 2 is small, it follows that, when l{{fi)>0, 

A = 7 ^ = 0 . 


Hence wo obtain the re<|uired rcsidt. 

By differentiating (4) with respect to 2 we find that 

(6) f cos (2 - i) d< = -^ S (-)" e,i J^+^n {z). 
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12*22. Hardifs method of evaMating finite integrals. 

As a typical example of a very powerful method of evaluating finite integrals wo shall 
now give a proof of the formula (of. § 12*12) 

r‘0*+'i) *^/*+y+ii (*) 


fhr 

« /.• 


which is valid when £(ji)>-j^ and R(v)>-^. 

The method is more elaborate than any other method described in this chapter, because 
it involves the use of infinite integrals combined with an application of Lerch’s thooi*oni+ 
on null-functions. 

Let Jv( 2 t^Goa^ 6 )r^*^*'*^ain^'^^ 6 ooa^'"*'^ 6 dds fi (r), 

2r (/I -H V -t- 1 ) V( 2 »r 2 ) ^ ^ ^ ^ ^ ^ 

By changing from polar coordinates (r, &) to Cartesian coordinates (a;, y) and using 
S 13*2 (6) wo see that, whenever t>\l{s)\, then 

J exp(— r®i)./i(r)ifr = exp 

~ 47r(i*+aa)» + ''+i 

= exp(-r8i)./2(r)fl?r, 

and hence, by an obvious modification of Lerch’s theorem, fi (r) is identically equal to 
/a(r) ; and this establishes the truth of the formula. 


12*3, Chessin’s integral for Y„ («). 

A cunous integral for Yn if) has been obtained by Chessin, Amen’cowi Jouroial, xvi. 
(1894), pp. 186 — 187, from the formula 


1 2 n-f-m 


Jo l-t 


dt ; 


if we substitute this result in the ooeflScients of the ascending series for Yn (»), wo obtain 
the formula in question, namely * 


( 1 ) 


Y.W=2(r+logi«) 

TO=o m ! 




l~t 


dt. 


* I must express my thanks to Professor Hardy for communicating the method to me before 
the publication of hie own developments of it. The method was used by Eamanujan to evaluate 

B^y cunous mtegrals; and the reader may nse it to evaluate the integrals examined earlier in 
.this chapter. m 

.V, ! “^* (1903)* PP* 839-862. The form of the theorem required here is 

tnat, if/{r) IS a continuous function of r when r >• 0, such that 


/: 


oxp(-r*t)./{r)dr =0 


for all sufficiently large positive values of t, then f(r) is identically 



CHAPTER XIII 

INFINITE INTEGRALS 

13*1. Various types of infinite integrals. 

The subject of this chapter is the investigation of various classes of infinite 
integrals which contain either Bessel functions or functions of a similar character 
under the integral sign. The methods of evaluating such integrals are not 
very numerous ; they consist, for the niost part, of the following devices : 

(I) Expanding the Bessel function in powers of its argumeni) and inte- 
grating term-by-term. 

(II) Replacing the Bessel function by Poisson’s integral, changing the order 
of the integrations, and then carrying out the integrations. 

(III) Replacing the Bessel function by one of the generalisations of Bessel’s 
integral, changing the order of the integrations, and then carrying out the 
integrations; this procedure has been carried out systematically by Sonine* 
in his weighty memoir. 

(IV) When two Bessel functions of the same order occur as a product 
under the integral sign, they may be replaced by the integral of a single 
Bessel function by Gegenbauer’s formula (cf. § 12’1), and the order of the in- 
tegrations is then changed f. 

(V) When two functions of different orders but of the same argument 
occur as a product under the integral sign, the product may be replaced by 
the integral of a single Bessel function by Neumann’s formula (§ 6 '43), and 
the order of the integrations is then changed. 

(VI) The Bessel function under the integral sign may be replaced by the 
contour integral of Barnes’ type (§ 6*5) involving Gamma functions, and the 
order of the integrations is then changed ; this very powerful method has not 
previously been investigated in a systematic manner. 

Infinite integrals involving Bessel functions under the integral sign are 
not only of great interest to the Pure Mathematician, but they are of extreme 
importance in many branches of Mathematical Physics. And the various types 
are so numerous that it is not possible to give more than a selection of the 
most important integrals, whose values will be worked out by the most suitable 
methods ; care has been taken to evaluate several examples by each method. 
In spite of the incompleteness of this chapter, its length must be contrasted 
unfavourably with the length of the chapter on finite integrals. 

* Math. Ann, xvi. (1880), pp. 88 — 60. 

t This procedure has been carried out by Gegenbauer in a number of papers published in the 
Wiener Sitzungsberichtc. 
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13*2. The integral of LipsohitZt with HankeVs generalisations. 
It was shewn by Lipschitz* that 


0 ) 



1 

v'(a“ + 6»)’ 


where R (a) > 0, and, in order to secure convergence at the upper limit of in- 
tegration, both the numbers R{a± ih) are positive. That value of the square 
root is taken which makes | a + V(a“ + 6*) j > j 6 |. 

The simplest method of establishing this result is to replace the Bessel 
coefficient by Parseval’s integral (§ 2*2) and then change the order of the in- 
tegrations — a procedure which may be justified without difficulty. It is thus 
found that*. 


f Jo (bt) dt = — [ V^ooba 

Jo wjo Jo 


1 r 


dd 


trjQ a — ib cos $ 
= lMa>+6>), 

and the formula is proved. 

Now consider the more general integral 


(bt) t>^-^ dt. 

This integral was first investigated in all its generality by Hankelf, in a 
memoir pubhshed posthumously at about the same time as the appearfuice of 
two papers by GegenbauerJ. These writers proved that, if ii: (^ + y) > o, to 
secure convergence at the origin, and the previous conditions concerning a 

and b are satisfied, to secure convergence at infinity, then the integral is 
equal to ° 

{\blay r (/x, + y) r,//4 + i;/A + v+ l h 

o^rcx + i) ’-"‘VT'— 2 — ■‘' + ^’-5 

To establih this result, first suppose that h is further restricted ao that 

6 1 < I a |. If we eipand the integrand in powers of b and integrate term-bv- 
term, we tmd that a uy 



7n=oWir(i/ + m + l) jo ® 




m<=: oml r (1/ + m + 1) 


r (yl4 4- y + 2m) 


* Journal fUr Math, lvi. (1869), pp. 191—192. 
t Math. Ann. rta. (1875), pp. 467—468 
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The final series converges absolutely, since j 6 1 < | a |, and so the process of 
term-by-term integration is justified*. Hence 

( 2 ) 

Jo 

_{^blayT(fA + v) f/j, + v fi + v+1 , 

a^r(z;-H) 2 ’ 2 + -a^)- 


The result hae, as yet, been proved only when R(a)>0 and j 6 | < | a | ; 
but, so long as merely 


li(a + ib) > 0 and R(a-ib)>0, 

then both sides of (2) are analytic functions of b ; and so, by the principle of 
analytic cohtinuatiqn, (2) is true for this more extensive range of values of b. 

Again, by using transformations of the hypergeometric functions, (2) may 
be written in the following forms : 


(3) f (bt) dt 

Jo 


_ (hblaYr(fj. + v) ( + l 

(^6)** r(/ i,-f y) jj, ffjb+v i~/j, + v 

(a» + r ( V -1- 1 ) * ^ ”2 ’ 2 ’ 



v + 1; 


v + 1 ; 


6® \ 
a* + 6V’ 


6® 


The formula (2) has been used by Gegenbauerf in expressing toroidal 
functions as infinite integrals ; special cases of (2) are required in various 
physical researches, of which those by LaiubJ may be regarded as typical. 


By combining two Bessel functions, it is easy to deduce that 


(4) 


j e-<^i YAbt)f-'^dt 

{\hyT{ti+v) 


= coti 


— cosec vTT 






(ttzl 1 

\ 2 ’ 


— + y _ 


-/i-V 

2 


1 . 

a® + 6V’ 


provided R{fi) > | /?(v) | and ^ (a ± 26 ) > 0 ; special ciuios of this formula are due to Hobson, 
Proc. London Math. Sue. xxv. (1892), p. 76, and Heaviside, Ehctronuujnetic Theory, iii. 
(London, 1912), p. 85, 

It is obvious that interesting special cases of the formulae so far discussed may be 


* Cf. Bromwich, Theory of Infinite Seriee, § 176. 

t Wiener Sitzunyeberichte, c. ( 2 ), (1891), pp. 746 — 766; Gegenbauer also expressed series, 
whose general terms involve toroidal functions and Bessel functions, as integrals with Bessel 
functions under the integral sign. 

t Proc. London Math. Soc. xxxiv. (1902), pp. 276 — 284; (2) vii. (1909), pp. 122 — 141. See 
also Macdonald, Proc. London Math. Soc. xxxv, (1908), pp. 428 — 448 and Basset, Proc. Camb. 
Phil. Soc. V. (1886), pp. 426—438. 


W. B. P. 


26 
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obtained by cboosing n and v so that tbe bypergeometric functions reduce to elementary 
functions. Thus, by taking /x equal to i'+ 1 or v + 2, we obtain the results 


( 6 ) 


( 6 ) 


/ oo 

/ CO 

0 




(aa+b*)*'+iy»r’ 

2g.(26)»'r(y+.f) 


provided that R(v)> - .S (w) > — 1 respectively. 

These formulae were obtained by Qegenbauer, Wiener Sitmnffaberichte, lxx. (2), (1876), 
pp. 438 — 443; they were also noticed by Sonine, Math. Ann. xvi. (1880), p. 46; and Hardy, 
Th'ane. Camb. Phil. Soc. xxi. (1912), p. 12; while Beltrami, AtU della R. Accad. delle Sci. 
di Torino^ xvl (1880 — 1881), p, 203, and Bologtm Memorie^ (4) n. (1880), pp. 461 — 606, has 
obtained various special formulae by taking /xal and v to be any integer. 

Other special formulae are 


(V) 

(8) 


/: 

/: 




e~'^J„(bt)di‘ 


vb'^ 

{J{a'i+b^)-aY 


0 b''jJ{a^+h^) 

[Noth. It was observed by Kncherle, Bologna Memorie, (4) vm. (1887), pp. 126—143, 
that these integrals are derivable from the generalised form of Bessel’s integrals (§ 6'2) by 
Laplace’s transformation (cf. § 9*16). This aspect of the subject has been studied by 
Macdonald, Proc. London Math. Soa. xxxv, (1903), pp. 428 — 443, and Caillef, M^. de la 
Soc. de Physique de ffenbve, xxxiv. (1902 — 1906), pp. 295—368. The differential equations 
satisfied by (6) and (6), qm functions of o, have been examined by Kapteyn, Archives 
M^erlandaises, (2) vi. (1901), pp. 103 — 116.] 

The integral J Jo(bt) tdt was obtained by Neumann, Journal fUr Math, lxxii. 

(1863), p. 46, as a limit of a series of Legendre functions (of. § 14’64). The integral does 
not seem to bo capable of being evaluated in finite terms, though it is easy to obtain a 
series for it by using the expansion 


cosech ir<= 


>2 2 a-(2»+i)’rt_ 

»=o 


A series which converges more rapidly (when b is large) will be obtained in § 13*51. 
Some integrals of the same general type ai*e given by Weber, Journal fiir Math. Lxxv. 
(1873), pp. 92 — 102 ; and more recently the formula 


(9) 


/: 


Jv(ht)t^dt (SSj^rCyH-^) * 


2 


1 


«'‘-l Jv n"i {n^ir^ + b'^y-^^' 

which is valid when R{v)>0 and 1 7 (6) | < tt, has been obtained by Kapteyn, Mdm. de la 
Soc. R des ScL-de Liige, (3) vi. (1906), no. 9. 


13'21. The Lipschitg-Hankel integrals eapressed as Legendre functio7i,s. 

It was noticed by Hankel that the hypergeometric functions which occur 
in the integrals just disdussed are of the special type associated with I^tegendre 
functions; subsequently Qegenbauer expressed the integrals in terms of toroidal 
. functions (which are known to be expressible as Legendre functions), and a 
little later Hobson* gave the formulae in some detail 

* Proc. London Math Soc, xxv. (1898), pp. 49 — 76. 
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To obtain the fundamental formulae*** of this type, we shall change the 
notation by writing 

a = cosh a, h = i sinh a, 
where a is a complex number such that 

- J7r</(a)^^7r; 

we thus obtain the formula 

(1) f I, (t sinh a) di = F (/i + 1 / + 1) (cosh a), 

Jo 

provided that JB + i/) > - 1. 

The special csase of this formula in which i/»=0 hod been given by Callandreau, Bull, des 
iSoi. Math. (2) xv. (1891), pp. 121 — 124, two years before Hobson published the general 
formula. 


It follows at once from (1) that 

(2) [ e-f cosha ginh a) dt = F (/i - */ + 1) Qm" (cosh o), 

J 0 81 “ {/^ + v)7r 

provided that JB (/i. + 1) > | 72 (v) | . 

The modification of (1) which has to be used when the argument of the 
Legendre functionf is positive and less than 1 is 

(3) f ^ Jp(t ain /8) dt <= r (jj, + V + 1) P^L~‘' (coa /3), 

J 0 

and hence we find that 


(4) f F„(2sinyS)i'‘ di = — 

Jo 


sin /jLTT F(/x — V 4- 1) 


sin {/X + V) TT ' TT 

X [Q/ (cos 0 + Oi) + Q/ (cos ^ — Oi) e 


Some special cases of this formula have boon given by Hobson, loo. cit. p. To, and by 
Heaviside, Electromagnetic Theory.^ ui. (London, 1912), p. 85. 


An apparently different formula, namely 


( 5 ) 


/, 


0 V® 


dt _ (cosh a) 

V(i7r) 


has been studied by Steinthal:}:. This formula is connected with formulae of 
the previous type by Whipple’s§ tiunsformation of Legendre functions, which 


* Since, by a change of variable, the integrals are expressible in terms of the ratio of b to a, no 
generality is lost. The various expressions for Legendre functions as hypergeometric series which 
are required in this analysis are given by Barnes, Quarterly Journal, xxxix. (1908), pp. 97 — 204. 

t The reader will remember that it is customary to give a different definition for the Legendre 
function in such circumstances ; cf. Hobson, Phil. Trans, of the Royal Soc. olxxxvii. A, (1896), 
p. 471 ; and Modem Analysis, §§ 15’B, IB’6. 

t Quarterly Journal, xviii. (1882), pp. 837 — 340. 

§ Proe. London Math. Soc. (2) xvi. (1917), pp. 301—314. 


2.5—2 
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expresses a function of cosh a in terms of a function of ootha. The more 
general formula of the same type is 


( 6 ) 


j‘*g.*008h« ^ 


cos vnr (cosh a) 


sin (jti -h v) TT . sinh'*"* a ’ 


In these formulae, JB (/a + 1 /) > 0 and 5 (cosh a) > 1. 


On replacing v by — */ in (6), we find that 

/■«• jP^~i (cosh a) 

(7) (t) p,-i di =. vci^r) . r (/* - r) r Oil + „) ■ 

and this formula is valid when i? (/a) > | JR (v) | and jR (cosh a) > — 1. 


If we take oosh a<sO, we deduce that 

(8) I" 


a result given by Heaviside* in the case v<^0. 
When (7) becomes 

(9) Kv{t)dt 

and hence, if v=0, 


TT sinh va 
sin vff sinh a ’ 





arc sinh 


ore sin ij{\ — a®) arc cos a 


If we replace a by ±t6, we find that 

r J. in- + »■ arc sinh 6 

io' 

and so, when | / (6) | < 1, 

( 10 ) 

arc sinh 6 


( 11 ) 


/, 




The former of these is due to Basset, ff^drodynamics, iL (Cambridge, 1889), p. 32. 

[Note. Various writers have studied the Lipsohitz-Hankel integrals from the aspect of 
potential theory ; to take the simplest (^ise, if (p, <f>, e) are cylindrical coordinates, we have 

It is suggested that, since «“<*< {zt) is a potential function, the integral on the left is a 
potential function finite at all points of real space except the origin and that out the plane 
2!«»0 it is equal to 1/p, and so it is inferred that it must be the potential of a unit chaise at 
the origin. But such an argument does not seem to preclude the possibility of the integral 
being a potential function with a complicated essential singularity at the origin, and so 
this reasoning must be regarded as suggestive lather than convincing. 


* Electromagnetic Theory, in. (London, 1912), p. 269. 
t On the axis of z, the integral is equal to a oonstant divided by | s | . 
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For various researches on potential theory with the aid of the integrals of this section, 
the reader may consult Hafeu, MaOi. Ann. lxix. (1910), pp. 617—637. For some develop- 
ments based on the potential function 

/"/o [A J{(^- dt, 

see Bateman, Mmmger^ xn. (1912), p. 94.] 


13‘22. .Applications of the addition formula to the lApschitz-Hankel integrals. 

It is easy to deduce from the results of the preceding sections combined 
with §11*41(16) that, if all four of the numbers R(a-i:ib + ic) are positive 
and R{fi + 2v) > 0, while ra- is written in place of -f o'* - 2bc cos <f)), then 

(1 ) [ (bt) (ct) P--^ dt 

J 01 


aw 


r(-+i)r(i) 


/T 




(hoy V(ix + 2v) f" „ //jb + 2v /4 -H 2v 1 

7raM-H.r(2i/-f l)Jo" A 2 " ‘ 2 ‘ 


pL+u-i gin®- (ffd(j>dt 

; 1 ; - sin®- fjid<f>. 


The hypergeometric function reduces to an elementary function if /a = 1 or 2; 
and so wo have 


(2) jy /, w (oo * = ^ 0.-* ■ 

The case /a = 2 may be derived from this by differentiation with respect to a. 


These formulae, or special ctisos of them, have been examined by the following writers: 
Beltrami, Bologna Memorie, (4) ll. (1880), pp. 461 — 605 ; Atti della R. Accad. ddte Sci. di 
Torino, xvr. (1880 — 1881), pp. 201—206; Sommei'feld, Kiinigsherg Dissertation, 1891; 
Gogenbuuer, Monatskefte fUr Alath. xtnd Phys. v. (1894), p. 65 ; and Macdonald, Proc. 
fjondon Math. Soc. xxvi. (1895), pp. 267 — 260. 

By taking /i= — 1, »/«=! in (1), we find that 

f f {s/(«®-i-2 -2 cos (/))- «}(!-: -ofi (f))d(f), 

J (I t- Zvr J 0 

so that the integral on the loft, wliich wa.s encountered by Rayleigli, Phil. Mag. (6) xlii. 
(1896), p. 195 [Sciexiti/ic Papers, iv. (1904), p. 260], is expressible as an elliptic integral. 


An integral which may be associated with (1) is 

(3) cos at /. (U) ru (ct) dt^l . 

This was discovered by Kirchhoff* as early as 1853 ; the reader should have 
no difficulty in deducing it from § 13*21(10) combined with § 11*41 (16); it 
is valid if all the numbei*s 

R(c±h± ia) 


are positive. 


Journal fUr Math, xivni. (1864), p. 864. 



390' 


THBOBY OF BBSSiaL FTJNOTIONS [OHAF.Xm 

A some'what similar result, namely 
(4) (ht) (ot) dt 

_ (2/1 + 1) rir_ Bin^ . 

r(v+^)r(^) Jo (a®+2taooo8 0-c®cos*0+2»*)'*+i’ 

which is valid when ^ (o+i6 + tc)>-0 and 5 (/!)>■ — 'J, is due to Qegenbauer, Wt&tier 
Sitmng$herichte^ Lxxxvni. (2), (1884), p.. 996. It is most easily proved by substituting 
integrals of Poisson’s type for the Bessel functions. In the memoir cited Qegenbauer has 
also given a list of oases in which the integral on the right is expressible by elementary 
functions (cf. § 13'23). 


13‘23. Gegertbauer's deductions from the integrals of lApschitz and Hankel 

A formula due to Gegenbauer, Monatshefte fO/r Maih. und Phys. iv. (1893), 
pp. 397—401, is obtained by combining the results of §13-2 with the integral 
formula of § 6‘43 for the product, of two Bessel functions; it is thus possible to 
express certain exponential integrals which involve two Bessel functions by 
means of integrals of trigonometrical functions*. The general result obtained 
by Gegenbauer is deduced by taking the ibrmula 

2 

J^{bt)Jv (bt) = “ j (26^ cos cos — d^, 

multiplying it by and integrating from 0 to oo ; it is thus found that,, 

if i2 (a) > I / (b) I and JB (/a + v) > — |, then 

e-*^J^{bt)Jy{bt)t/^+''dt= I j”J^e-^^J^+y(2bt(M3<l>)P^^'>(MB(ji--y)(f>.d<^^^ 

2 

“ 0 io 


2 f ^ i4b cos r + r + , , 

TT j b (4a» + 46» cos* <f>y+'^i Vw 


The inversion of the order of the integrations presents no great theoretical 
difficulties ; hence 

(1) f e~'^Jy,(bt)J,(bt)t^'^’'dt 

J 0 

_ r (/t + y +-^) 6^+* ' r hr 008**+*' <fiCOB(fJL—v)tl> . 

TT^ Jo (a* + 6® cos* 0)’*+''+* 

This result, in the special case in which /i=vs=0, had been obtained previously by 
Beltrami, Mti della R. Accad. delle Sat. di Torino, xvi. (1880—1881), p. 204. 

As particular cases of (1) take /i>=l and v equal to 0 and to — 1. It is found that 


(2) 

( 3 ) 


* See also an earlier note by Qegenbauer, ihii. pp. 879 — 380. 
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where the modulus of the complete elliptic integrals K and E is + 6®). Beltrami’s 
corresponding formula is 

■ (4) 

Eeplacing h by i6, we deduce from (2) that 

(6) 

where Ria)>\R{h)\^ arid the modulus of the elliptic integrals is b/a. The formulae (3) 
and (4) may be modified in a similar manner. 

It was stated by Qegenbauor that the integrals in (2), (3) and (5) are expressible by 
means of elliptic integrals, but he did not give the results in detail; some formulae 
deducible from the results of this section were given by Meissel, Riel Programme 1890. 
[Jalvrhuch iiber die Fortschritte der Math. 1890, pp. 621 — 622.] 


13-24. Weber's infinite integral, after Schafheitlin. 


The formula 

( 1 ) 


(0 ^ 

^ 2''-'*+^ r (y - i /i + 1 ) ’ 


in which 0 < .R (w) < (i/) + was obtained by Weber* for integral values of 

V. The result was extended to general values of v by Sonin ef ; and the com- 
pletely general result was also proved by Schafheitlin J. 


The formula is of a more recondite typo than the exponential integral formulae given 
in § 13‘2; it may bo established as a limiting case of those fornmhie, for, since the conditions § 
of convergence Jiro stvtisfiod, wo have by ^ 13'2 (3) 


”°J„{t)dt 

0 


lim 

a-^+O 


/: 




2 ''r(v + l)'* ^\2’ “ 2 ’ 


v+l ; 


0 ’ 


whence the formula is at once obtained. 


A direct method of evaluating the integral is to substitute Poissoti’s integral for the 
Bessel function, and then change the order of the integrations ; this is the method used by 
Schafheitlin, but the analysis is intricate bewuise the result is established first for a 
limited range of values of and v and then extended by the xise of recurrence formulae 
and partial integrations. 


Analytical difficulties are, to a large extent, avoided by using contour 
integrals instead of the definite integrals of Schafheitlin. If we suppose that 

* Journal fUr Math. lxix. (1868), p. 230. The special cose in which v=0 was set by Stokes as 
a Smith’s Prize question, Jan. 29, 1867. IMath. ami Phys. Papers, v. (1906), p. 347.] 
t Math. Ann. nn. (1880), p. 89. 
t Math. Ann. xxx. (1887), pp. 167 — 161. 

§ Ot Bromwich, Theo/ry of Infinite Series, § 172. 
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J? (/*) < 0 and R (v) > — we then have (the integrals being absolutely con- 
vergent) 

po.) ^ r\- ty-^ f^os cos <?) sin- edOdt 

i +00 (- O’'-'*-"" S'-i V{v+ i) r (^) j +00 ^ ^ j 0 ^ ^ 

- 2^sin/fn-.r(/i)co8|/i7r ^ ^ • s, 

— 2»-r(v+i)r® Jo 

_ — 24sin/i7r. r(-J'/4) 

“2''-'‘+^r(v--i /» + !)■ 

By the theory of analytic continuation, this result is valid when fi and v are 
subjected to the single restriction R(n)<R(v + 1). 

When R (ya) > 0, we deform the contour into the positive half of the real 
axis taken twice, and we at once obtain the Weber-Schafheitlin formula. 

The integral* 

f(o+)H,(-t)dt 

J+ce 

may be treated in exactly the same manner; the only difference in the 
analysis is that cos (t cos d) has to be replaced by — sin (t cos d), and so, by 
Euler’s formula (adapted for contour integrals), the factor cos^/att has to be 
replaced by — sin 

It is thus found that 

f (o+)H„ (— t) dt __ 2^ sin ^iir. F (^/a) tan 

J+« 2’'-f‘+'r(z;-i-;i + l) ’ 

provided' that R{ii)<R{y-\- f ) and R (fi) < 0. 

When R(fb)>-1, the contour may be deformed into the positive half of 
the real axis taken twice, so that 

j''® H„(f)d^ r (|/x) tan (^;u.7r) 

2''-M+irCv-i/a + l)’ 


( 2 ) 


[ 0 

provided that — 1 < jR (^) ^ 0 and R(ji)< R(v) + f . 
If we take /x = 0, v = 1, we see that 

H, (t)dt 


( 3 ) 


r 






This result, combined with the asymptotic formula 

''H.i(2t)dt 2/1 1 \ cos(2j7+i7r) 




1 f” 

-n- j g, 


I2x^/ 

was used by Struve, Ann. der Phytih und Chemie, (3) xvii. (1882), p. 1014, to tabulate 

1 /•" Hi (20 dt 
fr j g, ^ 

for both small and large values of a;. The last int^al is of importance in the Theory of 
DifiFraction. 

* Q-eneralisations obtained by replacing Bessel fnnotions by Lommel’s functions (§ 10-7) in 
the integrals of this section and in many other integrals are discussed by Nielsen, K. Danske 
Videntkdbemei SeUkabs Skrifter, (7) v. (1910), pp. 1 — 87. 
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[Notb. By differentiating (1) under, the integral sign we obtain Weber’s result 

(4) Jo(t)logtdi^-y’^log2; 

this formula has also been investigated by Lerch, MoncU^hefte fUr Math, und Phys. l 
( 1890), pp. 105—112. 

The formula for functions of the second kind, corresponding to (1), i's 

W + i 2’'“»^ + i7r ’ 

provided that | /2(i/)|<jK(ft-v)<§. This result has been given by Heaviside, Electro- 
magnetio Theory, iii. (London, 1912X p. 273, when v=0.] 


13’ 3. Weh&r's first exponential integral and its gen&ralisations. 

The integral formula 

( 1 ) J,(at)exp(-pH<‘).tdt = ^exp(-^j 

was deduced by Weber* from his double integral formula which will be 
discussed in § 14‘2. This integral differs froln those considered earlier in the 
chapter by containing the square of the variable in the exponential function. 
It is supposed that [ argp [ < ^tt to secure convergence, but a is an unrestricted 
complex number. ^ 

It is equally easy to prove Hankel’st more general formula, 


( 2 ) 


J Jv (at) exp (— t^) . dt 

r(^v + |/a).(ia/p)'' „ 
2p^r(v+l) * ' 


+ I/a; j/ + 1 ; — 



by a direct method. To secure convergence at the origin, it must now be 
supposed thatj 

R(fjb + v)>0. 

To obtain the result, we observe that, since (by § 7 •23) 


[ /|,|(|al0.1exp(-^«i‘’)l.|<'^ ^\dt 
J 0 

is convergent, it is permissible§ to evaluate the given integ^’al by expanding 
J„ (at) in powers of t and integrating term-by-term. 


* Journal far Math. lxix. (1868), p. 227. Weber also evaluated (2) in the case /x = x + 2, »- being 
an integer. 

t Math. Ann. vm. (1876), p. 469. See also Gagenbauer, Wiener Sitzungsherichte, Lxxn, (2), 
(1876), p. 346. 

J This restriction may be disregarded if we replace the definite integral / by the contour 
/■(0+) 

integral i 

§ Of. Bromwich, Theory of Infinite Series, § 176. 
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It is thus found that 


J 0 


= S 


omir(v4-7n, + l) 

(-)” (i T(^v + ^fjL + m) 


f exp dt 

Jo 


[Qm\r{p + m + iy 2 p«'+'‘+*» 

and this is equivalent to the result stated. 

If we apply Kummer’s first transformation (§ 4*42) to the function on the 


right in (2), we find that 

(3) f Jv {at) exp (-pH '*) . dt 

Jo 


_ T(iv + M'(ia/py f a‘) j. + 

and so the integral is expressible in finite terms whenever fi — pia an even 
positive integer. 

In particular, we have 

provided that R(p)> — 1. This integral is the basis of several investigations 
by Sonine, Math. Ann. XVI. (lijPSO), pp. 36 — 38; some of these applications are 
discussed in § 13’47. 

In order that the h 3 q)ergeometric function on the right in (2) may be 
susceptible to Kummer’s second transformation (§4‘42), we take /i«=l ; and, 
if we replace v by 2i/, we then find that 

( 6 ) Jt,(at)exp(-pH*),di:^^exp . 

a result given by Weber in the case 

If we replace V by — v, it is easy to see that 

(6) I (at) exp (— pH*) dt 

— ^ “'p + 1 (|i) H • 

when I R (p) | < ^ ; and, if we make p -^0, (a being now positive), we find that 

(7) rr..(at)dt — 

Jo ® 

when I i2(v) I < ^, by using § 7 *23 ; and, in particular, 
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Formiilae (6) and (6) were given (when yasO) by Heaviside, Electromagnetio Theory y III. 
(London, 1912), p. 271. 

Another method of evaluating the integral on the left of (3) is suggested by Basset, 
Proc. Gamh. Phil. Soo. viii. (1896), pp. 122 — 128 ; the integrals have also been evaluated 
with the help of Laplace’s transformation by Macdonald, Proc. London Math. Soo. xxxv. 
(1903), pp. 428 — 443; see also Curzon, Proc. London Math. Soc. (2) xm. (1914), pp. 417 — 
440 ; and Hardy, Trans. Gamh. Phil. Soc. xxi. (1912), pp. 10, 27, for formulae obtained by 
making jo* a pure imaginary. 

For some applications of the integrals of this section to the Theory of Conduction of 
Heat, see Rayleigh, Phil. Mag. (6) xxii. (1911), pp. 381—396 [Scientific Papers, vi. (1920), 
pp. 61 — 64]. 


13'31. Weber's second ecoponenticd integral. 

The result of applying the formula §11*41(16) to the integral just dis- 
cussed is to modify it by replacing the Bessel function under the integral 
sign by a product of two Bessel functions of the same order. 

If -BT = \/(a“ + 6“ — 2a6 cos and if (v) > — |, R (2v -b /x) > 0, | argjp | < 
we thus deduce that 


[ exp (— jp®#*) J„ (at) Jy (ht) dt 
J 0 


_ r r 

~r(u+i)r(i)JoJo 


exp (— sin®” <f)d^dt 

tET 


“ ^p^r(2v + i) J 0 ^ V V/ ' ‘ V 2 ’ 

The hypergeometric function reduces to unity when fji = 2', so that 




1“ exp (-pV) J. (at) J. (W) tdt = l}xp (- 




({ah/fY / a® + 6®\ f" (ab cos (^N . ^ 

2p®rT.Tf)rTf)"*Pr'^ 


If we expand the exponential under the integral sign, we find that 

ab \ 


I 


^ exp (- pH^)Jy(at)Jy(bt) tdt = exp {- — ) 4 ( 


This formula is valid if J? (v) > — 1 and | arg p 1 < ^tt. 


Like the result of § 13‘3, this equation is due to Weber, Journal f Ur Math. LXIX. (1868), 
p. 228; Weber gave a dilFerent proof of it, as also did Hankol, Math. Ann. vni. (1876), 
pp. 469—470. The proof given here is due to Qegenbauer, Wi&ier Sitzungsberichte, lxxii. 
(2), (1876), p. 347. Other investigations are due to Sonine, Math. Ann. xvi. (1880), p. 40; 
Sommerfeld, Kiinigsberg Dissertation, 1891 ; Macdonald, Proc. London Math, Soc. xxxv. 
(1903), p. 438 ; and Cailler, Miftn. de la Soc. Phys. de Oo%h)e, xxxiv. (1902 — 1906), p. 331. 
Some physical applications are due to Oarslaw, Proc. London Malh. Soc. (2), vni. (1910), 
pp. 366—374. 
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13*32, Generalisations of Weber’s second easponential integral. 

When the Bessel functions in integrals of the type just considered are 
not of the same order, it is usually impossible to express the result in any 
simple form. The only method of dealing with the most general integral 

[ Jy, (at) Jp (bt) exp (— pH*) dt 

J 0 

is to substitute the series of § 11*6 for the product of Bessel functions and 
integrate term-by-term, but it seems unnecessary to give the result here. 
In the special case in which X = v — fi, Macdonald* has shewn that the integral 
is equal to 


(hay-” 

p^T(p-v) 





fab sin 6\ f b*+ a* sin® d\ 

“p ( — 


de. 


by a transformation based on the results of §§ 12*11, 13*7. 


An exceptional case occurs when a = 6 ; if i? (X, + ^ 4- v) > 0, we then have 


f 


Jyi (at) Jp (at) exp (— pH*) t^~'^ dt = 


r A + v N 
0^+-' { 2 J 


W fl + V + 2 

2 . 2 


X -f 

2 ’ 


fi + 1, V + 1, /M + v + 1 ; 



by using the expansion of § 5*41. Some special cases of this formula have 
been investigated by Gegenbauerf . 


13*33. Struve’s integral involving products of Bessel functions. 

It win now be shewn that, when iE -f v) > 0, then 
/n f“ /.«)/. (0 r(yi.+y)ra) 

Jo >+T0»+,.+i)r(/. + i)r(.< + i)' 

This result was pbtaiaed by Struve, M4m,. de VAcad. Imp. de» Sci. de Si Pitersbourg, (7) 
XXX. (1882), p, 91, in the special case ^=j# = l ; the expression on the right is then equal 
to 4/(37r}. 

In evaluating the integral it is first convenient to suppose that R (g.) and 
R (v) both exceed It then follows from § 3*3 (7) that 

(2a. -1) (2^-1) 

Jo 2'^+''-*n-T(g. + ^)V(v + ^) 

f" fi’" /■^"‘sin (i sin d)sin(i sin <6) • a - 

X I — ^ — cos^“® 6 cos®""® ^ sin 6 sin <pd6d<pdt. 

J 0 J a J 0 t* 


* Proe. London Math. Soe. xxxv. (1908), p. 440, 
t Wiener Sitzungaberichte, Lxxxvin. (1884), pp. 999 — 1000. 
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In view of the fact that sin (i sin &) sin (t sin does not exceed numeri- 
cally the smaller of l/f and sin ^ sin the repeated integral converges 
absolutely, and the order of the integrations may be changed. 

Since • 

f” sin {t sin 6) sin {t sin <fr ) , Utt sin 6, 

Jo liTT sin <j>, (0 $s 

we find that the triple integral is equal to 

^TTj j QOB^~^ 6 cos**^ <!> sin® 6 sin (f)ddd(j> 

ri’T fo 

+ ^ TT J J cos*'‘“® 0 cos®*'~® ^ sin ^ sin® ^ d(l>d0. 

But, by a partial integration, we have 

{2v ” 1 ) J cos®"-® ^ sin ^ I J cos®^~* 0 sin® 0d^ d(f> 

= 1^— cos®""^ <f) J 008 ®'*“® 0 sin® 0 d^ + J cos®*'"' . cos®'*"® <fi sin® <pd<f> 

== r(/i + i'-i)r (f) 

2r (^ + V + -i) 

The other integral is evaluated in the same manner, and so we have 

r(/. + v-l)r(|){(2/.-l) + (2^-l)l 

Jo ^+''r(/i + z, + i)r(/i + i)r(*; + i) ’ 

whence the result stated is evident. The extension over the range of values 
of and V for which merely i? (//. + v) > 0 is obtained by the theory of analytic 
continuation. 


It may be shewn in a similar manner that, when 72 (^ + i/) is positive, then also 


r(/*+v)r(*) 

Jo «'*+•’ 2'*+’'r(u+v+i)r(u+i 


2'*+*'ro*+v-i-i)r(/*+4)r(v+i)' 

This result was also obtained by Struve {ihid. p. 104) in the case = 1. 
By using § 10‘46 wo find that, when R (/*) and R {v) exceed 
«KyoHj^) 

J <'*+*’ 


/, 




2'*+*'-^7rr (/i+i)r(»/+i) 


f” f !"• {I— COB (< sin ^)} {1 - cos (t sin </>)} 

Jo Jo Jo 

X co8^~® 6 cos‘^''“® ^ sin 6 sin <f}ddd(fidt. 


Now, if a and /9 are positive, it appears from a consideration of 


/ 


(l-a«<*)(l-6P<») 


dz 


This result is easily proved by contour integration. 
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round a oontoizr consisting of the real axis and a large semicircle above it, that 
f" (1 - cos (1 - cos (i3t)} ^ l‘“ ain (at) am (fit) 

jo ^ j 0 ^ ' 

Hence the triple integral under consideration is equal to the triple integral evaluated in 
proving (1), and consequently (2) is established in the same way as (1). 

The reader will prove in like manner that, if R (ft) and R (v) both exceed ^ , then 


(3) 


/. 


■dt 


0 2'‘+«'0i+r-i)r(/x+i)r(v+i) 


and this may be extended over the range of values of /* and v for which and 

R{n-{-v)>l. 


The integrals 


/: 


^+.+2 ^+v+r~ 


dt 


may be evaluated in a similar manner, but the results are of no great interest*. 


13 ‘ 4 . The discontinuous integral of Weber atid Schafkeitlin. 
The integral 

T K (b t) , 


f 


m which a and h are supposed to be positive to secure convergence at the 
upper limit, was investigated by Weber, Journal filr Math. Lxxv, (1873), 
pp. 7o 80, in several special cases, namely, 

(i) X. = ^-0, .,= 1, (ii) X = -J, ,. = 0, 

^.net Jfort. Anru m (1880), pp, M_52; b„t h, ay 

detail, nor did be lay any atraas on the diaoontiiiaities which occur S a and 6 

^me ^ Soma yaara later the integral wea invaatigatad very thoroughly byThaf 
heithn+, but his preliminary analysis raatu tn n c.«v»rawi, + j oy oonar- 

linear differential eqnationa. somawhai undue eatanl on the theory of 

The special case in which X«=0 was discussed in irqa ia,r n i 

elegant transformation of contour integrals • unfortiinfl.f,Al if ^ 

to adapt Gnblefa analyaia to tha mora^^al caaa .n wL xT^’ 
special case wiU be given subsequently (§13-44). ^ ^ ^ ^ 

Some related integrals have been evalnated hv Riomrar. d 

1890Cf«M«rXi«,„d<.FomrX,iar*,jg„x J-rogramm, Barlie, 

m.«r 

lf«r;:a;;t: 1. diac™.d hy Sonina, 

§ Math. Ann. xirvin, (1897) pp 87^ i n ? ' P- 

derBesseVschen Funktionen, ii. {Bern,^0), pp.VgeSs*^ ^inleitung in die TheoHe 
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The first investigation which we shall give is based on the results of § 13‘2. 
The conditions for convergence are* 

(fi + v + 1) > It (\) > — 1, {at^h) 

(/A + V + 1) > -R (X) >0, (a = 6 ) 

it being supposed, as already stated, that a and h are 'positive. 

We shall first suppose that the former conditions are satisfied, and we 
shall also take h <a. The analysis is greatly shortened by choosing new 
constants a, 7 defined by the equations 
j2a =/L 6 + v — X + 1, 

|2/8 = v — X — /i + 1, 

I 7 = 1 , 

It will be supposed that these relations hold down to the end of § 13’41. 

It is known that 

Jo c-*-+oJo 

since the integral on the left is convergent ; now, when c has any assigned 
positive value, the integral on the right is convergent for complex values of h\ 
we replace i by 2 and the resulting integral is an analytic function of z when 
R{z)>0 and \I{z)\< c. 

a— at ly-i 



Now 


"Q 

J (J 


p-.-ts 




m) 


dt 


m=o w!1(7 + v'OJo 
provided thatf • 

- f ”6-“^ I Ja-z (<d) ; dt 

J 0 


r»to ?a!r(7 + m) 


is absolutely convergent; and it is easy to shew that tliis is the case when 
1 2 1 < c. 

Hence, when 1 2 1 < c, 

J,-, = I (i")*;'’ f](2o!+ im) _ 


/, 


p-a~P 


.r,, ml r (7 + m) ' (ar + c^Y '-'» F (a ~ yS + 1 ) 

X .,Fi \ a + a - /9 + 1 ; j , 


* It follows from the asymptotic expansions of the Beesel functions that the conditions 

(yi + ;» + 1) > ii (X) - - - 1 

are sufficient to secure convergence when n = ft, provided that yx-i* is an odd integer. 
t Cf. Bromwich, Theory of Infinite Series, § 176. 
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and the hypergeometric function on the right may be replaced by* 

r(a^^ + i)ra) ^.i._ 


r(i 


'+c»y 


Now the moduli of the terms in the expansion of 

fl-Pi(a + m, x) 

do not exceed in absolute value the alternate terms in the expansion of 
(1 - where A is the greater of | 2a [ and 1 2yS - 1 1; and, similarly, the 

moduli of the terms in. the expansion of 

9J’j(a + m + i, 1 — ^ — m; f; a?) 

do not exceed in absolute value the alternate terms in the expansion of 

(1 — 

Hence the terms in the infinite series which has been obtained do not 
exceed in absolute value the terms of the series 


I {\aY-^ r(2a+2m) [ T Q) (1 

mto w!r(7 + m) (a» + c“)“+«» L|r(l-^-: 


-V«)' 


A— 2m 


wi) r (a + m + 1) I 

ir(^-^-m)r(a + w)| 

where a; = c®/(a* + o*). But this last series is absolutely convergent when 
1 8: 1 < V(a® + c“) - c, and it represents an analytic function of in this domain. 

Hence, by the general theory of analytic continuation, 

Jo 

= i T' (2« + 2m) 

m^Q ml T{ry + m) (a^ + c®)“+™ P (a - y8 + 1) 

provided that z satisfies the three conditions 

R{z)>0, 1 1 (8) I < c, \z\< V(a» + c*) - c. 

Now take (7 to be a positive number so small that 

b < + (7^) - 0, 

and take 0 < c ^ O', so that also 

b < V(a* + c*) - c. 

* Of. Forsyth, Treatise on Differential Equations, (1914), § 127. 
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Then in the last integral formula we may take z=>h, and when this has been 
done, if we use fonctions majorantes just as before, we find that the resulting 
series has its terms less than the terms of an absolutely convergent series 

“ (-r r (2a + 2m) T r(|) (1 - 

m-o w!r(7H-m) ■ + [l T (1 - /9 - m) r(a + m + J) j 

|r(|-^-m)r(a + m)| ’ 

where Z-(?»/(a“ + C“). 

Hence, by the test of Weierstrass, the original series converges uniformly 
with respect to c when 0 c $ C, and therefore the limit of the series when 
c 0 is the same as the value of the series when c = 0. 

We have therefore proved that 

.“oJo 

r (2a + 2m) „ 

m!r(7+“»i) a2“+^r(a-)8 + l)^ 


ni=o 1 1 (7 + m) 
and therefore 

Jg-f, (at)Jy.i(bi) 


+ m, i - J 3 - m; a - j 3 + 1 ; 1), 


/: 


p-a-p 


dt 


(_)m p (2a + 2m) r il) 


m=0 w! r (7 + m) tia+^+2m (1 _ ^ p („ + ^ • 

It has therefore been shewn that 




( 1 ) /■ 

that is to say 

( 2 ) _ 

X 2F1 




r* (5^ + + ^) 


^•*■1 r (1/ + ] ) r (i X. + 1 /A - i j/ + i) 


Ui + i/ — X.+ 1 V — X, — ii+l _ h^\ 

-2 — ■- — 2 - ^ ; -+ 1 ; s)' 


provided that 0 <h<a, and that the integral is convergent. This is the result 
obtained by Sonine and Schafheitlin. 

If we interchange a and b, and also /jl and v, throughout tl\p work, we find 
that, when 0 < a < 6 and the integral is convergent, then 

/q\ ['^Jo.-z(at)Jy.i(bt), r (g) 

p-a-r - 27 — P r (7 - o) r (a - /9 + 1) 

X aXi ^a, a - 7 + 1 ; a- /3 + 1 ; . 


W. B. P. 


26 
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Now it so happens that the expressions on the right in (1) and (8) are not 
the analytic continuations of the same Junction. There is consequently a 
discontinuity in the formula when a — h; and it will be necessary to examine 
this phenomenon in some detail 


13*41. The critical case of the Weher-Schafheitlin integral. 

In the case of the integral now under consideration, when a = b, we have, 
as before, 

r r« 

Jo ^ Jo ^ 

assuming that B{ti + v + 1) > i2 (X) > 0, to secure convergence. 

Now consider 


I 


* (“0 *^ 7-1 («<) 

^ a*. 


where « is a complex variable with E (s) positive. 

When E (s) > 2a we may expand the integrand in ascending powers of a 
and integrate term-by-term, this procedure being justified by the fact that 
the resulting series is convergent. 

We thus get, by using § 5*41, 


/■ 

JO 




J J t-p (at) J y — 1 (at) 




dt 


« '/•'> 
^ I 

i-oJo 


g-zt (_)m(|a)a-^+v+»m-j fsa-Hm-i p (a- j3 + y+ 2m) 


^ m! r (a — /S -1- m -f 1) r (7-t- wi) r (a — ^ 7-1- m) 
= i r (2a -f- 2m) r (g - )9 + 7 -I- 2m) 

w-o r(a — /8-fOT + l)r( 7 -l-wi)r(a — ^-|-7-f-7n) ’ 


dt 


Now the integral on the left is an analytic function of s when E (^f) > 0, 
and so its value, when s has the small positive value c, is the analytic con- 
tinuation of the series on the right. 

But, by Barnes’ theory*, the series on the right and its analytic continua- 
tions may be represented by the integral 

1 /■“< r (2a -h 2s) r (a - /3 + y + 2s) ^ . 

— /y-f s + l) r(7 + a)r(a — y9-l-7-f-s) * 

and this integral represents a function of s which is analytic when | arg ^ | < tt. 
It is supposed 'that the contour consists, of the imaginary axis with loops to 
ensure that the poles of F (— s) lie on the right of the contour, while the poles 
of r (2a -1- 28) and of F (a — /S + 7 + 2s) lie on the left of the contour. 

When 1 2: 1 < 2a we may evaluate the integral by modif3dng the contour so 
as to enclose the poles on the left of the contour and evaluating the residues 


Proc. London Math. Soc. (2) t. (19o7), pp. 69 — 118. See also §§ 6*6, 6-61 supra. 
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at them. The sum of these residues forms two convergent series proceeding 
in ascending powers of z ; hence, when i2 («) > 0 and \z\< 2a, 

r® J t-fi (Cf’t) J y-l jO't) 

Jo 

_1 “ (— r(7 — g— — m)r(a+ ^m) 

“ 2 „,to ml r (1 - A? - r (7 - a - ^m) T (7 - /3 - ^m) 

1 ” (-)”* (|a)~”*~^ r (a + A? - 7 — m) r (^a + ^7 - i/8 4 - ^m) 

2 wil r(ia-i/:i-i7-im + l) r(iA< + i7-i«- W r(^a-^^ + |7-^m)‘ 

Now jR (7 — a — i8) > 0, and so, when we make z assume the positive value 
c and then make c -*■ 0, we deduce that 

n ^ r ^ (|a)y — r (7 - a - /9) r(a) 

1^ ^-a-3 2r(i-/c3)r(7-'a)r(7-^) 

provided that R (a) >0, JS (7 — a — /9) > 0. 

From the Gaussian formula for jjPi (a, yS; 7 ; 1),' there is therefore no discontinuity 
in the value of the integral, though there is a discontinuity in the formula which 
expresses that value as b increases through the value a. 

The result may be written in the alternative form 
(2) 

(iaY-'^vcK)rafi+hv~-^\+{) 

2r + ^) T (-^x + + i) r (|x + }ffj, — + 1) 

provided that iJ {/x + 1/ + 1 ) > JR (X) > 0. 

If /i — 1/ is an odd integer the integral converges when 0^ R (X) > — 1 ; 
this case next demands attention. 

We shall make a change in notation by writing a+p and a-p - 1 in 
place of fi and v in the preceding analysis ; if R (X) > 0, we then find that 


^ Q-Zt » +p (^0 Jg-p-l (®0 
0 

_ J_ r r (2a + 2a) T (2a + 2g - X) , 

27ri.' -aoi T (a + p + s + 1) T (a —p + s) F (2a -f s) 

_ 1 * ( —)”* r (X — m) r (g - ^X 4- ^m) 

2 „f!lo m! r (p — Jm + ^X + 1) r (— p — ^m + ^X) F (a + |X — ^m) 

1 * (-)”* (^a)~”*~^ F (- X — m) F (g + ^m ) 

2 witi m ! F (p — + 1) F (-p — ^vi) F(a -• ^m) ’ 

26—2 
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and hence 


^3^ p {O'^y J (<^*) 

Jo ^ 


2 *’r {p + + 1 ) r (a + ^x) t* (^x —p) ' 


unless X = 0. This should be compared with the more general formulae 
obtained from § 13*4, namely that, when & < £?, 

J t+y (Q^) p— 1 

'0 


( 4 ) f 

Jo 




dt 


-2^a-^-^r(a-^))r(p + iX + l)®^' -P “ ^’aV’ 
and, when & > a, 

(6<) 


t/g 

0 


(5) f 

Jo 


- 2^b-+^-^-i-^r(a-hpA)^rQ\-p)^^(‘* + l «+;) + !; ^) . 

Since X ^ 0, the functions on the right in (4) and (6) do not tend to limits 
when a -*- h. 

On the other hand, when X is zero, the contour integral becomes 
■«< (ia)»-+"-' {r (2« + 2^)p r (~ s) 


i_ f*’ 
mJ-o 


2Tri J _*<«*“+*• r (a +J) + « + 1) r (a — p + s) r (2a + s) 
and the residue at « »= — a is (— )^'/(2a). 

It follows that 

Ja-p-l p (pj) 


ds, 


^-P-ir(a) 
•J«+JP (®^) '^a-p-l (^0 dt s= "I 1^2(1^ 


0 , 

according ash < a, b = ayb> a. Since 

JF^{a,-~p\ ct-p] l)»{-)Pp\V{ot-p)/T(a)y 


it is evident that the value of the integral when a is the mean of its limits 
when J » a - 0 and i = a + 0. 


The result of taking Xn 1 in (2) is 


(7) 


j Jfi. {at) Jy {at) 


dt 2 sin ^ (v — /i) w 
t v — /i* 


) 


which is also easily obtained by inserting, limits in § 5*11 (13); this formula has been 
discussed in great detail by Kapteyn, Proc. Section of Sd., K, Ahad, van Wet. te 
Amtterdfmy iv. (1902), pp. 102 — 103; Archivee N4erlandaues, (2) vi. (1901), pp. 103 — 
116. 
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13*42. Special cases of the discontinuous integral. 

Numerous special cases of interest are obtained by giving special values 
to the constants (i, v in the preceding analysis. To save repetition, when 
three values are given for an integral, the first is its value for h<a, the second 
for & = a, and the third for 6 > a ; when two values only are given, the first is 
the value for h^a, the second for 6 > a ; and the values are correct for all 
values of the constants which make the integrals convergent. 

The following are the most important special cases* : 


n t 


i {bjaYlfi, 

jjT^ sin [fj. arc sin (6/a)}, 


•''> ‘ U(i + 

rj, (at) cos it. j>-o«8(,.arosm(4/a)), 

dt = < a<^ cos hflTT 

Jo t 1 , niA • 


•' {fjL[b+t^(b^-a^)Y’ 

sin \fi arc .sin (b/a)] 

4) ) f (at) sin bt .dt= \ oo or 0, 

^ cos i/LtTT 

y(b^ - a '^) . [6 + V(6“ - a®)l'‘ ’ 

'^c os [yu. arc sin (b/a)} 

V((i’‘-0^) ’ 

5) I J^(at) COB bt . dt = i 00 or 0, 

® ge sin ^fiTT 

V(6=* - g=) . [b + - a’'*)}^ 

Special cases of preceding results are 


sin bt.dt= -I > 

(l/V(6*-a“). 

fl/V(a’-n 


( 6 ) 

[ Jo(at) 
Jo 

0) 

[ d'o(at) 
Jo 


[R(h>)>0] 

iR(p.)>-l] 

[E(/.)>0] 


[R(m^)>-i] 


These two formulae, which were given by Weber t, Journal f Hr Math. Lxxv. (18 » 3), 
p, 77, are known as Weber’s discontinuous factors •, they are associated with the problem of 
determining the potential of an electrified circular discj. 

* NumerouB othw special cases are given by Nielsen, Ann. di Mat, (8) xiv. (1908), pp. 82 90. 
The integrals in (4) and (5) diverge for certain values of /* when a = b. 

t The former was known to Stokes many years earlier, and was, in fact, set by him as a 
Smith’s prize examination question in Feb. 1868. [J/fltft. aVid /‘hi/s. Papers, v. (1906), p. 819.] 

X Of. Gallop, Quarterly Journal, xxi. (1886), pp. 280 — 281. 
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Another special formula is 


( 8 ) 


.'ft 


1 /( 26 ), 

0 ; 


[OHAP. xm 


[i2 (fx) > 0] 


and if we put /i = 1, we obtain Weber’s result (ibid., p. 80 ), 

* /•“ f®’ 

( 9 ) Jo(at)J,(bt)dt = -lli 2 h), 

' |l/6. 

The result of putting in (8) is known as Dirichlefa disoontinuoiu faator; see the 
article by Voss, Enei/dopildie der Math. "Win, u. (1), (1916), p. 109. 

Some other special formulae have been found usefiil in the theory of Fourier series by 
W. H. Young, Leiptiger Berichte, Lxm. (1911), pp. 369—387. 

Another method of evaluating (5) has been given by Hopf and Sommerfeld, Arohiv der 
Math, utid Phyt. (3) xvm. (1911), pp. 1—16. 

A consequence of formula (1) must be noted. When v > 0, we have, by § 6-61 (D), 
n-o y 0 t 

j a t 

and so 

I ‘'i' (^) \<h I (^) I ^ 1/V2, 

^ this is an interesting generalisation of Hansen’s inequality 

(§ 2'6) which was discovered by Lommel, Miinohmw Ahk. xv. (1886), pp, 648 649. 

The reader may find it interesting to deduce Bateman’s integral*, 

( 11 ) 

from the Weber-Schafheitlin theorem. 




13 - 43 . Oegenbauer’i, investigation of the Weber-Sohafheiain integral. 

In the spe^ care in which the Bessel functions are of the same order 
fn be evaluated 

If R ( 2 i/ + 1 ) > (\} > R {v + ^) we have 

[ 


J,{at)J.(U)~ 
z 

(ia6) 


= fvr f" V(a» + 6»-2a6 cos 0)| . 

r(>^ + i)r(i)Jo Jo (a** + 6“ - 2 ab cos <^)*- ' 


. (a6)-r(v-U+4^ 

2^(v-i-i)i'(i)r(ix,+i) jfis 


7 ' sin^^'cf.dA 

Jo Ca“ + 6® — 2 ab cos 


Matenger, xnn. (1918), ppl’o^gs’ formula by another method, see Hardy, 

t Wiener SitzungsberichU, Lxixvnt, (2), ( 1884 ), p. 991. 
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by § 13*22. When b < a, the expression on the right is 

2 *o-« r (K + i) r (i) r\ix + i) (s) /, 

Now from the recurrence formulae 

^ 1(1 = (« + 2,.- 1)(1 

^ {(1 - C^iz)] = - (« + 1) (1 - C\+,{z), 

we see that 

(n + 1) (1 - G\+i(z) dz 

fa- ^|(l - C^n'* (^)| dz 

= (n + 2/u.-2p-l)J z(l-z-)'’~iGn'^(z)dz 

= f a - 

so that 

[ Gf^n+i(ooB(f))ain^’'6d6 

•* 0 

(n + 2/i~2i/ — 1 )(m + 2u. — 1) , T. 

(2i/ + w"+l) (n + l) jo 

Hence it follows that 

X 2^1 + i, i + 1 ; , 

and this agrees with the result of § 13*4. 

The method given here is substantially the same as Gegenbauer’s ; but 
he used slightly more complicated analysis in order to avoid the necessity of 
appealing to the theory of analytic continuation to establish the result over 
the more extended range R{2p + 1)>R{X) > — 1. 

By expanding the finite integral in powers of cos we obtain the formula 

fl'l f fat) J" r (v — I’X + ^) 

(1) 1^ J. {at) J, (bt) ^ 

„ f2v + 1 — X 2v f 3 — X , 4a®6“ \ 

X .,F, ^ ; V + 1 ; (-2-:^-^) . 

which is valid whether a >b or a<b. This result was given by Gegenbauer, 
and with this form of the result the discontinuity is masked. 

The reader will find it interesting to examine the critical case obtained 
by putting 6 = a in the finite integral. 
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13‘44. Ghibler's invesUgation of the Weher-Schafheitlin integral. 

The integral 

Jft (at) Jp (ht) dt 


f 


will now be investigated by the method due to Gubler*. It is convenient 
first to consider the more general integral 

r* J^(at) Jp(U) 

J 0 


dt 


.'0 t ^ 

even though this integral cannot be evaluated in a simple manner by Gubler’s 
methods. It i^s first supposed that JS (v) > 0, B (X) > B (/u. - X) > -' 1; and, 
as usual, a and b are positive, and a >b. 

From the generalisation of Bessel’s integral, given by § 6’2 (2), it is evident 
that the integral is equal to 




dsdt. 


J -00 

We take the contour as shewn in Fig, 29 to meet the circle \z\ — l and the 



line R(z), = 0 only a.t z = ± t; and then, for all the values of z and t under 
consideration, 

B{^bt(z-llz)] ^0', 

and the repeated integral converges absolutely, since 


f 




0 I ^ 

is convergent. The order of the integrations may therefore be changed, and 
we have 




z-^^ dtdz. 


If we write 


Math. Ann. xivin. (X897), pp. 87 — 48. 
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and suppose that that value of ^ is taken for which | f | > 1, we have, hy § 13‘2, 


I aa)^r()a- X + l) 

Jo J -« (t + r (/. + 1) 

X — + 1^5 /^- + 1} 

1 r (/A - \ + 1) rf>+) 

“27ri r(/a + l) 

X 3-^ 1 “^"1" I)/*"!* Xj /i4*l, dz, 

by Rummer’s transformation*. 

Next consider the path described by when ^r describes its contour. Since 
the value of S’ with the greater modulus is chosen, the path is the curve on 
the right of the circle in Fig. 29; and the curve is irreducible because different 
branches of z, qua function of S’, are taken on the different parts of it. The 
curve meets the unit circle only at where to is the acute angle for which 
6 = tt sin oj. 

Now both the original integral and the final contour integral are analytic 
functions of X when R(\)>-1, so long a Hence we may takef X =0, 
provided that it! (/x) > - 1 ; tind then wo have 


[ Jfi (at) ,/„ (bt) (it 
Jo 


(2/a)rf+'5— ^ , 


Next write zr and then 

T (ctT + b) ’ ar + b' 

and the r contour is that shewn in Fig. 30; it starts from — b/a, encircles the 
origin clockwise, and returns to — b/a', where the contour crosses the positive 
half of the real axis, we have arg t = 0. 

dz 1 (idr 

^ (1 + ~ “ 2 T (^Ta) ’ 

we find (on reversing the direction of the contour) that 


J,j,{at)J„{bt)dt 


T-JiK-M-i) (6 t 4- (ttr + dr 

2Tri J 


27ria''+*j _i \ a® / 


* Journal far Math. xv. (1880), p. 78, formula (67). See also Barnes, Quarterly Journal, xxxix. 
(1908), pp. 116—119. 

t If X^O, the hypergeometrio function does not in general reduce to an elementary function, 
and the analysis becomes intractable. 
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If we expand in ascending powers of 6*/®® and substitute the values of the 
Euler-Pochhammer integrals, then Gubler’s result 


.'0 


{at) Jy (ht) dt 


is manifest. 




fi+v + \ y — /U. + 1 


: " + 1; 



13-46. A modification of the Weher^Schafheitlin integral. 

The integral j " 

which o^verges if (a) > | /(6) | and ij (;c+ 1 - x) > | JJ (,.) | , is expressible in 
temeof hypergeom^cfimctdona, Uke the Weber-Sohafheitlin inteKral, but 
unlike that integral it has no discontinuity when a = 6. 

of i.aesummg temporarily that 
lh|<|a| m order that the result of term-by-term inteiration may be a 

convergmit senes. By using § 13-21 (8) it is found that ^ 

(1) I " Jy (ht ) j * TOO 

i i I, — dt= 2^— 

_ + + V(iv-i\-i;n + i) 

2^+^ ^,r-A+l p 2) ■ 

acd, in particular, ^ 2 ’ * fjiJ 

(2) (at) (U\ /.m+h +1 ^ (2by T (;i4 4- y + n 

provided that i(„ + l)> ^ 

Formula a) was given by Heaviside * when ^ - r , o and X is 0 and - 1 
EI«U’cnc^ (LoT,do:,, 1912). pp. 949, 268, 276. 
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13 * 46 . Generalisations of the Weber-SckafheitUn integral. 

To obtain the values of integrals containing three Bessel functions under 
the integral sign, take the integral 

J^(at)J„ {hi) 

Jo 

replace 6 by + o“ — 26c cos ^), where 6 and c are positive, multiply by 
sin®” ^/(6® + c“ - 26c cos and integrate. It is thus found that 

p ^ ^ gtc)-; r- p sm» 

Jo r(i;+i)r(|)Jo Jo ^ ^ 

where -sr = - 26c cos ^) ; and the integral on the right is absolutely 

convergent if 

JH (v) > — R (^jx + V H* 2) > (\ + 1) > 0. 

Change the order of the integrations on the right ; then the result of the 
integration with respect to t is an elementary function of ■nr if \ -t- v + 1 == ± /*, 
by the formulae 


/: 


V 4UL—V — 1 


m'’ 


r {fx-vY 


{a > cr) 


It follows that 

(1) r {at) J, (ht) J, (ct) t^->^ dt 
Jo 


(ibc)^ 


a/^r{/x-v)r{p+i)r{i)Jo 

in which the value of A is 


[^(a® - 6“ - c® + 26c cos 8in*''</>d<^, 

Jo 


0, arc cos 


6® + c® - g ® 
26c 


TT 


according as ct® is less than, between, or greater than the two numbers 

(6 - c)®, (6 + c)®, 
provided that both R (fx) and R {v) exceed — 

In particular 

Multiply by a''+‘ and differentiate under the integral sign with respect to 
a ; and we then obtain the interesting result that, if R {v) > 
roo dt 

(3) I ^ J, (at) J, (60 J, (ct) — - p - p . 

when a, 6, c are the sides of a triangle of area A; but if a, 6, c are not sides 

of a triangle, the integral is zero. 

This formula is due to Sonine, Math, Ann. xvi. (1880), p. 46 ; other aspects of it have 
been investigated by Dougall, Proo. Edinburgh Math. Soo. xxxvii. (1919), pp. 33 47. 
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always expressible in “ 

denved from the integral on the ri J,t in the follo^g mm“ 

When a. 6, o are the sides of a triangle, by the substitution 
Ave have ~ ^ -4 sin 6 

/o - c* + 26c coe ainsw 

= (26c>--'-i 

^ ‘io ^ ^Sm®*'^C082'^-2.— 

= 4^~' (ic)'*-*'-! sin^^*-! i r, 

and therefore, if (n\ a«,^ Tt ( \ j 

triangle, we have “• *■ c are the sides of a 

W = pi-M, 

(27r)Ja'‘ -^i-iCpos^). 

If, however, a^> (6 + we write 

we have ~ 6^ — c* = 26c cosh 

/o ■" + 26c cos <^)^-*'-i sio*. 

(2bcy 1 (cosh ^ + cos </)/-•'- 1 gins^ ^ 

= C26c cosh !!K*l±i)i" (i) 

r(i/4-i) 

so that, when a* > (6 + c)S we have ^ ’ 

in i^t) J« (ct) df cos VTT . sinh^-i.qi? 

j (cosh S^). 

in like manner, we deHno^ . 


In like manner, we deduce from § 13.45 ( 2 ) that 
L W Jy jet) dt = -. 

Avhere 26 c Jf = a** + 63 + c^- h ■ u* (/“+*') tt ^>'-1 

provided only that the four numbers “> c may be complex, 

i 2 (a ± f 6 + m) 

are positive ; this result is also due to Macdonald. 

‘Pro,. Uoionllath. Soo. (2) (1909), pp. 142_149. 
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[Note. The apparent discrepancy between these formulae and the foimulae of Mac- 
donald’s paper is a consequence of the difierent definitions adopted for the function ; 
see § 5'71.] 


Other formulae involving three Bessel functions may he obtained by taking 
formula § 11 ’6 (1), replacing z by x, multiplying by 

2t/p (flj cos 6)ja:^ 

and integrating. 

It is thus found that 


Too J 

0) ^ ^ cos 6) -r— 

Jo oir~^ 

_ cos'‘ <f) cos'* 4> sin” sin‘'<E> cos'* 6 

- — 2A-rr"(p + 1) {r (i. + i)}»T' 

X 2 rH" (m + .- + + 1) f r (■> + " + 1) 

n=oL n!r(/i-t-n-hl) 


r (^a + ^u + ^p — -f 1 ) 


X oF, 


'■( 


fl + v + p~\ 


+ n -+- 1, 


p — \ — fj, — V 


— n; p + 1; cos*^ 


y aFi(—n, p. + v + n-\-l; v-f-1; sin*^) 

X iFi(—n, p. + v + n + l; v 4- 1 ; sin® <I>) , 

when R(fi + v + p + 2) > R(K)>-^ 

and cos 6 is not equal to ± cos (4> ± <f>). 


Some special cases of this result have been given by Gegenbauor in a letter to Kapteyu, 
Proc. Section of Sci., K. Acad, van Wet. te Amsterdain, iv. (1902), pp. 584 — 588. 

Some extensions of formula (3) have been given recently by Nicholson*. 
If Oi, tta, . . . ttm are positive numbers arranged in descending order of magnitude 
it is easy to shew that, if 

m 

tti > 2 citji, R (v) > 1 , 

»=2 

then 

r 

the simplest method of establishing this result is by induction, by substituting 
Gegenbauer’s formula of § 1T41 [on the assumption that — i] for 

Jv(o.m-it) and then changing the order of the integrations. 

When tti, Oj, ... Om are such that they can be the lengths of the sides of 
a polygon, the integral is intractable unless m = 3 (the case already considered), 
or m = 4. 


* Quarterly Journal, xlviii. (1920), pp. 821—829. Some aaaodated integrals will be disoassed 
in § 18-48. 
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When Oi, Oj, Oa, can form the sides of a quadrilateral, we write 

■ 4t 

16 A* = n (ai + aa + as + a4~2a„), 

»=ol 

80 that A is the area of the cyclic quadrilateral with sides ai, Og, a^. 

The integral can be evaluated in a simple form only* when ^ = 0.; but 
to deduce its value, it is simplest jfirst to obtain an expression for the integral 
when R (v) > and deduce the value for v = 0 by analytic continuation; the 
value of the integral assumes different forms according asf 

tti "j* > ttg “}■ ttj, 


i.e. according as A* $ Oi Oj Og a^. 

We write «r* = Oa® + Og® — 2ctg cos and replace by 

Gegenbauer’s formula, so that 

Jo Jo Sin- 

where the lower limit is given by t!r =ai — a^ and the upper limit by tar = ctj + 
or as + Og, whichever is the smaller. 


We write 

^ (®i + ^*y-.(3 Z 

■or® ~ (Og — Og)® (Oi + a*)® - (Oa - ttg)® ’ 

so that the upper limit for a; is 1 or A/VCttittaOsa*); this expression will be 
called 1/L 

We now carry out the process of analytic continuation (unless Uj +ai=ao as, 
when the integrals diverge at the upper limit if = 0), and we get 


0 n 


tl Js(a^{t)tdt 
1 


“ ^ — — tti)®} {w** — (Og — ffa)®} {(«g + Ug)® — tar®}]”* wrftB* 

1 porl/i ^ 0 ) 

“ w^A Jo VKl - ^) (1 - ■ 


Hence 

( 9 ) 


[ U Jo{ant)tdt — 
0 « = 1 


TT® A I A j ’ 

1 ../A 


K 


\•I^^^/ia^a^asa^) VV(a 


iia^asa^J ’ 


where K denotes the complete elliptic integral of the first kind, and that one 
whose modulus is less than unity is to be taken. 


* For other valaea of v it is expressible as a hTpergeometrio funotion of tliree variables, 
t We still suppose that 01^03^0,^04. 



mmnTE integrals 


416 


13-47] 


Nicholson has also evaluated 


when B(v)>0 and a > 0. The simplest procedure is to regard the integral as 
a special case of the last, so that it is equal to 




{2a® (1 + cos 1 ^)}’'“* * * § 


8in®‘'(/)d<)!) 

(2a“ (i — cos ’ 


and hence* 

( 10 ) 



a^»^r(2p)r(v) 

2^rwW+i)p’ 


13*47. The discontinuous integrals of Sonine and degenhauer. 

Several discontinuous integrals, of a more general character than the Weber- 
Schafheitlin type, have been investigated by Soninef and GegenbauerJ; some 
modilpcations of these integrals are of importance in physical problems. 

The first example§ which we shall take is due to Sonine, namely 


( 1 ) r 

J 0 


( 0 . 


(a<6) 

{a>h) 


“ 1 ^' -T'"" 

To secure convergence, a and b are taken to be positive and R{v) >i2(/a) >~ 1 ; 
if a = 6, then we take R (v) > R (fji + 1) > 0. The number z is an unrestricted 
complex number, and the integral reduces to a cose of the Weber-Schafheitlin 
integral when z is zero. 

, The integrals involved being absolutely convergent ||, we see from § 0*2 (8) 
that, if c> 0, then 

1 rao I’e+eoi 
JO*' e—ooi 


exp 


}a N — 




u 


diidt 


Jjfi, ''fl+0 

27rltt^+^ 


exp 


(a® — 6®) u az*' 
2a 2u 


dll. 


* An arithmetical error in Nicholson’s work has been corrected. The result for values of i? (k) 
between 0 and } is obtained by analytic continuation, 

t Math. Ann. xn. (1880), p. 88 et ucq, 

$ Wiener Sitzungaberichte, lxxxviii, (1884), pp. 990 — 1008. 

§ This formnla is also investigated by Cailler, Mim. de. la Soc, de phys. d<i Geneve, xxxiv. 
(1902—1906), pp. 848—849. 

II The convergence is absolute only when It (») >■ B {n + 1) >0\ for values of v not covered by 
this condition, the formula is to be established by analytic continuation. 
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(2) r 

JO. 


j'-ft-i 




When a < 6 the contour involved in the laat integral may be deformed into an 
indej&nitely great semicircle on the right of the imaginary axis, and the 
integral along this is zero; but, when a^b,we have to apply § 6’2 (8), and 
then we obtain the formula stated^. 

A related integral 

- . . (aV(«> + «»)1 , 6* W(a* + 6«)1 

i 

may be evaluated in a similar manner. 

We suppose that a and b are positive f, and that JR (/t) > — 1 ; in evaluating 
the integral it is convenient to suppose that \axgz\<^’rr, though we may 
subsequently extend the range of values of ^ to \Qxgz\<\‘7r by analytic 
continuation. 

From § 6’22 (8) it' follows that the integral on the left of (2) is equal to 
I J [ JV (bt) exp j^— 

- “p L" ^ “ 2sJ ^ 


■= I (i V('»‘ + *^)1. 


by § 6*22 (8); and this is the result stated. 

Now make arg z-*‘± fir. If we put z = iy^ where y > 0, we find that 

(3) 

® I y ) 

provided that (v) < 1 ; and it is supposed that the path of integration avoids 
the singularity t=»y by an indentation above the singular point, and that 
interpretation is given to \/(i® — y®) which makes the expression positive w^hen 
t>y. 

If we had put 2 : *» - iy, we should have had the indentation below the real 
axis and the sign of i would have been changed throughout (3). 

In particular 

^4.^ r T -- expfTr.vV(a»+&»)| 

(4) V(a* + 6®) 

where the upper or lower sign is taken according as the indentation passes 
above or below the axis of y. 

* For phyeioal applioations of this integral, see Lamb, Proe. London Math. Soe. (2) vn. (1909), 
pp. 122—141. 

t With certain limitations, a and h may be complex. 
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The last formula (with the lower sign*) has been used in physical investigations by 
Sommerfold, Ann. d&' Physik xuid Chenm, (4) xxvin. (1909), pp. 682— 683 j see also 
Bateman, Electrical and Optical Wave-Motion (Cambridge, 1915), p. 72. 

If in (1) we divide by ¥ and make 6-^0, we obtain Sonine’s formula 
(6) f" t/y [a \/{t^ + z-)\ , _ 2^ r (^ + 1 ) j- . 

provided that a>0 and > -R (/*)>-!; this might have been 

established independently by the same method. 

Similarly, from (2) we have 

^ ^ Jo ~ 

if a > 0 and R{jj)> 

In (6) replace v by 2v, a by 2 sin 6 and integrate from ^ = 0 to O^^TT. It 
follows that 

n\ r # 2 m 4 -i ,u _ r (/4 + 1) f 4’^ (22 sin 6) dO 

Jo + TTs^-^-r'o sin'^+'l' ’ 

this is valid when R{v — -J) > R (/j.) > — 1, 

The integral on the right is easily expansible in powem of 2 ; but the only 
case of interest is when 2i> = 2/i + 3, and we then have 


( 8 ) 

so that 

( 9 ) 


r .r/jJit ? +.«)! ,, _r(v- d 


“ W ,i„ = r ^ H. (2^) ; 


' ' 22"+'v'7r' 

and these are valid if R{v) > i. The hist formula was established in a 
different manner (when a=l)by Struvef; and from it we deduce the important 
theorem that;];, ivhen v and soO, is ‘positive. Struve’s integral is 

of considerable value in the Theory of Diffraction. 

Some variations of Sonine’s discontinuous integral are obtainable by 
multiplying by and then integrating with respect to b from 0 to b. 

It is thus found that 

^ 


•^M+l (^0 


a‘'6f‘+> Jo 


V(a’' — 


v—li—l 


[z d(,a? — dll, 


the upper limit in the last integral being b or a, whichever is the smaller. 

* My thanks are iluo to ProfeHsor Love for pointing out to mo the desirability of emphasizing 
the ambiguity of sign. 

+ Ann. der Phyaik und Ckcviie, (3) xvii. (1882), pp. 1010 — 1011. 
t Of. § 10-46. 


W. B. F. 


27 



418 THBOEY OF BESSEL FTTlirOTIONS [OHAP. Xm 

1 . 

If Z» < a, the integral on the right seems intractable, but, when h> a, we 
put M = a sin ^ and deduce that 

(10) (W) <*« js+i ^ , 

provided that 12 (v + 1) > JR (/i-) > — 1 ; this is one of Sonine’s integrals. 

If we replace a by m in (1) and then take a^b and integrate with respect 
to u from a to 00 after dividing by we find that, when z is restricted to be 
positive, 


I, 


T thA j^4-i Jf 






a*'-^ b^ 
'z' 


r 

-'‘-Wo 
2a’'~^ 6^ 
r (v) z'^i* 


(vz) dv 

+ b^y 


2l^-v+l qV-1 J)(i. 


r(x;) 


f f jpy-i yv-y. (yz) exp {— f (f + 62)1 dvdt 

Jo Jo 


by § 13'3 (4), and thence we see that 
( 11 ) 


provided that a <b and 12 (v + 2) > 12 (/x) > - 1 ; the restriction that z is 
positive may now be removed. 

Formula (10), which may be v^itten in the form 

where R(y + 2)> 0 and 6>a, has been generalised in two ways by 

Gegenbauer*, by the usual methods of substituting Neumann’s integral and 
Gegenbauer’s integral (cf. § 13’1) for the second Bessel function. 

The first method gives 

_ r(fi)J„ (az)JK(az) 

— gK+y » 

provided that 6 > 2a and 12 (v + X + |) > 12 (/a) >0. 

* Wiener Sitzungsierichte, Lxxxvni. (2), (1884), pp. 1002 — 1003. 


(13) /' 


2 [" 

TT Jo Jo 
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If -bt = \/(a® + 0* — 
( 14 ) rMbt)-^ 

Jo 


2ac cos <f>), the second method gives 

d + z*)] 


(|ac)" 


rr 

Ijo Jo 


r(*^ + i)r(i) 

_2^“^ r(^) Jp (az) /„ (c^) 

^ ^ ^ ’ 
if J > a + c and R{2v + ^)>R (fi) > 0, 

By induction it follows that, if 6 > 2a, 

n [/„ {a \/(i“ + «*)1] 




(15) r 

Jo 


MU) 




2'*-^r(/4) 

6^ 


'c/„ (a^f)" 

_ J ’ 


where the product applies to n values of a, and 

R (nv + IfW + ^) > JS (/i) > 0. 

If the induction of the second method is used after applying the first method once, we 
find still fiirther generalisations. 

The special case of (16) when *-*-0 is 

(16) r.l,(K)n[y.(<«)]r-”-i 

Jo a a L” (i' + 1)J 

this has been pointed out by Kluyver, Froo. Section of Soi., K. Akad. van Wet. to Amter- 
dam^ XL (1909), pp. 749 — 766. 


13*48. The problem of random flights. 

k. problem which was propounded by Pearson * (in the case of two-dimen- 
sional displacements) is as follows : 

“ A man starts from a point 0 and walks a distance a in a straight line ; 
he then turns through any angle whatever and walks a distance a in a second 
straight line. He repeats this process n times. 

“I require the probability that after these n stretches he is at a distance 
between r and r -f Sr from his starting point, 0.” 

The generalised form of the problem; in which the stretches may be taken 
to be unequal, say Oj, Oj, ..., a„, has been solved by Kluyverf with the help of 
the discontinuous integrals which were discussed in § 13‘42; and subsequently 
Rayleigh t gave the full details of the analysis of the problem (which had been 
examined somewhat briefly by Kluyver), and then obtained the solution of the 
corresponding problem for flights in three dimensions. 

If 8,n is the resultant of a^, a^, ...,am(w=l,2, ...,w~l), and if is the 

* Nature, Lxxn. (1906), pp. 294, 842 (see also p. 818); Drapert^ Company Research ilemoirs, 
Biometrio Series, in. (1906). 

•fProc. Section of Sci., K, Akad. van Wet, te Amsterdam, vni. (1906), pp. 841—850. 

tPhil. Mag. (6) xxxvn. (1919), pp. 821—847. [ScietUiJie Papers, vr. (1920), pp. 604—626.] 

27—2 
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angle between and then, in the two-dimensional problem, all values of 
the angle 6m between — tt and tt are equally probable. 

Now let Pnif’} (ill « 3 j •••, a,i) denote the probability that after n stretches 
the distance from the starting point shall be less than r, so that the probability 
that the distance lies between r and r -1- Sr is 


It is then evident that 


dP H (X ) dll ^2) • . . , (t'n) 

dr 


P n (r, fii, flj, . . . , flji). — j J j d6n—a • ■ • dOs d6i , 

where 61,63,..., 6^-^ assume all values between — tt and nr, while is to 
assume only such values as make* 




for each set of values of 6^, 63 ,... , 


Now (§13'42) 




(5n < ’*) 
{sn>r) 


and so, if this discontinuous factor is inseHed in the (n — l)-tuple integral, the 
range of values of 6^^^ may be taken to be (~ nr, nr). 

We change the order of the integrations with respect to 6n-x and t, and, 
remembering that 


( 6 n == + a\ — 2 sn-i dn COS 6 n~u 

we get • 

** I [ f O'l) Jo (sn i) dt = 27rr [ f {rt) J3 {sn-f) {a^t) dt 

J — nJ 0 J Q 

by § 11'41 (16). We next make the substitution 


A-I = 5®n-a + <l\~x — 25 , ^.2 a„_j cos ^„_8, 

and perform the integration with respect to 6n^. By repetitions of this pro- 
cess we deduce ultimately that 

Pn (^ } J J • • • , — r j i/j (rt ), IT t/j {Om 0 dt, 

J 0 M»-l 

and this is Kluyver’s result. 

W e shall now consider the corresponding problem for space of p dimensions. 
In this problem it is no longer the case that all values of 6m are equally likely. 
If generalised polar coordinates (in which 6m is regarded as a co-latitude) are 
used, the element of generalised solid angle contains 6m only by the factor 
dmddm, and dm varies from 0 to nr. The symmetry with respect to the 
polar axis enables us to disregard the factor depending on the longitudes. 

* It is to be remembered ihat »m is a function of the variables d\, 63, ..., 0^-1 • 
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If*?*n(r; OifOi, ...,an\p) denotes the probability that the final distance is 
less than-T, we deduce, as before, that 

P„(r; ai.Oa, ...,a„|p) 

where the integration with respect to dn-i extends over the values of dn-i 
which make Sn < v. 

The discontinuous factor which we now introduce is 



Jo ' (0, (s„>r) 

and then, since by § 11'41 (16), 

sinP-*/?^xd^^, = r (ip - i) r (J) , 


J 0 

we infer that 


P«(r; <h.a, a.|p) = »-{r(ip))«- f“"(irt)h>-..J'^(rt) li 

Jo w»=l M 

When the displacements Uj , tig, . . . , a„ are all equal to a, and n is large, we may 
approximate to the value of the integral by Laplace's* process. The important 
part of the integrand is the part for which t is small, and, for such values of t, 


|, ^-|-yexp 


(-f)’ 


so that (§ 13*3) 

P„(r; a,a,...,a|p)~ di 

This process of approximation has been carried much further by Rayleigh in 
the cases p = 2, p = 3, while Pearson has published various arithmetical tables 
connected with the problem. 


13'49. The discontinuous integrals of Gallop and Hardy, 

The integral 

Jj, {a{z + 0) \b (^ + 0} jf 

J-« 'G + tr {^+ty 

is convergent if a and h are positive and P(p + 1 /) > — 1; when a = b the last 
condition must be replaced by P (p + v) > 0. 

The special case of the integral in which n=0, v=^ has been investigated by Gallop, 
Quarterly Journal^ xxi. \1886), pp. 232 — 234; and the case in which a=>6 has been 
investigated by Hardy, Proc. London Math. Soc. (2) vn. (1909), pp. 469. The integral is 
obviously to be associated with the discontinuous integrals of Weber and Schafheitlin. 

* La tHorie analytique des Probabilitis (Paris, 1812), chapter m. The process may be 
recognised as a somewhat disguised form of the method of steepest descents. 
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To evaluate the integral in the general case, the method discovered by 
Hardy is effective; suppose that a^b, and at first let us take R(v)> — ^, 
It (ji) > so that Poisson’s integral may be substituted for the second 
Bessel function and all the integrals which will be used are absolutely con- 
vergent. Write t in place of t and let so that the integral to be 

evaluated becomes 

f * if/* (•^ 0} •f»’ (^0 
{Z+ty ' t” 

” f(v+i)r(i),fl C08(Wc09^)sm»,^#* 

’“r(»+J)r(i)/-» /o ^ 008 {6 ^ cos sin" 

2 (ib)* f® (at) 

~ r(v + }) r(i) Jo 1 ^ 

2 (^by r* 

= ^rx^f+irrcT+T) j, ^ 

by a special case of § 13*4 (2). 

This integral is expressible in a simple manner only when a case 

considered by Gallop, or when a =* 6, the case considered by Hardy. 

We easily obtain Gallop’s two results 


( 1 ) 


( 2 ) 

and Hardy’s formula 

roo 

(3) i. 




cos vz . du 


(6 <a) 

(b>a) 


. [a (i + 1)} 1)} r (m + r) r (4> 

. ((+tr r(^+i)r(,’+i) 


(-:)* 


(z - ^+*’-1 


The reader will find it interesting to obtain (1) by integrating 

■gai(»+<) 




g+i 


Jo {ht) dt 


round the contour formed by the real axis and an indefinitely great semicircle above it ; it 
has to be supposed that there is an indentation at —z when z is real 


The integral 



\t\ 


sin g + 1) 
z + t 


Jo (bt) dt 


has also been considered by Gallop. To evaluate it> we observe that 

« 

t ^ z 
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and 80 the integral may be written in the form 

rO /•« 

{—sin a {z + 01 (^0 dt + sin a (^r + 0 (fit) dt 

J —op J 0 

J _oo ^ + C .'o £? + ! 

1*00 ^ ra roo 

= 2 COS cw sin at Jo (^>0 ^ cos m (^r + 0 *A) (&0 cZw 

Jo Jo J -00 

ra roo 

— 2z COB u (z + 1) Jo (bt)dtdu 

Jo Jo 

roo ^ r“ . . 

= 2 cos a® sin oi Jo (6<) dt + 2z 1 sin sin Jo (6i) dtdu. 

Jo Jo Jo 

Hence, when a>b, 

... r* 1< |sina( 2 : + i) - 2cosa^ /*“ sinw^ , 
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2 cos az 


but, when a<b, 

(5) 


>s/{a? — b") 


I 

J _oo Z -r t 


arc cosh a/b 


sin (zb cosh 0) dd, 


13‘6. Definite integrals evaluated by contour integration. 

A large number of definite integrals can be evaluated by considering 
integrals of the forms 

i j </) (^) (az) dz, J (f> (z) (bz) H , <*' (az) dz, 

taken round suitable contours; it is supposed that (j>(z) is an algebraic 
function, and that a is positive. 

The appropriate contours are of two types. We take the fiiat type when 
<f> (z) has no singularities except poles in the upper half-plane; the contour is 
taken to be a large semicircle above the real axis with its centre at the origin, 
together with that part pf the real axis (indented at the origin) which joins 
the ends of the semicircle. 

We take the second type when (z) has branch points in the upper half- 
plane; the contour is derived from the first type by inserting loops starting 
from and ending at the indentation, one loop passing round each branch point, 
so that the integrand has no singularity inside the contour, 

A more powerful method (cf. § ISl) which is effective in evaluating 
integrals with Bessel functions under the integral sign is to substitute for the 
Bessel function one of the integrals discussed in § 6'5, and change the order of 
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the integfations; since the integrand in § 6’5 (7) is 0 qua function of a?, 
where ^ is an arbitrarily small positive number, the double integral usually 
converges absolutely when the origiiial integral does so, and the interchange 
produces no theoretical diflSculties. 


13 * 51 . EankeVs mtegraU involving one Bessel junction. 

Before Biankel investigated the more abstruse integrals which will be 
discussed in Chapter xiv, he evaluated a large class of definite integrals * by 
considering 

27riJ (0«-r=')«+i 

taken round the first type of contour described in § 13‘6. In this integral, a 
is positive, to is a positive integer (zero included), r is a complex number with 
positive imaginary part, and 

I jB (v) 1 < jR (/s) < 2m + 1 . 


The first inequality secures the convergence of the integral when the radius 
of the indentation tends to zero; and (as a consequence of Jordan’s lemma) 
the second inequality ensures that the integral round the large semicircle 
tends to zero as the radius tends to infinity. 

The only singularity of the integrand inside the contour is the point r. It 
follows that 


— .r 

27njo 


(aw) — (aose^] j 

X A l»\ 'l_-l W(X^ 


27rtJ 


(£C«_y 8 )m+i 

4ml 2.mlUW ‘ " ^ 


It follows from § 3‘62 (5) that 


(cfi — r*)”‘+^ 

d y 


This result can be expressed in a neater form by writing r = ik, so that 
R (k) > 0. It is thus found thatf 

(2) [cosHp-p)Tr. J,(aa;) + 8in^(p-v>7r.F,(aaj)]^^-^^^ 


* Hankers work was pablisbed posthamoxisly, Math. Ann. vm. (1875), pp. 458 — 461. A partial 
investigation of the integral with y=n, p=2n+2, m=:2n was given by Nenmann, Theorie der 
Betiel’achen Fnnetionen (Leipzig, 1867), p. 58. 

t The evalaation of integrals of this oharaoter which contain only one of the two Bessel 
fanotions is effected in § 18*6. 
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The reader should notice the following special oases of this formula : 
(3) f {cos vTT.Jy (a.v) - sin vn- . (ax)} 
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(4) 


/: 


x^'^^Jp{ax)dx Ky_^(^ak) 


The former is valid when -%m~'^<R{v)< 1, and the latter when - 1< (v) < 2m4- 1. 

For an extension of (4) to the cose when m is not an integer, see § 13'6 (2). 

The special formula 

has been pointed out by Mehler, Math. Amu xviii. (1881), p. 194, and Basset, Hydro- 
dynamics^ II. (Cambridge, 1889), p. 19; while Nicholson, Quarterly Journal, Tiiii. (1911), 
p. 220, has obtained another special formula 

/ON r* Yoiflx)dx K^iak) 

Jo 072+^ = it ’ 

by a complicated transformation of repeated integrals. 

Some integrals resembling those just given may be established here, 
though it is most convenient to prove them without using Cauchy’s theorem. 

Thus, Nicholson has observed that 

/"* J^{ax)dx 2 /’i"cos(aa;cos^) , 

j, ^Tjr=^j.io 


1 ri-r _ 

"-fcio " 


ak COBS 


= ^[Io{ak)-lM,{ak)\, 

by § 10'4 (11), provided that a and R (k) are both positive; so that 


0) 


rj^ 

Jo 


More generally, if R (v) > — J, we have 


ri"' 

Jo 


0*0086 gin2«' Odd, 


-0* 008 6 


and since, by a special form of (2), 

gaiXCOae ^ 

provided that R{v)<2 and a is positive, it follows that 


/; 


T / 7N * / IN 2ki-''(hay 
ly {ak) L, {ak) - ^ P 




0®+ A® 


dwdO 


ki 

nr 


p ^ ^ 

TT + ^ 

T^_y ^00 J 
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» 

and so we have the formula 

(8) j [cos \v'jr.Jv (cwj) + sin ^ w . H„ («»«)] ^^TTjr^ ~ ’ 

where a > 0, J2 (A) > 0 and - J < JR (v) < 2. The change in the order of the 
integrations presents no gr^t theoretical difficulties. 

A somewhat similar integral is 

p flfiTy {aw)dx 

Jo 

which converges if JR (p) > — ^ and Jt (a) > 0, 

If we choose k so that Ji (k)'> 0, we have, by § 6T6 (1), 


/, 


” (cub) doa r(y -f j-) f' 


* {^ay coBosu . dudos 
0 {a^ 4- h^) (m® ■+ a®)*^ 


+ r(J) j( 

-TTrcv + i) r {2ay6-^^du 

"■ 2A;r(iX Jo +«»)*'+* 


0 (w® + 

{H_v (ak) — y_„ (aA;)], 


4 cos VTT 

when we use § 10‘41 (3). Hence, when 22 (;/)> — ^, 


( 9 ) 


and therefore, when 22 (v) < 


( 10 ) 


/, 


^K,{aco)d(c w® 


0 ic* + A:® aj' 4ifc'+^ cos vir 


{H„(ajfe)-F,(aA;)l. 


These formulae (when j/ = O’) are due to Nicholson, and the last has also 
been given by Heaviside. 

r" Jy { ax) doc 

Jo 


The integral 


'o + a>*' 


has been investigated by Gegenbauer*. To evaluate it, we suppose that 
R(v)> — ^ and that a and 22 {k) are both positive; we then have 

Jy (ax) dx _ 2 (la)” p f i”" cos (ax cos d) 

0 + ^ X'' r (v + 1) r (|) Jo Jo 


f 

Jo 


and so 

(11) 


¥T¥ 


sin*” 0 dOdx 


* Wiener Sitzungsberiehte, iixxn. (2), (1876), p. 849. Gegenbauer’e resalt is inoorreot because 
he omitted to insert the term -Xi^ (ah) ; and oonseqnently the results whioh he deduced from his 
formula are also incorrect. A similar error was made by Basset, Proe. Comb. Phil. Soe. n. (1889), 
p. 11. The oorreot result was giren by Gubler, ZUrieh Vierteljahresehrift, xlto. (1902), 
pp. 422r-424. 
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The condition R{v)> — ^ may now be replaced by the less stringent 
condition 22 (v) > — by analytic continuation. 


An integral which may be evaluated in the form of a series by this method is 


/: 




which is a generalisation of Neumann’s integral described in § 13’2 ; it is supposed that 


l.B(a)| + |i(6)|<n- and R{v)> -1. 

round the contour used in this section, we find that the definite integral is ni times the 
sum of the residues of 

sinh az rr 

-r-r — (6«)a'' + » 
sinh tts ' ' 

at the points t, 2t, 3i, .... It follows that 


t * sinVl CLSR 9 

(12) + 2 (-)»-‘n‘'+isinwa.ir„(w6). 

J 0 811111 TCX ^ TT Real 

The series converges rapidly if b is at all large. 

An integral expressible os a similar series was investigated by Riemann, Ann. der Physik 
und Chmiie, (2) xcv. (1866), pp. 132 — 136. 


13*52. The generalisation of HankeVs integral. 

Let us next consider the integral 

1 jaz) dz 

27r2 j {z^ + 

This differs from Hankel’s integral in containing the (complex) number fi 
in place of the integer w. The conditions for convergence (with the second 
type of contour specified in § 13’6) are* 

a>0, |22(i;)l< Z2(p)<2i2(/i) + f 


The contour is chosen with a loop to exclude the point ik, as shewn in 
Fig. 31, and then there are no poles inside the contour; and the integral round 
the large semicircle tends to zero as the radius tends to infinity. Hence 


1 

27ri 


(ax) — 27^“’ (cMje"0] 


ocT^dx 


1 /*(<*+) £^>-1 ( az ) dz 

MJo (z>> + k‘)'^+^ 


1 /*«*+) zP~^dz 

SttiJo (5!® + 




A,P-2/*-2r(ip) 

r(ip-/*)r(/t+i)' 


As in § 18‘51, we take R(fc)>0. 
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Hence, when we expand ff.a, 

Jo » (ax) +i (1 — e(p-->'-8>t)>n(^ {ax)'\ 

_^ei(p-v-vM p_ ^ + 

(ip + + w) . (^tah) sm 


I (hay kP+o-^-i I ^ >.. ■ w- ■ »> . . s.^^rvj - 

«.=0 ml T(^T^1) r ^ +-^) 
jL( jp ~hv + ih). i^akY'^ ~[ 

) J ’ 


sini/TT. r(/4+ 1) 

-(^a)-''kP-''-^-^ % _ f* (jp - jy + ■ ^4 a k\^rn 

xp-^dx 

'» f :s ^ /^/ ^ » I f.f..7; I j -!- 

•jrkp~^-^ 


and therefore 
^00 

(1) [coeap-^„-^)^.j;(ag) + aiD(^p_^„_^.^^ -p. 

7rkP-^-s 

isinZ/TT. r(;ti+l) 

aai)-ra«-i.A ^ 



-th«i of evaluating it ie the method ^h' h^ v:‘irh“L‘4^ 
of Bessel functions instead of a single R ’ they contain a product 

i (5x) 

in whi h > ' (j^ — <rByn+i > 

positive 'oToXXT " 

* Math, Ann, vm. (1875), pp. 461-467. 
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[When is a Beascl function of the first kind, | (/i) | may be I’eplaced by —R(n) in 

this inequality.] 

When a = 6, the presence of a non-oscillatory temi* in the asymptotic ex- 
pansion of the integrand shews that we must replace 2m -|- 4 by 2rn -b 3 in the 
inequality in order to make the integral, when taken round a large semicircle 
above the real axis, tend to zero as the radius tebds to infinity. 

The contour to be taken is that of § 13-62 ; and if we proceed in the 
manner of that section, we find that 


1 / d 

(ar)]. 

Numerous special cases of this result are given by Hankel. 

It must be pointed out that, when.p = 2?ft+3 and a==b, the integral round the large 
semicircle tend.s to a non-zoro limit as the radius tends to infinity ; and, if 


'g? (as) s Cl //^(b (as) -|- Ca (as). 


we then obbiin the new formula 




(/.w) //„(*) (ax) 4- (axe^)] 


“s-riT! (»)” ‘“’•a-- 


+ Sclx 

C2C‘i "■» 


The particular case of (1 ) in which p = 2, m = 0 and is a Bessel function 
of the firat kind deserves special mention ; it is 

r® 'T’r/'T* 

(3) I Jfi (bx) [cos \{^i — v)Tr.J„ {ax) + sin ^ (p — v) tt . F„ {ax)'\ - — - 

Jo XT — T 

= ^ vn {hr) ^r„'b (ar), 

provided that a'^h>() and li {fx.) > | iJ (v) | — 2. 

If we take fi=v and i2 (/v) > — 1, wo see that 


(4) 


’ 

J ( 


{ax) Jv (bx) 


x(lx 
a* — 


\’jn Jy (hr) Hy^^^ (ar), 
^'iriJy{ar)Hy^^^ {br), 


according n,s a 5 6. 

The existence* of the discontinuity in the expression for this integral was 
pointed out by Hankel, 

If we modify formula (3) we see that, if a ^ 6 > 0 and R {k) > 0, then 


(5) [ a ^ /a (^®) [cos ^ {fi — v) TT . Jy {ax) + siu ^ (p — v) TT . ¥{, {ttx)] dx 

J 0 ar -f- /c 

= Ifj^ {bk) Ky {ctk). 

* Since (az) Ily^^^ (az) when | z | is large. 
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More generaUy. taking equatlot (1) with m-0 and % = J we have 

tai (to) r ,, • 

0 to w; we find from Gegenbauer’s formula, § 11 « (loT ^ ‘ 

0) r r 1/ \ T 

Jo (»* + P ‘■^^^■^>*)‘^*^*'(“®) + sm^(yo + ^)7rF^(aa;)]rfa) 

(b^) ly {ck) Ky (ak) kf‘~^. 

find that, if 

^ Wo a? + ]^ *’^°«^)^®®Hp + /i + (iV^-l)i/}7r..7'^(a«) 

+ sin^ {p 1) ^ ^ 

N 

Again, by considering 

1 f jeP-^ 

27nj ^ 4 - (^'®^)] (as) dz 

round the wntour previouely need, where both b and a differ in the differenf 
factors of the product, we obtain the slightly more general result 

foo ^—1 

Jo + i(p’^^/z-v)'7r.J,(aa;) 

provided that » > 2 1 JS (6) | and i2 {p + 2 (yit)} > | (j,) |. 

of th?fil^^d“irrro:u\?^:lvr^' “ ?''* '*'* -Olves functions 
of the first kind of kis type waTri^en W Ge of functions 

necessity for this restrictio^(cf. § iSl). 8®°hauer, who overlooked the 

An extension of Hankel's results is obtained by considering 

' 27nJ (z^+^)if^ 

round the contour, where a > J > 0. m is a positive integer, and 

I i2 (v) I < i2 (p) < 2m + 4 + 22 (p). 

It follows that 

A r fivf®* + fii , _ 

SmJ 0 (rr* - r“)”+r ~(a;> + f.)»e - 1^-'^ (a®) - efaif^w (o«'<)) d® 


2’'*+imI Vrdr/ [ (“W i 
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13-64] 
and, in particular, 

^ ^ Jo af^ + k^ k^^vipJc), 

a result obtained in a much more elaborate manner by Sonine, Math. Ann. 
xvi. (1880), pp. 56—60. 

13*54:. Oeneralisaiions of Nicholson's integral. 

An* interesting consequence of Mehler’s integral of § 13*51 (5) is due to 
Nicholson*, namely that, when a and k are positive, 

The method by which this result is obtained is as follows : 

K. {ok) J. (ai)=r ^ 

Jo p + nr 

= ~ “ 2 “+'^a '^0 {“ VCp® + cos <j>)] d(f>dp. 

This repeated integral may be regai-ded as an absolutely convergent double 
integral, since the integrand is 0 (p-i) when p is large. Now make a change 
of origin of the polar coordinates by writing 

p cos <}) = k + r cos 6, p sin (^ = r sin 6, 

and we have 

K,{ak)J,{ale) = - f” f" •['•("’’iLfS 

^ TT Jo Jo ?•* + 2 Atcos^+ J o v'(r^ + 4A'‘)’ 

and this is the result to be .established. 

To generalise the result consider 

{az)dz 

taken round the contour shewn in Fig. 32. 



It is supposed that a is positive, and, to ensure convergence, 

I jR (v) I < (/3) < (/i) + -y-. 

* Quarterly Journal, XLii. (1911), p. 224. 
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It is also supposed that | arg k | < ^tt, and the loops in the contour surround 
the points 

^ k V2, k V2. 

By analysis resembling that of § 13*62, the reader will find that 

/* doj 

(2) [cos ,{aai) + sin ~ - 2/t ) tt . F, {ax)] 

TT (k r S (afe/V2)*'+”” rQ/3+^vH-^m) p4- z/— 4/i+2wi 

2sin V7r.r(/A+1) l_OT=o wi.ir(v+m+l)r(^p+^?/— 4 ^ 

— 5 (<xAr/V2)~'^+^ r + ^m) p-v—^fi + ^m "I 

m=ow!r(— i/+m + l)r(|p — iv — 4 J ' 

If the series on the right are compared with those given m § 6*41, it is seen 
that the former is expressible as a product of Bessel functions ifp--2 = v=/x + i 
or if p -- 4 = V = /Lt + while the latter is so expressible ifp--2 = — i/ = /A + i 
orifp — 4 = -“I/ = /a + ^. 

The corresponding integral which contains a single Bessel function will be 
considered in § 13*6. 


13 * 65 . Sonines integrals. 

A number of definite integrals, of which special forms were given by 
Sonine, Math. Arm. xvi. (1880), pp. 63 — 66, can be evaluated by the method 
of contour integration. 

The most general contour integral to be taken is 
1 r gUz+k) 

round a contour consisting of the parts of the circles 

l2fj = S, \z\ = R, 

terminated by the lines arg (—z)=± -n-, and the lines which join the extremities 
of these circular arcs*. 


It is supposed that m is an integer and k is not a negative real number, 
The''integral round | ^ [ = S tends to zero as 8-*-0, provided that R(p)>\R(v)\, 
and the integral round | ^ | = J? tends to zero as -*■ oo , provided that 


R(p)<m + f. 

By Cauchy’s theorem we have 

gi(z+*) 




Of. Modem Analysis, § 6*2; or § 7*4 supra. 
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and thus we have 

( \m pik 

Too g<(»+ifc) g^—l 

= 2S Jo (® + A)’« 1®’''-®''"' (aw--*)! dx 

1 f” a'p-' 


( a- (p + »')'"■ + 2t cos VTT cos p7r} 

+ i F„ (a:) sin (p — i/) tt] f?a;. 

In particular, taking 7n = 0, we get 


1 /•« gi(9i+*I a;P-l 


(2) Jtf (^•) = — I [/„ (a?) (sin (p 4- 1 ^) tt + 2i cos pit cos ottI 

■n" 0 ® "T ^ 

+ iY^ (x) sin (p — v) tt] rfa-. 

If we consider the integral 

■g-itz+Jt) 


we find that 


1 r p-ilz+k] 


1 roo a— v(!e+*) ^—1 

(3) (A:) = — I — (a;) [sin (p + i^) TT — 2i cos VTT cos p7rj 

— iF,, (x) sin (p — v) -tt] dx. 

If we take p = 1, z/ = 0, we get 

(4) a.(B. ; 

The last two results are due to Soninc*. 

More generally, taking p = v + 1 and — ^ < jK (i') < we get 

1 roo fliila+fc) „i> p±i>ni 

(6) - I - /„ (x) dx= T iT- ± (^’) I 

TT ./ 0 X + K 2l cos PTT 

a result also due to Sonine. 


TJ -a.- C()H(.7; + A0 1 r • j/ . 7\J^ 

By writing ^ sm ( (x + i) <i«, 

and using the formulae (6) and (7) of § 13*42, Sonine deduced from (5) that 

(7) (‘'Bin(i,-coatf)rfe, 
tt; ()«: + « TT.'o 

and hence from §§ 3’5()(2), 9' 11 (2), 

(8) F„(A;) = -- I 0„(a; + /c) Jo(®)rf« + " f* sin(/t.-cos^-iMw)cosn6>d^. 

TT ; 0 0 

* See also Lorcb, Monatthefte fllr Math, uhd Phys. i, (1890), pp. 106—112. 


w. B. P. 
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13-6. A new method* of evalmting definite integrals. 

integrals by substituting for the 
funotron under the iutegrul sign, the dehnite iutegral of § 6-5 and 
reversing the order of the integrations ® " S n ana 

As a first example consider the integral of Hankel’s type 

Jo (as* + “®> 

in which it is at first supposed that 

•fi(v)>0, ie(2/r + 2)>iS(p + „)>0; 
and a is a real (positive) number, in order that the integral may converge. 
The integral is equal tof 


~ f* s) , , 1 /•»< r/_o\ 

2"Jo J-.ir(n+s+i) !?+*.>.« 


1 ) 


i-i^+^+st-su—a i^-hs ) F (/j, + 1 — ^ p — ^ g) ^ 

. F(/u. + l) ■ 

ZlZnile2ht'^'^ (by swinging round the contour so as to enclose the 
poles on the nght of the contour) we find that 

/■[N r °° J * jcus) dcB 

2 r(M + l)r(v + l) ~2 M. v + l;-j-) 

, a’a+^er(iv+Jo_„_7', , * ' 

“ ± 1 ‘be former if p - „ + 2 or p = V + 2,1 + 2, the latter 

By the principle of analytic continuation (1) is vaUd when 

-R(p)< Iiip)<2R(fi) + ^. 

In particular, taking p = v + 2, we find that 

(2) Jv{aa;)dx _ 

yo r (;x + 1) 

viZh.n°'’“““* =='"• (W80), p. 60i it is 

~l<R(v)<2R(jjt)+^, 


rjo{t)^=s-± r T{-s)x^d, 

Jax * "r(« + l) ’ 


but no other use has been made of the. method. 

t The change of the order of the in Vations may be justified without difficulty. 
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A formula of some interest is obtained by making p = 1, the 

hypergeometric functions then reducing to squares or products of Bessel 
functions ; and another such formula is found by making p = l — j/, = v — 

It is thus deduced that (cf. § 5'41) 


(3) 


/■“ Jp (Oic) dOD 

Jo ~0 


provided that (v) > — 1 ; and that 

provided that R(v)> — I, 

Next consider 


/: 


af~^ Jy (ax) dm 


\'rr(k V 2 

8in(^p + ^v — 2fi) TT r (At + 1) 


'o (ar‘ + 4Ar‘f+^ 

in which a > 0 and | arg A: | < Jtt. It is first to be supposed that 
R{v)>0, R(4i/jb + 4i)> R(p +v)>0. 

The integral is equal to 

±.rr‘ r (- » ) 

27rtjo i-ooi r(i/ + s + l) (ar* + 

_ 1 r ( -jf) r(^p + + r(At + i 
87rtJ_«i r(i>+s + i) r(At + i) 

X (\ay-^ (h d» 

V («A!/V2)‘'+’'"^ T a p + \v + \ m) 

rCt' -H + 1) V (Ip + ^v- fi + ^m) 

XOOB(^p + lv — p, + ^m) TT 

, (-)”* T (a^ + w + 1) " 

!,o?a! r (2At — ^p + + 2m + 3) T (2p. — Jp — + 2m + 3)_ 

This expansion is a representation of the integral when the conditions to be 
laid on a*, v and p are 

4i2 (At) + R(p) > — R (/'). 

Now take the cases in which the first series reduces to a product of Bessel 
functions, namely 

p- 2 — i/ = p, + ^ or p — 4 = v=»a‘ + I- 
By § 5*41 we then obtain the formulae 

m’"''^ i/„ (am) dm ( Ja)” V'”' 


+ 


(5) 


( 6 ) 


/o (a/* + 4Ar‘)''+* (2A;)*'’ T (p + i) 

J” a;»<+8 ^ (itt)''^'^' 


Jy (ak) Ky (ok), 

J ,,_i (ak) Ky^i (ajk)» 


0 (m* + 4,k*)''+i 2.(2A:)“‘'-*r(i/+ J) 

The former of these is valid when R(p)> — ^, the latter when R (p) >i, and, 
in both, a > 0 and | arg k\<\’rr. 


•J8-2 
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Finally, as an example suggested by §13’65, we shall consider 

I* * (ax) dx 

Jo + ’ 

in which a > 0 and ) arg k\<Tr. It is first to be supposed that 
jB(y)>0, ^(^H-1) >ii (p + i')>0. 

The integral is equal to 

27ri j 0 i - oc < r (w + « + i) (® + 

1 r* r (- g) r (p + y + 2 g) r (m + 1 - p - y - 2 ^) 7^+v^^u-i 

r(y+s+i)r(p+i) 


* (-)”* r (p + y + 2 m) 

sin (p + y — p) w . r (p- + 1) |_m=o ’wl r(y4-?n + l)r(p + y- p + 2m) 
* r (p + m -i- 1) sin (p + y — p — m) TT 


]■ 


tti-o wil r (Jp + — ip + i»i + |) r (ip — ^y — ip + im + 1) 

The first series reduces to t/^ (air) when p == 0, and the second series is then 
expressible by Lommel’s functions (cf. § lO't). In particular we have 


(V) 


f 


X*’ Jp (cuts) dx _ ’irk’' 


• [H_,. (air) — F„„ (aAr)] 


X + k 2 cos VTT 
provided that — i < i2 (y) < f . 

The reader will find that a large number of the integrals discussed in this 
chapter may be evaluated by this method. 


13*61. Integrals involving prodiwts of Bessel functions. 

If an integral involves the product of two Bessel functions of the same 
argument (but not necessarily of the same order), it is likely that the integral 
is capable of being evaluated either by replacing the product by Neumann's . 
integral (§ 5'43) and using the method just described, or else by replacing the 
product (x) Jp (x) by 

1 p* r(-g) r(p+y-f 2^ + l)(^g;>*~*”'+^ . 

27riJ _ooi F (p + 5 + 1) r (y + s + 1) r (p -j- y + <s + 1) 

in which the poles of F (— s) are on the right of the contour while those of 
r(p + y + 2s+l) are on the left ; this expression is easily derived from § 5'41 
by using the method of obtaining § 6*5. 

The reader may find it inter^ting to evaluate 

/ '” ^ ( a,v) Jp {ax) dx 

by these methods. The result is a combination of two functions of the type and the 
final element in each function is 
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Another integral formula, obtainable by replacing Jy (hjx) by an integral, is 
p-i 

(1) j X Jij.{ax)Jy(blx)clx 

b*' T — I.T f t 1 , 1 + , 1 

r (,+,) r -2 +'■■ -H+' 

+25V*+p+ir0x+l)r(4/i+Ji/+4p + l)‘ ® V ’ 2 ’ 2 

This is valid when a and b are positive and 

The general formula was given by Hanumanta Rao, Mmenger, xiiVii. (1918), pp. 134 — 
137; special oases had been given previously l.iy Cailler, M^m. de la Soc, de Phya. de O&tihe, 
XXXIV. (1902—1905), p. 352; Bateman, Trana. Camb. Phil. Soc. xxr. (1912), pp, 186, 186; 
and Hardy, who discussed the case of functions of oi-dera + (see § 0’23). 


~16j 

16 J 


An interesting example of an integral* which contains a product is 


lim 

6 -►-fO 


dec 


r 00 

ex-p (— Jy (ao) J i_„ (ai) 

. s ®' 


XT 
Sin vTc 


+ 47rz/ (l"- ,■;) - 1 (i' + 1) - (2 - I/)} 

which may be written in the form 

r* , „ f T- / \ r / \ .V.'^’sinrTT ) dx 

exp(-pV)UwA.. W- 


Sin VTT 


+ 47 ri; (f “7) { (2) - (I' + 1) - 1 (2 - I^) - 2 log 2p). 


It is easily proved that 


/' 


’ , » f r / X r /X .V-rsin yTr) dx 


~8mJo ^ ^ ^ ^ r(i> + .v+l)r(2-,. + ^)r(s + 2) 

^ j_ /•*+»<_ r (-.v) r(2.v + 2) 

Stti j « (« +1)1’ {i' + .V + 1 ) I’(2 — y 

(2?i + l)! (2p)-“« 


dsdx 


ds 

+ s) (2pf> 


= 1 V. 


4 «=i w . (n + 1) ! r (v + a + 1) P (2 — y + w) ’ 
and this series is an integral function of 1/p. 

To obtain an asymptotic representation of the integral, valid when ] p | is 
small and | argp |< ^tt, we observe that the last integrand has double poles 
at 0 and — 1, and simple poles at — f, — 2, - 1, — 3, ... . 

* This integral was broaght to my notice by Mr 0. G. Darwin, who encountered it in a 
problem of Diffnaion of Salts in a oircular cylinder of liquid. 
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Hence we find 

^ r* ( 2 g + 2 ) dg 


[OHAP. xrn 


1 ri+«=i 
87 rt j._,£ 


j-oct s (s + 1) r (v + s +i)r (2 -tf+s) (2p) 

sin vtr 


iis 


PtU VTT . 

4,7rv (1 -T) (^ + 1) - (2 - 1 ') - 2 log 2;)} (1 + 2/; (1 - v) p^] 

{-Y( 2 vYT(^n) 


and so 


(1 — 2v) sin z/TT „ 


.(n-2)I 


(2) lim 
a-*-+o 


_■ « sr 

sinvTT , -| 

+ 2 log JS - 1 (v + 1 ) _ (2 - v)} 

sin vir t , /-i « ^ 

^ + (2~v)-21og2iD}»»-iLlM!i?L!^«* 

2riry(\ — v) ^ 


+ 2 


(-)”( 2 p)"ran) 


«=3 2n - ii) I’ (v + i - 1 ■ _ 2) ! • 

In the special case y = 0, we find that 

(3) hra j^')' + l°g(iS) ^ ^ 


X 


{r(m + f)|»( 2 ip )»^+8 


„=0 7r3{2w + l)®(2m + 3).(2m + l)!' 
13-7. Integral representations of products of Bessel functions. 
awJi'T of § 11-41 (16) an interesting resnlt is obtain- 

tfe reLrof"! 6l^8?f “t'' r°““ *" oobstituting 

the result of § 6 2 (8) for the fimotion under the integral sign. ^ 

This procedure gives 

“ idll Cr “P dtdi>. 

and if we change the order of the integrations, we find that 

(1) ^.(g)y.(a) = ^./;;;eap{it-^Vl-^^(f)?- 

ThU result is proved when B (v) > - ^ and |a| < \Z\-, but the former restrietion 
may obviously be replaced by ij (v) > - 1. and the latter may be removed on 

“y maHn7M:?||“ " P™-«1 ‘he 
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By using the results of § 6'21 (4) and (5), 

(2) 

(3) (Z) J, W = - i exp lit 

provided that iJ (v) > — 1 and | ^ | < | ^ |. 


we find in the same way that 
dt 

2^ r^’'U / r 

' 2i j "I t) t * 


The formula (1) was obtained by Macdonald, Proc. London Math. Soc. xxxii. (1900), 
pp. 162 — 156, frpm the theory of linear differential equations, and he deduced Gegenbauor’s 
integral by reversing the stops of the analysis which we have given. The formulae (2) and 
(3) were given by Macdonald, though they are also to be found in a modified form in 
Sonine’s memoir. Math. Ann. xvi. (1880), p. Gl. 

A further modification of the integrals on the right in (2) and (3) was given by Sonine, 
the object of the change being to remove the exponential functions. 

For physical applications of these integrals, see Macdonald, Proc. London Math. Soc. 
(2) XIV. (1915), pp. 410—427. 


13’71. 'The expressum of Ky (Z) J\y{z) as an integral. 

We shall next obtain a formula, diio to Macdonald*, which represents the 
product Ky{Z) Ky{z) as an integral involving a single function of the type 
Ky, namely 

(1) K.(Z)K.(z) = \ 


f 


exp 


Zo + z'^ 
" 2u 


Ky 


'Zz\ dv 
^ I) ) '0 


This formula is valid for all values of v when 


1 arg Z\<Tr, | arg 0 1 < tt and ] arg {Z-\-z)\< ^ tt; 


but it is convenient to prove it when Z, z have positive values A', x, and 
to extend it by the theory of analytic continuation; the formula, which is 
obviously to be ixssociated with § ll‘4l (16), is of some importance in dealing 
with the zeros of functions of the type Ky{z). It is possible to prove the formula 
without the rather elaborate transformations used in proving' § 11 ‘41 (16); 
the following proof, w'hich differs from Macdonald’s, is on the lines of § 2'6. 

By §6‘22(7) we have 


Ky{X) Ky (x) = 



g— -V cobU dtda 


g-2i'Jf'-.VcOHh('/'+£/)-:i:i;(iNh(7'- U) dUd'T. 


li' {Xe'^" + xe~^) be taken as a new variable v, in the integral 



g-A’co8h(7'+ir)-a:oosh(r-J/) 


Proc. London Math. Soc. xxx. (1809), pp. 159 — 171. 
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, p r 1 f X* + £iJ® + 2Xa3cosh 27’)! 

It becomes esp [^-g|e + JJ 

and so we have 

and, on performing the integration, with respect to T, we at once obtain 
Macdonald’s theorem when the variables X and x are positive, 

13*72. Nioholsotis integral representations of products. 

We shall now discuss a series of integral representations of Bessel functions 
which are to be associated with Neumann’s integral of § .5’4;3. 

The formulae of this type have been developed by Nicholson*, and the 
two which are most easily proved are 

(1) Ky, {z)K„ ( 2 ) = 2 f {2z cosh i) cosh (fi — v)t di 

Jo 

= 2 (2z cosh t) cosh (/a 4 - v) t dt, 

• ® 

when I arg s | < while /x and v are unrestricted. 

To obtain these formulae we use § 6’22 (5) which shews that 

1 r" 

(z) X,(z) = j 0 -* (cosb ^+coBhii) cosh fxt cosh vu dtdu. 

The repeated integral is absolutely convergent, and it may be regarded as a 
double integral. In the double integral make the transformation 

t + u = 2T, t — u=2U, 

and it is apparent that 

(z) K, ('^) = ^ / ^ j ^ cosh fi(T+U) cosh v{T-U)dTd U. 

But 2 cosh 17) coshi/(r— CT) 

= cosh v)T cosh {fi — v)U+ cosh (//, - v) T cosh (/* + r) U 
+ sinh {p + v)T sinh (/* — v) + sinh (/m — v)T sinh (//, + v) U. 

The integrals corresponding to the last two of these four terms obviously 
vanish; and, if we interchange the parametric variables T and Uin the integral 
corresponding to the second of the four terms, we obtain the formula 

J *CO ^00 

W ■^- (^) = 2 / j _ ^ '^cosh (/t + v) Tcosh {p-v)UdTd U. 

If we integrate with respect to JJ we obtain the first form of (1), and if we 
integrate with respect to T we obteiin the second' form of (1). 

* Quarterly Journal, -rua.. (1911), pp. 220—223. 
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(2) (z) ly (z)-- f I^+p {^2 cos d) cos {fi — v)6 dd, 

TT J 0 

which is valid when R{fi-\-v) exceeds —1, is at once deducible from Neu- 
mann’s formula. 


If we take ^ = 0 and change the sign of v, we find that 

(3) Iq (z) Kv (-8^) = - I Kp (2« cos 6) cog vO dd. 

TT j 0 


More generally, if we take fi = — 'ni and then replace fi and v by in and — v, 
we find that, if | 72 (v — m) | < 1, then 

9 z' — V”' fi" 

(4) Im (s) Kp (z) = — Ky-m cos 6) cos (m + v)$ dd. 

TT ./ 0 


If we combine (3) with § 6‘16 (1) we find that 


, , , „ , , 2r(.-+|) fi’ 

Io(z)A,(z) ^ 


rJn- p (4^)'' cos (u cos 0) cos 
Jo Jo cos *' d (u‘‘‘ -1- 4iz^) 


dudd, 


provided that — 1< 72(i/) < 1; and in particular 


a result of which a more general form has been given in § 13'6, formula (3). 


13*73. NicJiolsoit’s integral’"' for {z) 4- {z). 

The integral, corresponding to those just discussed, which represents 
Jj^(z)-\-Y„‘{z) is ditficult to establish rigorously. It is first necessary to 
assume that the argument is positive (=«), an<l it is also necessary to ajipeal 
to Hardy’s theory of generalised integrals, or some such principle, in the course 
of the proof. 

Take the formula (§ 0‘2l) 

I r “ +irf 

{x) = — . ^ dw. 

TTl —00 

From the manner in w'hich the integrand tends to zero as jiuj^oo on 
the contour, it is clear that when an exponential factor exp (— Xw"} is inserted, 
the resulting integral converges vmiformly with regard to and so it is a 
continuous function of Hencef 

a r 00 + iri 

(.v) = Yim — . exp {—Xw’-) e* ’'“'rf-a'. 

A-*-+i)7n ,i _0D 

Phil. Mag, (G) xix. (1910), p. 234; Quarterly Jmirnal, xui. (1911), p. 221. 
t Hardy, Quarterly Journal, xxxv. (1904), pp. 22 — 66; 'Tram. Camb. Phil. Hoc. xxr. (1912), 
pp. 1 — 48. In this integral (as distinguished from those which follow) the sign lim is commuta- 
tive with the integral sign. 
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By Cauchy’s theorem, the contour may be deformed into the line* 
I (w) = Itt, so long as X has an assigned positive value ; writing for w, 

we get 

g— ivjri roo 

(a?) = lim — r- j exp {— X (t + e^co8h<-vi! 

X-k-fO Tri J _oo 

fl— iwi Too 

dt, 

TTl 

in Hardy’s notation. In like manner 

g^viri Too 

^;a) (a;) rG dit, 

'in> J — 00 

with an implied exponential factor exp{— X,(i« — ^Tri)®}. 

Since the requisite convergence conditions are fulfilled when X, > 0, we may 
regard the product of the two integrals 

- 00 J -00 

(in which ei(£) and ez(u) stand for the exponential factors) as a double 
integral 

I* r ei(£)ea(M) 

J -QC J — 00 

We thus find that 

’rr»If,<^i (tv) (aj) = (? f * r ei*(cosh^-cosii «)-.«+«) (dtdu), 

J —00 J —00 

with the implied exponential factor 


exp [— X (£ + ^7riy — X (w — 

Make the substitution t + u= 2T, t — 11 = 211 and then 

^'ir^Jj^(a:) + Y,^ic)] = Gr f* e2**sinh2>8inh£r-2.r((^y^j7)^ 

J — 00 j — 00 

with an implied exponential factor 


exp |— 2X7”® — 2X ( Z7 + Itti)®]. 


In view of the absolute convergence of the integral, it may be replaced by 
the repeated integral in which the integration with respect to U is performed 
first, so that 

l-TT® { (a?) + Fp“ (a;)} = G 


a ct) 

-to 


g2<,r8inh Tslnh U-2vT ^ JJdT 


n oo 

g-2M:shih Tsin\iU+2vT 
— w 

with an implied exponential factor in each case equal to 


exp {- 2Xr-* - 2X ( 17 + J7rt)“}. 
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We first consider the integral 

f exp {-2X(U'+^ tK)**] e**® ^ ^dU, 

J —00 

in which T is positive. 

When T is positive, the 17-path of integration may be deformed into the 
contour / (17) = ^tt ; if we then write U=v + Im, where v is real, the integral 
becomes 

I exp 2\ (v -h my] e-a®Hinh rcoahu 

J -CD 

= 2 exp (2X.7r“) j exp (— cos 47rX'V ,e ~^ ^ ® dv 

= 2 exp ( 2 X, 77 ^) I “e-«ai85nh srcoshtj ^Iv 
Jo 

— 2 exp (2X'7r’’) f {1 — exp (— 2Xv’‘) cos 47r\v} ^ dv. 

J 0 

To approximate to the latter integral when \ is small, we use the 
inequalities 

0^1— exp (— 2\v^) cos 47rXv 

= 1 — exp (— 2Xv‘‘‘) -I- 2 exp (— 2\v®) sin" 2'jr\v 2\v^ -|- Stt^XHi®, 
so that, for some value of 6 between 0 and 1, 

I exp {- 2 \ ( [/■ + |7ri)>} e2i*8i»i» rsUih 
J «00 


= 2 exp (2X7r‘-‘) 


= 2 exp (2\7r*) 

If we treat the integral 


'CO j'CO 

g-BaJsiuhrooBht) _ ^2X -f- Stt’-’X") 6 yJ^-SajHinh Tcoaht) 
. 0 .0 


Kq {2x sinh 2’) — (2X -l- 6 -j;- {2x sinh 2’) 


f*-0j 


f ”” exp {- 2X ( 17 + J TTj)"} e- ^^dU 

j —CO 

in a similar manner, we find it equal to 

2/fo (2a; sinh 2') — 2X6^ i {2iV sinh 2’)l , 

[Cfl j^=() 

where 0 ^ < 1, provided that T is positive. 

On collecting the results and remembering that means the same thing 

0 

rco 

as lim I , we find that 

2 -j-Q » 2 

{’n^[Jy^{oci)-\-Yy{x)] 

= lim lim I exp (2X7r®)ifo(2a;Binh 2’) 

\-*-+o 8 -*-+o 2« L 


- (2X + 87r*X*) e exp (2X7r'') (2a; sinh T)[ 


-f- lim lim I 
X-*-+0 8-+.+0J 8 L 


TTo (2aJ sinh T) — 2X^i K^. (2a; sinh T)[ 


Jm-oJ 

L-oj 
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m 


Now) qva, function of T, 


0* 


^ (2<c sinh T)\ -0 {(log sinh Ty], 

Ofl' ) n-o 

Avhen T is small, and so we may proceed at once to the limit by making 0, 
since the integral is convergent; and, since the integrals 






ft—O 


are convergent, the result of making \ 0 is 

1 7r“ { /.» (a) + Yy. {x)\ = f * Zo (2a sinh T) (e" 2>'2’ + dT. 

J 0 

It is therefore proved that, when a? > 0, 

Jy (^) + Yy (a) = ~ [ Jfo (2a; sinh T) cosh 2vTdT. . 
ii J \t 

If we replace a by z, both sides of this equation become analytic functions 
of z, provided that R (z) > 0. Hence, by the theory of analytic continuation, 
we have the result 

(1) Jy (z) + IV (^)=‘ j R^o (2« sinh t) cosh 2vtdt, 

provided that R (z) > 0. 

Another integral formula which Can be established by the same method* is 


,( 2 ) 




_ 4 r* 
TT Jo 


Ko(2z sinh ^) dt 


To prove this formula, we first suppose, that is a positive variable (which 
we replace by a?), and then 


BY, (a) 


dJ^ (a) 


1 r“ f" 

= 2^ ^ J J (W - ^ (coahi-cosh«) g-v«-h») _ (^dtdu) 

tr'l J ..aoJ-o) 

= - Q (2t/'+7rt)e2i«ilnhTiinhZ7g-2..r<£^7£^ 

(2tI+7n:)e-«*8inhr8inhi7e2.T^[;-^y. 

^ J 0 J — to 

' For the foil details of the analysis, see Watson, Proc. Royal Soc. xoiv. a, (1918), pp. 197— 
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Now, T being positive, w^ have 

r 00 

I (2 £/ + 7n) exp (- 2X ( £/"+ 1 7rt)*} e^^siah rsinh u ^jj 

= 21 (v + iri) exp {- 2X (v + Trt’V} e-2»»inh Toosh 

and, rince ^ 

last integiul is 


rto 

%iri e-2ai 8inh Toosh v ^y Q 
J —00 


where the constant implied in the symbol 0(X) is a function of T such that 
its integral with respect to T from 0 to oo is cbnvergent. 

In like manner, 

r 00 

(2 Z7 + Tri) exp {— 2\ ( [/" + ^ Tj-l^a] g-2i.« siiih Tulnh i7 ^ 

»' — CO 

— I 2v exp (— 2Xi;“) e- 2 »Binii Toosiit) ^y _ q_ 

TT • » J “00 

Hence it follows that 

•^xC'^O !„(•«) g,) =~“j / e-2«sinurcoshi,-2.r(^^^2T 


4 
TT.'o 


K,{2xsmhT)e-‘^'''^dT. 


The exto.iiaion to the case in which the argument of the Bessel functions is 
complex with a positive real part is made as in (1). 

It should b(! mentioned that formula (2) is of importance in the discussion 
of descriptive; j)ro[)ortie.s of zeros of Bessel functions. 

The roudor nifiy liiid it iiitcrostiiig to prove that 

= 2C= (Z) - IV (») -(»•-»>) [.V W - IV w , 

and lienco that 

(3) y; (s) - * - iV (s) * - A, [ ” cosh 27’- A'„ (2.1- airdi T) e~'^'’'^dT. 

' V Vv US J {\ 

Other formulae whieh may he oshihliHljod by the niothod.s of this .section ai'O 

(4) J^{:^.h{z)+Y^{z)Y\.{z) 

4 

= -n /iy_fi(2zsiiihi).{e(>^+i')^ + 0-(i^+>’)f cof3(fi—v) rrjdi, 

TT Jo 


(r>) 


•//X (s) Y,{z)-J,(z) IV = f AV_J^ (2ssiDh t) dti 

Jo 


those are valid when /£(z)>0 and |/i(^-v)|<l; they do not appear to have been 
previously published. 
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13‘74. Deductions from Nicholson’s integrals. 

Since K,{^) is a decreasing* function of I it is clear from § 13-73 (1) that 

J (a?) + (x) 

is a decreasing function of « for any real fixed value of v, when w is positive. 

Smoe this function is approximately equal to 2/(™), when ® is large, we 
snail investigate ° 

and prove that it is ^a decreasing function of w when r>i, and that it is an 
mcreasing function of x when v<^. 

It is clear that 

^/o r)}cosh 2vTdT 

3 T 00 

= iiTo (2® sinh T) tanh T cosh 2i; T’ | 

p[ K^(2x sinh T) 


Jo 


+ 


TT*,' 0 


d 


l^cosh 2i/7’- ^ {tanh Tcosh 2vT\ 


dT, 


on mtegrating the second term in the integral by parts. Hence 

8 r« * 

= ;p, J ^ ^0 (2« sinh T) tanh ^Tcosh 2vT {tanh T- 2v tanh 2vT\ dT. 

of ^ when X,>0, anVl so the last 
esSes thTSu™ " - 2v > 1 or 0 < 2r < 1 ; and this 

Next we prove that, when x^v^O, 
is an increasing function of x. 

If we omit the ^sitive factor 8 (,r?-v«)-!/w» from the derivate of the ex- 
pression under consideration we get 

W(2®sinh«)-|-2(a:«-„»)sinh(.Jf.'(2a!sinh()loosh2rt*. 
“Jo^Hive““ *“ 


* This is obvious from tho formula 
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r* d 

V j ^ [sinh tKo (200 sinh ^)} sinh 2vtdt 


13-74] 

We twicse integrate by parts the last portion of the second term in the 
integral thus 

Too 

2»^ sinh t Kq ( 'lx sinh t) cosh 2vt dt 

J 0 

= 11 / sinh i sinh 2 vt Kq {2x sinh t) 

= ~ V j ^ {sinh tKo (2® sinh «)} sinh 2vtdt 

= — 1 / 2x sinh t cosh tKo (2«! sinh t) sinh 2vtdt 
Jo 

[ 1 ^ 

— X sinh t cosh tKo (2x sinh t) cosh 2id 

J -J® 

Too ^ 

+ X ^ [sinh t cosh t Ko {2x sinh i)] cosh 2ut dt 

J 0 dt 

roo 

= 1 \[x cosh 2tKa (2x sinh t) + 2a;^ sinh t cosh^tKo' (2x sinh i)] cosh 2vt dt\ 

Jo' 

the simplification after the second step is produced by using the differential 
equation 

zKo" (z) + Ko' (z) - zKo (z) = 0. 

The integral under discussion consequently reduces to 

[— 2x sinh''ijK’o(2a3 sinh t) — 2a;® sinh^t/fo' (2a? sinhi)] cosh 2vt dt 
■ -“gy Ko(2x sinh t) cosh 2vt 


JO 


— 2 sinh® t cosh 2vt + 4 1 cosh 'Ivt 
dt [cosh t 


dt 


+ x I Ko (2x sinh <) 

Jo 

Too 

== X Ko (2a? sinh t) [tanh® t cosh 2vt-\- 2v sinh® t sech t sinh 2vt\ dt, 

Jo 

and this is positive because the integrand is positive ; hence the differential 
coefficient of 

(a;® - 1 /®)* I/,,® (a?) + F„® (a;)] 
is positive, and the result is established. 

Since the limits of both the functions 

j./,® (a?) + y.®(a?)j, (a;® - i/»)* {J.® (a?) + T,® (x)] 

are 2 / 7 r, it follows from the last two results that when a?^ v ^ J, 


( 1 ) 




An elementary proof of the last inequality (with various related inequalities) was 
deduced by Schafhoitlin, Berliner Sitzungaberichte, v, (1906), p. 86, from the formula 
(of. § 6-14) 

dt 


(4.®-i) r 

J « 




= 1 (a> + 6>) w}’+ 2 (l - ^) w + V w] ■ 

where {x) a aJ„ (a?) 4- b Y„ {x). 
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The next consequence which we shall deduce from the integrals of § 13*73 
is that, when v is positive, 

To obtain this result, we observe that the expression on the left may be 
written in the form 


ZYy{co) 




+ 


dv dv J*, 

^YAx) _ ^ dJA^y \ 

da; " 9® Ja!= 


[JA^) 

KA^vBmhT)e-^^^clT 

TT/^ TTJo 

But, for each posjtive value of t, 2vsinh(Ji/i/) is a decreasing function of v, 
and so, since Ko(x) is a positive decreasing function of its argument, we see that 

1—J 6~‘ iTo sinh 

is a decreasing function of v, and therefore 


dr,(v)_y^^^^dJ.(p) 


dv 


dv 


lim [k 

<o __ ( dv dv 


= lim 




[_1057rj^ 

by using the asymptotic expansions of § 8*42 ; and this establishes the result 
stated. 


13*76. The asymptotic expansion of {z) + F„® {z). 

It is easy to deduce the asymptotic expansion of {z) + {z) from 

Nicholson’s formula obtained in § 13*73, namely 

Jv {z) + F„® (z) = \ f Ho (2z sinh t) cosh ^vtdt: 
vr .) 0 

for we have, by § 7*4 (4), 


cosh 2vt 
cosht 



«t=0 


m\{v, m) 
(2m)! 


2«”Binh«'*t + jR’|„ 


where 


I iJp 1 < 


cos vir 
coaRivjr) 


(2p)! 


2«'sinh*^i; 


and, when v is real and p is so large that p-\-\>v, lies between 0 and 


(2p)l 


2‘«»8inh^i. 
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We at once deduce the asymptotic expansion 


J {z) + ~ — 2 ^ f ^ 

^ m=0 V-sWi)! Jo 

that is to say, by § 13'21 (8), 

(1) 4»W + n'C^)~J; 2 ll.3...(2m-l)'4^^ 


'ttz 7h=o 


this is proved when R (z) > 0, but it may be extended over the wider mnge 
1 arg £: I < TT ; and, if v is real and z is positive, and p exceeds i/ — -|, the remainder 
after p terms is of the same sign as, and numerically less than, the {p + l)th 
term. 


13-8. Ramanujan's integrals. 

Some extniordinary integrals have been obtained by Ramanujan* from an 
application of Fourier’s integral theoremf to Cauchy’s well-known formula 

008'*+*'“=“^ 7rr(/i + v-l) 

which is valid if R{p + v)> 1. The application shews that 


® df 

-00 r (fi'+ ^jr{v- 1) 


f(2oa8i()M+-2 

= J r(,. + .,-i) * ■ 


0 , 


dc >'"•), 


where t is any real number. 

By expanding in ascending powers of and y, and then applying this 
formula, it is seen that 


(1) 


gUt fi^ 




2cos^i 


= [V(2 cos It 

if — TT < i < TT ; for other real values of t, the integral is zero. 
In particular 


( 2 ) 


dOO 

(^) Jy-t (*’) (2a’)- 

J —00 


In view of tho roeoarches of March, Ann. der Pkifnk and Chemie, (4) x.xxvn. (1012), 
pp. 29 — 50 and RyW.ynski, Aim. der Physik und Chcmie, (4) XM. (1913), pp. 191—208, it 
seems quite likely that, in spite of the erroneous character of the analysis of those writers J, 
these integrals evaluated by Ramanujan may prove to be of tho highest importance in tlio 
theory of the transmission of Kloctriu Waves. 


29 


W. B. V. 


* Quarterly Journal, xlviii. (1920), pp. 294 — rflO. 

I Of. Modern Analysis, §§ 9'7, ll'l. 

X Of. Love, Phil. Tram, of the Royal Soo..aaxy. a, (1915), pp. 128 — 124. 
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MULTIPLE INTEGRALS 

14’1. Problems connected with multiple integrals. 

The diiference between the subjects of this chapter and the last is more 
than one of mere degree produced by the insertion of an additional integral sign. 
In Chapter xiii we were concerned with the discussion of integi'als of perfectly 
definite functions of the variable and of a number of auxiliary parameters ; in 
the integrals which are now to be discussed the functions under the integral 
sign are to a greater or less extent arbitrary. Thus, in the first problem which 
wiU be discussed, the integral involves a function which has merely to satisfy the 
conditions of being a solution of a partial differential equation, and of having 
continuous differential coefficients at all points of real three-dimensional space. 

In subsequent problems, which are generalisations of Fourier’s integral 
formula, the arbitrary element has to satisfy even more general restrictions 
such as having an absolutely convergent integral, and having limited total 
fluctuation. 


14*2. PFeher’s infinite integrals. 

The integrals which will now be considered involve Bessel functions only 
incidentally; but it seems desirable to investigate them somewhat fully 
because many of the formulae of Chapter xiii may easily be derived from 
them, and were, in fact, discovered by Weber as special cases of the results of 
this section. 

Weber’s researches* are based upon a result discovered by Fourierf to the 
effect that a solution of the equation of Conduction of Heat 


du dht d*u 
dt da? 9 ^* 


]S 


u — -^l I f ^(£c + 2X^/t, y+2F\/t, s + 2Z*/t) 

xexpl-(X^ + r^ + Z^)}dXdYd^, 
where <I> is an arbitrary function of its three variables. 

Weber first proved that, if <1> (ic, y, s') is restricted to be a solution of the 
equation 

( 1 ) 


dy‘* 


* Journal fUr Math. iiix. (1868), pp. 222 — ^237. 

t La Thiorie Analytique de la Chaleur (Paris, 1822), § 872. The simpler equation with only 
one term ou the right had previously beep solved by Laplaoe, Journal de vAcole polytecknique, 
Yin. (1809), pp. 285 — 244. 
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then 

(2) u- exp (~ 1<H) ^ (oB, y, z), 

provided that <1> has continuous first and second differential coefficients, and 
the integral converges in such a way* that transformations to polar coordinates 
are permissible. 

The method by which this result is established is successful in expressing 
a more general triple integral as a single integral [cf. equation (4) below]. 

If we change to polar coordinates by writing 

2X hjt — r Bind 2Y \/t = r ain $ ain <f), 2Z^/t = rooB0, 

we get 

J /• 00 r IT rir 

u = 71 — Try $ (a; + r sin ^ COS <i, V + r sin 0 sin 6, z + r cos 6) 

(47rt)» Jo Jo J-rr 

X exp sin 6 d^dddr. 

Now consider the function of r, ot (?•), defined by the equation 

rgr(r)=[ I ^(a; + raindcoB<f>, y + r Bind am (f>, z + r cos d) Bind d^dd. 
JoJ-TT 

It is a continuous function of r, with continuous first and second differential 
coefficients when r has any positive value ; and the result of applying the 
operator 


to -cr (r) is 




We proceed to shew that the last integral is zero. If we make use of the 
differential equation (1), which ^ satisfies, we find that 




1 rrf 1 9 / • 


To avoid the difficultyf cailsed by the apparent singularity of the last inte- 
grand on the polar axis, we consider the integral taken over the surface of a 
sphere with the exception of a small cap of angular radius S at each pole ; 
since the integrand on the left- is bounded at the poles, the integrals over the 
caps can be made arbitrarily small by taking 8 sufficiently small. 

If we perform the integration of the second term on the right with respect 

A sufficient condition is that ^ should be bounded -when the -variables assume all real values, 
intlnlte values of the variables being included. Cf. the oCrresponding t-wo-dimensional investigation, 
ilfodern Analyais, § 12 '41. 

t This difficult j -was overlooked by Weber. 


29—2 
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to we see that its integral vanishes because 0<3E>/9^ is supposed to be a one- 
valued function of position. The first term on the right gives 

and this can be made arbitrarily small by taking S sufficiently small since 

d^lismedS) 

is continuous and therefore bounded. 


Hence 




can be made arbitrarily small by taking S sufficiently small, and therefore it 
is zero. 


Consequently 

(3). 

so that 


d*,{rt!r (r)} 




-1- Ji^rnr (r) = 0, 


flr(r) = 


d sin At -H 5 cos At 


where A and B are constants ; since or (r) and its derivate are continuous for 
all values of r, A and B must have the same constant values for all values 
of r. 

If we make r -► 0, we see that 

5 = 0, J. = 47r4> (a;, y, z)lk. 

Hence* 

“ “ L *^ • *•* “ ^ 

and this establishes Weber’s result. 

A similar change to polar coordinates shews that, if (x, y, z) is a solution 
of (1) of the type already considered, and if f{r) is an arbitrary continuous 
function of r, then 

(4) r r r ^{X.Y,Z)fy[(X-a,y + (Y-yy + (Z-zy\-\dXdTdZ 

J — 00*1 — 00 J — X 

4i-jr^ (x, y, z) . , j 

— — ^ — V — f{r)&mkr.rdr. 

’ fC .0 

The reader will have no difficulty in enunciating sufficient conditions 
concerning absoluteness of convergence to make the various changes in the 

* This Integral is most easily evaluated by differentiating the well-known formula 

io’“K - cos kr . dr=sJ{Tt) exp ( - 


with respect to k. . 
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integrations permissible. One such set of conditions is that ^ should be 
bounded as the variables tend to infinity, and that 

/(r) = 0(r-P), (?’-^0); /(»•) = 0(r“5). (r-*^ao), 
where jx 3, g' > 1. 


A somewhat simpler formula established at about the same time by Weber* is that, 
if u(r, 6) iaa function of ' the polar coordinates (r, 6) which has continuous first and second 
dififerential coefficients at all points such that whose value at the origin is 

and which is a solution of the equation 


then 
when 0 


/; 


S?+^+*'“=0. 


u (r, S) dS = Sirito JJ, (^)> 
The proof of this is left to the reader. 


14 * 3 . General discussion of Neumann’s integral. 
The formula 


(1) f udu f [ Jo [u\/{E‘ + r^ — 2Rr cos ((i> — (/>)]] B(d^dR) 

Jo Jo J— IT 

= 27rF(r, (f>) 

was given by Neumann in his treatise f published in 1862. In this formula, 
F (R, 4>) is an arbitrary function of the two variables (R, <P), and the in- 
tegration over the plane of the polar coordinates (R, ^>) is a double integration. 

In the special case in which the arbitrary function is independent of <I>, we 
replace the double integral by a repeated integral, and then perform the in- 
tegration with respect to <I> ; the formula reduces to 

(2) [ udu [ F(R) Jo (uR) Jo (ur) RdR = F{r), 

Jo Jo 

a result which presents a closer resemblance to Fourier’s integral} than (1). 
The extension of (2) to functions of any order, namely 


(3) udu\ F{R)Jy{uR)Jy{ur) RdR = F{r), 

Jo Jo 

was effected by Hankel§. In this result it is apparently necessary that v > — 
though a modified form of the theorem 14'5 — 14’62) is valid for all real 

values of v ; when i/ = ± (3) is actually a case of Fourier’s formula. 

The formulae (2) and (3) are, naturally, much more easy to prove than (1) ; 
and the proof of (3) is of precisely the same character as that of (2), the 


* Math. Ann. i. (1869), pp. 8 — 11. 

t Allgemeine Ldsung des Problemes Hher den stationdren Temper aturzuatand eines hoinogenen 
KSrpers, welcher von zwei nichtconcentrischen KugelJUlchen begrenzt wird (Halle, 1862), pp. 147 — 
161. Of. Gegeubauer, Wiener Sitzungsberichte, xov. (2), (1887), pp. 409 — 410. 

I Of. Modern AnalytU^ § 9*7. 

§ Math. Ann. vni. (1876), pp. 476 — 488. 
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arbitrariness of the order of the Bessel functions not introducing any additional 
complications. 

Following Hankel, many writers* describe the integrals (2) and (3) as 
“Fourier integrals” or “Fourier-Bessel integrals.” 

On account of its greater simplicity, we shall give a proof of (3) before 
proving (1); and at this stage it is convenient to give a brief account of the 
researches of the various writers who have investigated the formulae. 

As has already been stated, Hankel was the first writerf to give the 
general formula (3). He transformed the integral into 

Hm f JRF{R)dR f Jv{uR)J„{ur).udu 

A-«.asJo .’0 

= lim r RF{R) {\R) J, (\r) - (Xr) J, (\R) . 

and then applied the second mean- value theorem to the integrand just as 
in the evaluation of Dirichlet’s integrals. Substantially the same proof was 
given by SheppardJ. who laid stress on the important fact that the value 
of the integral depends only on that part of the JJ-range of integration which 
is in the immediate neig'hbourhood of r, so that the value of the integral is 
independent of the values which JP(R) assumes when R is not nearly equal to 7\ 


A different mode of proof, based on the theory of discontinuous integrals, 
has been given by Sonine§, who integrated the formula (§ 13‘42) 


(ur) Jy (iiR) dw = ’ 

after multiplication by F{R)RdR, from 0 to oo , so as to get 


(R<r) 

(R>r) 


I j Jy+i (ur) Jy (uR) F (R) RdRdu — J** F (R) dR ; 

and then, by differentiating both sides with respect to r, formula (3) is at once 
obtained ; but the whole of this procedure is difficult to justify. 

A proof of a more directly physical character has been given by Basset 1|, 
but, according to Gray and Mathews, it is open to various objections. 


A proof depending on the theory of integral equations has been constructed 
by WeyllF. 


The extension of Hankel's formula, which is effected by replacing the 
* See e.g. Orr’s paper cited later in this section. 

t A statement of a mode of dedadng (8) from (1) when y is an integer was made by Weber, 
JHatA. Am. n, (1878), p. 149, but this was probably later than Hankel’s researches, since it is 
dated 1872, while Haukel’s memoir la dated 1869. 

J Quarterly Journal, xxm. (1889), pp. 228 — 244. ' § Math. Ann. xvi. (1880), p. 47. 

II JProc. Oamb. PhiL Soe. t. (1886), pp. 425 — 433. See Gray and Mathews, A Treatise on Bessel 
Functions (London, 1895), pp. 80 — 82. 

H Math, Ann, lxvi. (1909), p. 824. 
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Bessel functions by arbitrary cylinder functions, was obtained by Weber*, and 
it will be discussed in §§ 14‘5 — 14'62. , 

An attempt has been made by Orrf to replace the Bessel functions by any 
cylinder functions, the w-path of integration being a contour which avoids the 
origin ; but some of the integrals used by him appear to be divergent, so it is 
difficult to say to what extent his results are correct. The same criticism 
applies to the discussion of Weber’s problem in Nielsen’s treatise. It will be 
shewn (§ 14’6) that if, as Nielsen assumes, the two cylinder functions under 
the integral sign are not necessarily of the same type, the repeated integral is 
not, of necessity, convergent. 

It should be stated that, if r be a point of discontinuity of F(R), the 
expressions on the right in (2) and (3) must be replaced by]: 

n^(^--0) + F(r + 0)}, 

just as in Fourier’s theorem. 

For the more recent reaearchea by Neumann, the reader should consult his treatise 
Ueber die nac/i Kreis-, Eugel- und Gglinder-fmictionm forischreitcnden Entwiokelungen 
(Leipzig, 1881). 

Neumann’s formula (1) was obtained by Mehler§ as a limiting case of a 
formula involving Legendre functions; in fact, it was apparently with this 
object in view that he obtained the formula of § 5’7l, 

lirn P„ [cos (3/»)j = (^), 

« CO 

but it does not seem easy to construct a rigorous proof on these lines (cf. 
§14-64). A more direct method of proof is given iti a difficult memoir by 
Du Bois Reymond|l on the general theory of integi-als resembling Fourier’s 
integral. The proof which we shall give subsequently 14-6 et seq.) is baaed 
on -these researches. 

Subsequently Ermakofff pointed out that the formula is also derivable 
from a result obtained by Du Bois Reymond which is the direct extension to 
two variables of Fourier’s theorem for one variable, namely 

^ {oo, y) 

= 3=r r r r 'J'(.y.y)<!os|a(Jr-®) + ^!(r-y)}.(dXdr)dad^. 

J— ooj "OoJ -ooj —00 

Ermakoff deduced the formula by changing to polar coordinates by means of 
the substitution 

a = u cos o), /S = w sin a>, 
and effecting the integration with respect to w. 

* Math. Ann, vi. (1878), pp. 146—161. 

+ Proe. Royal Irish Acad, xxvii. a, (1609), pp. 206 — 248. 

The value of the iutef^ral at a point of disoontinuity hae been e.Kamined with some care by 
Oailler, Archives des Sci. {Soc. Heloitique), (4) xiv. (1902), pp. 847 — 860. 

§ JLfath. Ann. v. (1872), pp, 186—187. 

H Math. Ann, iv. (1871), pp. 862 — 390. 


IT Math. Ann. v. (1872), pp. 689—640. 



456 THBOBY OB BESSEL FTTNOTIONS [CHAP, XIV 

If (r, (/») and (JS, <l>) be the polar coordinates corresponding to the Cartesian 
coordinates (w, y) and (X, Y) respectively, the formal result is fairly, obvious 
when we repine (X, F) by F{R, <E>) ; but the investigation by this method 
is not without difficulties, since it seems to be by no means easy to prove that 
the repeated integral taken over an infinite rectangle in the (a, /S) plane may 
be replaced by a repeated integral taken over the area of an indefinitely great 
circle.' 

If the arbitrary function F (R, ‘1>) is not continuous, the factor F (r, 
which occurs on the right in (1) must be replaced by the limit of the mean 
value of F{R, 4>) on a circle of radius S with centre at (r, when B -*-0. 
This was, in effect, proved by Neumann in his treatise of 1881, and the proof 
will be given in §§ 14‘6— 14‘63. The reader might anticipate this result from 
what he knows of the theory of Fourier aeries. 

A formula which is more recondite than (3), namely 

has been examined by Bateman, Proo. London Math. Soc. (2) iv. (1906), p. 484; cf. § 12‘2. 


14*4. HankeVs repeated integral. 

The generalisation of Neumann’s integral formula which was effected by 
Hankel (cf. § 14‘3) in the case of functions of a single variable, may be formally 
stated as follows : 

Lei F (R) he an arbitrary function of the real variable R subject to the 
condition that 

f"x(J2) KjR.dR 
Jo 

exists and is absolutely convergent; and let the order v of the Bessel functions 
he not* less than — Then 

(1) [ udu\ F{R)J„{uR)Jy{%ir')RdR = \[F{r-^Q) + F{r-~i!))], 

J 0 J 0 

provided that the positive number r lies inside an interval in which F (R) has 
limited total fluctuation. 

The proof which we shall now give is substantially Hankel’s proof, and it 
is of the same general character as the proof of Fourier’s theorem ; it will be 
set out in the same manner as the proof of Fourier’s theorem given in Modern 
Analysis, Chapter ix. It is first convenient to prove a number of lemmas. 

* It seems not unlikely that it is soffieient for v to be greater than - 1 ; but the proof for the 
more extended range of values of v would be more difficult. 
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14*41. The analogue of the Riemann-Lehesgue lemma. 

A result, which resembles the lemma of Riemann-Lehesgue* in the theory 
of Fourier series, and which is required in the proof of Hankel’s integral 
theorem is as follows : 

rb 

ieif I F(R)\/R.dR esdst, and {if it ia an improper integral) let it he 

. a 

absolutely convergent; and let v ^ Then, as X oo , 
f F{R) J, (XR) RdR = 0 {1|^/X). 

J a 

It is convenient to divide the proof into three parts ; in the first part it is 
assumed that F{R)»s/R is bounded, and that b is finite; in the second part 
the restriction that b is finite is removed ; and in the third part the restriction 
that F{R)\/R is bounded is also removed. 

(I) Let the upper bound of \F(R)fR \ be K. Divide the range of in- 
tegration (a, b) into n equal intervals by the points a’,, Wz, ... Wn-i (a‘o=a, 
ODn = b), and choose n so large that 

n 

^ ( bJni (a’ln < €, 

m-1 

where e is an arbitrarily small positive number and and L^. are the upper 
and lower bounds of F{R)\/R in the wth interval. 

Write F {R) \JR = F {Rm-\) •JRm-i + {R), so that, when R lies in the mth 

interval, | <u„i {R) \ < C/„, — Z„i. Now, when both of the functions of x, 

a'* J„ {x), f Jy (<) dt, 

Jo 

are bounded when a > 0, even though the integral is not convergent as a oo . 
Let A and B be the upper bounds of the moduli of these functions. It is then 
clear that 


F{R)Jy{xR)RdR 

\ 

= ^ F {Rm-\) V Rm—i I n {xR) V R' • ^R 

m=l *»n-i 

+ 5 T”* co„,{R)Jy{XR)>^R.dR 

m-\ J Xm-i 

^ 2 p' J,(a:)./x.dx + 2 f’ I «..,.(«) I - 

m-1 X I J,\x,n-i m=\J Xm~\ V 


AdR 

fx 


2BnK jIs 

^ ^/x' 


* Of. Modem Analysis, § 9'41. 

t The upper limit of the integral may bo infinite ; and a^O. The apparently irrelevant factor 
B preserves the analogy with § 14-3 (8). 
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By taking X sufficiently large (n remaining fixed after € has been chosen) the 
last expression can be made less than 2Aeji^\, and so the original integral 
is 0 (1/V^)- 

(II) If the upper limit is infinite, choose o so that 
J 0 

and use the inequality 

I" F{R) J, (XR) RdR j ^ j 1° jP (J2) J, (XR) RdR]^ + ~j'^\F{R)\^R.dR; 
then, proceeding as in case (I), we get 

2BnK 2Ae 


rF{R)MXR)RdR 

I J a 




+ 




The choice of n now depends- on e through the choice of c as well as by the 
mode of subdivision of the range of integration (a, c ) ; but the choice of n is 
still independent of X, and so we can infer that the integral (with upper limit 
infinite) is still o(l/\/X). 

(Ill) If F(R) hJR is unbounded*, we may enclose the points at which it is 
unbounded in a number p of intervals 8 such that 


Zf lS''(R)l^/Ji.dJt<e. 

s J s 


By applying the arguments of (I) and (II) to the parts of (a, h) outside these 
intervals, we get 

\J a A,* aJX 

where K is now the upper bound of j i?’(iJ) | tJR outside the intervals 8. The 
choices of both K and n now depend on e, but are still independent of X, so 
that we can still infer that the integral is o (l/\/X). 

14*42. The inversion of HankeVs repeated integral. 

foo 

We shall next prove that, when and I F{R) V-R . dR ecdsts and 

} 0 

is absolutely convergent^ then 

f udu [ F(R)J^{uR)Jy(ur)RdR 
Jo Jo 

= lim f F(R) i [ Jv (uR) J, (wr) udv\ RdR, 

K-^ao Jo [Jo j 

provided that the limit on the right exists. 


Of. Modem Anaiysis, $ 9*41. 
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For any assigned value of X, and any arbitrary positive number e, ecc 
hypothesi there exists a number 13 such that 

j~\F(.Ry\^k.dR<^, 

where A is the constant defined in § 14*41. 

If we write F (R) (uR) J, (ur) tiR = (j> (R, u), 
it is clear that* 


I" I I (R, u) cZwj dR — J 1 ^ C-®* “) 

~ j / { / ^ ~ 1 { ^ 

^ / {/ |[ 1 ^ (^> '“) I 

^ r !''-^\F(R)\>,/R.dudR+r f ~\FiR)\^JR.dRdu 

JoJjSV^ 


< e. 

Since this result is true for arbitrarily small values of e, we infer that 

f [ 6 (R, u) dudR = [ f ^(R, a)dRdu, 

Jo Jo Jo Jo 

the integral on the left existing because the integral on the right is assumed 
to exist. If the integral on the left has a limit as X oo , it is evident from 
the definition of an infinite integral that 

[ udu r F(R)Jv(uR)Jy(ur)RdR 

Jo Jo 

= lim f udu [ F(R)J„(itR)J^(ur)RdR 

A -»■ 00 1 0 Jo 

= lim I ii^(i2){ f Jy(uR) J^(ur) udul RdR, 
x-*oo.'o (Jo ) 

and this is the inversion formula which had to be proved. 


14*43. The relevant part of the range of integration in HankeVs repeated 
integral. 

Next we shall prove that, in Hankel’s integral, the only part of the i2-range 
of integration which contributes anything to the value of the integral is the 
..part of the path in the immediate vicinity of r, provided merely that F{R) fJR 
has an absolutely convergent integral. 

* The juatilioation of the inversion of the order of integration for a finite rectangle whose sides 
are \ and /3 presents no great theoretical difEoolties. 
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effect thie. it is sufficient to prove that, if r is no* a point of the 
interval* (a, &)> then 

rudu. fF(B) J, (««) («>■) SdR = 0. 

We invert the orfer of the integrations, as in 1 14-4,2, and we find that, if 
the limits on the right exist, 

^udu I V(B) J, (uE) Ju(ur) BdB 

= lim I ^F(B) j f V, (uM) J, (ur) udiX BdB 

X^ce.'o Uo X.BdB 

= hni F{B)[BJ,+i{'kB)M\r)-rJ,+d>^^^ 

-’to iImC 

Since both the integrals 

J a 


J 

J a 


Ja B*- 7^ Ja 
are ex hypoihesi absolutely convergent, it follows from the generalised Riemann- 
Lebesgue lemma (§ 14*41) that the last two limits are zero ; and so 

[“udu f^F(B) J, (uB) J, {ur) BdB^O 
Jo Ja 

provided that r is not such that a %r^h. 

14*44. The boundedness of j j J, (uB) J y {ur ) uB^ dudB. 

It will now be shewn that, as <x> , the repeated vntegral 

( [ Jy {uB) J„ {ur) uB^ dudB 
J a J 0 

remains hounded, provided that a and h have any {bounded) positive values, 1 1 
is permissible for a and b to be fundions ofXof which one {or both) 77iay tend 
to r as X CO. 

Let us first consider the integral obtained by taking the dominant terms 
of the asymptotic expansions, namely 
2 f * 

r- / cos {uB — ^VTT — ^Tt) cos {ur — ^VTT — du dB 

TT vrJaJo 


B^-r^ 


dB 


' J a -'0 

_ 1 p TsinX (iJ — r) _^coB (X(J2 + r)— i/7r} — COS 

~’rr\Jr]a\, B — r B+.r 

1 r p (*»-»•) sin a? ^ cos (a?-- vir) ^ 

WV'’’UA{a-r) aj Jx(a+r) 


— dB 
+ cos VTT 


V & + r" 
” £H- r 
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Sin a; 


The first integral is bounded because dx is convergent ; and the 


J - = 


X 


second integral is bounded because J . dx is convergent ; and so 

the integral now under consideration is bounded, and its limit, as X, oo , is 
the limit of 


TT hjv [_jA(a-r) 
provided that this limit exists 
But we may write 

ff 


, ^ Sin a; j , b 

ax + cos VTT log- 

J\(a-r) ^ CL 


h + r 
+ r 


Jv (uR) Jv (ur) uR^ dudR 

= —-T f f [i'rruJ^(uR)J^(n7')^/(Rr) 

nr sT j a. J 0 

— cos {uR — \vTr — ^tt) cos {ur — ^vnr — Jtt)] dudR 


nr ijr J a J a 


6 /• 00 


WnruJv (uR) (ur)>\/{R7') 


— cos (uR — ^vnr — Jtt) cos {itr — ^vnr — dudR 

H Y I I cos {uR — |v7r — Jtt) cos («r — ^inr — Jtt) dudR, 

nr V»’ J a h\ 

Now, of the integrals on the right, the first is the integral with respect to 
R of an integral (with respect to u) which converges uniformly in any positive 
domain of values of R and r, and so it is a continuous (and therefore bounded) 
function of r when r is positive and bounded. 

The third integral has been shewn to be. bounded, and it converges to a 
limit whenever 

p(6-r) sin a; , 

I dx 

J A(a— r) a«' 

does so. 

The second integral may be written in the form 
1 


A '3 1 r* 1 

-K sin (uR - ivnr - inr) cos (in' - ^vnr - Inr) 

‘^n^^/r}aix luR 

+ — cos(uJ?-|j/ 7 r - Jtt) sin (ur — ^i/7r-j7r)4- 0(1 /w“) 


dudR 


V-J [b 
4 inr \jr 




where </>i (X), (f)^ {X) and <f), (X) are functions of \ and R which tend uniformly 
to zero as \ 00 . 
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Hence, for all bounded positive values of a, b, r, the integral ^ 

[ • [ (uR) (ur) uR^du dR 

Ja JO 

is bounded as X-*- oo ; and it converges to a limit whenever 

rACfi-r) 

Jx(a-r) ® , 

does so. 


14*45. Proof of HanheV s integral theorem. 

Now that all the preliminary lemmas have been proved, the actual proof 
of Hankel’s theorem is quite simple. 

Since P (R) has limited fluctuation in an interval of which r is an internal 
point, so also has F{R) >JR ; and therefore we may write 

P(R)VR=Xi(^)-X^(^)/ 

where Xi (^) (^) monotonic (positive) increasing functions. 

After choosing a positive number e arbitrarily, we choose a positive number 
S so small that P (R) has limited total fluctuation in the interval (r — 8, r + S) 
and also 

Xi (r + 8)- Xi (r + 0) < Xa ~ S) < e) 

X^{r + S) - ^2 (^ + 0) < ej ’ O' - 0) - XzO '- ^) < e) ' 

If we apply the second mean-value theorem, we find that there exists a 
number ^ intermediate in value between 0 and 8 such that 


f f Vi R') Jv ( U^R. dudR 

J J- .'0 

/■<•+« CK 

== ;\;i (r 4- 0) I J„ {uR) J„ (ur) u sJR . dudR 

Jr .*0 


+ {%! 0’ (’" + 0)} I (u H) J„ (ur) u *JR . dudR. 

J r+f J 0 

Since r—dw-^iTT, 

Jo ^ 

as X C30 , S remaining fixed, it follows from § 14*44 that the first term on the 
right tends to a limit as X cso while 8 remains fixed. And the second term 
on the right does not exceed Oe m absolute value, where C is the upper bound 
of the modulus of the repeated integral (cf. § 14-44). 

Hence, if 

lim f [ Jv(uR) J„{ur)uR^ dudR = GJ\/r, 

\-*.oo J r Jo . 

it follows that 


lim [ f Xi (R)*^f>(ii'R) J^(ur) uR^ dudR 
X-^co J r J 0 

exists and is equal to OiXi (r + 0)ftjr. 



14-46] 


MULTIPLE INTEGRALS 


463 


We treat (-®) similar manner, and also apply similar reasoning to 
the interval (r — S, r) ; and we infer that, if 

lim f I Jv{uR)J^{ur)uB^ dudR = Qil\/r, 

K-^oo J r—S J 0 

fr+S r\ 4, 

then lim I F{R) J^(uR)J„(ur)uRdudR 

00 J r -S J 0 

exists and is equal to 

G,F{r + 0) + G^F{r-0). 

We now have to evaluate Gi and G^. By the theory of generalised 
integrals*, we have 

~ = f f Jv{uR)Jv (ur) uR^ dR du 
\T Jo Jr 

raa rr+S . 

= lim exp(—p°U'‘) J^(uR)Jy(ur)uR^dRdu 
p-*-o Jo Jr 

= lim [ f 'exp (—p‘^u^)Jy(uR)Jy (ur)uR^ dudR 

p-^O J r • 0 

= lim f 
■n-*-0 J • 


( + 7’>1 


t "^p^ \ 

* vvi 


r+i 

2pP * 

by §13-31(1). 

Now, throughout the range of integration, 


dR, 




and 

as jy 0. 
Hence 

and similarly 




(R-r) 


1 f'-'* f 

Cl = lim — r ■ exp 

,,^„2pV7r.', ( 

1 

-lim -T-- I Gxp (— a;*) rfj! = J, 
p-^-O J 0 


I r® 

G.. — lim -y- exp (- *■“) dr = ^. 

»~^() V TT •/ — M/w 


dR 


7>-^0 J — 

We have therefore shewn that 

lim r f F{R)Jy{uR)Jy{u7')uRdudR 

X ->• 00 r-S Jo 

exists and is equal to 

ili?^(r+0) + i?’(r-0)|. 

* Hardy, Quarterly Journal, xxxv. (1904), pp. 22—66. For a different method of calculating 
Cl and Ca, see §14-52. 
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But, if this limit exists, then, by 1 14*42, 

[ udu f F(B)J,{uR)J„{ur)RdR 
Jo Jo 

also exists and is equal to it; and so we have proved Hankel’s theorem, as 
stated in § 14'4. 

The use of goneralised integrals in the proof of the theoj-era seems to be due to 
Sommerfeld, in his Kfinigsberg Dissertation, 1891. For some applications of such methods 
combined with the general results of this chapter to the probl^ne dea momenta of Stieltjes, 
see a recent paper by Hardy, Meaaenger^ xlvil (1918), pp. 81—88. 

14‘46. Note on Ranked a proof of hia theorem. 

The proof given by Hankel of bis formula seems to discuss two points somewhat 
inadequately. The first is in the discussion of 

lim f f F{R)JpiuR)Jv{ur)uRdudR^ 

\-0-obJq Jo 

which he replaces by 

lim rF(R) [RJ,^^ O.R)M\r)-rJ,,^i\r) J,{\R)] . 

Jo a -1 

In order to approximate to this integral, he substitutes the first terms of the asymptotic 

exiKinsions of the Bessel functions without considering whether the integrals arising from 

the second and following terms are negligible (which seems a fatal objection to the proof), 

and without considering the consequences of X A vanishing at the lower limit of the path of 

integration. 

The second point, which is of a similar character, is in the discussion of 

rK 

lim I ( Jp{uR) J^{ur)uRdudR; 

A^oo J r+f J 0 

after pi-oving by the method just explained that this is zero if f tends to a positive limit 
ahd is ^ if g=0, he takes it for granted that it must be bounded if ^-*-0 as X-*-oo ; and 
this does not seem prima fame obvious. 

14*6. Extensions of HanheVs theorem to any cylinder functions. 

We shall now discuss integrals of the type 

j u du j F (jR) ( uR) ( wr) RdR, 

in which the order v of the unrestricted cylinder function is any real* 
number. The lower limits of the integrals will be specified subsequently, 
since it is convenient to give them values which depend on the value of v. 

For definiteness we shaH suppose that 

(z) = <T [cos a . Jy {z) + sin a . Yy {z)], 
where o- and a are constants. 

* The subsequent disoussion is simplified and no generality is lost by assuming that p^O. 
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The analogue of the Rieinann-Lebesgue lemma (§ 14*41), namely that 
'^F(R) {\R) RdR = o (l|^JX), 

rh 

provided that | F{R)\/R.dR 


f 


esdsts and is absolutely convergent, may obviously bo proved by precisely the 
methods of § 14*41, provided that , and 

!■« >0 if .0 < 1/ ^ 

> 0 if v> * 

The theorem of § 14*44 has to be modified slightly in form. The modified 
theorem is that the repeated integral 

(uR) (iir) u »JR . dudR 


J a J T 


is bounded as A.-»-oo while r remains fixed; as in §14*44, a and b may be 
functions of X which have finite limits as X-^oo. The number r is positive, 
though it is permissible for it to be zero when 
Also the repeated integral and the_ integml 

^ A (//-)•) yj„ .j; 


o 

J A 


dx 


' k{a-r) 

both converge or both oscillate as X -*■ oo . 


[Note. If the two cylinder functions in tho rciMjated integral wore not of the sjiuie 
type, i.e. if we considered tho integral 

■b fK 


/:/: 


{‘id) (wr) u , dudR, 


it would be found that tho convergence of this integral iiocc.s.sitatoH the convorgonco of tho 
integral 

^A(6-r) 1 -cos.r , 

— cti*; 

A (a - r) x 

and so, if X (6 — r)-»-ooa8 X-*-oc, the repeated integral is divergent*.] 


/: 


14*61. The extension of Hankel’s theorem when 0 $ y ^ 

Retaining the notation of §§ 14*4 — 14*5, we shall now prove the following 


theorem. 


Let [ F{R)\JR.dR exist and be an absolutely convergent integral, and 
Jo 

let 0 $ j; ^ The7i 

(1) f udu [ F(R)‘^y(uR)90’y(ur) RdR 
Jo Jo 


= i { J?’ (r + 0) + J?’ (r - 0)} • 


2o*“ sin a sin (a + inr) f” 

. ( 


TTSm VTT 


0 R'^-h"'{E'-r^) 


F{R)dR, 


* This point was overlooked by Nielsen, Handiuch der Theorie der Cylinderftmktioneri 
(Leipzig, 1904), p. 865, in his exposition of Hankel’e theorem. 


w. B. r. 


30 
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provided that the positive number r lies inside an interval in which F{R) has 
limited total fluctuation. 

As in § 14'42, we may shew that 

f udu [ F{R)^v (uR) (wr) R dR 
J a Jo 

= lim f F (R) f iuR) (uv) uRdu dR, 
k OB J 0 Jo 

provided that the limit on the right exists. 

But now we observe that 

[ ^y(uR)^y(u7') udu 
J 0 


R^-1^ 


uR (uR) (ur) - ur (ur) {u R) 
= [-S ^.'+1 (^) O^r) - r 'g’.+j (\r) (XJ?)] 


2o^ sin a sin (« + ^tt) R?* — 
TT sin VTT 


R^r'' {R^-i^)‘ 

Hence we infer that, if r is not a point of the interval (a, b), then 

la ^ ^0 ^RdudR 

-nn\ 2<r* sin a sin (a + vtt) R^’' - r®" 

TT sin VTT j a W^~(R^— 7 ^) 

as 00 ; and so the last repeated integral has a limit when X oo . 

thIv!K\^v ““mbw e. and then choose S so small 

#(«) has limited total fluctuation in the interval (r- fl, r + S) and so that 

I F{R) - Jf’(r4.0)|<e if r < R + h, 
i|i^(ii;)-Jf’(r-0)|< 6 if r-g^J?<r. 

Now take ^(^)j^^i’(uR)^„(ur)ududR, 

and divide the R-path of integration into four parts, namely 

A 1 u (r,r + 8), {r + 8,cc). 

Apply the second mean-value theorem as in § 14-46, and we find that 

Jo ^ I o*^" 


_ __ 2cr® sin g sin (tt + vtt) 


TT sin VTT 


ir+r 

b 0 J ,.+a 


+ + 0) Vr . (uR) % {ur) uBidudB 

(r ‘^’'(^S)'^,{ur)uI&d-u,dR 


J R*-^r'’ (jR® ^ 


+ 

+ V, 
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where It;] haa an upper bound which is independent of \ and which is 
arbitrarily small when e is arbitrarily small. 

The integrals on the right converge to limits when \ oo , and so, by 
making e -► 0 after \ oo , we infer that 

f udu [ F(R)9^y{uR)^p(ur) RdR 

Jo Jo 

is Convergent and equal to 

2<T^siti a sin (a + vtt ) /■“ jR*" - r*" w/ x>\ j d 
TTsinx/TT Jo R''-^r^{R^-7^) ^ ^ 

fw fr+S 

+ F(r + 0)>^r. lim (uR) (ur) uR^dRdu 

S-t-O Jo Jr 

+ F(r — 0)\/r. lim [ [ (uR) (ur) uJ?* dRdii, 

«-».U.'0 Jr-t 

provided that the limits on the right exist. 

To prove that the limits exist and to evaluate them simultaneously, take 
F (R) — jR" when r < i2 < r + S and F (R) = 0 for all other values of R. 

We thus find that 


roo fr+S 

lim I I ^^(itR)^^,{ur)uR^dRdu 

8-*-0i0 Jr 

/■oo rr+t 

= lim I I %{uR)^^^(ur)uR''+^dRdu, 

8-^0 J 0 J r 

•provided that this repeated limit exists ; and similarly 

r’'+Mim f [ ^y(uR)'^y('ur)uR^dRdu 

a -►0/0 Jr-S 

= lim f [ ''^y{uR)Wy(ur)uR''-^^dRdu, 

S-^O Jo Jr-S 

For brevity we write 6 in place of r 4- 8. We then have 

f f (mjR) ^y (ur) uR'’’^' dRdu 
Jo Jr 

« f {6''+‘ (u&) - r''+* (wr)} (ur) du 

Jo 

^00 nti 

= lim {b’'+^'<0’,+i(ul>)-r''-*-'''^y+i(ur)}^^y(ur)--, 

pf+oJo “ 

since the second of these three integi’als is convergent, and the third is abso- 
lutely convergent when 0 < p < 1 — v. 

Now the last expression can be replaced by a combination of the four 
integrals of the types 

I" {6'+»/±(r-n) W - r>’+^J±iru('f^r)} , 

30—2 
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and these are all absolutely convergent. They may be evaluated as cases of 
Weber’s discontinuous integral of § 13*4, and hence we find that 

I'” 

0 

_ (T^T* sin (« + pir) sin (g + v-ir ) . F (j/ + 1 — p) 

~ 2*^ sin p’tr sin vtr . r(i/+ l)r(/o^+l) 

- sin g sin (« + jOTT + vrr) . F (1 - p) 

2*^ sin (/JTT + vtt) sin i^tt . r (1 - v) F (j/ + /o + 1) 

The limit of this expression, when /o 0, is reducible to 
o-V’' sin a sin (a + i/tt) fi /, , 6 ^ 

+ ^TT cot a — l-TT cot (a + vir) — (1) + “^ (— y)J, 

after some algebra j and the limit of the- last expression, when 6-^r + 0, is 
simply |c^®r^ 

In like manner it may be shewil that 

/•oo rr 

Urn I ^,-(wi£)'^„(w7')uJ?''+’djBdw«4cr3r'', 

«-n».+O./0 Jr-« 

and so we have proved that 

= io* {^'(r + 0) -f J-Cr. - 0)1 - r ^ F(JR) dR, 

TTsmi/TT Jo '' ^ 

provided that 0 < v $ F (R) is subject to the conditions stated in § 14*4, and 

(z) = cr {cos aJy (z) + sin otFp (^:)| ; 

and this is the general theorem stated at the beginning of the section. 


14*52. Weber's integral 'theorem. 

It is evident from § 14*51 that, if j F(Ii) ^JRdR exists and is absolutely 

J a 

convergent, where a > 0, then 

(1) Um f" J(K)[iJ^.+,()LE)®,(\r)-r'g'.^.i(X,r)®',(Xje)]^^ 

A-^oo J 0 Xh — 7“ 

= (r + 0) + F (r - 0)}, 

provided that r lies inside an interval in which F(R) has limited total 
fluctuation and F{R) is defined to be zero when 0 < J2 < a, if the order of the 
cylinder functions lies between — ^ ashd J. 
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We shall now establish the truth of this formula for cylinder functions of 
unrestricted order. 

Let X). 

it is an easy deduction from the recurrence formulae that 

and so, by the analogue of the Riemann-Lebesgue lemma. (§ 14*41), we have 

(2) lim r (Ji, r ; \) - (i2, r ; \)] RF (R) dR = 0. 

A.«*-oo J a 

!Hence, by adding up repetitions of this result, 

(3) lim r [<I>. (R, r ; X) - (R, r ; X)] RF(R) dR = 0, 

\-^eo J a , 

where n is any positive integer. 

Choose n so that one of the integers v±n lies between ± and then from (1) 

lim f (-B, r ; X) RF(R) dR = {F{r + 0) + F(r — 0)|, 

^-*■00 J a 

and so, for all real values of v, we deduce from (3) that • 

(4) lim \)iJf(i2)ciiJ = ia*l^'(r + 0) + i’(r-0)l. 

J a 

This result is practically due to Weber*, and it was obtained by the method 
indicated in § 14*46. 

To obtain the result in Weber’s form, let 

(^) = (t) C’*) 

(“) 

Then 


Y,{R)JA^)-Jy(R)Y.{z)- 


= ( 22 ® —r^)j (wr) (w 22 ) u du, 


, j..d^,(ur) f xd^^iuR)! 

“ du J 

and the expression on the left is also equal to 
[RWy+^ (uR) (wr) - r {ur) t, {uR)] 

= uR[7, (R) {uR) - J, (R) 7,+^ (uR)] [F, (r) J, (itr) - (r) F, (wr)] 

- ur[7y (r) Jy+i (ur) — J, (r) F ^+1 (^^>’)] [ F, (22) J , (w22) — (22) F„ (« 22)] 

= u7, (22) F. (r) [RJ,+i (uR) J, {ur) - rJ,+, {ur) J, {uR)] 

+ i w {4 (22) F, (r) - J, (r) F, (22)} [22 {uR) F. {ur) ~ 22 F.+i {uR)Mur) 

- rY,+,{ur)MuR) + r/.+i {ur) Y,{uR)] 

- (/, (22) F, (r) + 4 (»■) Yy (-R)l [RDy+i (wi^) -D. {ur) - 7*^k+i («»•)•?. (<*■«) 

- 222) (m 22) .5„ (7(r) + rD^+i {u7') D„ (it22)] 

- uJ, (22) (r) [22F^i (w22) F, (wr) - rF,H.i(Mr) F, (u22)], 

f2)„ (ir) = /„ (^:) + F„ {z), 

\d,{z) = J,{z)-Y,{z). 

* a/ot;i. 4nn. VI. (1878), pp. 146—161. 


where 
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Now suppose that' 

’"f(R)RdR 

J a 

exists and is absolutely convergent ; and consider 

lim [ f{R) [ ^v(ur)^i^y{uR)uRdudR. 

.1 a Ji ' 

Carry out the integration mth respect td u, and replace the integrated part 
by the sum of the feur terms written above, divided by R’^ — ?'®. 


Since 


MR)7Ar)-J,(r)Y,(R) 
R^ - 


is hounded near r, and has limited total fluctuation in any hounded interval 
containing r, it follows that the integrals coi'responding to the second group 
of terms tend to zero as \~*-oo,hy the generalised Riemann-Lehesgue lemma. 

Corresponding to the third group of terms we get a pair of integrals which 
happen to cancel. 

When we use (1), we are therefore left with the result that 

lim J f(R)J ^^(ur)^y(uR)uR.dudR 

= (r)l . {/(r + 0) + /(r - 0)], 

that is to say 

( 6 ) 

= i {/,> (r) + Ml . f /(r + 0) +/(r - 0)). 
in which the cylinder functions are defined by (6), and r lies inside an interval 
in which /(i2) has limited total fluctuation. 

Apart from details of notation, this is the result obtained by Weber in the 
case of functions of integral order. 

14*6, Foimial statement of Neumann's integral theorem. 

We shall now state precisely the theorem which will be the subject of 
discussion in the sections immediately following. It is convenient to enunciate 
the theorem with Du Bois Reymond’s* generalisation, obtained by replacing 
the Bessel function by any function which satisfies certain general conditions. 
The^ generalised theorem is as follows : 

(I) Let Y) he a hounded arbitrary function of the pair of real 

vaHohles {X, Y), which is such that the double integral 

r r ^(Z, 7).(Z» + F*)-i.(dZrfF) 

J — 00 J — 00 

escists and is absolutely convergent. 

* Math. Ann. iv. (1871), pp. 888 — 390. Neumann’s formula (of. § 14"8) is obtained by writing 
5{t)ec7o(0t conditions (I) — (IH) are substantially those given in Neumann’s treatise 

published in 1881, 
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(II) When ^ (X, Y) is escpressed in terms of polar coordincuteSf let it be 
denoted by F (R, 4>), and let F {R, 4>) have the property that (for all values 
of <[> between ± tt), F(R, ^), qua function of R, has limited total fluctuation in 
the interval (0, oo ); and let this fluctuation and also F (+ 0, be integrable 
functions of 

(III) If .fl (R, <E>) denote the total fluctuation of F (R, ^) in the interval 
(± 0, jR), let XI (R^ ^) tend to zero uniformly with respect to <I> os 
throughout the whole of the inteimal (— tt, tt), with the exception* of values of <I> 
in a number of sectors the sum of whose angles may be assumed arbitranly 
small. 

Since \F(R, <i>) — F {+ 0, <I>)| $fl(B, <[>), this condition necessitates that 
F (R) $) -► X (+ 0, O) uniformly except in the exceptional sectors. 

(IV) Let g (R) be a continuous function of the positive variable ,R, such 
that g (R) *JR is hounded both when R~*~0 and when R -^ao. 

fjR /■“ dt 

Let g(t)tdt = Q(R), and let I 0(t)— be convergent. 

Jo Jo s 

Then r udu f “ f “ ^ (X, F) . ^ jw V(X» + P)} . (dXdY) 

Jo J -ao J —00 

is convergent, and is equal to 

where ^F (+ 0, <[>) means'\ 

^/’/(+0,4.)d<I>. 

Before proving the main theorem, we shall prove a number of Lemmas, 
just as in the case of Hankel’s integral. 

14*61. The analogue of the Riemann-Lehesgue lemma. 

Corresponding to the result of § 14‘41, we have the theorem that if T is 
an unbounded domainX surrounding the origin, of which the oingin is not an 
interior point or a boundary point, then, as \ co , 

11 (S, <t>) 0 (KR) = 0(1). 

* The object of the exception is to ensare thet the reasoning is applicable to tho case (which 
is of considerable physical importance) in which 'ir (X, Y) is zero outside a region bounded by one 
or more analytic curves and is, say, a positive cohstant inside the region, the origin being on the 
boundary of the region. 

t The discovery that the repeated integral is equal to an expression involving the mean value 
of P(2i,$) when the origin is a point of discontinuity of F{R, d>) was made by Neumann, Veber 
die naeh Kreia-, Kugd- und Cylinder-functionen fprUehreitenden Bntwickelungen (Leipzig, 1881), 

pp. 180—181. 

j: For instance T might be the whole of the plane outside a circle of radius 9 with centre at the 
origin. 
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It win be observed that this is a theorem of a much weaker character than the 
theorem of § 14*41, in view of hypothesis (II) of § 14*6. The reason of this is the fact that 
G (KR) may be* 0 (VX) for certain values of JR, and this seems to make arguments of the 
type used in § 14'41 inapplicable 

To prove the lemma, suppose first that T is bounded. Then, for any value 
of 4>, F(R, 4>) may be expressed as the difierencef of two (increasing) mono- 
tonic functions Xi ^)> whose sum is the total fluctuation of 

F (B, <I>) in the interval (0, R). 

If jRo and Ri are the extreme values of R for any particular value of <E>, it 
follows from the second mean- value theorem that, for some value of jBb between. 
Ro and Ri, 


J2x> (-R. i>) 6(xa) ^ (a,, 4>) + Xi (R^. *)/* <? ^ 


r‘'9(t)f+xi(R„ 0)r0(t)j. 


dt 


dt 


dt . 


Since J (? (0 y is convergent, if e is an arbitrary positive number, we can 
choose \ so large that 


r rr /A i 


for all values of f not less than the smallest value of R^. Also 


1 {R, ^)\^{xi{R.^)-iF{+0,^)]+^\F(-hO,^)\ 


and similarly 




(co ,^) + ^F{+0,^) + ^\F{+0, «I>)|, 

whence it follows that 


J I^F {R, G (\R) 

{%i(cso, 4>) + ;;^(oo,<I)) + |^(+0, <I))l|d^ 

J -TT 

= 2e£ {n(«i,4-) + |i’(+0,4>))<i4>; 

and, since F(+ 0, O) is bounded, this can be made arbitrarily small by taking 
€ sufficiently small, and it is independent of tfie outer boundary of T. Hence 
we may proceed to the Limit when the outer boundary tends to infinity. 

* This is the case when ff (22) seJg (22) ; then G (R)—RJi (22). It is by no means impossible that 
some of the oonditions imposed on F (22, $) are superfluous, 
t Of. Modem Analysis, §S'64. 
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We infer that, if T has no outer boundary, the modulus of 

can be. made arbitrarily small by taking X sufficiently large ; and this is the 
theorem to be* proved. 

14*62. The inversion of Neumann’s Treated integral. 

We shall next prove that the emstence and absolute convergence of the integral 

J-J-co ^ 

are sufficient conditions that 

r F).^(u + !"*)}• 

Jo J — w J -« 

= lim r r 'F(X,r)rit{uV(.X'‘+r’)}udu(dFdr), 

X -*.00 J — 00 J — M Jo 

provided that the limit on the right exists. 

For any given value of X and any arbitrary positive value of e, there exists 
a number ^ such that 

I” JJl F {E, <1.) I Ri (dRdd>) < , 

■where A is the upper bound of (w) ] \/m. 

We then have 

if f [ F(li, <^>)g(uE) udu . R (dRd^) 

\ J —IT J 0 J 0 

- r r f F (jR, <E>) g {uR) R {dRd<^?) udu [ 

Jo J -w Jo I 

= [ [ F(R,^)g(uR)udu,R(dRd<P) 

jJ-irJs Jo 

~ r f " r F(R, 4 >) g (uR) R (dRd^)udu 

Jo J -irJp 

r [) F{R, 1 u^du R^ {dRd^) 

J -TtJ P Jo 

+ A r r f 1 F(ii, <E>) 1 (dEd<I>) ui du 

J 0 J —v J P 

< e. 

Since this is true for arbitrarily small values of e, we infer that 

[ f f F(R, ^)g(uR) R(dRd0)udu 
J 0 J “«• J 0 

= lim r r rF(R,0)g(uR)tidu.R(dRd(p), 

CO J ~w J 0 Jo 

the integral on the left existing because the limit on the right is assumed to 
exist. 



474 THBOEY OF B5JSSBL PUNOTIONS [OHAP. XIV 

Hence it follows that, if the limit on the right exists, then 

ruduf" rF(R,^)g(uR)R{dRd^) 

K-^’Oo J —ir Jo 

14 * 63 . The proof of Neumann’s integral tkeorevfi. 

We are now in a position to prove without difficulty the theorem due to 
Neumann stated in § 14’6. We first take an arbitrarily small positive number 
e and then choose the sectors in which the convergence of fi (R, O) to zero is 
uniform, in such a way that the sum of their angles exceeds 2w — e. We then 
choose B so small that (R, $) < e in these sectors whenever R^ 8; and we 
take the upper bounds of 

- n(ie,4>) + |f(B,3>)|an(i 

to be B and C. ^ 

We then apply the second mean- value theorem. We have 

“ X. (+ 0. $) /' 0 (\B) “ + tx. (8, 3>) - X. (+ 0, 4')) /' e (^iJ) ^ , 

where 

Now 

Hence 

,JV(iJ,<t>)(?(xjj)^= j(+o,4>) 

where | »? | is less than 2eC inside the sectors in which convergence is uniform, 
and is less than 25(7 in the exceptional sectors. 

Hence it follows that 

j I' J V{5, G (\R) _ 27riWJ^(+ 0,<1 >) 0 (u) ^ 

< 27r . 2eC/ + e . 250 

_ -2eO{27r + 5}. 

Hence, for large values of 

. < 26 0 (27r H- 5) 0 (1), 

that IS to say 

1 ■F(-B. 4>) ff (XS) - 2wieiF(+ 0, 4 >) IJ <? (m) ^ 

^ 2€0,(27r -f- 5). 
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Now the expression on the left is independent of e ; and so since e is arbitrarily 
small, we infer that the limit is zero. That is to say, 


exists and is equal to 


lim r r 

X J ~n J 0 . -ti 

2TilWF(+0,4>).["G(ii) 

J 0 


Applying the result of § 14'62, we see that Nx^'Uinann’s theorem hi\s now 
been proved. 

In the special Ciise in which g (u) = Jq{ii), we have 


so that 
and 

Hence we have 


[ tg{t)dt = uJi Cu), 
Jo 

G {it) = wJi («), 

J 0 « J 0 


(1) r udu r r (X, Y) . {u vex--* + roi • (dXd Y) 

JO • — ot *' •" CO 

= 27r lil'P (+ 0 . cos «!>, + 0, . sin tb). 

If Ave change the origin, we deduce that 

(2) ruduT r ^F(X,7).J„[«V^(X-.r)« + (r-y)«)].(dXdF) 

Jo J —IX J —oa 

— 27r JWl'F {(!'. + 0 cos fb, y + 0 sin ‘b), 
and finally, changing to polar coordinates, 

(3) ruduT r F(Ii,^)Jo[u>i/(R<‘ + r^-2Rrcos(^i?-(f>)]RdRd^ 

Jo J —IT J —00 

= 27rJbTF(r, (j>), 

where ^F{r, </>) now means the mean of the values of F(R, <!>) when {R, cb) 
traverses the circumference of an indefinitely small circle with centre (r, <^) 


14*64. Mehler's investigation of JYeimianFs integral. 

Neumann’s integral has been deduced by Mehler* from the formula 

fie, 6)^ -JJYLI /(@,4>)7-^„(cos7)sin0dcbd© 

« = 0 J 0 J ~ir 

by a limiting process ; in this formula 

cos 7 = cos e cos @ + sin ^ sin © cos (^b — ^). 

The formula is obtained f by constructing a solution of Laplace’s equation, 
valid inside a sphere of radius k, which has an assigned value fid, <j!>) on the 
surface of the sphere. 

* Math. Ann. v. (1872), pp. 185 — 187 ; of. Lamb, Proc. London Math. Soc. (2) ii. (1905), p, SSI. 
t Of. Modern Analysis, § 18‘4. 
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The limiting proper used by Mehler is that suggested by the result of 
§ 6'71 ; the radius of the sphere is made indefinitely large, and new variables 
R, r are defined by the equations 

R = r = K$, 

so that R, r are substantially cylindrical coordinates of the points with polar 
coordinates (k, 0, 4>), («, d, ; the function of position /(0, is then de- 
noted by F(R, <E>), and Pn(GOBy) becomes approximately equal to Jo (nvrlK), 
where 

+ r* — 2Rr cos — <f)). 

We are thus, led to the equation 

F{r, <f>) = lim 2 f f' F(R, O) Jo (nur/fc) d<t>. 

«s«Q j Q J /c“ 

If now we write nfic^u, and replace the summation by an integration (taking 
1/k as the differential element), we get 

F (r, <f>) “ ^ udu I F (R, <&) Jo (uvy) RdRd<Py 

which is Neumann’s result. 

But this procedure can hardly be made the basis of a rigorous proof, be- 
cause there are so many steps which require justification. 

Thus, although we know that 

J. ©” ^ 

is a potential function (when r < k), which assumes the value f(6, <p) on the 
surface of the sphere, the theorem that we may put p = /c in the series 
necessitates a discussion of the convergence of the series on the surface of the 
sphere ; and the transition &om the surface of a sphere to a plane, by making 
* -*- 00 , with the corresponding transition from a series to an integral, is one 
of considerable theoretical difficulty. 

It is possible that the method which has just been described is the method 
by which Neumann discovered his integral formula in 1862. Concerning his 
method he stated that "Die Methods, durch welche ich diese Formel so eben 
abgeleitet habe, ist nicht vollstandig strenge.” 



CHAPTER XV 

THE ZEROS OF BESSEL FUNCTIONS 


16 * 1 . Problems connected with the zeros of Bessel JunctioTis. 

There are various classes of problems, connected with the zeros of Bessel 
functions, which will be investigated in this chapter. We shall begin by proving 
quite general theorems mainly concerned with the fact that Bessel functions 
have an infinity of zeros, and with the relative situations of the zeros of different 
functions. Next, we shall examine the reality of the zeros of Bessel functions 
(and cylinder functions) whose order is real, and discuss the intervals in 
which the real zeros lie, either by elementary methods or by the use of Poisson- 
Schafheitlin integrals. Next, we shall consider the zeros of (z) when v is not 
necessarily real, and proceed to represent this function as a Weierstrassian 
product. We then proceed to the numerical calculation of zeros of functions 
of assigned order, and finally consider the rates of growth of the zeros with 
the increase of the order, and the situation of the zeros of cylinder functions of 
unrestrictedly large order. A full discussion of the applications of the results 
contained in this chapter to problems of Mathematical Physics is beyond the 
scope of this book, though references to such applications.will be made in the 
course of the chapter. 

Except in §§15'4i — 16’o4, it is supposed that the order v, of the functions 
under consideration, is real. 


The zeros of functions whose order is half an odd integer obviously lend 
themselves to discussion more readily than the zeros of other functions. In 

particular the zeros of — — have been investigated by Schwerd 


and by Rayleigh*; and more recently Hermitef has examined the zeros of 
Jn+iia:). The zeros of this function have also been the. subject of papers by 
RudskiJ who used the methods of Sturm; but it has been pointed put by 
Porter and by Schafheitlin§ that some of Rudski ’s results are not correct, and, 
in particular, his theorem that the smallest positive zero of Jn+^{a!) lies 
between ^ ( 71 + 1) tt and (n + 2) tt is untrue. Such a theorem is incompatible 
with the inequality given in §16’3 (5) and the formulae of ^I6'81» 16'83. 


* Sohverd, Die Beugungseraeheinungen (Mannheim, 1886); of. Terdet, Lepoiu d’Optique 
Physique, i. (Faria, 1869), p. 266; Bayleigh, Proc. London Math, Soc. 17 . (1878), pp. 95 — 108. 

+ Archiv der Math, und Phys, (8) i. (1901), pp, 20 — 21. 

X Mem. de la Soe. R. des Sci, de Liege, (2) ivin. (1896), no. 8. Bee also Prace Matematyczno- 
Fizyczne, in. (1892), pp. 69—81. [Jahrbuch ilber die Fortsehritte der Math. 1892, pp. 107 — 108.] 
§ Porter, Amerioan Journal of Math. xx. (1898), p. 198; Sohafheitlin, Jounmlfilr Math. axxn. 
(1900), p. 804. 
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16*2. The BmeULommel theorem, on the zeros of {z). 

It was stated by Daniel Bernoulli* and Fourierf that Jo bas an infinity 
of real zeros ; and a formal proof of this result by an analysis of Parsevars 
integral is due to Bessel It was subsequently observed by Lpmmel § that 
Bessel’s arguments are immediately applicable to Poisson’s integral for Ji,(«), 
provided that — J < i/ < A straightforward application of Rolle’s theorem to 
0 D^'’J^{x) is then adequate to prove Lommel’s theorem that Jy{z) has cm 
infinity of real zeros, for any givm real value of v. 

The Bessel -Lommel investigation consists in proving that when — ^ < v < 
and CD lies between m^r and {m + ir, then Jv (cc) is positive for even values 
of m, (0, 2, 4, ...), and is negative for odd values of m, (1, 3, 5, ...). Since 
Jy(co) is a continuous function of a when co^O, it is obvious that Jy{w) 
has an odd number of zeros in each of the intervals tt), 2Tr), 
(fTT, 3w), .... 

Some more precise results of a similar' character will be given in §§ 16‘32 — 16’36. 


To prove Lommel’s theorem, let m=^(w,->r ^0) tr where 0 < J < 1 ; then, by 
obvious transformations of Poisson’s integral, we have 


2(i7r)>' 


cos ^TTU 


Jv r + i) r (^) . (2m + 0y Jo {(2m + ^)* 

■1 r / \ fimi-g cos AtTM , 

and so sgn/,« = sgnj^ | (2m + g)’ - 

Now the last integral may be written in the form 

m 

2 (-Z «,+(-)«•<, 


r=l 


where 


(-)“<= f 


cos \nv> 


. 2r-2 {(2^ + 

cos ^TTW 

2m f(2w + By- 


du, 

du. 


If now we write u = 2r — 1 ± 17, and then put 

{(2m + ey - (2r - 1 + Ufy-i - {(2m + Bfi ~ (2r -1 - CT)®)"-* =/,. ( U), 
it is clear that 

Vr= f f r(l7) sin i TT U. dU, 

J 0 

and, since II v^\,fr(,U)\a& positive increasing 1[ function of r. 


* Conm.^cad. Sci. Imp, Petrop. vr. (1782 — S) [1788], p. 116. 
t La. Thiorie Analytique de la Chaleur (Paris, 1822), § 308. 
t Berliner Abh,, 1824, p. 89. 

§ Studien liber die BeseeVsehen Fmetionen (Leipadg, 1868), pp, 66 — 67. 

II This is the point at which the condition v ^ jf is required; the condition v > - ijr ensures the 
convergence of the integral. 

IF The reader will prove this without an; difficult; b; regajrding r as a continuous variable and 
then differentiating /,.(^ with respect to r. 
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It follows that 


and so 

sgn J, (m-TT + i^Tr) = sgn [(-)’” + (t)« - v^-i) + - Um-a) + •.•]] 

= 8gn(-l)"*, 
since is obviously not negative. 

That is to say, when — !■ <.v < 

8gu4(«« + W = |_^ (m = l,3,5,...) 
and from this result Lommel’s theorem follows in the manner already stated. 


The zeros of as well as those of t/^ (a?), have been investigated by Baehr, Archives 
NierlandaiseSf^vn. (1872), pp. 361 — 358, with the help of a method which resembles the 
Bessel- Lommel method. Btiehr’s result for Ji (ai) is that the function is positive when x 
lies in the intervals (0, tt), (fn-,.37r), (far, 6jr), ..., and that it is negative when x lies in 
the intervals (^tt, 2n-), (|»r, 47r), •••• The fimction Ji{x) has also been investi- 

gated in this way by C. N. Moore, Armais of Math, (2) ix. (1908), pp, 156 — 162. 

The results just stated are of a less exact nature than the results obtained with the aid 
of slightly more refined analysis by Schafheitlin (§§ 16'33 — 16'35). 

It was noted by Whewell, Trans. Camb. Phil. Soo. ix. (1866), p. 166, that Jn (x) has a 
zero between 2 and 2 and that the function Ho («) has some real zeros. 


16'21. The non-repetition of zei'os of cylinder fanctiom. 

It is easy to prove that {z) has no repeated zeros, with the possible ex- 
ception of the origin*. For, if %(z)nnd ^f{z) tanished simultaneously, it would 
follow, by repeated differentiations of the differential equation V„ (z) — 0, 
that all the differential coefficients of (z) would vanish at the common zero of 
{z) and (z), and then, by Taylor’s theorem,*^,, (z) would be identically zero. 


15*22. The interlacing of zeros of Bessel functions. 

It will now be shewn that if j„,i, >,j, ... are the positive zeros of /„(«)•, 
arranged in ascending order of magnitude, then, if v > — 1, 

This result is sometimes expressed by saying that the positive zeros of Ji, {x) 
are interlaced with those of J (a). 

To prove the result we use the recurrence formulae 

^ [x-* Jy (a)} = - a"*' Jy+i {x\ ^ J y+i {x)] = Jy(x)\ 

the first of these shews that between each consecutive pair of zeros of 
a?"** Jy (x) there is at least one zero of x"^ J„+i (x), and the second shews that 
between each consecutive pair of zeros of x"'^^ Jy+i (x) there is at least one zero 
of V„ (a;); and the result is now obvious. 

* This is a special case of a theorem proved by Sturm, Journal de Math. i. (1886), p. 109. 



480 THEOEY OF BESSEL ETJNOTIONS [CHAP. XV 

If the zeros are obviously still interlaced but the smallest zero of Jv + i(.^) is 

nearer the origin than the smallest zero of J„ (a?). 

The result concerning interlacing of positive zeros is obvio^^sly true for any real 
cylinder function* (a) and the contiguous function 

This fundamental and simple property of Bessel functions appears never 
to have been proved until about a quarter of a century agof, when four 
mathematicians published proofs almost simultaneously; the proof which has 
just been given is due to GegenbauerJ and Porter §; the other proofs, which 
are of a slightly more elaborate character, were given by Hobson |1 and 
van VlecklT. 

It has been pointed out by Porter that, since 

J. w + w = (*). 

at any positive zero of /„(») the functions Jv+i{oc) and /„+8(a) have the 
same sign ; but at successive zeros of (a) the function Jp+i (cc) alternates in 
sign, and so there are an odd number of zeros of (x) between each con- 
secutive pair of positive zeros of J^(x) ; interchanging the functions (x) and 

(x) throughout this argument, we obtain Porter’s theorem that the positive 
zeros of (x) are interlaced with those of Jy (x). 


16*28. Dixon’s theorem on the interlacing of zeros. 

A result of a slightly more general character than the theorem of § 16*22 
is due to A. C. Dixon**, namely that, when p> — 1, and A, B, 0, D are 
constants such that AD ^ BGy then the positive zeros of AJ„{x) + BxJJix) are 
interlaced with those of GJ^ ix) + DxJJ {x\ and that no function of this type 
can have a repeated zero other than a; = 0. 

The latter part of the theorem is an immediate consequence of the formula, 
deducible from § 5*11 (11), 



(a?), xJv (x) 
d [Jy (a;) ] d \xJy (a;)} 
dx ’ dx 


for the integral is positive when x is positive and the expression on the right 
would vanish at a repeated zero of AJy{x) + BxJy(x). 


* A real cylinder fnnotion is an expression of the form 

ttcTv (®) + Vf (®) 

in Trhicb a, /9 and v are real, and x is positive. 

t Of. Gray and Mathews, A Treatise on Bessel Fwnetions (London, 1895), p. 50. 
t MonatshefU fUr Math, und Phys. vni. (1897), pp. 883 — 884. 

§ Bulletin American Math. Soc. iv. (1898), pp. 274 — 276. 

11 Proe. London Math. Soc. xxvni. (1897), pp. 872 — 378. 

IT American Journal of Math, xix, (1897), pp. 73 — 86, 

** Messenger, xxxsi. (1908), p. 7 ; see hlso Bryan, Proc. Cami. Phil, Soc, vi. (1889), pp. 248—264, 
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To prove the former part of the theorem, we observe that, if 
, . CJ^, (x) + Dx JJ (x) 

then f (a,) mw- v f „ t' n f («) tdl, 

X (ill') + G, D Jo 

and so ^ (a?) is monotonio. The positive zeros of <j> (x) are therefore interlaced 
with the positive poles, and ffom this result the former part of the theorem 
is obvious. 

If the function Jv(x) is replaced by a real cylinder function a /„ (a?) (x), 

we have 

(ob), 

^,^{t)tdt = \x ^(cc) d 
dx ' 

provided that — 1 < v < 1 ; and so the theorems concerning non- repetition and 
interlacing of zeros are true for A^^ix) (x) and G^„{x) + Dx^J (x) 

provided that j3 (ct sin vir ^ cos vtt) is positive. 

Again, since 

(®), x^J(x) 

lx d ^,{ x) d[x^J{x)] - - (a?) + (a;)}, 

dx ’ dx 

the theorem is true for zeros exceeding + whether v lies between — 1 
and 1 or not. 

The result of § 16'22 is the special case of Dixon’s theorem in which 

A = l, ^ = 0, C = v, D = -l. 

16-24. The interlad'ng of zeros of cylinder functions of order v. 

Let (x) and (ai) be any distinct cylinder functions of the same order ; 
we shall prove that their positive zeros are interlaced*. 

If {x) = aJ^ (x) + ^Yy {x), ^Wy {x) = yjy {x) 4- 3 (x), 

then {x) (x) - ^y (x) ''C («) = • 

Now it is known that, at consecutive positive zeros of ^^y {x), {x) has opposite 

signs, and therefore, from the last equatior., ^'y{x) has opposite signs; that is 
to say ^y (x) has an odd number of zeros between each consecutive pair of 
positive zeros of ^y (x ) ; similarly (x) has an odd number of zeros between 
each consecutive pair of positive zeros of *^y (x ) ; and so the zeros must be 
interlaced. 

If we take one of the cylinder functions to be a function of the first kind, 
we deduce that all real cylinder functions have an infinity of positive zeros. 

* Olbrioht, Nova Acta Caes.-Leop.-Acad. (HaUe), 1888, pp.48 — 48, has given an elaborate dis- 
ouBBion of thie reeult with some inatraotive diagrams. 
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15'25. LommeVs theorem on the reality of the zen'os of Jy (z). 

An extension of a theorem due to Fourier*, that the function Jg (e) has no 
zeros which are not real, has been effected by Lonimelf . Tlie extended theonnn 
is that, if the order v exceeds — 1, tAen the function Jv{z) has no zeros which 
are not real. 

To prove Lommel’s theorem, suppose, if possible, that a is a zero of Jy {e) 
which is not real. It follows from the series ibr Jy (z) that a is not a pure 
imaginary, because then 

r (v + + 1) 

would be a series of positive terms. 

Let «o be the complex number conjugate to a, so that a# is also a zero of 
J V (x), because J ^ (z) is a real function of z. 

Since i/ >- 1, it follows from §5-11 (8) that 


f 


tJ , (at) J , (ofo<) dt = — 

and so, since a® a^, 




dJy (aa’)*] 
dx 


J tJy(at)Jy{agt)dt — 0. 


The integrand on the left is positive, and so we have obtained a contu-adiction. 
Hence the number « cannot exist, and the theorem is proved. 

f.n ^ to shew that, if A and B are i-eaJ uinl - 1, tlio 

^Tbm CA/it+^io!” >■«« two ,ra«I,v iiuafilmry 

These results follhw from the series for | (,)) oumbined with the formuln 

Jo (Ajt) di=o, 

which is satisfied if gaud fl, are an, seres ot (o) such that 

IB'26. m analogue o/Lommel’e theorem for fmetione of the eeeond kind. 

It IS not possible to prove by the methods of § 15-25 thatS ¥ u) hna „„ 

complex zeros in the regionll in which 1 axffz I -tt Rnt -if i \ 

bv SchafhpltHn^ fhof w/' \ i. |arg^(<7r. But it has been proved 

the “ -P"*’** P^p‘. ““> 0 ,- than 

sni. (1880), p, 93. * Ohahw (Paris, 1892), § 308 ; sss also Steam, Quarterly Journal, 

- “««)• p- 

+ bee A. C. Dixon, Messenger , xxxn. (190S), p, 7 . 

§ Or, more generally, (z). 

II When arg a= ± 7 r, r„ fo) = e^*"^ v i , , 

cannot vanish unless v is half of an odd inlgex " Thil 

Proe. London Math. Soc. xxx. (1899), pp, 165—179 ^ reasoning is due to Macdonald, 

f Arehiv der Math, und Phys. 18) i. (1901), vo 183—1 e? t 
jeots the complex zeros of Fj («j to a similar treatment ^ ^ *^8 paper Schafheitlin also sub- 
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nepijf on the left ia • * 

negative when 6> is an ® Positive while f-fio 

« aa acute angle. axpreaeiou on the righ, 

®e^, of«.iieh 2^ ® -(28+1) and -(28+21 r“ * P<«“ive integer or 

Ire n " 2. a^d - (on“fj“7- “”Pla- 

pandy imagina^. jo '^' W *>“ i, oomplex “‘eg«r and 

^e take the funcH results, we usp +1,^^' ^iich none 

Positive zeros, (ii)^ ^2»".p(^) which has in th ® of §97 

“« « - - i iS'L"' “-wirs r- <’ - 

»:- 4 i','g= 2 ; “• ‘■■.ta/.® 

^ (f, ,) = ,_ , a.e , 8 rite 

where * „ . 

«£,arerealandf=f ^ ^• 

^«’^)a«ea8i,,8he„;i/i‘’'f =f-»V ^"a teru.8„fii,),^, . . 

i™(« + l)(r+,„)(„^ ''agree.n 

and since™ .•„ o ^ ^^‘"*'’^>(^’» + l)+m~]Ui:, 

ao S; is r-'tdt’°‘r’ ‘iat if f ■ 

‘‘■a obopieilL^slrr^* -a a^ 

^“.itianotdifficuJttodM a equation 

cuit to deduce from f i, 

a diaousaion of thn „ PP- 246^266 • of « 1 „ ^ ^ ^ (li 7 ). 
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Hence, for sufficiently large values of m (i.e. those for which i; + 2 wi is positive), 
the curve {^, 17) = 0 lies in the finite part of the plane, and <j>nt v) is 
negative when (^, tj) is zero so the curve ^^+1 (l> ^) = 0 lies wholly in-nde 
one or other of the closed branches which compose the curve (^> v) — 

Hence as m-*- 00 , the complex zeros of (^) lie in bounded regions of 
the f-plane, and consequently have limit-points. 

Now, since, by §§ 9 * 65 , 9 ‘ 7 , 

ds>n,t>(^) 

r(i/ + 2m + l) 


can be made arbitrarily small in any bounded domain of the ^-plane, by taking 
m sufficiently large, it follows fi-om Lagrange’s expansion* that the number of 
zeros ofyj, (f) in any small area is at least equal to the number of zeros of g^m, 
in that area when m is sufficiently large; and so /,(f) has 2s complex zeros. 
None of these zeros is real, for if one of them were real it would be a limit 
point of two conjugate complex zeros of g^,( 0 , and so it would count as a 
double zero of/,(§'); and/,(0 has no double zeros. 

Again, fi'om the series for/, (f) it is seen that, when p lies between — (2s+l) 
an (2s + 2),y , (^) must have one negative zero, and it cannot have more than 
one negative zero, for theny„,^ could be made to change sign more than once 
as ^ vme from 0 to — 00 [since g‘tm,v(^) esan be made to differ from f„(^) by 
an arbitrarily small number], and this is impossible. 


For similar rea 8 ons /(0 cannot have more than 2 s complex zeros. 

we replace ^by so that negative values of ^correspond to purely 
imaginary values of z, we obtain the results stated in the case of / (z). 

basS’on iSTdt in a^ociation with zeros of polynomiala 

^ 1^19 ?) pp consult Lindner, cier Maa. 

pp. 25 — 31 . ^ ^ ^ ’ hamburger Mitt/ieiluTigen, ii. ( 1890 ), 


15 * 28 . Bourget’s hypoihesir. 
th» the origin, for all positive 
The formula 


(a) = 4 (a) 

* Of. Modem Amlysia, § 7 * 32 . 

+ Ann. 8 ci. de VJ^eole norm. sup. m. (I866), pp. 66 - 96 . 
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shews that, since Jv {z) and {z) have no common zeros, the coiiimon zeros 
of (z) and {z) must satisfy the equation 

Rm—i, i>+i (^) 0, 

i.e. they must be algebraic numbers. 

It has, however, been proved by Siegel* that Jp{z) is not an algebraic 
number when v is a rational number and ^ is an algebraic number other than 
zero; hence follow theorems which include Bourget's hypothesis as a special case. 

When V is half of an odd integer, it is easy to shew that J, (z) and 
have no common zerosf ; for such zeros are algebraic numbers and it is known 
that no algebraic number J can satisfy the equation 

since the right-hand side is algebraic in z when v is half of an odd integer. 

The proof J given by Lambert and Legendre that tt® is irrational may be 
applied to § 5*6 (6) to prove that Jp (z) has no zero whose square is rational 
when p is rational ; an inspection of the polynomial p+i(^) now immediately 

yields an elementary proof of Bourget’s hypothesis in the cases w = 3 and m = 4. 


16*3. Elementary properties of the zeros of (is). 

It is possible to acquire a considerable amount of interesting information 
concerning the smallest zeros of «/„(«) and related functions, when v is positive, 
by a discussion of the differential equation satisfied by (x) together with 
the recurrence formulae ; we shall now establish the truth of a selection of 
theorems concerning such zeros. 

The reader will find a more systematic investigation § of those theorems in various 
papers by Schafheitlin, notably Journal fflr Math, oxxii. (1900), pp. 299 — 321 ; Archiv 
der Math, und Phya. (3) l. (1901), pp. 133 — 137 ; Berliner Sitzungshericfite, ill. (1904), 
pp. 83 — 85. 

For brevity, the smallest positive zeros of Jp(x), JJ (x), JJ' (x\ ... will be 

called j/, jj' The smallest positive zeros of F„(a;), F/ (a?), Yf (x\ ... 

will similarly be called y^, yf yf 

We first prove that 

(1) it- > V, jj > V. 

It is obvious from the power series for J„(x) and J,' (x) that these functions 

' Abhqndlungeii Akad, Berlin, 1929, pp. 1 — 70. This abstruse and important memoir oontaina 
numerous applications of Siegel’s fundamental theorem. 

t This was noticed by Porter, Atneriean Journal of Math. xx. (189.-i), p. 203. 

{ Of. Hobson, Squaring the Circle (Cambridge, 1918), pp. 44, 51 — 38. 

§ Some related results are due to Watson, Proa. London Math. Soc. (2) xvi. (1917), pp. 166 — 
171. 
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are positive for snfl&ciently small positive values of x ; and, from the difrerential 
equation 

it is evident that, so long as a < v and (a?) is positive, ccJy («) is positive and 
increasing, and so /„ {x) increases with x. 

Therefore, so long as 0 < x < v, both /„ (a?) and coJJ (a?) are positive increasing 
functions so that and^V csannot* be less than v. 

• Again, from the differential equation 

and so has become negative before x has increased to the value v from 

zero. Hence, whenf v > 1, 

( 2 ) 3J'<v. 


Next, since 


|i - j.(p) - li - 


2(i.+ !)(■> + 2) 




the expression on the right is positive so long as a; < i; + 2. Now, if jj were less 
than \/{v (v •+ 2)}, the expression on the right would be negative when x is equal 
toyV (which, from a graph, is obviously less than j„), and this is not the case. 


Therefore 

(3) . yV>V{*'(*' + 2)}. 


Now, from § 15*22 it follows that 
and, as has just been stated, 

so that JpijJ) and are both positive. If now we put x—jj in the 

formula 

/.+.(«) — |l (*). 

it is obvious that 

(4) 3 J < V(2y {y + 1)}. 

Similarly, by putting x = jV in the formula 

(v + 8) «/„ (aj) + 2 ( 1 / + 2) |l — — ^ J I'+s (®) + (*'+• 1) k-h (^) ~ 
we deduce that 

jy < -\/{2 {v + 1) ( 1 / + 3)}, 

and therefore 

(6) V{*' C*' + 2)} < jy < V{2 (z/ + 1) ( 1 / + 3)}. 


* Of. Biemann, Partielle JHffsrentialgUichungen (Brnnswick, 1876), p. 269. 
t When 0<i' <1, Jy" (*) is ne^tive for sufficiently small valnes of x. 
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16*3] 

In like manner, we can deduce from the formulae 

and /VW v|l-!^|/,(«>)-(.- + l)J'.''(®) 

that 

( 6 ) 

Some rather better inequalities than these are obtainable by taking more 
complicated formulae ; thus, from the equation 

J H-< (^) K+1 (®) -^8, f+l (® ) -Rd, tf+j (®)) 

Schafheitlin* deduced that 

•®8, K+l (^Jl^ ^ 

i.e. Bjp* - 16 (v + 2) (v + 4) + 16 (i/ + 1) {v + 2) (v + 4) (v + 5) > 0. 

Since jy* is certainly less than f (w + 2) (v + 4), by results already proved, jy 
must be less than the smaller positive root of the equation 

303* — 16 (p + 2) (w. + 4) a® 4- 16 (p + 1) (p + 2) (p + 4) (p + 6) = 0, 
and hence, a fortiori, 

(f) i.<V(H»* + i)(p + 6)}. 

Similarly, from the equation 

4<^ ii4'4 (®) “ Jp (f) p if) ■b -^1 1'+a (®) ”” -^8, p (®) ”* *'+3 (^)] 

— 2«/,, (o?) (®) ”■ (^)l. 

Schafheitlin deduced that 

( 8 ) >' > ^[v iv + 2 )], 

and, when p > 4, 

(9) i/> V [*'(»' + 3)1, 

these inequalities being derived from the consideration that lies between 
the positive roots of the equation 

a* — 3 (p + 2)® fc® + 2 p (p + 1) (p + 3) (p + 4) == 0. 

The discussion of y„ requires slightly more abstruse reasoning. We use 
the result that 

J„® {(c) + F„® {(c) 

.is B.' decreasing function of a?; this is obvious from §13’73. Hence it follows 
that F„® {x) decreases through the interval (0, jy), and so e.xceeds jyi again, 
in this interval Yy{x) is negative, and it follows from § 3-63 (1) that Yy{jy) is 
positive, since JJ {jy) is obviously negative. 

Hence 

( 10 ) jJ <yp<jp> 

This inequality (with j/ replaced by p + i) was established by Schafheitlin-f 
with the aid of rather elaborate analysis. 

* Berliner Sitzungeberickte, in. (1904), p. 88. 
t Journal fUr Math, can, (1900), pp. 817 — 321. 
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15*31. Stationary values of cylind&i' functions* . 

It has already been seen that the cylinder jpunction Jy (x) cos a — Yy (x) sin a, 
or ^y (a;), has an infinite number of positive zeros, and so there are an infinite 
number of positive values of x for which it is stationary. Such values of x 
which exceed the order v (supposed positive) will be called i^i, /J-i, fht • • •» "where 

fj.i< IJ>i< fh< 

We shall now study some of the simpler properties of the sequence 


•••• 


The first theorem which we shall establish is that 
To prove this, observe that the function A (®) defined as 


has the negative derivate 

and so A(/ii) > A (/Ub) > A(^)> .... 

Since A {/in) = (/i,;), the truth of the theorem is now evident. 

A more interesting result is suggested by Hankel’s asymptotic formula 
(§7-21) 

^y {x) = cos (a? + a - i-vw - iw) + 0 . 


This indicates the possibility of proving inequalities consistent with 

when fjun is large. 

It can in fact be shewn that 


(I) The values assumed hy | {x ) | wh&n x takes the values 

fXs, ... form an increasing sequence whose m&mhers are less than V(2/7r). 

(II) The values assumed hy x^\^y{x)\ when x takes the values fir, fJr+i, 
fir+z, form a deci'easing sequence whose members are greater than \/(2/7r) 
provided that, 

(i) (ii) /^='>i/»{4j/» + 4 + v'(48v" + 13)|/(4/^-3). 

Consider the function 

A (x) (x) + 2B (x) ^y {x) ^y (a?) + G (a;) {x) - @ («), 

where A (x), JB{x), C{x) are to be suitably chosen. We have 
@' (x) = {A' (x) — — (®) 

+ 2 [S' (w) + A (x) — B {x)jx — (®® — V*) G (a?)/«!®} ^y (x) ^y {x) 

+ [C {x) + 2B {x) - 2G{x)lx] (a) 

=:D{xYSy'^{x\ 

where D (x) = G' {x) + 2B(x)~'2G {x)/x, 


Of. Proc. London- Math. Soc. (2) zn, (1917), pp. 170 — .171. 
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15*31, 15*32] 

provided that A (aj) is chosen arbitrarily and that B (as) and C (as) are then 
defined by the equations 

2B (sc) = (a’)/(a?“ — v^), 

C (as) — a? [B' (x) + A (as) — B (x)/x]/(a^ - v% 

(I) If A (x) = (a^ — then 

2D (a;) (a^ — = a!* (3a;* + 14a;® v® + 4if‘) > 0, 

and so @ (x) is an increasing function of x which is therefore less than 

lim @ (a?) = 2/7r. , 

Since CH) {/^n) = — j/®)* (fin) we see that when n assumes the values 

1, 2, .... then the numbers (/in^ - v^)i\^^y(iin)\ form an increasing sequence 
less than VCS/tt). 

(II) If A (x) = X, then 

2D (a;) (a;® - z/®)* = - a;® [(4i/® - 3) a;* - 8v® (v^ + l)a^ + v*.(4j/> - 1)} 

< 0 , 

provided, that 4z/® > 3 and x exceeds the greatest root of the equation 

(4i>® — 3) as* — 8i/® (i/‘+l)x^ + v* (4v® — 1) = 0. , 

In this case 0 {.'f) is a decreasing function and we can apply arguments, similar 
to those used in theorem (I), to deduce the truth of theorem (II). 


16*32. Schafheitlin’s investigation of the zeros of Jo(a>). 

By means of the integrals which have been given in §6*12, it has been 
shewn by Schafheitlin* that the only positive zeros of Jo («^) He in the intervals 
+ sutt + ^tt) and the only positive zeros of yo(^) He in the intervals 
(■wi 7 r + ^TT, iMT + ^’n'), where m= 0, 1, 2, .... 

We shall first give Schafheitlin’s investigation for Jo (as), 'with slight 
modifications, and then we shall prove similar results for cylinder functions 


of the type -rr , v • 

J„ (£c) cos a-Y„ (x) Bin a 

(where 1 . lies between - i and §). by the methods used by Schafheitlin. 
Schafheitlin’s investigations were confined to the values 0 and ^tt of a. 

From an inspection of the formula of §6 12(7), 

r 2 f e-^cot9 

TT J 0 sin 0 Vcos 6 

it is obvious that, when imr<x< mar + f-n-, 
sgn (sin (x + 1^)} = 

andao sgn W = sgn (- 1)”. 

Consequently /. (®) has no zeros in the intervaU (nwr, mir + |x). 

* Journal filr Math. cxrr. (1894), pp. 81— 44. 
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To prove that J^ix) has no zeros in the intervals (wtt + Itt, rmr + ^r), write 

<» = («l + 1) TT — 


and then 


>'• w = — ;r- J, sin 9 Voos e * 


The last integrand is negative or positive according as 
0 < < 20 or 20 < ^ < \ir. 

Since 0 < the second of these intervals is the longer i and the function 

sin 0 \/coa 0 

is an increasing function* of 0 when « > |7r and d is an acute angle. 


Hence to each value of 0 between 0 and 20 there corresponds a value 
between 20 and ^tt for which sin (^0^— 0) has the same numerical value, but 
has the positive sign, and the cofactor of 8in(^^ — 0) is greater for the second 
set of values of 0 than for the first set. The integral under consideration is 
consequently positive, and so Jo (®) cannot have a zero in any of the intervals 
(mw + Itt, niTT + ir). Therefore the only positive zeros of Jg (x) are in the 
intervals (uitt + f tt, tutt + ^ tt). 


15*33. Theorems of Sohafheitlin's type^ when — J < z/ ^ 

We shall now extend Schafheitlin’s results to functions of the type 
(zc) s Jy (x) cos a— Yy (x) sin a, 
where 0 < a < w and — i < v < 

We shall first prove the crude result that the only positive zeros of (a?) 
lie in the intervals 

(wiTT + f TT + — Of, mw + TT — a) 

where = 0, 1, 2, . . . . This result follows at once from the formulae of § 6*12, 
which shew that 

2’'+! ZB*’ 

^-(®)“r(r+i)r(i) 

for, when mw— a< zB<m7r+ fw + Of, 

we have sgn [sin (x + a-v0 + « sgn (- 1)*, 

and so, for such values of x, (x) is not zero. Consequently the only zeros 

of ^y (4?) lie in the specified intervals, and there are an odd number of zeros 

in each interval, with the possible exception of the first ifa>f7r + iv7r. 

Next we obtain the more precise result that the only positive zeros of (zb) 

lie in the intervals 

(??l7r + I TT + i Wr — a, WMT + ^TT + ^ VTT — a) 

* Its logarithmic derivate is 


coa-*fl sin (® + a - 

0 ^ 8in»+‘fl " 


(2zr - sin 4 008 4} oosco^ ^ + i tan 4. 
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16*33, 16-34] 


where m = 0, 1, 2, . . . , except that, if a is sufficiently near to tt, there may be 
zeros* in the interval 

(Itt 4- i w — a, w -- a). 

We shall prove this result by proving that has a fixed sign throughout 
each .of the intervalsf 

(m7r + |7r+ witt + tt — a). 

Write fl5s=(m+l)7r — a— (1 — 2v)^, 

where ^ is an angle between 0 and 


With this value of as, 


fl- C08-ig Bin {(1 - 2 k) (jg - 1^)1 t. 


To each value of 0 between 0 and 2^ there corresponds a value between 2^ 
and ^TT for which sin {(,1 — 2i/)(^0 — ^)} has the same numerical value, but 
has the positive sign. 


Again e~^ ® cos”"! ^/sin’*’+^ 0 

is an increasing function of 0 provided that 

[ sm^^ 
(2v + 1) sin 0 cos ^ + (v — 1) y: , 

'■ C08d_ 

and this condition is satisfied when as since v 


Hence, if a? > J and 

mv + lir + \v’tr — a<as< mir + tt — or, 
we have sgn {as) = sgn (-1 

and this proves the more precise theorem. 


15'34. Theoresns of Schafheitlin'a type, when | < v < f . 

We next consider the fiinction 

(as) = J„ (as) COB a — Yy (as) sin a, 

where 0 < a < tt, as before, in which it is now supposed that \ <v<^. 

We shall first prove the crude result that the only positive zeros of (as) 
lie in the intervals 

(WTT — a, mar — ^ar + ^var — a.) 

wherej w = 0, 1, 2, . . . . This result follows at once fi:om the formulae of § 612, 
which shew that 

2-+1 r*- cos-'-i^ sin (x+a-v0+i0) . 

for when mar — \ar + ^var — a,< as < (m + 1) or - a, 

* By taking as an alternative fanotion cTi ^ | (») and applying the theorem of § 15’24, we see that 
there cannot be more than one such zero. 

+ If *<4 and m=0, the reasoning fails when •|r+ii'T-o< 

J If J)ir, the interval for which m=0 is, of course, to be omitted. 
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we have sgn [sin iw + ol — vO — sgn (— 1)’”, 

whence the theorem stated is obvious. 


Next we obtain the more precise result that the only positive zeros of {a) 
lie in the internals 

(mTT —^•jr ■+ ^v’rr — a, wtt — ^ttH- |v7r — a), 
where m = 0, 1, 2, except that, if a is sufficiently near to tt, there may be 
a zero in the interval (0, ^vir — — and there may be one in the interval 

(tt — ci,^ir + \v7r — a). 

We use the same notation and reasoning as in § 15'33 ; only now, if 
. g-a*oottf cos‘’-4^/sin“’'+' (9 

f{d) is- not necessarily an increasing function of hut it is sufident to prove 
thojt, when 0<‘^<2<j}, then 


To obtain this result, observe that 

p-i 


— sin 4<f) 1^- 


_cos (2(f>+-^) cos (2^ — V') Bin (20 + 0) sin (20 
But [oosec* (20+0-) + 00860 ® (20— 0)]sin (20+0) sin (20-0) 

is an increasing function of and therefore, a fortiori^ 

[oosec® (20 + 0) + cosec® (20 — 0)] cos (20 + 0) cos (20 - 0) 
is an increasing function, since this function exceeds the former by an increasing function 

because 40 is an acute angle ; and so ^ is always positive if it is positive 

when 0=0, i.e. if 

\x > {(v — ^) tan® 20 + (2v + 1)} sin 40, 
and this is the case when a? > 


2 i/ + l 


• - ¥)- ' 


Hence, when !■< v < f, the only zeros of ^v{x\ which exceed f v + ^, lie in 
the intervals 

(wiTT — ^TT + ^J/TT — a, mvr — + ^VTT — a). 

The method Seems inapplicable for larger values of v on account of the 
oscillatory character of Bin{x + a — v6 + \d) as 9 increases from 0 to a 
method which is effective for these larger values will now be explained. 


16*36. Schafheitlin’s investigations of the zeros of cylinder functions of 
unrestrictedly large order. 

We shall now prove that, if v >|-, those zeros of the cylinder function 
Jy If) COS a — Yy if) sin a 
which exceed (2j/ + 1) {2v + 3)/9r lie in the intervals 

{mir — a + ^vtr + ^tt, mir — a + ^vtt + f tt) 
where m assumes integer values. 
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The method used to obtain this result is due to Schafheitlin*; but he 
considered the case of functions of the first kind and of integral order only, and 
his reasoning is made lengthy and obscure by the use of arguments equivalent 
to the use of the second mean-value theorem when the explicit use of that 
theoresm is obviously desirable. 

As in the preceding analysis, write 

(a?) = {as) cos a — {sc) sin a, 

so that 

2 V +1 riir (jQg v-i 0 sin (a; -f a •- + 




r(^^+i)r(i) Jo 

2*'+^ X'’ 

r(v-h 


ginSl'+l 0 






dd. 


Now cot^’'+^ 6 . increases as 6 increases from 0 to ^2 and decreases 

as 0 increases from ^2 tu where ^ 2 = arc tan 


v + i' 


It will be observed that 0^ is nearly equal to |7r when x is large compar.ed 
with V. 

Now suppose that x lies between 

mir - a + Itt (v - 1) and vitt - a + |;7r (v — |) -t- |7r, 
and then choose 0^, so that 

a? + a — (v + f ) ^1 = WTT. 

It is easy to verify that 

2i; — 1 TT ^ a ^2i/-l-2 TT 

2ir:r3‘2'^^‘^2;7+3’2’ 

so that 01 is a positive angle less than 0^, provided that 

, V + ^ TT 

arc tan < « . 

X 4i/ -H D 

We suppose now that 

x> {2v + 1) {2v + 3)/7r, 
so that 01 is certainly less than 6^. 

Then, by the second mean-value theorem, there exists a number 0q, between 
0 and 01 , such that 

P co3-i e 8in + » - ve + iO) 

' ^ \q sin®’'+^^ 

- 1— ' « ■ -«i 


Journal fUr Math, oxxn. (1900), pp. 299 — 821. 
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Now qua function of 6, 

coB(i)t} + a — v6 — 19 )Icob'"^ $ 

is stationary when sin(« + a — + = and for such values of B the 

fiaotion is equal to ± l/cos*^^. 

cos {/s + a — vdo^ 
cos’’+i^o 


Hence 


cannot exceed numerically the greatest value of l/cos*^* 6 in the interval (0, ^i), 
and therefore 


[cos (m'7r+ Bi) cos (a; 4* a — 




COS*'"*^ Bn 


Bgn (-1)” 


Therefore, since the sign of sin (a? + a — is the sign of (— I)*" when B 

lies between Bi and ^tt, we see that, for the values of as under consideration, 

sgn % (a;) = sgn (~ I)” 

Hence, when a? exceeds (2»/+ 1) (2y + 3)/7r, (a?) has no zeros in intervals of 

the type 

(ottt — a + VTT — :Jir, mw — a + i vTT 4* ^tt), 
and so the oply zeros of {ca) which exceed (2v + 1) (2v + 3)/7r lie in intervals 
of the type 

(?»7r — a + ^VTT 4- ^TT, WITT -- ft + 4" f Tt), 

and this reduces to Schafheitlin’s result* when a — 0 and v is an integer. 

The reader will observe that this theorem gives no information concerning 
the smaller zeros of {cb) when v is large ; it will be apparent in § 16*8 that 
there are a large number of zeros less than (2y 4-1) (2z/ + 3)/7r, and that 
interesting information can be obtained concerning them by using Debye’s 
integrals. 


16*36. Bdcher’ 8 theorem f on the zeros 

A result of a slightly different character from those just established was 
discovered by B6cher from a consideration of the integral formula § 11*41 (16). 
The theorem in question is that («) has an infinite number of positive zeros, 
and the distance between consecutive zeros does not exceed 2 jo where jo is the 
smallest positive zero of {os). 

To establish this result, write v = 0, z=ja in § 11*41(16), and then 
.'0 

Hence (“bt) cannot be one-signed as <f> increases from 0 to -tt, i.e. as «* 
increases from Z—jo to Z+jn’, and so *^o(w) must vanish for at least one 
valuej of or in the interval Z+jn). Since Z is an arbitrary positive 

number (greater than jo), Bbcher’s theorem is now evident. 

* Sobatheitllii gives (Sv+S) {^+£)/x as &e lower limit of the values of x for whioh the zeros 
lie in the specified intervals. 

t Bvlletin American Math. Soe. v. (1899), pp. 885 — 888. 

OL Modern Analysis, §8’dS. 
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16-36, 16*4] 

[Noth. By a form of Qi-een’s theorem, 

f B'l; , /■ 3 m j 

whare «, ® are two solutions of ?^ + ^+i,=0 with oontinuous second differential 
coefficients inside the closed curve a, and 3/3v indicates differentiation along the normal. 

By taking and the curve to be Weber* deduced that u 

must vanish at least twice on any circle of radius 

Bdoher infeired from this result that since (r) cos 716 satisfies the rec[ui8ite conditions 
except at the origin, if a circle of radius Jq is drawn with centre on the axis of x and 
subtending an angle less than ir/n at the origin, (>;) must vanish somewhere on the 
circle. Hence the positive zeros of (r) are such that consecutive zeros are at a distance 
apart loss than 2yo, and the distance from the origin of the smallest of them does not 

exceed |l + cosec . 

These results are of interest on account of the extreme simplicity of the methods used 
to prove them.] 

16*4. On the number of zeros of Jp{z) in an assigned stnp of the z-plane. 

We shall next give the expression for J^(z) as a Weierstrassian product, 
and then develop expressions involving quotients of Bessel functions in the 
form of partial fractions ; hut as a preliminary it is convenient to prove the 
following theorem, which gives some indication as to the situation of those zeros 
of Jv{z) which are of large modulus. In this investigation it is not supposed 
that V is restricted to be a real number, though it is convenient to suppose 
that V is not a negative integer. When v is real the results of § 15-2 to some 
extent take the place of the theorem which will now be proved. 

Let (7 be the rectangular contour whose vertices are 
+ iB + ^iril (y), 4 iB + mir + ^v7r + 
where jB is a (large) positive number. 

We shall shew that when m is a sufficiently large integer the number of 
zeros of 2 “*' (z) inside G is precisely equalf to m. 

Since z~‘' Jy (z) is an integral function of z, the number of its zeros inside 
C is 

1 r di°gj«-r 4 wj _ 1 r 

ZiriJ Q dw ZinJ c Jv{w) 

* JfafA. .inn. I. (1869), p. 10. 

t When V is a real negative number (and for certain oomplex values of v) there may be pairs 
of zeros on the imaginary axis ; in snoh oircamstanoes the contour C has to be indented, and each 
pair of zeros is to be reckoned as a single zero. 
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We now consider, the four sides of C in turn. It is first to be observed ihat 
on all the sides of G, 

fl'.w (w) =. {1 +’!»,. («)1. 

where iji _ „ {w) and 979, „ (w) are 0 (i/w) when j | is large. 

Now, since the integrand is an odd function*, we have, as J? ->• cjo , 


--.f 

2'mjf 


-iB+hrii (») ^ _L 


(w) 


iB+iiriIM iB-hrilCy) 


dw 


I'iB+iHIiy) 


idw=^\il{v). 


Jrri/(v) 

Next take the integral along the upper horizontal side of G ; this is equal to 


2in j -• 


dw 


tS+Mlir+Ji/ff+Jjr Jv ("M^) 

1 P+, | 1 +5^1 [1 + 0 (ex»)] 

^TtJ CB+^(y) ( l+1fg^^(w) j ‘• 


r 


= =— m-TT 




2 

27r 1_ 

+ + •!, 

as B~*^oo. 

Similarly the integral along the lower side tends to the same value, and 
so the limit of the integral along the three sides now considered is 

Lastly we have to consider the integral along the fourth side, and to do 
this we first investigate the difference 

•[v+jS^ — tan {w — ^vTT — l tt). 


J^{w) 

which, when | w ] is large, is equal to 

2 v + l 


Now 
and so 


/: 


2w 

iB+mir + imr+iir 


+ 0 


© 


ivij - 


iB+mv+iyir+i^ 

»2?+m+4,^ 


tan {w—^vTT - \’rr)dw — 0, 


^TriJ — iJ5+mir+4->^+in’ (^) 


= - J-f 

27rij_ 


»5+»nr+jMr+iir |'2|/ -f 1 


+ 0(^)1'*“' 


-CB+mir+lvu-f Jir ( 

r^-i(2v + l) + 0(l/m). 

Hence the limit of the integral round the whole rectangle is w + 0 (l/w). 

* AUowanoe is made for the indentationB, just specified, in the first step of the following anslysis. 
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If we take m sufficiently large, we can ensure that the expression which 
is 0 (1/m) is numerically less than 1 ; and since the integral round the rectangle 
must be an integer, it is equal to m. 

That is to say, the number of zeros of between the imaginary axis 

and the line on which 

22 ( 2 :) — WITT + jR (v) + TT 

is exactly m. 

Noth. The approximate formulae quoted for the functions of the third kind shew 
that the large zeros cannot have a large imaginary part; and so all the zeros of lie 
inside a strip whose sides are parallel to the real axis and at distances from it which are 
boimded when 1 v I is bounded. 


15*41. The ecopresdon of Jv{z) as an injinite product. 

It is possible to express Jp (z) as a product of ‘ simple factors * of 
Weierstrassian type, each factor vanishing at one of . the zeros of J^{^z). In 
order to express in this form, it is convenient first to express the 

logarithmic derivate of z~''J„{z) as a series of rational fractions by Mittag- 
Leffler’s theorem*. 

^he zeros of z~''Jy(z) are taken to be ±>, 2 > ±>, 3 ) ••• where f 

(iw.n ) > 0 and 1 22 ( j„,i) j ^ j 22 (>,a) (>, 3 ) U • •• , the values of ./k.b. 

... .being all unequal (§16‘21). We draw a (large) rectangle 2), whose 
vertices are ± + iB, where A and B are positive, and we suppose that ± j„,,a 

are the zeros of highest rank which are inside the rectangle. 

We now consider 

1 f g -4+1 (w) j 
2rnJ j) w(w — z)' J, (w) ’ 

where z is any point inside the rectangle, other than a zero of {lu), and v is 
not a negative integer. 

The only poles of the integrand inside the rectangle are z, ±jv,i> ±>, 3 . > 

The residue at z is Jy+i {z)IJ„{z) and the residues at ±>,n are 

^ yV.nl 

since Jy (z) = ‘~J {z) when 2 = ± y ...n , by § 3’2. 

It follows that 

Z {_JU+iU S l-U- 


*4 (^) jy,n y'v.n) n=ll^'byV,n jv,n 


i_f i 

lirijj)W{w — z)' Jy(w) 


* Aeta Soe. Scient. Ftnnicat, xi. (1880), pp. 278 — ^298. Of. Moicrn Analysis, § 7'4. 

+ If JR(±y,,^„)=0 for any value of n, we ohooaey,,^,, to have its imaginary part positive. 


w. RF. 
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We next shew that, by giving J. and 5 suitable sequences of values which 
increase without limit, Jy+i(w)IJu(w) can be taken to be bounded on D. 
Since this function is an odd function of w, it is sufficient to consider the 
right-hand half of D. 

We take A Mir + (Ji/ + J) tt, where Jtf is a positive integer ; and then 
we take M to be at least so large that M = m, which is possible by § 15 ‘4, and 
also to be so large that we can take the functions Vv, 2 ('w), defined in 

§ 16‘4, to be leas than, say, ^ in absolute value. 

Then {iu)/Jv (w) is bounded whenever 

I (w-ii'w-Ji) j 

is * less than | or greater than 2 ; and when the expression does not li^ within 
these limits, I (w) is bounded and iv is not arbitrarily near a zero of (w) ; 
so that, from the asymptotic expansion of § 7‘21, (w)IJ^ (w) is bounded on 
the part of the rectangle within, this strip. 

That is to say (w)fJp (w) is bounded on the whole of the perimeter of 
the rectangle D && B and M tend to infinity. 


Hence 

and therefore t 

( 1 ) 


_Lf _J 

"iiri] j)w{w — z) Jy{iv) 




dw-»~0, 


J ^+1 (■^) 






* 1=1 3v,n 3v,n, 

When we integrate, we find that 
* J ^+1 (i) 


■^.1 




dt 


n ^ 

ns^l 




and hence 

This is the expression of {z) in the specified form. 

The formula may also be written in the modified form 


(3) 




r(v+i) 


i .? •'.w, 


This foimula was assumed by Eulw, Acta Acad. Petrop. v. pars 1, (1781) [1784], p. 170, 
when v=0, and subsequently by various writers for other values of v; of. §§ 16’5, 16*61. 

The analysis of this section is due in substance to Graf and Gubler, Einlaitung in die 
TAfiorie der BesseVschen Eunktionen, i. (Bern, 1898), pp. 123 — 130, and it was given 
explicitly by Kapteyn, MoncUehefte fiir Math, und Phys. xiv. (1903), pp. 281—282. 

* Because 

1+J 2 

t If we tahe the rectangle to have its Tertipes at -A'd=iB^ we see that the two series 

on the right converge separately. 
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The expansion on the right of (1) is evidently expansible in a power series; the 
coefficients in such a series have Iteen expressed as determinants by Kapteyn, Proc. Section 
of Soi., K. Acad, van ]Vet. te Amsterdam, viir. (1905), pp. 647 — 649, 640—642 ; Archives 
Nierlandaises, (2) xi. (1906), pp. 149—168. Some associated formulae have just been 
published by Forsyth, Messenger, L. (1921), pp. 129 — 149. 


16 * 42 . The Kneser-Sommerfeld expansion. 

An expansion wHich, in some respects, resembles the partial fraction 
formula obtained in § 16'41 is as follows : 

in which x and X are positive numbers such that 

O^x^X ^ 1 , 

while z and v are unrestricted (complex) numbers, except that it is convenient 
to take R{z)>Q. 


The expansion was discovered in the case i/=3 0, os a special form of an expansion 
occurring in the theory of integral equations, by Kneser, Math. Ann. Lxiii. (1907), pp. 611 — 
617. Proofs of this and of related expansions for integral values of v were published 
later by Sommerfeld, JaJureshericlit der Deutsehen Math, Verevnigung, xxi. (1913), pp. 309 — 
363, but Sommerfeld’s method of proof has been criticised adversely by Oarslaw, Proc. 
London Math. Soc. (2) xiii. (1914), p. 239. 

It may be noticed that the expansion has some connexion with the ‘ Fourier-Bessel ’ 
expansions which will be discussed in Chapter xvm. 


To obtain a proof of the expansion, consider the integral 

1 r if„»> (Zw) (w) ~ {Xw) g„<*> (w) {xw) 

27rtj. z'^ — w* Jv{w) 

in which the path of integration is a rectangle with vertices ±Bi,A± Bi, and 
it is supposed that the left side of the rectangle is indented at the origin. 

The integral round the indentation tends to zero with the radius of the 
indentation, whether v be an integer or not ; and the integrals along the two 
i^arts of the imaginary axis cancel. 

Also, when x and X satisfy the specified inequalities, the function 
{ JT , w {Xw) {w) -- {Xw) («;)} J, {xw)IJ,. {w) 

remains bounded on the other three sides of the rectangle when B -^-ao and 
when “►oo through the values specified in §15*41. 

Hence the limit of the integral round the rectangle is zero, an4 so the 
limit of the sum of the residues of the integrand at the poles on the right of 
the imaginary axis is zero. 

Now the residue at z is 

'im A(«)- A w Y.(x.)}, 


32—2 
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while the residue at^V,n is 

- 2iJ^(j,,n X) F, OV.n) JvUv,nSs)l{JJ ( j,.„) “An)} 


-- /y {jy, nX)Jv iknoo) 

ijv, n) ~ A, n) 


{Fy(An)*^v (jvin) •^v(,jv,n) Fy (A«)l 


^ 4i J^yQV.na;) 

n'^v^ (At ~ Ai n) 

and on summing the residues we at once obtain the stated expansion. 

For a generalisation of this expansion, obtained by replacing Jy{xv})jJv{w) by 
^„(Mo)l^y{tB) in the contour integral, see Oarslaw, Proo. Londgn Maih. Soo. (2) xvr. 
(1917), pp. 84—93; Oarslaw has also constructed some similar series which contain 
Legendre functions as well as Bessel functions, and these series represent the Green’a 
functions appropriate to certain physical problems. See also Bdtrami, Lomhardo Rmdioontiy 
(2) xiiL (1880), p. 336 ; and Lorenz, Oeuvres Sdentifiques^ IL (1899), p. 606. 


16 * 6 . Euler's investigation, of the zeros of Jq {2 fjz). 

An ingenious method of calculating the smallest zeros of a function was 
devised by Euler*, and applied by him to determine the three smallest zeros 
of J^{2^/z). 

If the zeros arranged in ascending order f of magnitude be ai, Oa, Wa* • •• > 
then by §16‘4!l, 

j-.(2V^')=n (i-f). 

Jia.1 \ On/ 


As has already been stated (§ 16*41), this formula was assumed by Euler; if it 
is differentiated logarithmically, then 


-^logJ.(2V*)- i 

az 


1 

Oln-Z 


= % t 




n^l m=0 


ni-l-i 


provided that ] z [ < «i ; and the last series is then absolutely convergent. 


Put 2 = oTm+i and change the order of the summations ; then 

^J'o(2^/z) = Jo(2v'z) 2 o-m+ji!”. 
az ^^0 


Replace Jq(2\/z) on each side by 

, z z® z® 


* Acta Acad. Petrop. v. pars 1, (1781) [1784], pp. 170 et eeq. A paper by Stem, Journal ffi-r 
Math, xxxiu. (1846), pp. 868 — 366 ehould also be consulted. 

t From § 16*25 it follows that the zeros axe positiTe and unequal. 
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multiply out the product on the right, and equate coeOSciehts of the various 
powers of z in the identity ; we thus obtain the system* of equations 
1 S= (Tl , — =5 Cj — (Ti , 

= tr2 + ^0'l, 

— = 0-4 “• 0’8 + Jo’s”” 

= CTb — 0-4 + O-J — glj ffa + (Ti , 

“ - of’n + ^ o'4 — gV <^3 + yk “ rri&iy • 

• • • . • f . . . f . 

whence 

0-1= 1, «ra= = o'g ~ iWo » 

Since 0 < ai < Oa < Oj < , . . , it is evident that 

and so < «! < crmfffm+i . 

By extrapolating from the following Table : 


m 

tr “Vw 


1 

1*000 000 

2*000 000 

2 

1*414 213 

1*600 000 

3 

1*442 260 

1*464 646 

4 

1*446 314 

1*447 368 

6 

1*446 724 

1*446089 

6 

1*445 786 



Euler inferred that «! = 1*446796, whence 

l/ai = 0*691661, 2 Voj = 2*404824. 

By adopting this value for writing 

S !/«„"* = <r^', 

»-a 

and then using the inequalities 

l/flfa”^ < O' fn, cr < cr mfcLi, 

Euler deduced that 09=7*6658, and hence that 03=18*63, by carrying the 
process a stage further. 

These results should be compared with the values 

01=1*446796, 03=7*6178, 03 = 18*72, 

derived from the Tables of Willson and Peirce, Bulleiin American Math. Soc. in. (1898), 
pp. 163—166. 

The value of oj is given by Poisson +. as 1*446796491 (misprinted as 1*46786491); 
according to Freeman f this result was calculated by Largeteau for Poisson by solving the 
quartio obtained by equating to zero the first five terms of the seriss for (2 ^/z ) ; the 
magnitude of the sixth term is quite sufficient to account for the error. 

** This system is an obvious extension of Newton’s system for an algebraic eciuation. 
t Mim. de I’ Acad. B. da Sei. xn. (1888), p. 88O. 

t Proc. Camb. Phil. Soc. m. (1880), pp. 876—^177. Of. Freeman’s translation of FouriePs La 
Thiorie Analytique de la Ohalew, p. 810, footnote. 
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15*51. Rayleigh! 8 esotension of Euler’s formula. 

The method just described -was used independently by Rayleigh* to calcu- 
late the smallest positive zero of {z). 

Taking the formula (§ 16 ’41) 




1 - 


j\n. 


and writing 

we find, after Rayleigh, that. 
1 




= (»•) 




2“(y + l)’ 


w - 


'2*(v + iy.(v + 2)’ 
61/+II 


2'‘(»/ + l)»(i/ + 2)(j/ + 3)’ 


2 « (ir + 1)4 (y + 2 )* (v + 3)(z. + 4) ’ 

O- (8) — 

2 * ( 1 / + 1 )® (j/ 4 . 2y (v + 3) (r + 4) (v + 6 ) ' 

The smallest positive zeros of t/J, (^) and i/i (^r) are deduced to be 2*404826 
and 3*831706. 

Immediately afterwards Cayley f noticed that o-^W can be calculated rapidly when r is 
a power of 2 by a process which he attributed to Enoke but which is more usually kiiown 
as Graeffe’s § method of solving an eq^uation. 

The method consists in calculating (r„W when r is a power of 2 by starting with the 
pven equation and forming from it a sequence of equations each of which has for its roots 
the ^uares of the roots of its predecessor; and then rapidly tends to a ratio of 
equahty with 

Cayley thus found o-i-W to be 

429.<® + 7640v« + 63762v8 + 186430«»* + .3 1 1387>/ + 202738 
(y + 1)8 (p + H)* + 3)* ( 1 / + 4y (v + 6) (v + 6) ( + 7) (v + 8) ■ 

forra^^ Qubler|| that the value of can easily be checked by the 

<rj<r),= 2*>*-iB^/(2r)l,- 

BemouUian numba- j this forrauU is an evident ooneequenoe of tho 

T'*! ^ “ » <=o"8t»nt. 

nave been made by Lamb, Proe. London Math. Soa. xv. (1884), p, 273. 

0 ^ >' between’ 0 and 1, has recentlv been 

t Math. ren. (184\) pp. <'»««)■ ‘-f' 

§ der hdhtrm mmerudm otiiahmim (ZOriol., 1887 ) 

I S.nte,.„p Thaan. dor B.„V.h^ ^hjL. n (Bel %, pp. i, 0 - 181 . 
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[Note. , The procedure of calculating the sum of the rth powers of the roots of an 
equation in order to obtain the numerical value of its largest root seems to be due to 
Waring, Meditaiioned Analytioae (Cambridge, 1776), p. 311 ; other writers who were 
acquainted with such a Inethod before Graeffe are Euler (cf. § 16'6); Dandelin*, M4in. di 
I’ Acad, R, dea Soi. de BrumeUes, rti. (1826), p. 48; Lobatsehevsky*, Algebra, or Calculus 
of Finitea (Kazan, 1834), § 26t7.] 


16*62. The large z&ros of J^{x). 

The most effective method of calculating the large zeros of cylinder 
functions (when the order v is not too large) is, in substance, due to Stokesf, 
though subsequent writers have, to some extent, improved on his analysis. 

Stokes’ method will be sufficiently illustrated by his own example^ /o(a0> 
whose zeros are the roots of the equation 


cot (flj — Jtt) = 


Q (g, 0) 


with the notation of § 7*3. It will be remembered that the asymptotic 
expansions of P {so, 0) and Q {so, 0) are 


P (sc, 0) 1 — 


1.9 

2I(8a?)»'‘' 


1.9. ^6. 49 
41(8a,f 


Q(a!, 0)^ 


1 1.9.26 

3I(8®)» 


For sufficiently large values of so, P {so, 0) is positive, Q (as, 0) is negative 
and the quotient Q {so, 0)1 P {so, 0) is a negative increasing § function of so. 
The function cot(a! — -^tt) is a decreasing function which vanishes when 
aj^TiTT — ^TT, and so it is obvious from a graph of cot(fl?-^7r) that there 
exists a positive integer N such that when n > N, Ji>{so) has precisely one zero 
in each of the intervals {nir — •Jtt, nir + \Tr), and that the distance of the zero 
from the left-hand end of the interval tends to zero as n -► oo . 


Again, if denote the {r ■+ l)th terms of P {sc, 0) and Q{sc, 0) we may 
write 

m-i 

P{S0, 0) = 2 Wr + Oum, Q{as, 0) = 2 Vr -f- 

)-=0 r “0 

where 6 and dj are certain functions of so and m which lie between 0 and 1. 


* I owe these two- references to Professor Whittaker. 

t Camb. Phil. Trans, ix. (1866), pp. 182— 184. [Math, and Phijs. Papers, ii. (1883), pp. 860— 
863.] 

i Stokes also considered Airy’s integral (§ 6-4) and Ji («), for the purpose of investigating the 
position of the dark bands seen in artificial rainbows. 

§ The reader may verify, by § 3’68, that its derivate is 

{l^pi-Q^jP^, 

where P, Q stand for P (*, 0), Q {x, 0); and, by the asymptotic expansions, this is ultimately 
positive. 
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Now consider the equation 

S Vr-\-diVm 
cot(a;-^,r) = ;^| , 

S tir + dUm 
r=0 

in which it is temporarily supposed that 6 and instead of having their actual 
values, are any numbers which he between 0 and 1. 


The equation now under consideration involves no functions more compli- 
cated than trigonometrical functions. If a were supposed complex, there 
would be a number of contours in the a-plane each of which enclosed' one of 
the points nw - ^tt and on which | cot (a - iw) | exceeded the modulus of the 
quotient on the right. 

By Burmann s theorem* the modified equation would have one root inside 
the part of the contour which surrounds nir-lir, and this root can be ex- 
panded in descending powers of nir — 

We thus obtain an expansion for the root of the equation in the form 


a = (riTT — •Jir) + 


I Me.e,) 

reo (WTr ~ ’ 


in which the cc^fficients fr (d, are independent of n but depend on ^ and ; 
and it is readily perceived that the first w of the coefficients are actually 
independent of 6 and Bd so that, when t < 7n, we may write 


fr{^> ^i) =fr> 


Now the sum of the terms after the with is a bounded function of 6 and 6^ 
as 6 and vary between 0 and 1; and it is clear that the upper bound of the 
modulus of the function in question is as w — oo . Hence, when 6 

and are given their actual values which they have at the zero under con- 
sideration, the sum of the terms after the with is still 0 ( 71 “*"“^). 

That is to say, it has been proved that there exists one zero (nearly equal 
to wtt — J7r), and its value may be written 


m— 1 f 

Hence the asymptotic eaypmsim of the «ero is 

00 f 

®~W7r~47r 4- S . 

r=0 (WTT — 

It remains to calculate the first few of the coefficients / If 
where b& x -^oo , then 


tan f'j Q — 


33 


3417 


8® 612a» ■^163840“ 

* Of. Modem Analyeis, § 7-81. 
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1 25 1073 

384a!»'^6120a!» 

and therefore the equation to be solved assumes the form 

/ 1x1 26 . 1073 

X (mr 384i»»'^6120a;“ 

The result of reverting the series is 

1 31 3779 

a; = (wTT - Itt) + g - g-g^ 

This series is adequate for calculating all the zeros of Jo{x), to at least five 
places of- decimals, except the smallest zero, for which n = 1. 

15*53. The large zeros of cylinder functioms. 

It is easy to see that the large zeros of any cylinder function, 

{z) cos a — (z) sin a, 

where v and a are not necessarily real, may be calculated by Stokes’ method 
firom a consideration of the equation 

0 (z v) 

cot (z ~ ^I/TT - ^TT + a) = . 

It seems unnecessary to prove the existence of such zeros (with large 
positive real parts) or the fact that they may be calculated as though the 
series for P (z, v) and Q {z, v) were convergent, because the proof differs from 
the investigation of the preceding section only in tedious details. 

The expression for the large zeros of a cylinder function of any given order 
was calculated after the manner of Stokes by McMahon but the subsequent 
memoirs of Kalahne'j* and M.arshall;|! have made the investigation more simple 
and have carried the approximation a stage further with no greater expendi- 
ture of work in the calculation. 

Following Marshall we define § two functions of z, called M and by the 
equations 

M cos = P (x, v), MBm^jr = — Q (z, v), 

on the understanding that M~*- + l and '\/r-*-Oasz-*- + oo. 

It is then clear that 

Jy (z) cos a.-Yy (z) sin a = f — j if cos (z — ^vir — -iTT -f a — yfr). 

* Annals of Math. ix. (1896), pp. 28—26; see also Airey, Proe. Phys. 8oc. 1911, pp. 219—224, 
226—232. 

t Zeitschrift fttr Math, und Phys. uv. (J.9Q7), pp. 66 — 86. 
t Annals of Math. (2) xi. (1910), pp. 168—160. 

§ Of. Nioholson, Phil Mag. (6) xjx. (1910), pp. 228—249. 
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so that 
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Again 



and, when we differentiate this equation, and use § 3'63 (3), we find that 

dyir 2/(7rz) 

dz^ Jp^{z) + Fv® (js) * 

so that,, by § 7'61, 



When the expression on the right is expanded as far as the term involving 
1/^, we find that 

dyfr fi-l (/ii-l)(fi-25) 114/* + 1073) 

dz 2®^« 2V 2«^® 


(/* - 1) (6/*» -*■ 1636/*“ + 64703/* - 375733) 


in this equation /* has been written in place of 4v“ for brevity. It follows, on 
integration, that 


. /*-! . (/*-l)(/*-26) . (/*-l)(/*^- 114/* + 1073) 

— ov — + 

- 1) (6/.* - 1635/4* + 64703/i - 376733) 

^ ttw — : 

and so the equation to be solved is* 


z — rvir — ^VTT +^7r + a~ 


2®2f 


(/*-!)(/* -25) 
3.2V 


If /3 = («. + - :i) TT — the result of reversion is 

-,5 (/*-l)(7/*-31) (/*-l)(83/*“- 982/* + 3779) 

2«/3 3.2'/9« 15.2“/9» 


(/* - 1) (6949/** - 153855/*“ + 1685743/* - 6277237) 
105 . 2«/8^ 


Therefore the large zeros of Ji, (z) cos a — F„ (a^) sin a are given by the 
asymptotic expansion 


■(n + ^v-i)ir 


4v“-l (4i;“-l)(28y“-31) 

8 [(«’ + iv — J) TT — a} 384 {(n + — ^) tt — a]® 


* This equation (in the case >'=1) was given by Gauss in his notebook with the date Oct. 16, 

1797, but no olne is given oonoeming the method by which he obtained it. [Cf. Math. Ann: 
Lvn. (1902), p. 19.] 
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[Notk. The fact that has a simple asymptotic expansion shortens the 

armlysifl in a manner which was not noticed by MarshaU; he used the equations 


1 + 


dyjf 


1 rd* 




and he solved the latter by assunung a descending series for Jf.] 


16*64. Zeros of functions reluted to cylinder functions. 

Ihe method of Stokes is, of course, applicable to functions other than 
those just investigated. Thus McMahon* has calculated the large zeros of 

{z) and of — - — ^ --1- )) when the cylinder function is a Bessel function of 
the first or second kind. 


The general formula for the large zeros of (z) is 
/A + 3 7ju.® + 82jji — 9 
~ ' 38W 


/3^- 


zeroH 


whore /Qj = (n + + ^) tt ~ a, while the corresponding formula for the large 

of ^ j 18 

az 

fi + l 7/a» + 16V4-95 
'S/Si 38W” 


Tim /.oros of Jy (a) Yy (kz) — Ty {z) Jy {kz), 

whore k is constant, and of 

jy'iz)r;{kz)-ry'iz)jjikz) 

have Imen treated in a similar manner by McMahon. Kalahnet has constructed tables of 
the zeros of the former function when k has the values 1*2, 1'6, 2'0 and v is 0, 1, 2, 4 ; 

while it has been proved by Carslaw, Conduction of Heat (London, 1922), p. 120, that these 
zeros are all real when v and k are real. The zeros of JJ («) Yy{kz)— Yy {z)Jy{kz) have 
been examined by Sasaki, T6hoku Math. Journal, v. (1914), pp. 46 — 47. 


16*6. The mode of variation of ths zeros of a cylinder function when its 
order is varied. 

The equation in z 

4(^)=0 

hnfi an infinite number of roots, the values of which depend on v ; since Jy{z) 
is an analytic function of both and v, so long as it follows that each 
root of the equation is (within certain limits) an analytic function of v. A 
similar statement holds good when the function of the first kind is replaoed 
by any cylinder function of the type 4 (^) cos a - 7.(^)sm«, where o is any 
constant. 


If j denotes any particular zero of J, (r), the rate of change of j, ss v vanes, 
is eivsn by the ordinary formula of partial differentiation 

® V . r--, T / -\ 1 


( 1 ) 




i 


'3 J.(a) 

3i/ 


= 0. 


* Annalt of Math. ix. (1896), pp. 26—29. 
t ZeitzekriftfUr Math, und Phya. uv. (1907), pp. 66—86. 
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Since Jy ( j) = 0, it follows that JJ (j) = — Jy+i (j) 0, so long as j is not 

zero, and hence, from § 6’11 (15), when R{v) > 0, 

2i» 


( 2 ) 


3)Jo 


dv t 

This formula shews that when v is 'positive, the positive zeros of Jy ip) in- 
crease as V is increased. 


Equation (2) was stated without proof by SohUifli, MoUk. Ann. x. (1876), p. 137 ; and the 
deduction from it was established in a different manner by Gegenbauer* M^m. de la Soo. 
R. dea Sd. de Lidge, (3) ii. (1900), no. 3, in the case of the smallest zero of Jy (jc). 


We proceed to- extend the results already obtained to the positive zeros of 
^y (z) = Jy (z) cos a— Ty {z) sin a, 

where v is an unrestricted real variable, and a is constant (i.e. independent of v). 
The extended theorem is as follows : 

Any positive zero, c, of '^y {z) is definable as a continuous increasing f unction, 
of the real variable v. 

To prove this theorem we observe that c is a function of v such that 


arc tan 


is constant, so that 

dc 
dv 

and therefore 


F.(c)l 


/,(c)j 

I*™ 1^}],.. + {^Jt, 


0 , 


^dc 

iTcdv 


Jy{z) 


dv 




dv ]g=o 


Hence, by § 13*73 (2), we have 


(3) ■^o(2oBinht)e~^^dt. 

Since the integrand is positive, this formula shews that c is an increasing 
function of v. 


A less general theorem, namely that, if o is a zero which is greater than 
the order v {supposed positive), then c is an increasing function of v, has been 
proved by Schafheitlinf with the aid of very elaborate analysis. 

It will be observed from the definition of F„ {z) that c tends to zero only 
when V tends to any negative value which satisfies the equation 

sin (a — vnr) = 0. 


* The reader ahoold note that the analysia in the latter part of Gegenbaner’s memoir is 
vitiated by hia use of Budaki’a erroneous reaulta (§ 15*1). 

t Berliner SiUta^therichte, v. (1906), pp. 82 — ^98 ; Jahresbericht der BeuUehen Math. Vereini- 
gung, xn. (1907), pp. 272—279. 
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It should be noticed that (3) shews that, when v is taken to be a complex 
number and c is a (complex) number, with a positive real part, then c is an 
analytic function of v ; and so, as v varies, the zeros of {z) vary continuously, 
and they can only come into existence or disappear when o fails to be an 
analytic function of v, i.e. when c = 0. 

It follows that the positive zeros of 9^y {z) are derived from those of 
by a process of continuous variation as v varies, except that one positive zero 
disappears whenever v passes through one of the specified negative values. 

If we now choose a so that* 0^a<7r,' we see that, as v varies fi’om f 
to any value exceeding (a/w) — 1, ho zeros disappear during the process of 
variation of v, and so in the case of zeros which are so large that the formula 
of Stokes’ type (§ 15‘53) is available, the formula 

, , 4iv^ — l 

WTT + ivTT — iw-Cf — — = z — ... 

8 (mr + J PTT — ^ TT -> a) 

gives the nth positive zero, when the positive zeros are regarded as arranged 
in order of magnitude. 

If, however, v has varied so that it finally lies between (oij’rr) — k and 
(a/w) — 4; ~ 1, where A; is a positive integer, k zeros have disappeared, and so 
the formula just quoted gives the (n — A;)th positive zero. 

This type of argument is due to Macdonald, Froo. London Math. Sac. xxix. (1898), 
pp. 676—684 j it was applied by him to the discussion of the zeros of Bessel functions of the 
first kind of order exceeding - 1. 

If we draw the curve — 0, it evidently consists of a number of 

branches starting from points on the negative half of the aj-axis and moving 
upwards towards the right, both x and y increasing without limit on each 
branch. 

If we take any point with positive coordinates {vD,yo) and draw from it a 
line to the right and a line downwards terminated by the dj-axis, it is evident 
that the curve meets each of the lines in the same number of 

points. It follows that the number of zeros of (yt), qua function of v, which 
exceed Vo is equal to the number of positive zeros of (y) qua function of y 
which are less than y^. This is a generalisation of a theorem due to Macdonald 
who took Vo = 0 aiid the cylinder function to be a function of the first kind. 

Fig. 33 illustrates the general shape of the curves (y) = 0, the length 
of the sides of the squares being 2 units. A. much larger and more elaborate 
diagram of the same character has been constructed by GasserJ, who has also 
constructed the corresponding diagram for Fip(y)=»0. The diagram for 
^»(y)==0 is of the same general character as that for Jx{y) = ^, except that. 

* This does not lead to any real loss of generality. 

t See a letter from Macdonald to Qarelaw, Proe. London Math. Soc. (2) xiii. (1914), {t. 289. 

t Bern Mittheilungen, 1904, p. 185. 



610 THEORY OF BESSEL FTJHOTIONS [CHAP. XV 

the portions of the curves below the axis of x consist merely of a number of 
isolated points on the lines on which 2® is an odd integer. 



[Notb. The reader will find it interwting to deduce from § 13*73 (3) that, if d is a zero 
of (*)j then 

(4) ^ (o'? oosh 2i - V*) JTo (2d sinh <) « " dt, 

and hence, if the variables are real and c'> | v | > 0, then d increases with v. 

The sign of dd /dv has also been discussed (bj more elementary methods) by Schaf heitlin, 
Jahreaherieht der Deutsohen Math. Vereinigung^ xvi. (1907), pp. 272 — 279; but the analysis 
used by Schafheitlin is extremely complicated.] 

16*61. The problem of the vibrating membrane. 

The mode of increase of the zeros of (x) when v is increased has been 
examined by Rayleigh* with the aid of ailments depending on properties of 
transverse vibrations of a membrane in the form of a circular sector. If the 
membrane is bounded by the lines ^ 0 and 6 *« Trjv (where v > ^), and by 

* Phil. Mag. (6) xu. (1911 ), pp. 68—58 iSeimtifie Paper$, n. (1920), pp. 1—5]. Of. Phil. Mag. 
(6) xxxn. (19161, pp. 644 — 64B [Scievtijio Papera, vx. (1920), pp, 444—446]. 
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the circle r *= a, and if the straight edges of the membrane are fixed, the dis- 
placement in a normal vibration is proportional to 

J, {rpjc) sin v$ cos {pt -h e), 

where o is the velocity of propagation of vibrations. If the circular boundary 
of the membrane is fixed, the values of apjo are the zeros of */„ (ao), while if 
the boundary is free to move transversely they are the zeros of // («). 

The effect of introducing constraints in the form of clamps which gradually 
diminish the effective angle of the sector is to increase v and to shorten the 
periods of vibration, so that p is an increasing function of v, and therefore 
(since a and c are unaltered) ap/c is an increasing function of v. That is to 
say, the zeros of Jy (x) and JJ (a) increase with v. 

By using arguments of this character, Rayleigh has given proofs of a 
number of theorems which are proved elsewhere in this chapter by analytical 
methods. 


16*7. The zeros ofJ{p(z). 

The zeros of the function Ky {z), where v is a given positive number (zero 
included), and z lies in the domain in which | arg z | < Iw, have been studied 
qualitatively by Macdonald *. 

From the generalisation of Bessers integral, given in § 6*22, it is obvious 
that Ky {z) has no positive zeros; and it has been shewn further by Macdonald 
that Ky{z) has no zeros for which | arg« This may be proved at once 

from a consideration of the integral given in §13‘71 ; for, if z = re*^ were such 
a zero (r > 0, — ^tt < a < ^w), then z = would be another zero ; but the 
integral shews that 


Ky (rs«) Ky. (re-<“) = i exp • - 1 - 


r*cos 2a 




> 0 , 

which is contrary to hypothesis. 

If a is equal to ± Jtt, we have 

i Ky (re^i^) I = iw {r) + F,* (r)}, 
oud so Ky (z) has no purely imaginary zeros. 

Next we study the zeros for which R{z) is negative, the phase of z lying 
either between ^tt and tt or between — Iw and — ir. 

It may be shewn that the total number of zeros in this pair of quadrants 
is the even integer f nearest to v — unless v — ^ is an integer, in which case 
the number is v -r- 


.In the first place, there are no zeros on the lines arg .a = ± tt, unless v — ^ 


* Proe. London Math. Soe. xxx. (1899), pp. 166 — 179. 
+ This is not the number giyen by Macdonald. 
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is an integer; for Ky{r) and, if both the real and 

the imaginary pai’ts of this expression are to vanish, we must have 
cos vrnr . Ky (r) — 0, sin vnr . Ky (r) +7r ly (r) = 0. 

Since the Wronskian of the pair of functions on the left of the equations is 
{rr/r) cos vir, they cannot vanish simultaneously unless cos vtt = 0. 

Now consider the change in phase of Ky(z) as z describes a contour 
consisting of arcs of large and. small circles terminated by the lines arg z=s‘±Tr, 
together with the parts of these lines terminated by the circular arcs. 
(Of. Fig. 16 of §7-4.) 

If the circles be called F and 7, their equations being | | ^ and | S, 

it is evident that the number of zeros of Ky {z) in the pair of quadrants under 
consideration is equal to the number of zeros of z*' Ky (z) inside the contour, 
and this is equal to l/(27r) times the change in phase of z'^ Ky (z) as z traverses 
the contour.' 

Now the change in phase is 


arg {a*- Ky (^)l 


Jr 


BXg[z'' Ky{z)\ 

Jy 

qsexpir* 

+ 

iiexpiri L 


arg{^‘'Z,(^)}J 


arg[^''ir,(^)} 


Jinp(-in) 

Sexpi-irO 


As R-^oa and the first two terms* tend to 27r(v — ^) and 0 

respectively, because when | z: | is large or small on the contour, 

Ky (z) rs. z'’ K, (z) ~ 2-'-^ F (v) 


respectively f. 

The last two terms become 


(i 


lim 2 


arc tan 


TT cos VTT . (r) 

Ky (r) + TT sin vyr . 7„ (r) 


Now Ky(r) is a positive decreasing function of r while Iy(r) is a positive 
increasing function, and so the last denominator has one zero if sin vtt is 
negative, and no zero if sin vtt is positive. 


If therefore we take the inverse function to vanish when r-*-0, its limit 
when r -^00 is arc tan (cot i/tt), the value assigned to the inverse function 
being numerically less than two right angles and having the same sign as the 
sign of cos VTT. 

Hence the total number of zeros of Ky(z) in the pair of quadrants J in which 
R (z) is negative and ] arg a? ] < tt is 


V — I + - arc tan (cot vtt), 


* This is evident ftom the oonsideration that the asjmptotio expansion of § 7 '22 is valid when 
I arg * I < IT. 

t The second of these approximate formtilae requires modidoatiou when v=0. 

X The two zeros of («) are not very far from the points - 1'29±0'44». 
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and the reader will find it easy to verify that this number is the even integer 
which is nearest to v — 

When v — \ is an integer, Kv (z) is a pol 3 niomial in z multiplied by a 
function with no zeros in the finite part of the plane, and so the number of 
zeros for which R{z)<0 is exactly v—^. 

Next consider the portion of the plane for which ir < srgz^ 2'7r, 

If we write z = we have 

and so Ky{z') has a sequence of zeros lying near the negative part of the 
imaginary axis. The zeros of large modulus which belong to this sequence 
are given approximately by the roots of the equation 

tan (X — J VTT — ^tt) == — i (1 + ; 

it may be verified that they are ultimately on the right or left of the imaginary 
axis in the j8f-plane according as cos* vtt is less than or greater than ^ ; i.e. 
according as v differs from the nearest integer by more or less than The 
sequence does*not exist when = — 1, i.e- when v is half of an odd integer. 

There is a corresponding sequence of zeros near the line arg z — — f tt. 


15 * 8 . Zeros of Bessel fwietions of unrestrictedly large order. 

The previous investigations, based mainly on integrals of Poisson’s type, 
have resulted in the determination of properties of zeros of Bessel functions, 
when the order v is not unduly large. This is, of course, consistent with the 
fact that Hankel’s asymptotic expansions, discussed in Chapter vii, are 
significant only when is fairly small in comparison with the argument of 
the Bessel function. 

The fact that Debye’s integrals of § 8*31 afford representations of functions 
of large order suggests that these integrals may form an effective means of 
discussing the zeros of Bessel functions of large order; and this, in fact, proves 
to be the case*. Moreover, the majority of the results which will be obtained 
are valid for functions of any positive order, though they gain in importance 
with the increase of the order. 


We shall adopt the notation of § 8 '31, so thatf 

roo + ni-ip 


(y sec yS) = 


^tanjS-p) foB + wi-ip 

— r - 

TTt J _ gQ — ^ 


where —r — sinh w—w + i tan /8 (cosh w — 1), and the contour in the plane of 
the complex variable w is chosen so that t is positive on it. 


w. av. 


* Watson, Proc. Royal Soc. xoxy. k, (1918), pp. 190 — 206. 
t We shall use the symbols a and i> seo ^ indifferently ^heh « ^ v. 


33 
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If 'W = u-{'iv, where u and v are. real, u and v both increase steadily as w 
describes the cgntour, so that 

[ du^ f e~'^ dv 
J —00 J — /3 

are both positive. 

Hence, if we regard /3 as variable, and define 

/•oo+iri 

J -00— </3 


arg 


e~'^ dw 


to be a positive acute angle when ^ = 0, and to vary continuously with it 
will remain a positive acute angle for all values of between 0 and \rr\ and, 
moreover, by § 8*32, it cannot exceed Jtt, since dvjdu^i^J^. 

This positive acute angle will be called and then ^ will be defined by 
the equation 

= V (tan ^ — yS) 4- ^ tt. 

It is then evident that 

{v sec yS) = 

where iMl is positive (not zero); and 

/„(«!) = JW cos F„(a;) = iHIl sin 

If (ic) = Jy (x) cos a - Ty (a;) sin a, 

it is clear that the only zeros of («), greater than v, are derived from the 
values of T' which make ^ + a equal to an odd number of right angles. 

It is easy to shew that ^ increases with x, when v remains constant. For 
we have 

Yy (x) _ 2f('irx) 


= arc tan 


> 0 . 


Jy{x)’ dx Jy^ (x) + F„® (x) 

Hence, as x increases, "'F increases steadily, and so, to each of the values 
of ^ for which 

■F = (m+ l)ir~a, 

corresponds om and only one positive zero of ^y (x). 

Next we shall prove that % is also an increasing function of x. This is a 
theorem of a much deeper character, since the result of § 13’74 is required 
to prove it ; we thence have 


dx _ d'F _ d (tan ^ — ^jiirx) \/{a? — v“) 

7 ““ 7 V 5 — r > / \ ^ Vt- « ^ T 


>0. 


dx dx dx {x) + Y^ (x) x 

From Hankel’s asymptotic expansion it is clear that 
lim;^= lim [«; — ^vtt— ^ 7r — V(^— *'“) + v arc cos (i»/®) + i^7r+ 0 (!/«;)] 

0)-^ 00 X ~^00 

— ^TTj 

and so arc tan <X< i'”‘> 

in which the expression on the left is a positive acute angle. 
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To form an estimate of the value of % when v is large, we write 
Jy (v) (y) tan ; 

hence, from § 8'42, we have 

lim 7 „ = ^«r, 

and, when v is large, 

r(|) , 

"/sr 2iora).(i..)^ 

so that, when v is large, 7 „ is an increasing futiction of v. 

The following Table gives the sexagesimal measure (to the nearest half 
minute) of the angle whose circular measure is 7 „; it exhibits the closeness of 
7 p to its limit, even when v is quite small: 




I 



Hj 

I 

2 

3 

4 

6 

8 

10 

12 

00 


1 

28^39' 

29“23i' 

29° 38' 

29° 45' 

29° 51' 

29° 54' 



29° 66^' 

29°67i' 

29“ 68' 

,29°58i' 



The table suggests that 7 „ is an increasing function of v for all positive 
values of v; to prove that this is the case we need the theorem that 

and this inequality has already been established in §13’74. 

We are now in a position to infer that ^y(v sec has a zero for which 
V (tan — )Q) + X = w-tt — a, 

where m is any positive integer (unity possibly excepted) ; and therefore at 
the positive zeros of ^yivaec ^), with the possible exception of the first, 
V (tan /9 — /8) has a value between 

(m — i) TT — a and mir - 7 „ - a, 

and the difference of these expressions (when v is not small) slightly exceeds 

From the result of § 15’3 (10), it follows that the phase of (X) e” 
increases from a — ^TrtoNE^ + aasX increases from 0 to any value exceeding v, 
and so, if 0 < a < tt, the number of zeros of in the interval (0, cc) is the 

greatest integer contained in (^ + a)/7r + 

A simple theorem which may be noted here is that, when v® > it follows from § 13'74 

^ dt decreases as d is increased, This result 

shews that the interval between consecutive zeros of (a?) decreases when the rank of the 

zeros is increased. 

A different proof of this theorem is due to Porter} cf. § 15'82. 


33—3 
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16*81. The smallest eeros of («) and Y, (as). 

It has heen seen (§16*3) that f (a?) and Yy.(as) have np zeros in the interval 
(0, v), when it is positive, and it is fairly obvious from the asymptotic formulae 
obtained in § 8*42 that they have no zeros of the form v + o (v*) when v is large. 

Tha asymptotic formulae which were quoted in § .8*43 shew that, with the 
notation of § 16*8, 

^ . (tan ^ - /9) - i,r + ten + 0 (i) , 

where the inverse tangent denotes a negative acute angle. 

Hence, at the smallest zero of Jy (a?), 

ten (. (ten^ 0 (1/V.)t = - . 

As /3 increases from 0 to the expression on the left increases from 
1 + 0 while the expression on the right decreases from 0*2679 to 0; the 

smallest root occurs for a value of /9 for which ^(tan^ — yS) lies between f tt 
and ^TT, so that 

V (tan ^ — ^) = hv tan* /8 + 0 (v“*). 

Hence, if we solve the equation 

the value of f so obtained is the value of ^vtan®)S at the zero with an en-or 
which is 0 (v"*). The value of f is approximately 2*383447, and hence the 
smallest positive zero of Jy (x) is 

j; + vix 1*866767 + 0(1). 

In like manner, by solving the equation 

tan(f-i7r) Q(f,i)/P(^0, 

of which the smallest root is approximately f =0*847719, we find that the 
smallest zero of Yy {x) is 

1/ + 1/4x0*931677 + 0 (IX 

The formula for the smaUeet zero of Jy {jc) has been given by Airey, PhU. Mag. (6) 
XXXIV. (1917), p. 193. Airey’s formula was derived by using Debye’s asymptotic expansion 
of § 8'42 for Jy {x) when x has a value suoh that 

x-v = 0{v^)^o{vi). 

For such values of the variables, it has not been proved that Debye’s expansion is valid, 
and although j^rey’s method gives the two dominant terms of the smallest zero of Jy (j?) 
correctly, the numerical result which Airey gives for the smallest zero of Jy {x) is not the 
same as that of § 16-83, The reason why Airey’s method gives correct results is that Jy{v-\-C) 
is expansible in poweri of long as f is o (i»), and in this expansion it is permissible to 
substitute Debye’s formulae for Jy{v\ Jy (v), Jy' (v), .... 

A formula for the smallest zero of (a?) was given by Airey. This zero may lie any- 
where between 0 and the smallest zero of Jy (a?), according to the value of v. 
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It does not seem to be possible to make farther progress by the methods used in this 
section. We shall now make a digression to explain the methods of Sturm (which have 
been applied to Bessel’s equation by various mathematicians), apd we shall then give an 
investigation which leads to the fiucinating result that the two expressions which, in this 
section, were proved to be 0 (1) are in reality 0 (v~})y so that approximations are obtained 
for the smallest zeros of (a?) and in which the errors are i.e. the errors 

become negUgible when v is large. 

[Noth. An elementary result concerning the smallest zero of Jj, (x) has been obtained 
from the formula of § 6*43 by Qegenbauer, Wiener Situmgabmohte^ ort. (2a), (1902), p. 671; 
if ft =1 V + e where 0 < e < 1, then the smalleat zero of /av + e (a?) is less than twice the smallest 
zero of Jy (x), because, for the latter value of x the integrand cannot be one-signed.] 


15*82. AppUGoUons of Stwrm’ a methods. 

Various writers have discussed properties of Bessel functions by means of 
the general methods invented by Stiirm* for the investigation of any linear 
differential equation of the second order. The results hitherto obtained in 
this manner are of some interest, though they are not of a particularly deep 
character, and most of them have already been proved in this chapter by 
other methods. 


The theorem which is at the base of the investigations in question is that, 
given a differential equation of the second order in its normal form 


d^u 

da^ 


+ /m 


0, 


in which the invariant I is positive, then the greater the value of /, the more 
rapidly do the solutions of the equation oscillate as co increases. 


As an example of an application of this result, we may take a theorem due to Sturm 
(ibid. pp. 174 — 176) and Bourget, Ann. soi. de VAcole norm. sup. m. (1866), p. 72, that, if 
V® - J be positive and c be any zero of (a?) which exceeds V (v* - J), then the zero of (x) 

which is next greater than o does not exceed c+ ,/ - a • 

This result follows at once from the consideration of the facts that the function 
is annihilated by the operator (§ 4*3) 


and that, when a? ^ c. 



a;® ^ c® * 


A slightly more abstruse result is duo to Porter, American Jowmod of Math. xr. (1898), 
pp. 196 — 198, to the effect that, if v® > J and if the zeros of (x), greater than /y/(v* — i), 
in ascending order of magnitude are q, cj, Cs? ••• c^+i-Cn decreases as n increases. 
This has already been proved in § 16'8 by another method. 

Other theorems of liVa nature are due to B6oher, BvUetin Amerioan Math, Soo. m, 
(1897), pp. 206—213; VIL (1901), pp. 333—340; and to Gasser, Bern Mittheilimgm, 1904, 
pp. 92—135. 


* Journal de Math. i. (1886), pp. 106—186; an account of recent researohea on differential 
equations by Sturm’s methods is given in a lecture by B6oher, Proc, Int. Congress of Math, i. 
(Oambridge, 1912), pp. 168—195.. 
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15*83. Applications of Sturm's methods to functions of large order. 

We proceed, to establish a mimber of results concerning cylinder functions 
of large order which are baaed on the following theorem of Sturm’s type : 

Let %ti (a) and (x) he solutions of the equations 




such that, when, a = a, 


da^ 


+ = 0 


and let and Jg he continuous in the interval a^x^b, and also let Ui'(x) and 
ui (flj) he continuous in the sa/tns interval. 


Then, if throughout the interval*, |i^(d;)| exceeds |Mi(a;)| so long as 
X lies between a and the first zero of u^ (x) in the interval, so that the first zero 
of Ui (x) in the interval is on the left of the first zero of u^ (®). 

Further, if u/(a) has the same sign as Ui(a), the first maximum point of’ 
I if) I in the interval is on the left of the first maximum point of j i/g {x) \ , and, 
moreover 

max 1 ifi (a?) I < max | ifg (a;) (. 

To prove the theorem *1”, observe that, so long as Ui{x) and u^ix) are both 
positive, 

d^Ui d*Ux j.. 

da* ^ da;* “ ~ > 0, 


and so, when we integrate, 


dUi 


Sitice.the expression now under consideration vanishes at the lower limit, 
we have 


(1) 

dwg dui ^ 

Hence we have 

dx 

and therefore 


that is to say. 


(2) 

«2(®) 

Uj,{x)^ ibi{a) 


* To simplify the presentation of the proof of the theorem, it is oonvenient to change the signs 
of tti (*) and ttj (®), if necessary, so that.«i(a!) is positive immediately on the right of ® = a; the 
signs indicating modnli may then be omitted thronghout the enonciation, 

f The theorem is practically due to Sturm, Journal 4e Math. i. (1886), pp. 126—127, 146—147. 
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It follpws that just before vanishes for the first time u^ioo) is still 
positive, and it has remained positive while x has increased firom the 
value a. 

The first part of the theorem is therefore proved. 

Again, if is positive, as well as ih (p), then ^^{x) must have a maximum 
before it vanishes, and at this point, /Xi, we have from (1) 

(/^) ifh) ^ 

so that lis (fij) is positive and (x) must be positive in the interval (0, /u-i). 
Therefore the first maximum point /jl^ of (x) must be on the right of 

Finally we have 

max Ui {x) = Ui (/m) < (jii) ^ Ua (/ttj) = max Us (x), 

and the theorem is completely proved. 

When two functions, {x) and itj (x), are related in the manner postulated 
in this theorem, it is convenient to say that iti (x) is more oscillatory* than 
Wa («) and that Wa (®) is oscillatory than («). 

We shall now apply the theorem just prayed to obtain results f concern- 
ing Jy {x) and Yy (ci) when v is large and a; — j/ is 0 (v^). Our procedure will 
be to construct pairs of functions which are respectively slightly less and 
slightly more oscillatory than the functions in question. 

In the first .place we reduce Bessera equation to its normal form by writing 
flj = ve® ; we then have 

( 3 ) 

A function which is obviously slightly less oscillatory than 9^y{ve^) for 
small positive values of 6 is obtainable by solving the equation 

(4) r^+2.»filtt = 0, 

since e*® — 1 > 2^ when ^ > 0: 

The general solution of (4) is 



and the constants implied in this cylinder function have to be adjusted so 
that It and its differential coefficient alre equal to (va®) and its differential 
coefficient at ^ 0. 

* The reason for the use of these terras is obvions from a oonsideration of the special ease in 
which and I 2 are positive constants. 

t These lesnlts supersede the inequalities obtained b; Watson, Proe. London Math, Soc. (2) 
XVI. (1917), pp. 166—169. 
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It follows that a function which is (slightly) less oscillatory than (a?), 
when « ^ I/, is 

[r «) <s, (p) + r(i) (i^)» «■; (..) (?^)] . 

We now endeavour to construct a function which is (slightly) more oscil- 
latory than («), in order that We may have (a?) trapped between two 
functions which are more easily investigated than (a?). 

The formula for the leas oscillatory function, combined with the result 
stated in § 8‘43, suggests that we should construct a function of the type* 

\/{'^(^)/^'(^)}*^i{v^(^)}, 

where '»/r(^) is a function of ^ to be determined. It might be anticipated 
ftom § 8'43 that the suitable form for y^(6) would be ^ tan* where sec iS = e® ; 
but it appears that this function leads to a differential equation whose solution 
is such that its degree of oscillation depends on the relative values of v and 6, 
and we are not able to obtain my information thereby. 

The invariant of the equation determined by 
is known to be (§ 4*31) 


+ 


rm 




ir"(<9) sfrm 

2xfr'(^) 4l^/r'(ff)j '36 

and it is requisite that this should slightly exceed v* (e*® - 1). It is consequently 
natural to test the value of '^fr ($) which is given by the equations 

^'(d) = V(e*®-l), ^(0) = 0, 

by determining whether^ for this value of yjr (0), 


2f'{e) 4|«ir'(^) 




'^36\ylr{d)i 
When we replace e® by sec we find that 


1 ^' (0) = tan yS, 

(^) = sec y9 cosec yd, 


ir{0) 

r'{0)=- 


tanyS — 

4 cos 2/3 


tan yS sin* 2yd ’ 
and hence we have to test the truth of the inequality 

sin* yd 


( 6 ) 


Now 


3 (tan yd- yd) < 


cos* /d V(1 + tan* /3) ‘ 


.] 


cos* yd ^(1 + i tan* 0)_ 

is negative when tan* yd < */24i — 3, and it is positive for greater values 
of tan*jd. 

* The maltiiple of the cylinder fonction is taken so that the pxodnoi satisfies a differential 
equation in its normal form ; of. § 4*81 (17). 
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H^ce, since (6) is true when *= 0, it is true when 0 ^ yS ^ )8o, where 
is a certain angle between arctanVlV^^ — 3} and The sexagesimal 
measure of is 69“ 39' 24"'27. 

Proceeding as in the former case, we find that the fimction 
^^{8 (1-/3 cot /S)} . [r (f ) Qv)i (v) {i; (tan /3 - /S)} 

+ r (^) Ji {*' /8 - /3)]] 

is slightly more oscillatory than J, (v sec ^), so long as* 0 ^ /3 < ^o« 

We can now obtain an extremely important result concerning the smallest 
zero of (a;) which is greater than v ; for let be the smallest value of ^ 
Vrllicll 

r «) (J«)* W /-j (0 + r(i) (i.)» M (f) 

vanish. Then both of the equations 

2(9==X,.»M i;(tan/8-/9) = iV 
give flj =3 i; + + 0 (v~i). 

Since, by Sturm’s theorem, the zero of (a) lies between two expressions of 
this form, we see that the value of the zero of (as) which is next greater thin v 
ia expressible in the form 

V + + 0{v~^). 

When {x) is equal to Jp (x) it is easy to verify from a Table of Bessel 
functions of orders ± ^ that 

7W = 1-926629 + 0(i/-«), 

and so the smallest zero of /„ (x), when v is large, is 

i/ + i;4xl-85576T + 0(z/-i). 

In lihe manner, the smallest zero of T^(x) is 

jz + j/i X 0-931577 + 0(iz-i). 

The first maximum of (x) may be obtained in a similar manner, by differ- 
entiating f the two expressions constructed as approximations. 

The result is that if is the smallest value of ^ which makes 

r (!) av)i J, (v) j-j (?) - r (!) av)i J' (v) /.j (?) 

vanish J, then the first maximum of «/!,(«) is at the point 

v + ltiy*p^ + 0{v^), 

i.e. at the point 

jz-f i/ix 0-808618 + 0(iz-i). 

The first maximuni of the function (a?) cannot be treated in this manner because its 
. first maximupa is on the right of its first zero ; tins follows at once from § 15*3, because 
F„ (a?) increases from - oo to 0 as a; increases from 0 to the first zero. 

For an investigation of the maximum value of Jy{x) qua ftmction of v the reader 
should consult a paper by Meissel, Aatr. Nach. oxivni. (1891), cols. 436 — 438. 

* This restriotion is trivial because we have to oousider values of /S for which v/3® is bounded ; 
i.e. mall values of /3. 

t The permissibility of this follows from the second part of Sturm’s theorem just given. 
t This value of ( is approximately 0*686648. 



CHAPTER XVI 

NEUMANN SERIES AND LOMMEL’S FUNCTIONS OF TWO VARIABLES 


16* 1. The definition of Neumann series. 

The object of this chapter and of Chapter xvii is the investigation of 
various types of expansions of malytio functions of complex vanaUes in series 
whose general terms contain one or more Bessel functions or related functions. 
These expansions are to some extent analogous to the well known expansions 
of an analytic function by the theorems of Taylor and Laurent. The expansions 
analogous to Fourier’s expansion of a function of a real variable are of a much 
more recondite character, and they will be discussed in Chapters xviil and xix. 

Any series of the type 

00 

X On {f) 

n=0 

is called a Neumann series, although in fact Neumann considered* only the 
special type of series for which v is an integer; the investigation of the more 
general series is due to Gegenbauerf. 

To distinguish these series from the types discussed in § 16-14, the description ‘ Neu- 
mann series of the first kind ’ has been suggested by Nielsen, Math. Ann. lv. (1902), p. 493. 


The reader will remember that various expansions of functions as Neumann 
series have already been discussed in Chapter v. It will be sufficient to quote 
here the following formulae : 




n=o n.\ 

Ju{z + t)>=‘ X J (<) J m (z), 


M+S» 






2''r(v) 


X (v + m) 
»=o 


J v+m 


- - Cm" (cos <^), 


where tir* = .2^ + — 2Zz cos 

We shall first discuss the possibility of expanding an arbitrary function 
into a Neumann series; then we shall investigate the singularities of the 
analjrtic function defined by a Neumann series with given coefficients ; and 
finally we shall discuss the expansions of various particular functions. 


For a very general discussion of generalisations of all kinds of series of Bessel functions, 
the reader may consult memoirs by Nielsen, Journal fur Math, oxxxii. (1907), pp. 138 — 
146 ; Leipziger BeTichie, lxl (1909), pp. 33 —61. 

* Thearie der BetteVichen Functionen (Leipzig, 1867), pp. 88 — 86. 

Wiener SiUungtheriohte, lxziv. (2), (1877), pp. 126 — 127. 
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Various expansions of types which resemble Neumann’s (othe^- than those given in this 
chapter) are due to H, A. Webb, Phil. Trans. oj[ the Royal Soo. ooiv. (1906), p. 487 and 
Nielsen, AtH della R. Acoad. dei Lincei^ (6) xv. (1906), pp. 490 — 497. 

16' 11. Neumarm’s esopa/nsion* of an o/rhitrary fumtion in a series of Bessel 
coeficients. 

Let f(z) be a function of z which is analytic inside and on a circle of 
radius R with centre at the origin. If 0 denotes the contour formed by this 
circle and if is any point inside it, it follows from Cauchy’s theorem that 

Now, by §91, 

7 = 2 SnOn{t) .Jn (^) j 

t — Z „=o 

and this expansion converges uniformly on the contour. It follows at once 
that 


f{z)= % anJn(A 
»=0 


( 1 ) 

where 

( 2 ) a„ = -^l^/(t)0,(t)dt; 

and this is Neumann’s expansion. 

If the Maclaurm expansion of f(z) is 

f(z)= S bnZ”, 


we see that 


»=o 


c ) 


o 

Zin m=o 






2 »i— am 


n.(n — m — l)! 


and so 

(3) 


OT=>0 

(O'O ~ 

L=»t2— 


(w^l) 




m=0 

This result shews that the Neumann series corresponding to a given function 
assumes a simple form whenever a simple expression can be found for the sum 

1 2— > 

w=>0 

The construction of the Neumann series when the Maclaurin expansion is 
given is consequently now merely a matter of analytical ingenuity. 

* Theorie der BesseVschen Functionen (Leipzig, 1867), pp. 88 — 86. See also Ednig, Math. Ann. 
v. (1872), pp. 888—840. 
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16*12. Nmnmnn'a* amalogue of Jjawervtfa theorem. 

Let f{js) be a function of z whicb is analytic and one- valued in the ring- 
shaped region defined by the inequalities 

r<|arl<E. 

Let C and c be the contours formed by the circles 

\z\=R, \z\-r, 

both contours being taken counter-clockwise; then, if « be a point of the region 
between the circles, we have 

f f<M + i_ f 

^ 27n J a t — z ^ 2m J o z — t 

- ^ /. (*) J^/O) 0„ (t) cU +£ ^ 0„ (5) /(«) Jn (t) dt. 

Consequently f{z) is expansible in the form 

( 1 ) /(•»)= 2 anJn(z)+ t On' On(z), 

n=»() »=0 

where 

( 2 ) an=^f^MO.(t)dt, 

If the Laurent expansion of f{z) in the annulus is 


we have, as in § 16'11, 

( 3 ) 

(4) 


/(z)^ 2 ^ 

««0 





Cbn — 2 




1 6*13. Qegznba/uer’s generalisoMon of Neumarm’s expansion. 

By using the polynomial 4n,„(0 defined in §9*2, Gegenbauerf has 
generalised the formula given in § 16*11. 

If f(z) is analytic inside and on the circle \z\ = R, and if G denotes the 
contour formed by this circle, we have 


2m Jo t — z 


and so 
( 1 ) 




Z* f (z) ai S On i/ v+n (^)> 
»=>0 


* Theorie der Bet$eV$efien FtmoHotien (Leipzig, 1867), pp. 86 — 89. 

t Widiner SitzvngtbcriehU, xzxiv. (2), (1877), pp. 124—180. Bee Wiener Denksekriftenf xiivm. 
(1884), pp. 298 — 816 for some apeoial oases of the expansion. 
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16-12-16-14] 
where 

(2) ^ 2^- 

provided only that v is not a negative integer. 

if, as in § 16*11, the Maclaurin expansion of f(z) is 

/(£)= S 6nif", 

then 

(3) 

m=0 

Neumann’s expansion of §16*12 may he generalised in a similar manner. 


625 


n^O 




16*14. The Neumann-Qegenhauer ecapamion of a function as a series of 
squares or products. 

From the expansion of § 9*6, namely 

vgfA+l' «0 

1 ~ ~ 2 Bn ; ft, I» (0 if) ‘^c+in (^')» 

Z — Z ^ 

which is valid when | ; 2 r | < | < | , we can at once infer that, if f{z) is analytic 
when I 1 ^ r, then the expansion 

00 

f (f) ^ % UnJ if) J v.f^iz) 


( 1 ) 


n =0 


is valid when \z\<r, and the coefficients are given by the formula 

(2) On = 2.^ / (^) ; M, I' (^) 

Q being the contour formed by the circle ] « ] = r. This expansion is due to 
Gegenbauer*' an expansion closely connected with this, namely that 


(3) 

where 

(4) 


f (z) — 2 On Jn {z), 


n=0 


~ 2^/0^^ 


and n„(<) is Neumann’s second polynomial (§9*4), is valid provided that f{z) 
is an even analytic function-, this expansion was obtained by Neumann f. 

Gegenbauer’a foiinula has been investigated more recently by Nielsen, Nouv. Ann. de 
Math. ( 4 ) II. ( 1902 ), pp. 407 — 410 . 

A type of series slightly different from those previously considered is 
derived from the formula of §5*22(7) in the form 


.?•' = 2- r (^v + 1) I 


ii'+» 


(4 


* IFierwr SiteungsberichU, ixxy. (2), (1877), pp. 218 — 222. 
t Math. Ann. in. (1871), p. 699. 
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wuich shews that 

(6) i bnS:'^^ = i On JiC'+n) (^)> 

where 

( 6 ) 


n=0 


naO 


On 




msO 


m\ 


Expansions of this type have been the topic of a detailed investigation by 
Nielsen*. 


16*2. Pincherle’s theorem and its generalisations. 

00 

Let S cbnJv+n(^) any Neumann series, and let the function defined by 

n=0 

this series and its analytic continuations be called /(z). 

Let also 

The function defined by /(£f)jv and its analytic continuations will be called 
the associated power series of f(z). 

The Neumann series converges throughout the domain in which 
hm 

n-^00 

and this domain is identical with the domain in which 


lim 

n-^oo 


’*■/ 

V r(i/+w+i) 


< 1 , 


by Horn’s asymptotic formula (§8*1). 


It follows that a Neumann series has a circle of convergence, just like a 
power series, and the circles of convergence of a Neumann series and of the 
associated power series are identical. 


The theorem that the convergence of a Neumann series resembles that of 
a power series is due to Pincherlef ; but it is possible to go much further, 
and, in fact, it can be proved that f(z) has no singularities which are not also 
singularities of f{z)N> 

To prove this theorem, we write 


9 V 

»«o r(.'+.n+i)r(i) 




* Nyt TidsskH/t, a. (b), (1898), pp. 77—79. 

t Bologna Meiaorie^ (4) m. (1881)^ pp. 151 — 180; see also Nielsen^ Math. Ann. lv. (1902), 
pp4 498— 496« 
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and then, inside the circle of convergence*, 
f(z)= 

From the theory of analytic continuation it follows that, if ^ (z) is analytic 
for any value of z, so also is f(z), provided that the path of integration is suitably 
chosen; and so all the singularities of f(z) must be singularities of <f) (z). 

Now the series defining <f> (z) may be written in the foma 

S T{v + n + l) 

V 7 r„Jo 2 ''+” r(v + n+ 1) r(z/ + n + ^) 

and a theorem due to Hadamardf states that, if 

2 bnZ^\ F,iz)= i Fs(z)= 2 

ji=0 M=0 «=o 

then all the singularities of (z) are expressible in the form By, where B is 
some singularity of Fi (z) and 7 is some singularity of F^ (z). 

' Since the only finite singularity of the hypergeometric function 

M«or (i/+ «+|) 

is at the point -? = 1, it follows that all the singularities of <f) {z) are singularities 
oif{z)^', and therefore all the singularities of/(2:) are singularities off{z)N', 
and this is the theorem which was to be proved. 

The reader should have no difficulty in enunciating and proving similar 
theorems^ connected with the other types of expansions which are dealt with 
in this chapter. 

16 ’ 3 . Various special Neumann series. 

The number of Neumann series, in which the coefficients are of simple 
forms, whose sums represent functions with important analytical properties is 
not large; we shall now give investigations of some such series which are of 
special interest. 

By using the expansion 

(t^ - cos 26 + 1)-*= 2 (cos 2^), 

n=0 

* It is assumed that + is positive; if not, the several aeries under discussion have 
to be truncated by the omission of the terms for which J?{»' + n+4) is negative, but the general 
argument is unaffected. 

t Acta Math. xxn. (1899), pp. 66 — 64 ; Hadamard, La S6rie de Taylor (Paris, 1901), p. 69. 

X For such theorems oonceming the expansion of § 16‘14, see Nielsen, Math. Ann. in. (1899), 
p. 2S0 et seq. 
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Pinoherle* has observed that 


S Jam.j(«)P^(cos2^) 
«»o 


1 /•«>+) exp 

27ri j — 2<® cos 2^ + 1) ’ 


where the contour lies wholly outside the circle | < | *= 1. 


If now we write ^(t — lft) = w, so that the contour in the w-plane is a 
(large) closed curve surrounding the origin, we find that 


S (cos 2d) 

»*»0 


4i7nJ 


’(0+) ^dw 

V{('i«*+ 1) ('M'®+ sin®d)} ' 


and so we obtain the formula 


« 1 /•(04-) 1 r(<^+) 

(1) S J'8»+i(^)Pn(coB 2d) = ^ j 4^ j 

where the modulus of the elliptic function is sin 6. 


The interesting expansion 

1 . 3 .. r(2r; + 2n + l) 


(2) 4>(4.) 


^ S 

M=>0 


2.4...(2«) 


{^v-l-nr(z; + n+l)]* 

^ [d2i-+4n (^) "I" J to'-HJi+a (^)l 


has been given by JoUififef, who proved that the series on the right satisfied 
the same differential equation as {\z). This expansion is easily derived as 
a special case of § 11'6 (1), but the following direct proof is not without 
interest : 


By Neumann’s formula (§ 5‘43) we havej 



J -jf, (<8f dt 

VIKI-O}’ 


and, if we expand Jai- VO into the series 


Vto. VO 


2^ I (2v + 2m + l)r(2i; + m + l ) 
z w!r(2v4-l) 

X aPi (-m, 2i; + m + 1 ; 2v + l; t) P^+sm+i (-«), 


we find on integration that 




• 2(2v+2m+l)^ ^ 


flt=0 


'm'^si'+w+i 


( 0 , 


* Bologna Memorie, (4) Yin. (1887), pp. 125 — 148. Pinohexle tised elliptio fnnotions of modulna 
toseo d in his result. 

+ Messenger, xlv. (1916), p. 16. The corresponding expansion of j (Js) Jv (is) was obtained 
bj Nielsen, Nyt Tidsskrift, a. b, (1898), p. 80. 

t If B (y + i) < 0, we use loop integrals instead of definite integrals. 
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where 

_ [ \.^(1 _ (-m.iv + m + l-,iv + l;t)dt 

TT . m! r(2i/ + 1) Jo 

by m partial integrations. 

It follows that dm is the coefficient of in the expansion of 
TT Jo 

in ascending powers of h ; and this expansion is absolutely convergent when 
\h\<l, 

_ u (1 — fe) 


If we write 
we find that 


t = 


1—hu 


»n=0 JO 

_ i P u'’~i (1 - «)■* (1 - du. 

TT Jo 

It is now evident that Osn+i 0 that 

a _ L I • ~ -0 pitX+n-t (1 _ u)-i du 

,r* 2.4...(2n) Jo ^ ^ 

_ 1 1.3... (2n— 1) r (y + n + ^) r (^) 
2.4...(2n) r(y + n + l) 

and this formula at once gives Jolliffe’s form of the expansion. 


16*31. The Neumann series summed by Lommel. 

The effects of transforming Neumann series by means of recurrence 
formulae have been studied systematically by Lommel*; and he has suc- 
ceeded by this means in obtaining the sums of various series of the type 

^OnJy+n 

in which Un is a polynomial in n. 

Take the functions 

2 (y + 27i + l)^i»v(i' + 2n+ 1) J ^4an+i 

«a>0 

- CO 

m{^)= ^ (y + 2n + {v+2n + 2) Jy+m+9 (^)> 

V ’ »=o 

where is a function to be determined presently. 

* Studien liber die BeseeVsohen Functionen {Leipzig, 1868), pp. 46 — 49. 

U 


W. B.F. 
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ji5y the recurrence formula we have 


( 1 ) 


^v,m, (^)- — 2 /am (v + 2w + 1) {t7 (^) + J ^+?n+a i^)\ 


«=0 


—/am (v + l)Jv (^) + 

jprcmded that f^iy) satisfies the equation of mixed differences* 

fm {v + 2n + 3) +/8m (v + 2n + 1) = 2 (v + 2»i + 2) {v + 2n + 2). 

A solution of this equation is 

r (Ji; - \m) 

We adopt this value of fm, (y) and then it is found by the same method that 
( 2 ) ^ 

Hence it follows that 

S4y,m, {z) = ^zfm. iy-\-l)Jy {z) - {v) Jy^^fz) + d^S4y,m-i {z), 

m 

and so 64^,^ (z) = d^ I {i^*““/a« (v + 1) Jy (z) 


^ ^¥,m, (z) — fm-i {v) tT (z) rf 2e9^y^jn-i {z). 


n=0 


Therefore, since 


we have 


- i^“”/an-i {v) Jy+r (z)} + S4y, (z). 


fS4y^ _1 {z) — 2 ^/^Kfan+l {z) ~ n f Jy if) dt, 
«=0 ■0^0 


V / I O I 1 \ ^ ^ ^ + -f) J- . 


n=0 


JO U=0 ' J 


and similarly, from the expression for 3y^m(z)f 
(4) 5 (v + 2n + 2) r(^t/+n + m+^) 


lam-an+a 


■ 


n=0 


Beoent applioations of Neutnatm series to the solution of equations of mixed difierenoes are 
due to Bateman, Proc, JnL Congress of Math. i. (Cambridge, 1912), pp. 291 294. 
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The potentialities of the other recurrence formula 
2i7i, 

were also investigated by Lommel, but the results are not so interesting. As examples of 
bis expansions the reader may notice that 

These results were given by Lommel, though his formulae contain numerical eiTors. 

16*32. The Neumann series summed by Kapteyn. 

The sum of the series 

00 

S nJn{z)Jnici) 

is expressible as the integral 

Jo * — " 

the sums of the alternate terms of the series have been expressed by Kapte 3 m* 
in the form of integrals from which this integral may be deduced, and 
conversely Kapteyn’s formulae may be deduced from this integral. 

We proceed to establish this result by a simplified form of Kapteyn’s 
methods. 

The series may be written in the formf 

00 1^ r{Q+) r( 0 +) « 

iiT 2^ (^) + (^)) /„ («) = j J 2 ((-“ + r—) 


u *»0 


X exp dudt 

(‘ - 7) + (“ - i)l 

where the contours may be taken to be the circles [w[ = l, |<j = .d>l. 
Now, let 


•(0+) 




Then, if m = ^ — l/t), we have 

£ + 2k (l + s) ®P = i 

* Niemo Archief voor Wiskunde, (2) vn, (1907), pp. 20^ — 26; Proo. Section of Set., K. Akad. 
van Wet. te Amsterdam, vii. (1006), pp. 494 — 600 ; Kapteyn has subsequently summed other series, 
ibid. XIV. (1912), pp. 962 — ^969. 

t The interchange of summation and integration is permissible so long as | tu | > 1, where t, it 
are any points on the contours. 


34—2 
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Therefore, on integration, 

J = (7e“"»*+i f e"^***^ J-i_iv)lt] dv, 

" 0 

where G is independent of a. By taking a = 0, we see that (7= 1/i. 

Hence we have 

= [exp |i(x-«)(e-|)} 

+ 1 [^exp|^(^-a + dt 
z 

j^[J^ ( 2 a + v) + Jt{z --a + vy] Jo (y) dv, 

the majority of the terms having a zero residue at t = 0. 

Consequently 

i nJ-„ (e) J. (a) = i f " J. (v) dv, 

n=l ^ 0 Z — CL + V 

that is to say 

(1) I nJ„ (x) J. (a) * I r J-. (a - v) dv. 

n=l ZJo Z — V 

If we select the odd and even parts of the functions of z on each side of 
this equation, we find that 

(2) 2 (2n + 1) tf Mi+i (if) 

Jm+i (a) 

= i r 

iiJo [ z-v z-^v ) 

which is one of Kapte 3 ai’s formulae; and 


da n-1 V / w* \ / 4 I ^ ^ ^ ^ ) 


when we integrate by parts. 
Hence it follows that 


'•<—>* 


(3) S a. J, (.) J„(a) - 1 f ‘a f ‘ F’ 4 J' P - 

n^l * Jo Jo [ if + t> Z V ) 

which is the other of Kapteyn’s results. 
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The reader should have no difl&culty in proving by similar methods that, 
when jR (i/) > 0, 

(4) i (. + ») w («) = f ‘ J. (« - V) dv 

«=0 ■" Jo » — V 

vz p J- 

2 Jo « — « 


16‘4. 2Vie 'ire66-jS’apteyn theory of Neumann series. 

Neumann series have been studied from the standpoint of the theory of 
functions of real variables by H. A. Webb*. His theory has been developed 
by Kapteynf and subsequently by Bateman The theory is not so im- 
portant as it appears to be at first sight, because, as the reader will presently 
realise, it has to deal with functions which must not only behave in a 
prescribed manner as the variable tends to ± oo , but must also satisfy an 
intricate integral equation. In fact, the functions which are amenable to the 
theory seem to be included in the functions to which the complex theory is 
applicable, and simple functions have been constructed to which the real 
variable theory is inapplicable. 

The result on which the theory is based is that (§ 13*42) 

Jo ® f ” {1/(4™ + 2) (mi n), 

so that, if an odd function /{oo) admits of an expansion of th^ type 

00 

/(so) — S Ctan+i J m+i (^), 
n»o 

and if term-by-term integration i'^ permissible, we have 

We are therefore led to consider the possibility that 

(1) /(®)= 2 (4» + 2)J-.^,(«.)l”'%'i5/(()<i!; 

»=0 Jo C 

and we shall establish the truth of this expansion under the following 
conditions : 

(I) The integral 

f°"/(t)dt 

Jo 

eocists and is absolutely converge. 

* Messenger, xxzm. (1904), p. 65. 
t Messenger, xxxv. (1906), pp. 122 — 126. 
t Messenger, xpunu (1907), pp. 81—87. 
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(II) The fmcbion f(t) has a contimtous differential coeffident for all 
positive values of the variable which do not exceed x. 

(III) The Junction f(t) satisfies the equation 

(2) 2/'(0=f + + 

Jo V 

when t does not exceed x. 

We now proceed to sum the series 

5 = 2 (4» + 2) (x) r /(<) dt, 

»=0 Jo 6 

and we first interchange the order of summation and integration. It is evident, 
that 

^ •^an+i (x) (tT ^ (t) 

+ J an+a 
«=o 

converges uniformly with respect to t for positive (unbounded) values of t, 
since | t/an (0 I < ^ ^ 1 (®) I is convergent. Hence, since f(t) possesses 

an absolutely convergent iategral, we may effect the interchange, and then, 
by §16-32, 

s = J “ /(«) I 2^ (4n + 2) (X) (o| J 

= lf’L Mx-v)f{f)dtdv 

= ^ Jo (« - -y) +/(^ ~ ®)} 

+ f Jo(x — v)f f(v — t)^^^j^dtdv. 

Jo Jo t 

We now transform the last integral by using § 12-2, and then we have* 

f f Jo(x — v)f(v — t)^^^~dtdv 
J oJ 0 t 

•= [ f Jo{u — t)f{x — u)'^J^dtdu 
JoJ 0 t 


= [ Ji(u)f(x-‘u)du 
J 0 

=/(«) — f Jo (m) /' (« “ u) du. 

J A 


* The first transformation is effected by 'writing 
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Hence 

(3) 2 (4n + 2) («) f " dt 

n=«0 Jo " 

=/(*) - //. (* - ®) [/' (») - 1/” ^ (/(* + «)+/(< - ®)! *1 *. 
Now write 

W - \ f” ^ !/(*+*’) +/(‘ - ^ W. 

80 that is a continuous function of v, since Ji(t)lt has an absolutely 
convergent integral. 

If then we are to have S=f (ai) when so has any value in such an interval 
as (0, X), we must have 

I Jc(a!^v) F(v)dv = 0, 

Jo 

throughout this interval ; and, differentiating with respect to x, 

F{x) = f Ji{x — v)F{v)dv. 

Jo 

Since 1 /i (« - v) | l/‘\/2, it follows by induction from this equation, since 

that 

where A is the upper bound of | F(x) | in the interval and n is any positive 
integer. 

If we make ?i 30 , it is clear that F (a?) = 0, and so the necessity of equation 

(2) is established. 

The sufficiency of equation (2) for the truth of the expansion* is evident 
from (3). 

It has been pointed out by Kapteyn that the function sin (a: cosec a) is 
one for which equation (2) is not satisfied ; and Bateman has consequently 
endeavoured to determine general criteria for functions which satisfy equation 
(2); but no simple criteria have, as yet, been discovered. 

[Note. If is not an odd function, we expand the two odd functions 
i {/ (^) -/ ( - A')} , ia? {/ (a?) +/ ( - x)} 

separately ; and then it is easy to prove, by rearranging the second expansion, that 

00 

n=o 

where I 

Too flffj 

(^) jf^i , (w > 0), 

provided that the appropriate integral equations are satisfied.] 


The Buffioienoy (but not the neoessity) of the equation was proved by Eapteyn. 
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16*41. 0ailler*8 Iheory of reduced Junctions. 

The Webb-Kftpteyn theory of Neumann series which has just been ex- 
pounded has several points of contact with a theory due to Cailler*. This 
theory is based on Borel’s integral connecting a pair of functions. Thus, if 

f(z) = S c„^, 

«=o 

then the function /(i3r)jj- defined by the series 

supposed convergent for sufficiently small values of \z\, may be represented 
by the integral 

/(^)a ^ f e-^f(tz) dt. 

J 0 

The fiinction/(^)ji maybe termed the reduced function (la rdduite) oif{z'). 
If the Neumann series which represents f{z) is 


f{z) = 2 OnJn if), 

H =>0 


then we have, formally, 

f{z)R=^ X an f e~^Jnitz)dt 
n=0 J 0 

1 


Now put 
and we see that 


V(l+^*)-l 
z ’ 


Hence, if the Neumann series for fiz) is 2 OnJnf), then the generating 


function of 2 is 

»a0 




provided that this function is analytic near the origin. 

More generally, if fiz) has a branch-point near the origin of such a nature 


that 


(1) 

fiz)^ 2 CinJv+nif, 

then 


(2) 



* Mim. de la 8oc. de Phyt, de QetAve, xxxrr. (1902 — 1905), pp. 296 — 868. 
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In like manner, if 

(3) /(^)= S OnZ^-^^Jy+niz), 

»=0 

then 

('4^ S ^ WH-jn. _ ^ ff ^ ^ 

^ ^ «to2*'+" r (i; + 71. + 1) V(1 - n ^ V(1 - ’ 

[Note. If 
then 
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(S"sin5«=S a^J^iz), 
•n=l 


1 o.^-- 

«ii (l-2a*-r 


This result, which is immediately deducible from Gainer’s theory, was set as a problem 
in tlie Mathematical Tripos, 1896.] 


16* 6. LommeVa functions of two variables. 

Two functions, which are of considerable importance in the theory of 
Diffraction and which are defined by simple series of Neumann’s type, have 
been discussed exhaustively by Lommel* in his great memoirs on Diffraction 
at a Circular Aperture and Diffraction at a Straight Edge. 

The functions of integral order n, denoted by the symbols Un {w, z) and 

{w, z), are defined by the equations 

00 /«#i\ n+sin 

(1) p..(»,^)= 2 {-r(7) 

m^O \ZJ 

00 /„,\ -n—m, 

(2) F„(w.*)= 2 (-rP) (4 

It is easy to see from §i2‘22 (3) that 

* /7/i\n+m 

(3) Ur,{w,z)-V.^^,{w,z)= S i-ri-) Jn+«n{z) 

fnai—CO 

/w . z^ rwr\ 

= ~“(2 + 25--Tj' 

(4) &■„+, («, (w, 4 = sin i . 

The last equation may be derived from the preceding equation by replacing 
TO by 71 + 1. 

There is no difficulty in extending (1) to define functions of non-integral 
order ; for unrestricted values of p we write 

(6) a.(w,z)= X J^.+«.(4 

m^O \^/ 

* Abh. der math, phyz, Olasae der k, b. Akad. der Wisz. (Miltioken), xv. (1886), pp. 229 — 828, 
629 — 664. The first memoir deals with fanotions of integral order ; and the definition of {w, x) 
In it differs from that adopted sabseqnently by the factor ( — 1)”. Much of Lommel’s work is repro- 
duced by J. Walker, Z’As.dnalytieaZ Theory o/Lij/At (Cambridge, 1904). The occurrence of Lommel’s 
functions in a different physical problem has been noticed by Pocklington, Nature, lxxi. (1906), 
pp. 607 — 608. 
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The expression on the right, is an integral function of z, and (when the 
factor w* is removed) an integral function of w. 

The corresponding generalisation of (2) gives a series which converges 
only when v is an integer. And consequently it is convenient to define 
Vy {w, z) for unrestricted values of v by means of the natural generalisation of 
(3), namely 

(6) Vy (W, £:) = cos + ^ + y ) + U-y+^ (w, z). 


It is evident that 


( 7 ) 

V’y (w, z) + Vy+a {w, z)^ 

1 

( 8 ) 

(w, z) + Fn^i (w, z) = 

1 


As special formulae, we deduce from § 2*22 that 

(9) Uo (z, z) = Fo {z, £•) = i {z) + cos z] , 

( 10 ) CTi (z, z) = ~-Vi (z, z) = }aiiiz; 
and hence, by (7) and (8), 

(11) Fan (^,^) ==!(-)" |c 08 if- X (-)’" Cam (^')| , 

L »»-o ) 

(12) £^an+i (•^j ^) — — Fgn+i (^$ ^) — i (“)” |sin Z— X (“)™ Can+i m+i (^) ' > 

{, «t=0 

provided that w > 1 in (11), and n.^0 in (12). 

It is also to be observed that, as a generalisation of these formulae, 

(13) (w, z) = (-)** Un {z^/w, z). 

* sin 

The functions 2 m6.Jr^{z), 2 Bin{m+^) 8 {g), 

tn=o 008 ot=0 * 

which are closely associated with Lommel’s functions, have been studied by Kapteyn, 
Proc, Section of Sci., K. Akad. van Wet. te Amsterdam.^ vii. (1906), pp. 375 — 376, and by 
Hargreaves, Phil. Mag. (6) xxxvi. (1918), pp. 191—199, respectively. 

16*51. The differential equations for LommeVs functions of two variables. 
It is evident by differentiating §16*6(1) that 

(1) ^ TJy {w, ^) = - ^ cr.+i («», z), 

and hence 

^ Uy (W, Z) = Uy+a (W, Z)^^ (w, z), 

and consequently 
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It is now evident that U, (w, z) is a particular integral of the equation 



Since the complementary function of this equation is 


ji cos s- + i? sin x- > 


where A and B are independent of z, it is clear from § 16’6 (6) that F_k +9 (^j 
is also a particular integral. Therefore F„ {w, z) is a particular integral of 



These equations are due to Lommel, MUnohener Abh. xv. (1886), pp. 561 — 663. 


16‘52. Recurrence formulae for LommeVs functions of two variables. 
We have just obtained one recurrence formula for Uu(w, z), namely 

(1) ^ U, {w , ~ ^ ^)- 


To obtain other formulae, we observe that 


U, (w, z)=i (-r (v + 2m) {wlzy-^^^ {z)ls! 

uW m=0 

= 1% {-)‘>^(wlzy+^-^[J,+^M + J.+2m+i{^)], 

A 7»=0 

and so 

( 2 ) 2^Uy(w,z)= {w, ^ ^+1 («’> ^)- 

Again, by diffetentiating § 16‘6 (6) we deduce that 

(3) ^ F, (w, 2) = - ^ y>^i 4 


(4) ^ ^ 

If now we take w — cz, where c is constant, we deduce that 

(5) ^ ^ ® 

(6) 2 (cz, z) — c F„+j (cz, z) — (l/o) F „_i (cz, z). 

Hence we get 

4 ~ U, (cz, z) = c» Uy^ (cz, z)-2Uy (cz, z) + (l/c“) TJy^ (cz, z) 
= c*' J„_B (z) + (z) - (c + 1/c)* Uy (cz, z). 
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Hence it follows that U^(cz,z\diL<dt. similarly F_„+a (ca, 2 r), are particular 
integrals of the equation 

(7) y ^ 

The particular case in which ^=0 is of some interest; we have 


( 8 ) 


00 


I7„(w, 0)== S 
»»=o 


r (v 4: ^171 4" 1) * 


and so Uy (w, 0) and F _„+9 {w, 0) are expressible in temis of Lommel’s functions 
of one variable by the equations 

(9) 

(10) (i», 0) = ■ 

Of these results, (l)v-(8) were given in Lommel’s memoir. 

The following formulae, valid when n is a positive integer (zero included), 
should, be noticed : 

(11) {w, 0) = (-)« j^cos \w \2w) T~] ’ 

(12) («-. 0) = (-)» [sin , 

(13) I7_„('itf, 0) = co8(iu;4-|n'7r). 

Hence it follows that. 


(14) 

(16) 

(16) 


Fo {w, 0) = 1, Vn+J (w, 0) = 0, 

F (w 0) — (—Y 2 (“")”* 
V^{w,0)-i ) (?w)l ’ 


F^,(«;,0) = (-)« t 

m=0 


(~)”*(irt;)”"+* 
{2m 4- 1)1 


16'63. Integral representations of Lommel's fimcbions. 

The formulae 

(1) Uy (w, = f «/r-i (si) . cos [\w (1 - f®)} . Fdf, 

SI jo 

(2) U , 4.1 (w, 5 ) - ^ r (art) . sin {^w (1 - 1*)} . F dt, 

• jo 

which are valid when B (v) > 0, may be verified immediately by expanding 
the integrajnds in powers of 10 and then using the result of § 12*11(1) in 
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performing term-by-term integrations. For other values of v, they may be 
replaced by the equations 

w* /to+) 

(3) V.{w,z) 

r(0+) • 

(4) 4-. (-*«). sin fi»(l 

in which the phase of - 1 increases from — tt to tt as i describes the contour. 
It is clear that, when R {v) > 0, 

(6) U y (Wy z)±iU „+.! iWyZ) “ J ^ *^.-1 (^) exp { ± (1 - <“)} . V dt. 

By modifying this formula we can obtain integral representations of V^{w, e) 
valid for positive values of w and z. Let us consider 

U /„_! {zt) exp {+ ^iw (1 - 1*)} . t* dt. 

The integral converges at the lower limit when B (y) > 0 and at the upper 
limit when R (y) < f , if w and z are restricted to be positive. 

To evaluate the last integral, awing the contour round until it coincides 
with the ray arg«= + ^tt, this ambiguity in sign being determined by the 
ambiguity in sign in the integral; such a modification in the contour is 
permissible by Jordan’s lemma. 

When we expand the new integral in ascending powers of as in § 13-8, 
we find that 


tu 

z' 


^ [ *^*^1 {zt) exp [± ^iw (1 - «“)} . t* dt 
J 0 

“ - 2-- J, exp (T iiwn dt 

^ W'’ f .2iy 

2" wl \ 

that is to say 


j’y+m 


( 6 ) 


^ {zt) exp {± Jim; (1 - 1’)} .fdt = exp ( ± g- ± ^ ^ 


v'm\ 

T) 


When we combine the results contained in this formula, we see that, if lu > 0, 
« > 0, and 0 < i2 (y) < |, then " 

W* /* .. ^ ... fw . !?• y7r> 

Z* 


C^) ^ *^.-1 (^) cos IJm; (1 - 1*)} . e” = cos (| + ^ ~ y ) . 
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It follows at once from (1) and (2) combined with § 16*5 (6) that 

anV fco 

(9) (w, «) = - ^ Jv~i (zt) cos { (1 - i“)} . dt, 

w* r* 

(10) Fa_, (w, 2 ) = - J ^ (zt) sin {^w (1 - 1*)} . dt. 

Since convergence at the origin is now unnecessary, the theory of analytic 
continuation enables us to remove the restriction JR (v) > 0. 

Changing the notation, we see that 

(11) V, (w, = (zt) cos {iw (1 - i®)} ~ , 

(12) ^ *^1-^ (^) sin (1 - «*)} ~ , 

provided that w and z are positive and i2 (y) > ^. 

The following special formulae are worth mention : 

( 18 ) =[ V„_. (^<) 008 ji^Cl -«»)!.«»* 

= f •An-s (zt) sin {^z (1 - i®)} . dt, 

• 0 

(U) (^) oos (i8 (1 - «>)) , (»« dt 

Z Jo 

= f^^an -1 (zd) sin {\z (1 - i®)} . dt. 


Again, from (6), we see that 


(16) J ,^1 (zt) exp 


and, in particular, 
(16) 


z'’-^ . 


— exp 
w* * ' 


1 sin / 


w cos \ 

,2iyy ' 


VTri\ 

~2)' 


The last results should be compared with § 13-3; see also Hardy, Trans. Cdmb. Phil. 
Soc. XXI. (1912), pp. 10, 11. 

The formulae of this section (with the exception of the contour integrals) are all to bo 
found in one or other of Lommol’s two memoirs. 


16*64. LommeVs reciprocation formulae. 

It is evident from §1 6*6 (13) that functions of the type U„(z^/w, z) are 
closely connected with functions of the type ?7„ (w, z) provided that v is an 
integer. 
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To appreciate the significance of such relations observe that 
^ j^cos (“ » ‘2^) + 

= sin {\wP) . 1^— wtU, ^ —wtUy ^2 {^— > ^ 

— - zJy (zt) sin . {wtjzY"''. 

On integration we find that 

(1) -^1 f (^) 8U1 

W' Jo 

= - cos \w - sin \W: Uy+^ (^ > ^) + (^' » 

and, similarly, 

(2) f Jy (zt) cos 

= sin iw. ?7,^^,^^-cosi^y.l7,+,(|^,^) + tr,+a(^, o) . 
Hence it follows that 

(3) ^ f Ji-, {zt) cos [\w (1 - i’*)} . t'' dt 
Z J 0 

= - u^-. (^ ’ ■^) + (^' > o) + c 08 Jw; . U^-y » 0^ , 

and 

(*) da {iw(l -)?)]. fdt 

■= £r,-, . .e) - 003 iw . U,-, (^ . o) + sin iw.U^,^,Oj, 

and these integrals differ from the corresponding integrals of the preceding 
section only in the sign of the order of the Bessel function. 

The reader will find some additional formulae conceniing Lommel’s functions in a 
paper by Schafheitlin, Berliner SitzungsbericAte, viiL (1909), pp. 62 — 67. 


16*55. Pseudo-addition formulae for functions of orders ^ and |. 

Some very curious formulae have been obtained by Lommel, which connect 
functions of the type Uy {w, z) with functions of the same type in which the 
second variable is zero, provided that v is equal to ^ or |. 

When we write v = ^ in § 16*53 (5), we get 

(«y, z) ± i f7j (w, z) — j exp {± i (^w -zt - dt 

+ j 6xp (± i (iw + zt — \wP)] dt 
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_{w -fr zf ^ _(V} — zf 

and we find that 

{w, z) ± ^ Ui (w, z) = eT^ f exp { ± <ri (1 - f*)| 


+ (^-V f exp {t (1 - ^)] d^, 


where 


(©'(■*=). (sfH) 


in the respective integrals, and ^/a-, are to he interpreted by the conventions* 


*Ja 


w +z 


V8 = 


w — z 


V(2w)’ ^ V(2w)‘ 

Hence we have 

U {w,z)±iU^ (v), z) - (2o-, 0) ± iUi (2<r, 0)} 

+ i6±<*{trj(2S,0)±ifrj(2S,0)} 

'a-\J /•VWCaw.r)} 


/. 

/g\i /•VW(8tBS» 

+ /. 


exp [± <ri (1 - f®)l 
exp {± Si (1 - ^)} d^. 


When we take o-^and S^ as new variables in the last two integrals respectively, 
these integrals are seen to cancel ; and so we have the two results combined 
in the formula 

( 1 ) Ui(w, z) ± iU^{w,z) = ^e^*^ {Ui{2(r,0) ±iUi{2<r,0)] 

+ |e±*{C/j( 28 , 0 )±i[ 7 }( 28 , 0 )}, 

and, as a corollary, 

(2) U^{z, z) ± iCTj {z, z) = { C/j {4iZ, 0)±iU^ (45, 0)}, 

These formulae are due to Lomrael, Milnchener AbL xv. (1886), pp. 601 —606 ; they are 
reproduced by Walker, The Analytical Theory of Light (Cambridge, 1904), pp. 401 — 402. 


16’56. Fresnel’s integrals. 

It is easy to see from § 16‘53 (1) and (2) that, when R{v) > 0, 

nit* fl 

0) = Jo 

iw, 0) = sin {\w (1 - t%dt, 

so that 

any r 1 • ^ 

00® dt =p U, (w, 0) cos \<iv + J7h+i(«;, 0)sin Jw, 

A 1 \y} j 0 

(2) sin dt = Wr (w, 0) sin \w - {w, 0) cos \w. 

* These are not the satae as the oonveniions used by Lonuael. 
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If we take v — j[ and modify the notation by writing ^w — z=‘ we 
see that 

I /•V2\i 


(3) JJooa (irf) dt^~ (1)* 008 tdt = l f’ («) * 


and 


— [ (2^, 0) cos ^ + ?7j (2z, 0) sin 2 f ]/\/2 - 

= i (2'2 'j 0) sin 2 ; + Fj (2^r, 0) cos «]/V2, 


(4) /j8ia(irf)<i« = iJ’(l)*8in«d< = ij'V,(i)d( 


= [ CTj (2£r, 0) sin z — U^ (2z, 0) cos i(]/V2 

= i — [ Fj (2z, 0)cosz — Fj ( 22 , 0) sin 2 ]/a/ 2 . 

We thus obtain ascending series and asymptotic expansions for Fresnel’s 
integrals* 

I cos(|■7^^“)cZ^, [ ain(^Trt^)dt. 

Jo Jo 

The ascending aeries, originally given by Knockenhauer, ilnn. ckr Physik und Ckemie^ 
(2) XLi. (1837), p. 104, are readily derived from the (/-aeries, namely 


(5) 


( 6 ) 




while the asymptotic expansions, due to Cauchy, Comptos Rendus, xv. (1842), pp, 554, 673, 
are derived with equal ease from the T-series, namely 


(7) 




( 8 ) 




Tables of Fresnel’s integrals wore constructed by Gilbert, Mhi, couronn^ea de VAcad. 
R. dea Set. de Bruxelles, xxxi. (1863), pp. 1 — 62, and Lindstedt, An/L der Phyaik nrul Chemie, 
(3) XVII. (1882), p. 720; and by Lomrnol in his second memoir. 

Lommel has given various representations of Fresnel's integrals by series 
which are special cases of the formulae^ 


( 9 ) 


J I 


0 n=0 


(2) 


n=o {v "b i) (v -f- 6) ... (v -b 274 -b 1) ’ 


(10) r J. (t) dt~S j 

J z n=0 * 

* Mem. de VAcad. des Sci. v. (1818), p. 889. [Oeuvres, i. (1866), p. 176.] 
t It is supposed in (9) that JJ (p) > - 1. 


35 


W. B. P. 
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These are readily verified by difierentiation. Other formulae also due to 
Lommel are 

(11) r (t) dt = 2t cos r i (-)" (iz)] 

J 0 J 

+ 2» sin, r i (-)" /»+j (J«)] , 

(12) f J^(t)dt = 29 Bin is 5 (-)"'/«+* 

JO L«-o J 

-2i cosi^ t (-)«/«+» (i^)l. 
L«=o J 

These may also be verified by differentiation. 


16*67. Hardy's integrals for Lommel* s functions. 

The fact that the integrals 

r* ( J. f” • / h\ tdt 

lo ““r-?)r±^' i. ?)r±> 

are expressible in terms of elementary functions* when a and b are positive 

suggested to Hardyf the consideration of the integrals 

^ b\ dt r . / ^ b\ tdt 

Jo \ t/l±t^' Jo [ tjl±f* 

and he found them to be expressible in terms of Lommel’s functions of two 
variables of orders zero and unity respectively. This discovery is important 
because the majority of the integ^ls representing such functions cofitain Bessel 
functions under the integral sign. 

If 1/t be written in place of t, it is seen that 

(1) /; OOS (o^ + -^) = 1 [" 003 (a + f) , 

(2) sin + ± f " sin (n« + ^)f- [\m (it + f) , 

and since, by § 6*13 (3), 

it is sufficient to confine our attention to the case in which b<a. 

We now write 

c = V(&/o), a? = 2 V(«6), ^ » J (1 - c“)/c, 


Hardy, Quarterly Journal^ xxm. (1901), p. 874. When the lover sign is taken it is supposed 
that the integrals have their principal yalues. 
t Metsenger, xxxvm. (1909), pp. 129—182. 
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and then the* substitutions t = ce'* and coshw=sT shew th^it 

Jo I tJl + P J-. <»» + l/(ce“) 


64:7 


(ce“ + l/(cfl“) ce““ 4- l/(ce~“)J 


(iu 


Now consider 


a + b r* cos (air) . rdr 
BO Ji 

JLf 

27rijr(^ + T«)V('r“-l)' 


(0 * + t=')V(t*- 1)‘ 

e^rdr 


where F is a contour consisting of the real axis and. a large semicircle above 
it, the real axis being indented tit t = ± 1. 

The only pole of the integrand inside the contour is at id, and so 


i-f 

IttiJ] 


e^rdr 




27rijr(^ + T“)V('r^-l) 2iV(^ + l)’ 

As the radius of the large semicircle tends to infinity, the integral round 
it tends to zero by Jordan’s lemma, and hence 


/: 


cos (a^).rdT -4-- Bin. (cor), rdr __ 


are 


«o 


(0^ + T») - 1) ^ 2 j (^ + t*) V(1 - t*) ■“ 2'V(^" + 1) ‘ 

Thus we have 

f ** cos (at 4- __ we"***- *^’ _ a + b f" sin (a; cos (f>) . cos ^d(f} 

Jo ^ + 2 2a! Jo d^ + coB^<f> 

"D 4 , cos (b 4c f rfv 


^g-(a-b) 


and so we find that 

(3) l \ os(at + l )^ = 

Similarly it is found that* 


•TT 2 
W=1 


(oo). 


+ i^ 


-or X <^Jim(B 0 ), 


and 


(S) -P c<>8 ^at + sin (a + 6)- tt 2 («), 

^ lo °OS (a + 6) - TT 2^ («). 

* The details of the analyeiB will b® foond in Hardy’s paper. 


36—2 
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The last two results may be written in the form 
(7) P.(»,®) + F.(«,*)=--P(^ coa(25 + 2j)r:r7- 

, ^ TT / \ 2 JJ, /** . foc^t , w\ tdt 

provided that 0 < w<x. 


16*58. Integrals of Qilberfs type for Lommel’s functions. 

An obvious method of representing U^{w, z) and V^iw, z) by integrals i.s 
to substitute the Bessel-Schlafli integral of §6*2 for each Bessel function in 
the appropriate series. We thus get 




'N dt 


4itJ ‘ 

When the contour is so chosen that it lies wholly outside the circle on 
which I i I = ^ I iw I , we may change the order of summation and integration 
and get 


•(o+,jKw+. (^lujty 
Now the residues of the integrand at ± ^iw are 


( 1 ) 




dt 

UJJ' 


and so 


iw 


iz^ _ vm 




V WO- ^\dt 

* ^~27rtj_co l+i«4;Vi“ Pv“4j t • 


Making a slight change in the notation, we deduce that 
/o^ -IT / ^ 1 dt 

(2) i-^?M^'^p(2-rt)T’ 

and, in this integral, the points + iw lie outside the contour. 

In general it is impossible to modify the contour in (2) into the negative 
half of the real axis taken twice, in consequence of the essential singularity of 
the integrand at the origin. The exception occurs when z= 0, because then 
the essential singularity disappears, and 

dt 

l+t^w^T’ 


(3) 

and hence 

(4) 




(w, 0) = 


sin VTT 
IT 


r»expiaii,y-i 

Jo 'T- 


g-4«t 


du, 


0 X + 

provided that i2(i/)>0 and a is an acute angle (positive or negative) such 
that ' 


|a + argw|< JttI 
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16-58, 16-59] 


If V is equal to ^ or f , the integral on the right in (4) is called Gtlbert'a integral*. 
Formula (4) was obtained by Lonimelt from the formula of § 16*53 (11) by a transforma- 
tion of infinite integrals. 

From (4) it is clear that, when v and w are positive, F„ {w, 0) has the same sign as, and 
is niunerically less than 


sm vrr 


1 vrr I 
rr J I 


iiV— 1 «— 




A similar but less exact inequality was obtained by Lommel. 

The reader will also observe that (w, 0)/sin vir is a positive decreasing function of io 
when w is positive. 


16*59. Asymptotic eccpansiona of LommeV 8 functions of two variables. 

From Gilbert’s integrals it is easy bo deduce asymptotic expansions of 
Vy(w,0) and U„(w, 0) for large values of |w|; thus, from §16*5(8), we 
have 


V^{w, 0) = 


i-Y 


ham ^)» 


=0 r (1 — p — 2m) . 

where p is any positive integer. We choose p to be so large that J2 (i/ -b 2p) > 0 
and then, by § 16*58 (4), we have 

/ X « Tr / AX sin VTT r* '14*'+^-' 6-^^ du 

(-)^ (w, 0) = - 


TT 


= 0 


Jo 

00 oxp h 


1 -bU“ 


= 0 

when I I is large and, as in the similar analysis of § '^'2, | arg w\<'ir. 
Hence 


( 1 ) 


(-)" 


V,(w, 0)^ f (1-V- 

for the values of w under consideration. 

When v\-2p and w are both positive, (— )^V’,,+8p(^» 0) has the same sign 
as, and is numerically less than 


sm VTT 
TT 


r 


g-ittW) fly _ 


i-y 


r(i - j/ - 2p) . 

so that the remainder after p terras in (1) has the same sign as, and is 
numerically less than the (p + l)th term. 

It may be proved in like manner from 1 16’53 (11) that 


( 2 ) 


{z/wy+*^ 


7n=0 


when j to I is large while v and z are fixed ; but it is not easy to obtain a simple 
expression which gives the magnitude and sign of the remainder. 

* M6m. couronvSes de PAcad. R. des Sd. de Bruxelles, xxxx. (1863), pp. 1 — 52. 

*1 MUnohener Abh. xv. (1886), pp. 682—686. 
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It is evident from § 16-6 (6) that the corresponding formulae for Uy(w, z) 


are 


(3) Uy (w, 0) cos {^w — ^vir) + 2 


(-)” 


1=0 r (j/ — 1 — 2w) ’ 

(4) Uy{w, 2 Jy^.^{z). 


m»0 


These results were given by Lommel*, but he did not investigate them in 
any detail. 


The asymptotic expansion of Yyicoo , «), when v is 0 or 1 and c is fixed, while 
X is large and positive, has been investigated by Mayallf, 

The dominant term for general (real) values of v greater than — | is 
readily derived from § 16-63 (12) which shews that 

^ Too / 2 dt 

K(oa!,x)r^- — j cos(fl!<+ii/7r-i7r)sin{Jcfl;(l-iO}^i- 


Now, if c> 1, the functions ^cx (l — (‘)±(xt + J w) vary monotonically 

as t increases from 1 to oo , and hence it may be verified by partial integra- 
tions that 

— j ^^-jC0s(fl;-f ^yTT — ^tt), 

the next term in the asymptotic expansion being 0 (aril). 

If, however, c<l, then ^ca; (1 - i®) + (a< + Jvtt -- ^tt), qua function of t, 
has a maximum at 1/c; and hence, by the principle of stationary phase (§ 8-2), 
it follows that 


(6) Vy (cx, x) cos l^a; • 

Finally, when c = 1, the maximum-point is at one end of the range of 
integration, and so the expression on the right in (6) must be halved. We 
consequently have 

C^) F,, (a;, a;)»^ -J cos (a7-l--Jv7r). 

This equation, like (5) and (6), has been established on the hypothesis 
that p> — i; the three equations may now be proved for all real values of p 
by using the recurrence formula 1 16-5 (8). 


* MUnchener Abh. it. (1886), pp. 640, 672 — 678. 

+ Proa. Comb. Phil. Soc. esc. (1898), pp. 269 — 269. 



CHAPTER XVII 

KAPTEYN SERIES 

17 ‘ 1 . Definition of Kapteyn series. 

Any series of the type 

00 

S OnJ^+niiV + n) z], 

H = 0 

in which* v and the coefficients an are constants, is called a Kapteyn sei'ies. 

Such series owe. their name to the fact that they were first systematically 
investigated, qua functions of the complex variable z, by Kapteyn t in an 
important memoir published in 1893. In this memoir Kapteyn examined the 
question of the possibility of expanding an arbitrary analytic function into 
such a series, and generally he endeavoured to put the’ theory of such series 
into a position similar to that which was then occupied by Neumann series. 

Although the properties of Kapteyn aeries are, in general, of a more 
recondite character than properties of Neumann series, yet Kapteyn series 
are of more practical importance; they first made their appearance in the 
solution of Kepler’s problem which was discovered by LagrangeJ and redis- 
covered half a century later by Bessel §; and related series are of general 
occurrence in a class of problems concerning elliptic motion under the inverse 
square law, of which Kepler’s problem may be taken as typical. More recently, 
in the hands of Schott|| they have proved to be of frequent occurrence in the 
modem theory of Electromagnetic Radiation. 

The astronomical problems, in which all the variables concerned are real, 
are of a much more simple analytical chanicter than the problems investigated 
by Kapteyn; and in order to develop the theory of Kapteyn aeries in a simple 
manner, it seems advisable to begin with a description of the series which 
occur in connexion with elliptic motion. 

17 * 2 . Kepler s problem and allied problems discussed by Bessel. 

The notation which will be used in this section in the discussion of the 
motion in. an ellipse of a particle under the action of a centre of force at the 
fodus, attracting the pjirticle according to the inverse square law, is as follows ; 

The semi-major axis, semi-minor axis, and the eccentricity of thd ellipse 
are denoted by a, b, and e. The axes of the ellipse, are taken as coordinate 

* It will, for the most part, be assumed that v is zero. 

t Arm. sei. de VEeole norm. aup. (8) x. (1898), pp. 91—120. 

t Hist, de I' Acad. B. dea Sei. de Berlin, xxv. (1760) [1770], pp. 204—288. [Oeuvrea, lu. (1869). 
pp. 113—138.] 

§ Berliner Abh. 1816—7 [1819], pp. 49—66. 

II Electromagnetic Radiation (Oambridge, 1912). 
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axes, the direction of the axis of x being from the centre of the ellipse to the 
centre of force. The centre of force is taken as origin of polar coordinates, 
the radius vector to the particle being, r, and the triie anomaly, namely the 
angle between the radius vector and the axis of x, being w. The eccentric 
anomaly, namely the eccentric angle of the particle on the ellipse, is denoted 
by E. The time which has elapsed from an instant when the particle was at 
the positive end of the major axis is called t. 

The mean anomaly M is defined as the angle through which the radius 
vector would turn in time t if the radius vector rotated uniformly in such a 
way as to perform complete revolutions in the time it actually takes to perform 
complete revolutions. 

The geometrical properties of the ellipse supply the equations * 


( 1 ) 


r 


a(l -g«) 
1 + e cos w 


= a (1 — e cos E), 


from which the equations 


(2) tan tan 


( 3 ) 


sin to = 


\/(l — . sin E 

1 — e cos 


, siniE 


^(1 — e®) . sin w 
1 + e cos w 


are deducible ; and an integrated form of the equations of motion (the ana- 
lytical expression of Kepler’s Second Law) supplies the equation 

(^) M ^E — e sin E. 


Keplers problem is that of expressing the various coordinates r, w, E, 
which determine the position of the particle f, in terms of the time t, that is, 
effectively, in terms of M, It is of course supposed that the variables are real 
and, since the motion is elliptic (or parabolic, as a limiting case), 0 < €< 1. 

The solution of the problem which was effected by Lagrange was of an 
approximate character, because he calculated only the first few terms in the 
expansions of E and r. 

The more complete solution given by Bessel depends on the fact that (4) 
defines as a continuous increasing function of M such that thS effect of 
increasing M by 27r is to increase E by 27r. 

It follows that any function of with limited total fluctuation is a function 
of .flf with limited total fluctuation, and so such functions of are expansible 
in Fourier series, qua functions of if. 


* The oonstrnotion of these equations will be found in anj text-book on Astronomy or 
Dynamics of a Particle, See, e.fj. Plummer, Dynamical Astronomy (Cambridge, 1918), Ch. m. 

T Kepler himself was concerned with the expression of £ in terms of M. 
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In particular e sin E is an odd periodic function of M, and so, for all real 
values of E, it is expansible into the Fourier sine-series 


e sin jE* = S sin nM, 

»=i 


where 


2 /■" 

L„= I eBinE rniuMdM 

'rrjQ 

f 2€8mEcosnMl^ 2 f"- ,,d(eQmE) 
L nir Jo nTrJo dm 

_ A f" 

n-rrjQ 


,^dE-~dM 
cos nM — rr;: — dM 


2 

= — I cQ8nM.dE 

rnr 'o 

Hence it follows that 

(6) E=!M+ ^ - Jn(ne) sin nilf, 

«=i n 

and this result gives the complete analytical solution of Kepler’s problem con- 
cerning the eccentric anomaly. The series on the right is aKapteyn series which 
converges rapidly when e < 1, and it is still convergent when e = 1 ; c£ ^ 8*4, 8’42. 

The radius vector is similarly expansible as a cosine series, thus 


- = Ed + ^ En cos nM, 

Cl n=‘l 


where 


Eo=-l (l — ecoBE)dM' 

TT Jo 

— — [ (1 — € COB E)’‘ dE 

nr J 0 

while, when n^O, 

2 r® 

E„=>~ (1 — c cos E) cos nM dM 

n" Jo 

1_ mr Jo nir Jo cLM 

Qg fir 

— sin sin (nE — ne sin E) dE 

mrJo 


2e , , . . 

u 


- = 2 —Jnine)cOBnM. 

a »-i » 


so that 
( 6 ) 
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The expansion of the true anomaly is derived from the consideration that 
w -- Jlf is an odd periodic function of if, and so 

00 

— if aa X Gn sin fiM, 


»=*i 

2 f”' 

where G^ = - \ (w — if ) sin nM dM 
vr Jo 


2 M) QOS w 


-[- 

f" 

~ -nTT Jo 

_ 2 a/( 1 — e®) J' cos {nE — ne sin E) 


+ I cos wif . -TTr — 1 1 aif 

0 n-TrJo Vdif / 


cos nif . ^^dE 
dE 


mr 


dE. 


1 — e cos 

This expression is not such a simple transcendent as the coefficients An 
and Bn. The most effective method of evaluating it is due to Bessel*, who 
used the expansion 

e CQ^jg ’“1+2/ cos E + 2/® cos IE + 2/® cos 3^ 


where 




l + va-e*)’ 

On making the substitution, we find at once that 


p — 2 


Jn {ne) + 2 /”* {/n_m («e) + JnJ^ {ne)] 


mrnl 


17*21. Eoapanaions associated with the Kepler-Bessel expansions. 

A large class of expressions associated with the radius vector, true anomaly 
and eccentric anomaly, are expansible in series of much the same type as those 
just discussed. Such series have been investigated in a systematic manner by 
Herzf, and we shall now state a few of the more important of them; they are 
all obtainable by Fourier’s rule, and it seems unnecessary to write out in 
detail the analysis, which the reader will easily construct for himself. 

First, we have 

a(l — €*) — r 


so that 
( 1 ) 

and next 
( 2 ) 


r sm w 
a 


r cos Wf^x — ae — - 


= i ? //(ne) cos n3f, 

a n^in 

= - sin J? = ^ 2 - t/n (ne) sin nM, 

a e »=i n 


* Berliner Abh. 1824 [1826], p. 42. 

t Astr. Naeh, ovn. (1884), ool. 17 — ^28. Yarioas expansions liad also been given by Plana, Mem. 
della R.Accad. deUe Sei.di Torino, (2) x. (1849), pp. 249 — 882. In connexion with their oonvergeuoe, 
see Oauohy, Comptea Bendusj xvm. (1844), pp. 625— 648. [Oeuivres, (1) vm. (1898), pp. 168 — 188.] 
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Next, if m is any positive integer*, 

00 J 

(4) cos mE = w 2 - {Jn-m (wf) — Jn+mine)] cos nM, 

»=i w 

. “ 1 

(6) sin mE ** m X - {/n-m (we) + (ne)} sin nM. 

««=i w 

The expansion of a/r is particularly simple, namely, 


( 6 ) 


“ = l + 2 X Jn(ne)coBnJfer. 


The expansions of cos w and sin w are 

1 — .e® “ 

(7) cos w = — e H X 2 (ne) cos nM, 

€ a= 


( 8 ) 


sin tw = \/(l ~ €*) 2 2/n (n€)sin nJlf. 


n»l 


The expansions of cos ^y/r®, sin w;/r® are of a simple form, namely 


( 9 ) 

(10) 


-cos«/= X 2nJf^' {n€)ooBnM, 

f n=l 


^ sin ty = — — X 2nJn{ne)Bm.nM. 

® B = 1 




[Note. It is pointed out by Plummer, Dynamical Attronomy (Cambridge, 1918), p. 39, 
that these are readily derived from the Cartesian equations of motion in the form 


d^x . a®oo8w 


dM^ 

combined with (1) and (2).] 


= 0 , 




a^Biaw 


, 0 , 


17*22. jSfums of fecial Kapteyn series. 

The reader will observe that, in the case of the expansions of even functions 
of M, the results simplify when we take the particle to be at one of the ends 
of the major axis, because then the three anomalies are all equal to 0 or to ir, 
while the radius vector is equal to a (1 — e) or to a (1 + e). From the results 
of the last section we thus obtain the following formulae, which were given by 
Herz in the paper already quoted: 

(1) 4 + i-ie= I 


B = 1 


n 


»=i 


( 2 ) 

(3) 


S r / ^ 

2 Jn(ne), 

1 € ns:! 


1 4- e n»l 


i 




2 (~)"~^nJn (we). 


(l-e)» 

* It is Been from (3) that, when m is equal to 1, the expansion (4) haa to be modified.by the 
insertion of a oonstant term. These two formhlae were given by Jacobi, A$tr. Nach. zxvni. (1849) , 
ool. 69. [Ges. Jfatft, TF«ifc«, vii. (1891), p. 149,] 
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More generally we find by differentiating § 17'21 (6) that 


(4) 

(^)t« 


1 1 

2 

[dM^ 1 — e cos E_ 

(5) 


- ^am 

1 1 

2 

jdM^ 1 — € cos jEJ 


= 2 
r=ir n=l 


Since -m = 


d 


^ ™ , the expressions on the left in (4) and (5) can 
dM 1-ec.osEdE' ^ ^ ' 

be calculated for any positive integral value of m, with sufficient labour. 

Again, if we regard e and M as the independent variables, it is easily 
seen that 

cos E dE 


de jsin E {1 — e cos E)\ sin® E{1~ e cos EP) 

1 




so that, by § 17'21 (6) 
de (six 


sin ^ (1 — e cos Ef 

esinE 
(1 - e cos Ey 

A 1 

dM 1 ~ e cos E ’ 


— cos E -^-e sin E 


dE 

de 


) *** 

I = — 2 2 nJn (ne) sin nM, 

)) »=i 


(sin E (1— € cos E) 
and therefore, if we integrate with e = 0 as the lower limit, 

(6) g / i — A^ = -2 2 wsinnM.f 

' ’ ain.E(l — ecosE) sinif ,i=i jo 

If we differentiate with respect to M, we find that 


( 7 ) 


cos^ 


cos M 


sin* jE (1 — e cos Ey sin* M ^ (1 — e cos Ey 


. [ Jn {ncc) da;. 

Jo 

The last two expansions do not appear to have been published previously. 


= 2 2 n®coBailf. 
«=i 


Expressions resembling those on the right of (6) and (7) have oocurred in the researches 
of Schott, Eledrcmctgnetio Radiation (Cambridge, 1912) passim. 

Thus, as oases of (4) and (5), Schott proved {ibid. p. 110) that 

(8) «* i/gn (2ne) = j q ( 2w^) 0”(^i~_rea)8 • 

The last,nf these may be obtained by taking Jf equal to 0 and rr in (7). 
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17 * 23 . MeisseVs expansions of Kapteyn’s type. 

Two extremely interesting series, namely 
n.\ 9 ^ </»u(2w 6) ^ eT 

1 + 

m 2 ^ -1-+ !!£ 

+ p+r^(p+r)(3=>+p) 

^(p+r^)(3“+r)(5=‘+^^) ' 

have been stated by Meissel* who deduced various consequences from them ; 
it is to be supposed at present ■]■ that 0 < e ^ 1, and f is real. 

The simplest method of procedure to adopt in establishing these ex- 
pansions is to take the Fourier series J 

® cos 2nM _ IT cosh (tt ^2# ) ^ ^ 

„=i ffTY ~ sinh Trf 2^“ ’ 

(which is valid when 0 ^ tt), replace JIT by i? — e sin ii, and integi’dite from 

0 to TT. It is thus found that 

o V _ 1 r (T TCoah ( 7 r-- 2 ^-h 26 sin IH) ^ _ Vi 

i fsinhTrf 

If*"' (tt cosh {26 -h 2e cos 6)^ ^ I j/a 

2 r*" (tt cosh 2 ^6 . co sh (26^ _ 2_1 

""ttJo 1 ^sinh-TT^ 

Now the last expression is an even integral function of e, and hence it is 
expansible in the form§ 

« 2»^+' e®’” f *"■ cos'-'*” 6 cos h 2^6 

C^m)! Jo Binh 7r| 

_ V r (1 -H r (1 — 

-Zi rTm"+i-i-l^)”r(m + i-ff)’ 

by a formula due to Cauchy ||; and the truth of Meissel’s first formula is now 
evident. 

The second formula follows in like manner from the Fourier series 

“ cos (2a -l)M TT sinh (^tt - M)^ 

-!)■'+? ~ 4>^GOsh i-jT^ 

* Aatr. Nach. cxxx. (1892), col. 368 — 368. 
f The extension to complex variables is made in § 17' 81. 

J See Legendre, Exercices de Calc. Int, n. (Paris, 1817), p. 166. 

§ It is easy to see that the term independent of e vanishes. 

II Mim. 8UT les intigraXe, dijinies (Paris. 1826), p. 40. Cf. Mpdam Analysis, p. 263. 
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Now, since the series obtained from (1) and (2) by difrerentiations with 
respect to p are uniformly convergent throughput any bounded domain 
of real values of we may difrerehtiate any number of times and then make 

We thus deduce that 

y t/ an (^We) y J {(2w» 1) cj 

are polynomials* in.e; the former is an even poljmomial of degree 2m, and 
the latter is an odd pol 3 moinial of degree 2m >- 1. 

The values of the former polynomial were given, by Meissel in the cases m = 1 , 2, 3, 4, 5 ; 
the values for 1, 2, 8 are 

e* (2 6<4 

2,’ 2 8 * 2 32 ■*'72’ 

The values of the latter polynomial for 2, 8 are 

e « _ ^ 

2’ 2 18’ 2"8i '*‘4^' 

Meissel also gave the values of the latter polynomial for m>=4, 6. 

Conversely, it is evident that eveiy even polynomial of degree 2m is 
expressible in the form 

2 ant/an (2we), 

»»o 

and that every odd polynomial, of degree 2m — 1, is expressible in the form 

2 feni/jn— 1 [(271 — 1) e}, 

»=>1 

where On and bn are even pol 3 niomials in Ijn and lf(2n— 1) respectively, of 
degree 2m. 

17'3. Simple Kapteyn series with complex variables. 

It was stated in § 17*1 that, in general, Kapteyn series are of a more 
recondite character than Neumann series, and we shall now explain one of 
the chai^teristic differences between the two types of series. 

In the case of Neumann series it is, in general, possinle to expand each of 
the Bessel functions in the form of a power series in the variable, and tjhen to 
rearrange the resulting double series as a power series whose domain of con- 
vergence is that of the original Neumann series. 

* It is to be noted that the ooeffioienta of ^ and « 2 nt-i ^ respeotive polynomials are not 
zero ; they are 

Mid <-1^* 
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The corresponding property of Kapteyn series is '^aite different ; for the 
Kapteyn series 

is convergent and represents an analytic fiinction (cf. § 8-7) throughout the 
domain in which 

i;expVa-^«) J. 1 . 

l + Va-*’) 

while the double series obtained by expanding each Bessel function in powers 
of z is absolutely convergent only throughout the domain in which 
k|.expV(l-UI») 1_ 

1+va-l^r) ~ ’ 

and the latter domain is smaller than the former ; thus, when the limit is 1, 
the first domain is the interior of the curve shewn in Fig. 24 of § 8‘7, in 
which the longest diameter joins the points ± 1, while the shortest joins 
the points ± i x 0*6627434 ; while the second domain* is only the interior of 
the circle [ 2 ; | = 0*6627434. 

Hence, when we are dealing with Kapteyri series, if we use the method of 
expansion into double series we succeed, at best, in proving theorems only for 
a portion of the domain of their validity; and the proof for the remainder of 
the domain either has to take the form of an appeal to the theory of analytic 
continuation or else it has to be effected by a completely different method. 

As an example of the methods which have to be employed, we shall give 
Kapteyn’sf proof of the theorem that 

(1) = 1 + 2 i /„ (nz), 

i-—Z n=l 

provided that z lies in the open domain in which 

j g exp \/(l - - 

I 1 + * 

This domain occurs so frequently in the following analysis that it is con- 
venient to describe it as the domain K', it is the interior of the curve shewn 
in Fig. 24 of § 8*7. 

Formula (1) is, of course, suggested by formula (2) of § 17*22. 

To establish the truth of the expansion, we write 

1+2 S Jn(nz) = S{z), 

«=i . 

and then it has to be proved that S ( 2 ) = 1/(1 — z). 

Since = T- 

* For an investigation of the magnitude of this domain, see Fuiseux, Journal de Math. xiv. 
<1849), pp. 88—89, 242—246. 

+ Nieuw Archie/ voor Wiakunde, xx. (1898), pp. 128 — 126; Ann. set, dfi VJtlcole norm, swp, (8) 
X. (1898), pp. 96—102. 
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w0 see that, if we can find a circle F with centre at the origin of such a radius 
that on it the inequality 

■ exp{^z(t^llt)] , 

■ t 1 


1 + exp (t — l/<)} dt 


( 2 ) 

is true, then 

~ 27ri /(r+) 1 i"* exp (< — l/i)} t 

To investigate (2), we recall the analysis of § 8-7. If z == pe^, t — 
where p, w, a, 6 are all real {p and u being positive), then (2) is satisfied for 
all values of ^ if 

p V(sinh® u + sin* a) — w < 0 ; 

and when u is chosen so that the last expression on the left has its least 
value, this value is (§ 87) 

, z exp \/(l — 

l+va-ir*) ’ 

which is negative when z lies in the domain It. Hence, when z lies in the 
domain E, we can find a positive value of u such that the inequality (2) is 
satisfied when | i j = e“. 

Again, if we write Ijt in place of t in (3) we find that 

(/i\ 1+^exp [-\z{t-\lt)] dt 

^ ^ j 1 — t exp (— \z {t — I jt)] t ’ 

where 7 is the circle \ t\ = e~“. 

When we combine (3) and (4) we find that 

2 «? = -L f < + e x p { lz{t-llt)] ^ 

^ 27nj(r+,Y_) /—exp 1/^)1 / ’ 

and 80 2S {z) is the sum of the residues of the integrand at its poles which lie 
inside the o/nnuhis hounded by F and 7. 

We next prove that therp is only one pole inside the anmdus*, and, having 
proved this, we notice that this pole is obviously / = 1. 

For the number of poles is equal to 

1 r d log [1 - /-^ exp {jz jt - Ijt)]] 

27rij(;r+,7-) dt 

= — f ^ ~ ~ dt 

^iri j (r+) dt 

1 (• dlog[l - / exp {- i^(/ - 1/ /)}] 


27ri 


(r+) 


dt 


=,1, f ^ ^ dt 

dt 

+ J_. f ^ ~ dt 

^TTt J dt 


(r+) 

* The corresponding part of Eapteyn’s investigation does not seem to be quite so oonrinoing 
as the investigation given in the text. 
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Now the first of these integrals vanishes ; for, if we write 


exp {^z {t - 1/t)} = U, 


then 1 Z7 1 < 1 on F, and so the expression under consideration may be written 
in the form 




and the integral of each term of the uniformly convergent aeries involved is 
zero. 


Hence the number of zeros of 1 — exp ||. 2 r (t — l/t)] in the annulus is 
equal to 


..Lf p.-ifi+lV 

2'rriJT+lt 2\ 


dt = l. 


It follows that 2S (z) is equal to the residue of 

t + exp [ ^z i t - l/t) ] 
i-exp 1^2 - 1/^)1 

at < = 1 ; and this residue is easily calculated to be 2/(1 — z). 

It has therefore been shewn that {z) is equal to 1/(1 — z) throughout the 
domain K, i.e, throughout the whole of the open domain in 2 vhich the series 
defining S (z) is convergent 

[Note. It is ],M)8siblo to prove thut S {z) converges t<i tlio Hiini 1/(1 - z) on the boundary 
of A”, except at a = l, but the proof requires an apjieal to bo made to theorems of an Abelian 
typo; cf. § 17-fi.] 


17'31. The extension of MeisseVs expansions to the case of complex variables. 
We shall now shew how to obbiin the expansions 


.(1) 

( 2 ) 


„= 1 n^ + r* 1“ + ^ (p + (a--’ + ro (p + r“) (2‘-* -i- r-*) (:f- + 

1 (2n - 1)'-- + p + (p + D (;> + n 

(1« + f) (••)“ + f ) (5> + H 


which are valid when z lies in the domain K and ^ is a complex variable 
which is unrestricted apirt from the obvious condition that must not be an 
integer in (1) nor an odd integer in (2). These results are the obvious 
extensions of Meissel’s formulae of ^17‘23. 


[Note. The expansions when f is a pure imaginary have to be established by a limiting 
process by making^ approach the imaginary axis; since the functions involved in (1) and 
(2) are all even functions of no generality is lost by assuming that R (f) is positive.] 

36 


W. B. P. 
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In order to establish these formulae, it is first convenient to effect the 
generalisation to complex variables of the expansion of the reciprocal of the 
radius vector given by §17'21(6). That is to say, we take the expansion 


1 + 2 2 Jn {nz) cos n(f}, 

n=l 

which we denote by the symbol 8(z, 0), and proceed to sum it by Kapteyn’a 
method (explained in § 17'3), on the hypotheses that ^ is a real variable and 
that z lies in the domain K. We define a complex variable by the equation 

(^ = — £r sin 

The singularities of >/r, qua function of <f>, are given by cos 1/z, that is 

^ = arc sec ir — — 1). 

None of these values of </> is real* if z lies in the domain K ; and, as <f) in- 
creases fi:om 0 to 00 through real values, yjr describes an undulating curve 
which can be reconciled with the real axis in the -^-plane without passing 
over any singular points. 

It follows that if, for brevity, we write 

D'=inexp{iz(t-l/t)}, 

then 

^ f 1—27** dt 

2iriJir+) 1 - 217 cos t ’ 

with the notation of § 17’3. By the methods of that section we have 
2S (z di) s= ^ f I — 27^ dt 

27rtj(r+,y_)l-227cos(^-|- i7“T’ 

and so 28 (z, <f)) is eqital to the sum of the residues of the integra/nd at those of 
its poles which lie inside the annulus hounded hy F a/nd y. 

We shall now shew that there are only two poles inside the annulus, and, 
having proved this, we then notice that these poles are obviously t ~ 

By Cauchy’s theorem, the number of poles is equal to 
1 r dlog(l -217cos«^-f- 17») , 

2nri ' ^ 

_ 1 r d log (1 — 2 27co8 <f> + 27®) , 

^T+) dt 


-H 


J_ f (llog[^exp(-z(t~l/t)}] 

2'iriJ (r+) 


dt 


dt 


= 2 27"cos(w-hl)(6 

’^®-/(r+) Ln=o ^ 

= 2 , 


dt 


dt + 2 


* It is easy to shew that such values of satisfy the equation 

^±f»_ gexpv/(l-j8a) 

so that |e^|<l. 
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the integral of each term of the uniformly convergent series vanishing, just 
as in § 17‘3. 


Now the residues of 


1-U^ 


1 — 2 O' cos ^ + 0* ■ t 

at £ =3 are both equal to 1/(1 — z cos and therefore we have proved thAt 

1 


(3) 




in the circumstances postulated; and the series on the right is a periodic 
fiinction of 0 which converges uniformly in the unbounded range of real 
values of 

Hence, when jR (f) > 0, we may multiply by and integrate thus : 
f dd) + 2 X Jn (nz) f coBn6d6= [ - — dd>. 

Jo n=i JO ^ jo l-^fcos-*^ ^ 

That is to say, 

(4) 


/, 


- i + 2 2 , 

0 6 »=i + ?* 


where the path of integration is the undulatory curve in the i/r-plane which 
corresponds to the real axis in the </>-plane; and, by Cauchy’s theorem, this 
undulatory curve may be reconciled with the real axis. 

Now, when the path of integration is the real axis, the integral on the left 
in (4) is an integral function of z ; and this function may be expanded in the 
form 

op -jnfw roo 

X — V- I sin”* 

m-O W! jo 

By changing the sign of z throughout the work we infer the two formulae 


(5) 


( 6 ) 


n=i4n»+^ (2m)I jo ^ ^ 


«/«n-i{(2w-l)2r} 


2 "V - 'w-i tv-"'- •-/■“I _ v ~ 

(2n-l)> + ^ «ti(2m 


ipm—a rm 

^i) ! J '^dyjr, 


which are now established on the hypotheses that z lies in the domain K and 
that R (f ) > 0. 

By dividing the paths of integration into the intervals (0, tt), (tt, 27r), . . . 
and writing Itt + ^, ^tt + ^, . . . for in the respective intervals, we infer thab 


/■ 


*1 

e~^'^ ain*^ yJrdTjr = ^Trg 'j 

1 

“ + 2*} ir* 4-4*1 ... |fa4-4»n»} ’ 


36—2 
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and that 

f er^'i' '\lrd'\Ir = — rij — r, f cosh . cos®”*~^ ddd 

Jo cosh^TT^jo 

1 

" ^ + 1*} 1 ?« + 3»} . . . + (2m - 1 )*} ■ 

By substitution in (5) and (6) and writing for f in (5) we at once infer the 
truth of (l)and (2) when J2 (^) > 0 ; and the mode of extending the results to 
all other values of ^ has already been explained. The required generalisations 
of Meissel’s expansions are therefore completely established. 


17*32. T/ie expansion of into a Kapteyn series. 

With the aid of Meissel’s generalised formula it is easy to obtain the 
expansion of any integral power of z in the form of a Kapte 3 ni series. It is 
convenient to consider even powers and odd powers separately. 

In the case of an even power, we take the equation given by § 17'31 (1) 
in the form 


1 ^ 2^(il + I+^'0 r(7i + i -zQ ^■J^i(2mz). 

2'iri] r'^-^r(i+ir)r(i-io «ri 


1 

27ri 


/ 


00 

S 


r (a + 1 + r (w + 1 - 

r(/n + 1 + I’O r(m+ 1 — t'O ’ 




where the contour of integration is the circle \ Since both series 

converge uniformly on the circle, when z lies in the domain K, term-by-term 
integrations are permissible. 

Consider now the value of 


_L f (P + ^)(2» + ^)...(7^« + n 

When m fi, there are no poles outside the contour, and so the contour may 
be deformed into an infinitely great circle, and the expression is seen to be 
equal to unity; but when m > n, the poles ± im are outside the circle and the 
expression is equal to unity minus the sum of the residues of the integrand 
at these two poles, i.e. to 

- (m 4 7i) ! 

{m — n— 1)1 ‘ 


The expression on the left of (1 ) is therefore equal to 


2 2 J^(2mz)-2 

«i=i 


* (m-hn)\JM^(2mz) 

. (m - w - 1) ! ' 


Next we evaluate 


1 [■ . r(w + l-H{Or(w + l-iO 

27^: J I f I r (m 4- 1 + iO r (m + 1 - i^) • 
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When m ^ n, the origin is the only pole of the integrand, and, if we take the 
contour to be an infinitely great circle, the expression is seen to be equal to 1. 

But, when m > n, there are no poles inside the circle j ^\ = n + i, and the 
expression is zero. 

Hence we have 

If we replace n by ?i - 1 and subtract the result so obtained from (2), we 
find that 

w»_9 s (^ + ^~ g I (m + ?i)! 

~ «i=n 1)!’ 

and so 

y (rn + n-l)\J^{%mz ) 
rZn m-+^(m-a)! * 

If ?i = 1, equation (3) is at once deducible from equation (2), without the 
intervening analysis. 

When we have to deal with an odd power, we take the equation 
given by § 17'31 (2) in the form 


( 3 ) 


( 4 ) 


2 . jP + rl ... {(2a- l)=» + rl 

27riJ|flB;2K C'*" * 

■r' + (2m-l7 

= (!•+?■) (3> + f-'l-l(2n-iy+?*) 

27nj|f|=2« 

00 ^am-i lpin—in—i 


X S 




and we deduce in a similar manner that 

/'N o V r f/o 1 9 V + ((2m- l)g| 

(o) 2 1)^1 (m_.Jr,(m-n-l)I 

= Z + Z^+ ... + 2 ®”“"* 

Hence 

1-1 _ 9 ivj V (■»« + w - 2) ! Jaw-1 {(2w - l)f I 

- - _ ^yn . _ n) ! 


( 6 ) 


The formulae (3) and (6) may be combined into the single formula 


( 7 ) 


v*_ a V (n + m-l)! J,^^n l(n + 2m)z} 




,»=o (» + 2?rt)’‘+‘.w! 

which is obviously valid throughout the domain K when n has any of the 
values 1, 2, 3, .... 

This formula was discovered by Kapteyn*; the proof of it which has 
just been given, though somewhat artificial, seems rather less so than Kapteyn’s 
proof. 

* Ann. sei. de V Nicole norm. sup. (8) x. (1898), p. 108. 
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17*33. The investigation of the Kapteyn s&ries for by the method of 
induction. 

We shall now give an alternative method* of investigating the expansion 
of as a Kapteyn series, which has the advantage of using no result more 
abstruse than the equations 


(1) , — - = l+2 t 

■l * OT-l 


«l + 2 2 i-TJmi'mz), 

L+SS m-1 


which were proved for real variables in § 17*22 and for complex variables in 
§ 17*3 ; it is, of course, supposed that, if z is real, then — 1 < ^ < 1, and, if s is 
complex, then z lies in the domain JT. 

The induction which will be used depends on the fact that when the sum, 
00 

f{z\ of the Kapteyn series 2 is known, then the sum J^(^) of the 

j»=i 

2 ^ can be obtained by two quadratures, if the former series 


series 


OT«»1 




converges .uniformly. To establish this result, observe that, by term-by-term 
differentiations, 

cwr CbZ, wi=l 

OD 

«(l-«“) 2 

' »n=] / 

SO that (z ^ F (z) *= (1 — z^)f{z ) ; 

it follows at once that F{z) can be determined in terms of f(z) by quadratures. 


Now, from (1), we have 


2 

l—zr 


and so, if 


w=i 4iw* 

(4)V(.)=k. 


then 

Therefore, in the domain K, 

where A and B are constants of integration. If we make z-^0, we see that 

Jl=5 = 0. 

Consequently 

(2) = 2 2 

»-i wi 

* Watson, Me$teng«r, ZJm., (1917), pp. 150 — 167. 
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l~a»’ 


In like maimer, we deduce from (1) that 

moiO 

and hence that 

(3) S 

'■ ' m=0 (2w. + ly 

The expansions of when n is 1 or 2 are therefore constructed. 

Now assume that, for some particular value of n, is expansible in the 

form 

00 

.a;~ = wa 2 

1M—1 

and consider the function (z) defined by the equation 

00 AnS .. 

<f) (z) = (n + 2y 2 a ~ 

M-1 ^ 

By the process of differentiation already used, we have 

^it^ + ;g^-i^. = (n + 2y(l-z^ i {w?-n^)h^nJm(jnz) 


dz^ 


dz 


m-l 




On integration we deduce that 

{z) — + A* log z + B'. 

It is obvious that A' S' = 0 from a consideration of the behaviour of ^ {z) 
near the origin. 

Hence the expansion of z^'^^ is 

00 

^n+9 = (n + 2)“ 2 bm,n+tJmi'mz), 

«i = l 


where 




m* 


bm,n’ 


It follows at once by induction that 

, 2"^‘r{^/n + a) , 

On».iw = r (im - »i + 1) 

and so «=»*=» n f (m -n + 1) ‘ 


That is to say 


a«* = 27i» 


V r(?n + rfc)/3„>(2?7Lg) 

»=» r (m - n + 1) ' 


and this is equation (3) of §lT-32. The expansion of is obtained in the 
same way from the expansion of z ; the analysis in this case is left to the 

reader. 
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We therefore obtain the expansion 


(4) 




m=0 


r(n + m).J„q^{(n + 2m)z} 
(n + 2my ^^ . m\ 


which is the expansion obtained by other methods in § 17‘32 ; and the ex- 
pansion is valid throughout the domain K. 


Since the series 

? + 

is absolutely convergent (being comparable with 2 1/wi®), the expansion (4) 
converge uniformly throughout K and its boundary. The expansion is there- 
fore valid (from considerations of continuity) on the boundary of K, and in 
particular at the points .a: = ± 1, as well as throughout the domain K. 


17*34. The expansion of l/(i — z) in a Kapteyn series. 

From the expansion of .a”, obtained in the two preceding sections, we can 
deduce, after Kapteyn*, the expansion of l/(t~z) when z lies in the domain 
R and t lies outside a certain domain whose extent will be defined later in 
this section. 


Assuming that | < j >\z\, we have 

1 i Tjn + m) Jn+am {(w + 2m) z] 

t-z t t nti «-0 (w + 2?n)«+» . m I 


Now, if 


= F, 


z exp V(1 — 'S'®) 

1 +^(1--^*)"! 

the repeated series is expressible as an absolutely convergent double series if 
the double series 

« « 2»n^r(7i + m)F»+»^ 

n^i w-o (w + 2mY+\m 1 1 1 1”+^ 

is convergent. But the terms in this series are less than the terms of the 
double series 

i i 2^F"+”» 2FexpF=‘ 
m!lt|’‘+^~lt|(lt|-2F)’ 

provided that \t\>2V. 

Hence, when 

z exp \/(l ■2^®) 

1 + V(l--^) 

rearrangement of the repeated series for 1 j{t — z)iB permissible, and, when we 
arrange it as a Kapteyn series, we obtain the formula 
1 


i|>2 


t — z 


>o(0 + 2 2 (Bnit)Jn{nz), 


* Ann. sei. de Vlteole norm. tup. (8) z. (1898), pp. 118 — 120. 


( 1 ) 
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where * 


( 2 ) 

(3) 


no 1 “ 2 ot)2. (n -7n-l)\ 


From the last formula we may deduce a very remarkable theorem discovered 
by Kapteyn ; we have 


f 1 ■^4” (« — wi- 1)! _ 1 (w— 2m)*. (n— m— 1)! 

and therefore, by § 9'1 (2), 

80 that, by § 9‘12 (1), 

(4) (^) = n (1 — i*) On (nt) + sin® ^»i7r + 1 cos* ^mr 

when 71 = 1, 2, 3, .... 


Ka/pUyn's polynomial 0n (f) w therefore expresaihle in terms of Neumann's 
polynomial On(nt). 


It is now possible to extend the domain of validity of the expansion (1) ; 
for, by § 8‘7 combined with § 9‘17, it follows that the series on the right of 
(1) is a uniformly convergent series of analytic functions of 2 and t when z 
and t lie in domains such that 


(5) 

where 


n(2)<a(<), fi(.s)<n(i), 

2 exp V(1 — 

'r+7(T-T*y 


n(2) = 


The expansion (1) is therefore valid throughout the domains in which both 
of the inequalities (6) are satisfied. 


[Notk. This result gives a somewhat more oxtousive domain of values of t than wjis 
contiomplatod by Kapteyn ; he ignored the theorem proved in § 9’17, and observed that 
(since the oooffioients in the series for ®n(0 positive) when ] « | > 1, 

I ®i» (0 I ^ ®n (1^1)^ (1) b 

by (4) ; so that Kapteyn proved that (1 ) is valid when 

Q(3)<Q(1), 


17 *35. A Itemative proofs of the exparision of l/(f — z) into a Kapteyn series. 

Now that explicit expressions have been obtained for the coefficients in the expansion 

+ 2 2 (7te), 

t — z n=l 

it is possible to verify this expansion in various ways. Thus, if (f) be defined as 
7i (1 - f*) On {nt) +sin* ^»»r + 1 cos® 
the reader will find it an interesting analysis to take the series 

7+J^V2(1-<®) 2 nOn{nt)Jn{m), 

t 1— s' n=l 

* Of. Kapteyn, Niettw Archief voor WiskuTuUs, xx. (1898), p. 122. 
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._jstitttte suitable integrals for the Bessel ooef&oients and Neumann polynomials, and 
reduce thn i^esult to after the manner of § 9*14. 

Or {^ain, if we differentiate the expansion twice with respect to e we find that 

{(<^ Jo*"*"*®* 

and then, dividing by 1 —a®, and naaking use of § 17 *3 (1), •«re fimd that 

2<® <(i®+3) ' <*+6<»+l 

“ if -If (i* - 1)8 {t-zf 

Z r /„.N li» /*N (^+6/8+1) sin® ^»r 4<(<8+l)oos8i»nr 

“ «io ^ ^ 1® * — 

whence the differential equation for (£) is easily constructed in the form 
® *' It'S ffi 'f'S^ t*+6t8+l ^ . 

=n !©,(<)- (<8-1)8 (<8-1)8 j’ 

and hence it follows that 

©« (<) = » (1 - <8) (?„ (nt) + sin® \nK + 1 cos® ^n- + < - ^ (n<) + jB„ 7n {nt)}, 

where and are independent of <; but it does not seem easy to prove that A»=-B,»==0. 


}■ 


17*4 The eccpanaion of an arhiprary analytic function into a Kapteyn 
series. 

We shall now prove the following expansion-theorem : 

Let f{z) he a function which is analytic throughout the region in which 
fl (z) ^ a, where a < 1. 

Then, at ail points z inside the region. 


(1) /(s) = ao + 2 i a^Jninz), 

where 

(2) /®" (0/(0 dt, 

and the path of integration is the curve on which fl (<) = a. 

This result is obvious when we substitute the uniformly convergent 
expansion 

(®o(t) + 2 X <&n{t)Jn{nz) 

»=i 


for Ifit — z) in the equation 




since D,(t) = a on the contour, while both Il( 2 r) < 1 and ft (^r) < H (t) when z 
is inside the contour. 

This theorem is due to Elapteyn. 
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It is easy to deduce that, if the Maclaurin series for f{z) is 


then 

( 3 ) 

(4) 


/(^)= 2 OnZ'^, 

n»0 


0(o «= Qigf 

j _ 1 (n-2?n)^.(n-w- 1)! 

" 4^0 ml 


17‘6. Kapteyn series in which v is not zero. 
The theory of Kapteyn series of the type. 


^'Clm*^p+m{(v+m)z], 

m=0 

in which v is not zero or an integer, can be made to depend on the ex- 
pansion of z”. The result of § 17-33 suggests that it may be possible to 
prove that 


( 1 ) 




»,=o {v + 2w)*'+* .ml 


’t>+an 


[(i/ + 2m) z}, 


throughout the domain K. 


It is easy enough to establish this expansion* when U j < 0*6627434 ; but 
no direct proof of the validity of the expansion throughout the remainder of 
the domain K is known, and the expansion has to be inferred by the theory 
of analytic continuation. 


To obtain the expansion throughout the interior of the specified circle, 
expand the series on the right in powers of z. The coefficient of «’'+"■ is 

S r(i> + m) (-)r-m ^ 2my^ 

m^o (v + 2m)’'+* . m ! ‘ 2 (r — m)l r(i/ + r + m + 1) 

^ I (v) ^ ^_)r-m ^ 2m)”^^ r (j/ -hm) F (v + 2r + 1) 

2'’'''*»' r(i/ + 2r + 1) «,=o ml(r — m)l r(p) r(j/ + r + m + ij' 

When r^l, the last series is a polynomial in v of degree 3r — 1 which is 
known to vanish identically whenever v is an integer. It therefore vanishes 
identically for all values of v. The expansion (1) is therefore established 
(inside the circle) by a comparison of the coefficient of on each side of the 
equation. 

From this result, we can prove that, under the conditions specified in § 17*4, 

( 2 ) 2 S^n,At)J^+n{(v + n)zl, 

t — z 

where 

c/2 m ^ (v + n-2myV{v + n-m) 

* This waa done when |z |<0'659 by Nielsen, Ann. id. de VJScole norm, aup. (8) xvra. (1901), 
pp. 42 — 46. 
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It is not difficult* to express 64>n,vit) in terms of Gegenbauer’s polynomial 
•A.n,y i Pt), defined in § 9‘2. 

And the, reader will easily prove that iif{z) satisfies the conditions specified 
in § 17*4, then 

(4) Z*f{z) » 2 (tn.uJy+n[{v + n) z], 

»=a0 

where 

in which the contour of integration surrounds the origin ; and hence 

(K\ _ 1 (y + W - 2m)» r (y + 7t - W) 

' 2 m=o (|i/ + wi ! ’ 

where Ooj an ••• are the coefficients in the Maclaurin series for f{z). 

[iSOTB. Jacobi in one of his later papers, Aatr. Nach. xxviii. (1849), col. 257 — 270 [Gee. 
Math. Werke^ vii, (1891), pp. 176 — 188] has criticised Carlini for stating that certain 
expansions are valid only when \z\ <0'663.... But Carlini had some excuse for his state- 
ment because the expansions are obtained by rearrangements of repeated series which are 
permissible only in this domain, although the expansions are aotually valid throughout the 
domain K."] 


17 * 6 . Kapteyn series of the second kind. 

Series of the type 

have been studied in some detail by Nielsen f. But the only series of this 
type which have, as yet, proved to be of practical importance]:, are some 
special series with At = v, and with simple coefficients. The results required in 
the applications just specified are obtainable by integrating Meissel’s expansion 
of § 17*31 (1) after replacing z by asin^. It is thus found that, throughout 
the domain K, 

00 

2 2 
n>=l 

so that 

m g 1 ^ 1.3 £^_ 

^ ' »ti »• + !:• 21* + f’'^2.4r'(l’ + ?*)(2' + f*) ’ 

and hence we deduce that 2 is a polynomial in z^ of degree m; 

while the sum of series of the type X n”'^Jn(nz) may be found in a similar 
manner from the corresponding expansion Xn^J^(2nz). 

* Of. Nielsen, Ann, aei. de VJ&cole norm. sup. (S) xvin. (1901), p. 60. 
t Ann, sei. de VJ^cole norm. sup. (8) xviii. (1901), pp. 89 — 76. 
t Of. Schott, Electromagnetic Radiation (Cambridge, 1912), Chapter vm. 


2 


“ n^l (l’+ ?’)(2* + f) . . . (n» + f ») ■ Trjo 


/ 
J 0 


sin"* Odd, 
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Thus Schott* has shewn that 


(2) 

(3) 


71“! 

-jC 

2 n^JiC {'>^) = 

ii=i 


1 

2® (4 + 2®) 
16(l-2®)i‘ 


1 

2 ’ 


A general theory resembling that of §16'14 is deducible from the ex- 
pansion 


(4) 




2i ;(ro^ + i)]® ” 

r (2 i7 + 1 ) w,=o 


r ( 2 i/ + w) 

(v +?<-•'+>. m! 


{(v + m)^:j 


which is easily derived from § 17*5 (1) and is valid throughout K\ but it 
seems unn’ecessary to go into details which the reader should have no difficulty 
in constructing, in the unlikely event of his requiring them. 


17 '7. Kapteyn series which converge outside the domain K. 

If lim |^ct,i| = l, 

we have seen that the Kapteyn series %an.Jn{nz) represents an analytic 
function throughout the domain K. But since, when oc is real, !t/rt(rta;)|< 1. 
the series may converge along the whole of the real axis, although when | ^ | > 1, 
the series does not converge at points which are not on the real axis. 

The behaviour of such a Kapteyn aeries may be summed iipf by saying 
that it resembles a power-series throughout the domain K i'lnd that it re- 
sembles a Fourier series on the real axis outside K. 

As an example, let us consider the series 

W=1 


It is evident that, if ^ = i/r — a sin then 

S=1 f’ 2 

TrJo »=i 

since the Fourier series is uniformly convergent. 

Now, when .r >1, 0 decreases as ^jr increases from 0 to arccoH(l/fr) and 
then incretises to tt as increases from arc cos (1/®) to tt. If ni be the integer 
such that the minimum value of lies between - 2m7r and - 2 + 1) tt, let 

the values of yfr corresponding to the values 

0, - 27r. -47r, ..., - 2w7r, - 2w7r, ..., - 27r, 0 

of <f> be 7 o, 7 i, 7Trt. ... 8i,3o, and then 

s ^ 1 Ti' p- + f" + s' r; + f: 1 2 df. 

'rr{rr,oJyr J "Ym r==Q j Sr+I .'So)n==‘l 


* Electromagnetic Radiation (Cambridgo, 1912), p. 120. 
t The suggestion of these analogies was made by Professor Hardy. 
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Now when -\jr lies in the intervals (7^, 7 r+i) and (Br, Sy+j) the sum of the 
series under the integral sign is 

— ^7r(f> + ^'n^ + r(r + l)'7T^ + (r+l)'Tr<j>, 

and, since 


— w sin yjr) d^jr = cos 

/(t — a; sin •^)* * * § d^jr = + 2a! (yfr cos -yfr — sin 1^) + ^ a;® (1^ — sin -ifr cos -^Ir), 

it may he shewn without much difficulty that 

. m m 

S ~ -{• 'S, (J(Sr*“7r®) + ^(co8 5^ — C08 7r)} *f 27r ^ 7r)« 

r-0 r-1 

The reader will see that a large class of Kapteyn series may he summed by 
this method*. 


17 * 8 . The oonvergence of Kapteyn series on the boundary of the domain K. 

With the exception of the points ± 1, the boundary of K presents no 
features of special interest; because, by means of Debye’s asymptotic expansion 
the consideration of the convergence of the Kapteyn series {(y + n)z\ 

is reducible to that of the power series 


^ On f g exp V(1 

"" Vn 1 1+V(1-^) ) ’ 

and that of two similar series f with sjn^, */n‘ written for »j7i. 


The points ± 1 present more interest, because the ordinary asymptotic 
expansions fail. But the lacuna thereby produced is filled, for real values of v, 
by the following theorem of an Abelian t3^e: 


The convergence of 

5 On 

is sufficient to ensure both the convergence of 2 anJ„^ (v + n) and the continuity 
of 2 oinTy+n {(y + n) x\ throughout the intervolX 0 $ a? ^ 1. 


Since 2 a„/n^ converges and .[nf{y + w)}^ is monotonic, with a limit as w 00 , 
it follows§ that %an({v + n)^ converges; and sipce, by § 8 ' 64 , (v + n)^ Jv+n(v + n) 
is monotonic, with a limit as w-* 00 , it follows that 2 fl(n« 7 H-» converges. 


* In this connexion the researches by Nidsen, Over$igt K. JDanske Videmkahernes Selskabs, 
1901, pp. 127 — 146, should be oonsultec^ 

t If o-nly/n does not tend to zero the series cannot converge; and if it does tend to zero 
^ absolutely convei^ent, and so, if we replace each Bessel function by the first two terms 
of the asymptotic expansion with a remainder term, the series of remainder terms is absolutely 
convergent. 

Due allowance has to be m4de for the origin if v < 0. 

§ Bromwich; Theory of Infinite Seriee^ § 19. 
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Again, since 


{(v + n)a;] 
Jy^n (*'+w) 


is a 'function of n which does not increase as n increases, for all values of x 
in the interval it follows from the test of Abel’s type for uniformity 

of convergence* that 

ta^Jy+n {(y + w)®} 


is uniformly convergent (and therefore continuous) throughout the interval 
0 ^ a? ^ 1 ; and this proves the theorem. 

By reversing the reasoning, it may be shewn that if 2 iy + n) con- 
verges, so does lotn/n^, so that the convergence of is both necessary 

and sufficient for the theorem to be true; the theorem is therefore the best 
theorem of its kindf . 


* Bromwich, Theory of Infinite Series, § 44. 

•)• This was pointed out by Prolessor Hardy. Of. Watson, Proc. London Math. Soc. (2) xvi. 
(1917), pp. 171-174. 



CHAPTER XVIII 

SEEIES OF FOURIER-BESSEL AND DINI 


18 ' 1 . Fowrier' 8 formal esepandon of an arbitrary function. 

In his researches on the Theory of Conduction of Heat, Fourier* was led 
to consider the expansion of an arbitrary function f{d) of a real variable of 
in the form 

( 1 ) f(^}— ^ 

m-=l 

where ••• denote the positive zeros of Jo{z) arranged in ascending 

order of magnitude. 

The necessity of expanding an arbitrary function in this manner arises 
also in Daniel Bernoulli’s problem of a chain oscillating under gravity and in 
Euler’s problem of the vibrations of a circular membrane with an initial arbi- 
trary symmetrical displacement 1’3, 1'5). 

In order to determine the coefficients in the expansion, Fourier multi- 
plied both sides of (1) by a; Jo (im®) and integrated between the limits 0 and ]. 
It follows from § 5T1 that 

j coJo{jrr,x)Jo(jnd)da:=-\^’j^, . . 

Jo iWiUm), m = n, 

and hence Fourier inferred that 

(2) a,m — jfjj^ ^/(O *^o (jmi) dt. 

If we now change the significance of the symbols so thatf jijy'a.yg, ... 
denote the positive zeros of the function J„ {z), arranged in ascending order 
of magnitude, then 

(3) /(^)= S OmJ.Umd), 

m=l 

where 

( 4 ) dm — -ji / • \ [ if (t) J V ijmi) dt. 

« y-l-i Kjmjjo 

This more general result was stated by Lommel^; but, of course, neither 
in the general cose nor in the special case 7^ = 0 does the procedure which has 
been indicated establish the validity of the expansion; it merely indicates how 
the coefficients are to be determined on the hypothesis that the expansion 
exists and is uniformly convergent. 

* La TMorie'Analytiqw de la Clialeur (Paris, 1822), §§816 — 819. 

t The omission of the snffiz v, assooiated vith ji, jg, shonld cause no confusion, and it 
considerably improves the appearance of the formulae. 

t Studien ilber die BeseeVsohen Functionm (Leipzig, 1868), pp. 69 — 73. 
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In fact the simplicity of the procedure is somewhat deceptive; for the 
reader might anticipate that, if the function f{x) is subjected to appropriate 
restrictions, the expansion would be valid for all values of v for which the 
integral 

I vi, J vi.jnfy dt 

Jo 

is convergent, i.e. when v^ — 1. 

Dini, however, remarked that he was unable to deal with the range 
— \<v< — ■J-,and limited himself to the range Several subsequent writers, 

while proving theorems for the latter range, asserted that the extension to the 
former range was merely a matter of detail; but it was not until after 1922 that 
anyone took the trouble to supply the detail which is tedious and of no great 
interest. In the exposition given here, it will be supposed that — 

The first attempt at a rigorous proof of the expansions (1) and (3) is 
contained in some notes compiled by Hankel* in 1869 and published post- 
humously. A more complete investigation was given by Schlaflif a year 
after the publication of Hankel’s work; and an important paper by HamackJ 
contains an investigation of the expansion (3) by methods which differed 
appreciably from those of earlier writers. 

A few years after the appearance of the researches of Hankel and Schlafli, 
the more general expansion 

(5) i 

m= 1 

where Xi, Xa> ^ 3 > • • • denote the positive zeros (in ascending order of magnitude) 
of the function 

. 2 --' {zJJ{ 2 ) + IiJ,(z)], 

when v > — ^ and H is any given constant, was investigated by Dini§. 

The coefficients in the expansion are given by the formula 

(6) {(X,„“ - v^) J," (X,.) -i- X,„'V;= (X,„)) K. = 2X„r f tf (0 J. M dt 

Jo 

The mode of determination of the numbers X„i subjects / (x) to what is 
known »is a ‘ mixed boundary condition,’ namely that f («) + Hf (x) should 
formally vanish at a: = 1. 

The expansion (5) w€us examined by Fourier (when u= 0) in the problem 
of the propagjition of heat in a circular cylinder when heat is radiated from 
the cylinder; in this problem the physical significance of H is the ratio of the 
external conductivity of the cylinder to the internal conductivity. 

* Math. Ann. viii. (1876), pp. 471 — 494. In the oourso of tluH paper, Hankel obtained the 
integral formula of §14*4 as a limiting ease of (3). 

t Math. Ami. x. (1876), pp. 187 -142. 

t Leipziger Berichte, xxxix. (1887), pp. 101 — 214; Math. Ann. xxxv. (1880), pp. 41 — 62. 

§ Serie di Fourier (Pisa, 1880), pp. 100 — 277. 


W. B. F. 


37 
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It was pointed out by Dini that the expansion (5) must be modified* by 
the insertion of an initial term when — and, although Dini’s analysis 

contains a numerical error, this discovery seems to make it advisable to 
associate Dini’s name rather than Fourier’s with the expansion. 

The researches which have now been described depend ultimately on a set 
of lemmas which are proved by Cauchy’s theory of residues. The use of com- 
plex variables has, however, been abandoned, so far as possible, by Kneser f 
and HobsonJ, who have constructed the expansion by using the theory of 
integral equations as a basis. 

On aesthetic grounds there is a great deal to be said fo^.this procedure, 
because it seems somewhat unnatural to use complex variables in proving 
theorems which are essentially theorems concerning functions of real variables. 
On the other hand, researches based on the theory of integral equations are 
liable to give rise to uneasy feelings of suspicion in the mind of the ultra- 
orthodox mathematician. 

The theory has recently been made distinctly more complete by the 
important memoir of W. H. Young§, who has thrown new light on many 
parts of the subject by using modern knowledge of the theory of functions of 
real variables in conjunction with the calculus of residues. An earlier paper 
by Filonll which makes some parts of the analysis appreciably less synthetic 
must also be mentioned here. 

The question of the permissibility of term-by-term differentiation of the 
expansion which represents a function as a series of Bessel functions has been 
discussed by Fordt, who has obtained important results with the help of 
quite simple analysis (cf. § 18*4). 

More recondite investigations are due to C. N. Moore**, who, after studying 
the summability of the expansion by Ceskro’s means, has investigated the 
uniformity of the convergence of the expansion in the neighbourhood of the 
origin, and also the uniformity of the summability of the expansion (when 
not necessarily convergent) in this neighbourhood. 

The reason why the uniformity of the convergence (or summability) of 
the expansion in the neighbourhood of the origin needs rather special con- 
sideration is that it is necessary to use asymptotic formulae for Jy (Aw®) which 
are valid when is large; and, as x approaches zero, the smallest value of 
m, for which the asymptotic formulae are significant, is continually increasing. 

Details of necessary modifications vhen fl’+i' ^ 0 ■will be given in § 18’8. The modification 
was also noticed by KirohhoS, Berliner Sitzungsberichte, 1883, pp. 519—624. 

t Arehiv derMath.undPhys. (3) vn. (1903), pp. 128 — 183; Math. Ann: lxiii. (1907), pp. 477 — 524- 

I Proc. London Math. Soc. (2) vn. (1909), pp. 369 — 388. 

§ litid. (2) xvni. (1920), pp. 168—200. 

II Ibid. (2) IV. (1906), pp. 396—430. Cf. §§ 19*21— 19*24. 

IT Tram. Ajneriean Math. Soe. rv. (1908), pp. 178 — 184. 

** Ibid. jc. (1909), pp. 891—436 ; xn. (1911), pp. 181—206; xxi. (1920), pp. 107—166. 
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In the exposition which will be given in this chapter, the methods of the 
calculus of residues will be used, to a far greater extent than has been usual 
in recent researches; this is a reversion to the practice of Hankel and. 
Schlafli and (in the special case of Fourier series) of Cauchy. The advantage 
of this procedure is that it results in a great simplihcation in the general 
appearance of the analysis throughout the whole theory. And, although it 
seems impracticable to prove certain theorems (notably those* relating to 
fractional orders of summability) with the help of complex variables, the gain 
in simplicity is so marked that it has been possible to include in this chapter 
very many more theorems than would have been possible if the methods 
of the theory of functions of real variables had been used more exclusively. 

As an example of the simplicity produced by using complex v^uiables, it 
may be mentioned that comparatively crude inequalities, such as 

where Cj is a constant, independent of z, when v is given and exceeds — are 
sufficient to prove all the requisite theorems concerning convergence at a point 
(or summability at a point) and they are also sufficient to prove theorems con- 
cerning uniformity of summability throughout an interval of which the origin 
may be an end point. Direct proofe of theorems concerning uniformity of 
convergence throughout such an interval require more elaborate inequalities, 
but in this work the use of such inequalities is evaded by deducing uniformity 
of convergence from uniformity of summability by an application of Hardy’s 
convergence theorem f. 

It may be stated here that the theorems of this chapter correspond exactly 
to the theorems concerning Fourier series which are given in Modem Analysis. 

In addition to the memoirs which have already been cited, the following may be men- 
tioned : Beltrami, R. Ist. Lombardo liendiconti, (2) xiii. (1880), pp. 327 — 337 ; Qegeubauer, 
Wiener Sitzimgsberichte, lxxxviii. (2) (1884), pp, 976 — 1003 ; Alexander, Trans. Edinburgh 
Royal Soc. xxxiiL (1888), pp. 313 — 320 ; Sheppard, Quarterly Journal, xxiii. (1889), 
pp. 223 — 260; Voltena, Ann. di Mat. (2) xxv. (1897), p. 146; Stephenson, Phil. Mag. (6) 
XIV. (1907), pp. 647 — 649 ; Messenger, xxxiil. (1904), pp. 70 — 77, 178 — 182 ; Kutgers, 
Nieuw Archief, (2) vill. (1909), pp. 376 — 380 ; Orr, Proo. R. Irish Acad, xxvil. A, (1910), 
pp. 233 — 248; and Dinnik, Kief Polyt. Inst. {Engineering Sectio7i), 1911, no. 1, pp. 83 — 86. 
[Jahrbuch ilber die Fortschritte der Math, 1911, p. 492.] 

The investigations by Alexander are mainly based on operational methods, while Orr 
dealt with expansions in which functions of thb second kind are involved. 

18*11. The various types of series. 

In the special case of series of circular functions, it is necessary, as the 

reader will remember, to make a distinction]: between any trigonometrical series 

00 

^ Uo -1- 2 (Oot, cos mw + hm sin mx), 

m=l 

* Snoh theorems have been investigated by Moore and Yoimg. 
t Modem Analysis, § 8-6. t Of. Modem Analysis, § 9*1. 
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and a Fourier series in which the coefficients are expressed as integrals, 

If"' IT' 

cbm — —\ f(t)coamtdt^ ^m = ~ f(t)8mmtdt. 

TTj-r ir J -w 

It is necessary to make a similar distinction* between the types of series 
which will be dealt with in this chapter; any series of the t 3 rpe 

00 

m=l * 

in which the coefficients Um merely form a given sequence of constants, will 
be called a series of Bessel functions. 

If, however^ the coefficients in this series are expressible by the formula f 

^ ™ ^ TTl 1 

y+iK3m)J(k 

the series will be called the Fourier-Bessel series assodouted with f{d). 

And if, fiirther, the series converges to the sum /(a?) for any point x of 
the interval (0, 1), the series will be described as the Fourier-Besspl easpansion 

o//(4 

In like manner, the series 

00 

S hmdf, (X,,j sc), 
m-l 

where axe the positive zeros of 

zJ;ijs) + EJ„(z), 

will be called Binxs series of Bessel functions. 

If the coefficients hm are determined by the formula J 

(Xm) + Xtn® tf „ * (X^)} hfn, ~ 2Xto* f tf (f) J „ (X^ t) dt, 

J 0 

the series will be called the JDini series associated withf {x). 

And if, further, the series converges to the Bum/(r) for any point x of the 
interval (0, 1), the series will be described as the Dini expansion of fix). 

Some writers have been inclined to regard Fourier-Bessel expansions as 
merely a special csise of Dini expansions, obtainable by making but 

there are certain distinctions between the two expansions which make this 
view somewhat misleading (cf, ^ 18*26, 18*34, 18*36). 

18*12. Special cases of Fourier-Bessel and Dini escpansions. 

There are very few expansions of simple functions in which the coefficients 
assume a simple form. 

One function whose expansion has simple coefficients has already been 

* The greater part of the terminologQr is due to Young, Proe. London, Math. Soc, (2) xvin. 
(1920), pp. 167—168. 

t It ie supposed that the integral is oonrergeut for all positive int^pnl values of m. 

X It is supposed that the series is modified, as in § 18*84, when H+ v ^ 0. 
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investigated in § 15 '42. Another is which gives rise to the formal expansions 


( 1 ) 


( 2 ) 




of 


2«^m 

{j m) 


p ^ y+i (^ro) 


m=l {\ni *'*) (.^w) + J v^{ \n) 

It will be seen subsequently that (1) is valid when 0 <ii; < 1, and (2) when 
0 < a; ^ 1, if + 1 ; > 0. Cf. §§ 18'22, 18'35. 


The reduction formula 

X„ ,8 J V + + i (X«0 d«=(v+2») (Ki) - 4n (v+n) (X„,«) dt 

is easily established, so that the Dini expansion of may be determined when v is any 
positive integer. The Dini expansion of a;*'+ 2 n+i m^y similarly be determined; in this 
case the general coefficient is expressible in terms of known functions and 

In order to calculate this when v is an integer, McMahon* has proposed to tabulate the 
function 

I J Vfl (<) =»«^i(ar) + 4 (a?) + ./^5 (•*) + ■•■» 

which is a special form of one of Lommel’s functions of two variables (i^§ 16'6, 16*56). 


18*2. The methods of Hankel and Schldfli. 

The earlier investigations which were described in § 18' I are based on the 
analysis used by Dirichletf in his researches on trigonometrical series of 
Fourier’s type; this method of proceeding is obviously suggested by the 
fact that the trigonometrical series are special cases of the Fourier-Bessel 
expansion, obtained by giving v the values ± 

In the case of Fourier’s theorem, to prove that 

oe 

y (a;) = + X (a,^^ cos mx + b,a sin rnx), 

m=l 

If"' i • • 

where am = - /(t) coa mtdt, b,n — - f(t)ammtdt, 

IT J 

it is sufficient to prove that 


1 

f{x)= lim — / {^+C08(a; — i)-f cos2(a? — i) + ... ^-C0S7l(a!-^){/(^)d^, 

n-^oo TT 

1 r 

i.e. that 


sin (n + i) (a? — t) 
ain^{x — t) 


f(t)dt. 


* pfoc. American Assoc. 1900, pp. 42 — 48. The tabulation is moat simply effected by using 
§ 10'74(3) in oonjuuotipn with Table I. (pp. 666 — 697) ; see Table VIII. 
f Journal filr Math, rv. (1829), pp. 167 — 169. 
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In the case of the general Fourier-Bessel expansion, the corresponding 
limit to he evaluated is 

lim 2 

n -»• 00 in»l " H-l \jm) J 0 , 

and SO it is necessary to investigate the behaviour of the sum 


5 y ijm^) K ( JmQ 

♦»=! (^m) 

'when n is large-, and it is in this investigation that the use of the calculus of 
residues is more than desirable. 

In the case of Dini’s expansion, the corresponding sum which needs 
examination is 

V 2Xto.* ^ p J V 

jn=l • (\») "h » * (^«») 

An application of the calculus of residues which will be described in ^ 18*3 — 
18*33 shews that the difference of the two sums is readily amenable to dis- 
cussion, and so we are spared the necessity of repeating the whole of the 
analysis of the Fourier-Bessel expansion with the modifications appropriate 
to the more general case of the Dini expansion. 


18*21. The Hahkel-Schldfli coiUour mtegral. 

We shall now begin the attack on the problem of Fourier-Bessel expansions 
by discussing properties of the function Tn{t, x), defined by the equation 

(1) I — 

m=l H-i KJm) 

where 0<a3<l, and the order v is real and is subject to the condition 

The method which will be used is due to Hankel* and Schlaflif, though 
many of the details of the anal)r8is are suggested by Young’s J recent memoir. 

The function Tn {t, x) is obviously as fundamental in the theory of Fourier- 
Bessel expansions as is the function 

sin (n + ^)(x — t) 
sin J (a; — i) ’ 

in the special theory of Fourier series. 

In order to obtain the formulae connected with Tn {t, x) which are sub- 
sequently required it is necessary to express the wth term of the sura for 
Tn (t, x) as the residue at jm. of a function, of the complex , variable w, 
which has poles ji, ji, ji, When this has been done, we express 

* Math. Ann, vm. (1876), pp. 471—494. 
t Ibid. X. (1876), pp. 187—142. 

t Proc. London Math. Soo. (2).xvni. (1920), pp. 168 — 200. 
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Tn (t, ss) as the integral of this function round a rectangle of which one. of the 
sides lies along the imaginary axis while the opposite side passes between 
jn and jn+i- The sides paarallel to the real axis are then moved off to infinity 
in opposite . directions, so that, in order to secure the convergence of the integral, 
it is necessary to prescribe the behaviour of the integrand as 1 1 (w) | oo . 
There are three integrands which we shall study, namely 

(2) 2 {tJ^ (asw) Jy+i (tw) - caJ^ (tw) {asw)]l{(f - (w)}, 

(3) nrw [J^ (w) (asw) - J „ (asw) (to)} (tw)IJy (w), 

(4) TTW {Jy (w) Ty (tw) - Jy (tw) 7y (to)} Jy (mv)IJy (to). 

The first of these was the integrand studied by SchMi; the other two are 
suggested by the work of Kneser and Carslaw which was described in § 16*42. 

A study of the asymptotic values of these integrands indicates that (2) is 
suitable for discussions in yjhich x^t and 0 < a? + i < 2; (3) when* 0 ^t<x<l', 
and (4) when 0 ^ a; < i < 1. 

We proceed to verify that the integrands all have the same residue, namely 
y (jm^) (jmt)IJ^y+i(jtr^> 

at w =jm- In the case of (2), we define the functionf g (w) by the formula 
(6) g (w) s [tJy (asw) Jy^^ (tw) - xJy (tw) J (aw)}, 

and then, if to = jm + 0, where 6 is small, we have 

Jy (w)=6Jy (jm) + i (jm) + •••> 

SO that 

wJy^ (to) = Q^jm'J v* (im) + (Jot) { Jot«^ v ( Jm) + ( jm)} + • • •• 

It is easy to verify, by using Bessel’s differential equation, that the coeffi- 
cient of d* on the right vanishes; and hence the residue oi g (w)l[wJy^(w)] 
at 7 ot is 

9' (jm)l\jmJv'^(jfn)], 

and this is easily reduced to 

(jm^) J » ( JmO/*^**'+i ( Jm) 

by using recurrence formulae. 

In the case of (3), the residue at jm is 

wJot {J y (jm) Fp (jm^) “ ( Jm«) F p ( Jm)} Jy (jmt)IJv (jm) 

= — 'O'jmJ r (jm^) J * (jmt) Fp (jm)IJp (jm) 

^^Jy (jm^) J r (jm^)lJy * ( Jm)> 

by § 3*63, and this is the expression required ; the integrand (4) is dealt with 
in the same way. 

* This is iQost easily seen by writing the integrand in the form 

JrtM { flyP) (w) Hylf) (xv) - HyO) (xw) (w ) } Jy (tw)IJ y (w). 

I Ifhe results obtainable by using the integrand (2) are disoussed in great detail by Graf and 
Qnbler, Einleitung in die Theorie der BeueViehen Funktionen, i. (Bern, 1898), pp. 181 189. 
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We next take the contour of integration to be a rectangle with vertices 
at ±Bi, An ± Bi, where B will be made to tend to oo , and An is oboeen so 
that j»< An<jn+i‘ When it is desired to assign a definite value to An, we 
shall take it to be equal to (u + v + i) tt, which lies between j„ and jn+j when 
n is sufficiently large (| 15'63). 

Now it is easy to verify that the three integrands are odd functions of w, 
and 80 the three integrals along the left sides of the rectangles vanish*. 

Again, if w^u + iv, it may be verified that when v is large, and either 
positive or negative, while u > 0, then the three integrands are respectively 

Q(g--<8-ai-*)i»|), 

and so, for any assigned value of An, the integrals along the upper and lower 
sides of the rectangle tend to zero as 5 -*> oo when on and t have the relative 
values which have already been specified. 

We thus obtain the three formulae 
1 r^»+‘^* g(w)dw 

1 f'^2dwJp(a:$w)J„(t0w)d6dw 


(6) Tn{t,(c) 




i+«f rl 

-ooi Jo 




( 7 ) 


( 8 ) 


i f"**'*'*' « t*7. W Y- («») - (ot') r.(w)) 

J An—<ai 


(Okoc + t<2; xi^t) 
J, {tw) dw 

( 0 < 1 ) 

Jy{(m)dw 


(i, a;) = ^ ” W [Jy (w) Yy (tw) - Jy (tw) Yy (w)} " 

(0 < x<t<l) 

From equation (6) it is easy to obtain an upper bound for ] Tn (t, x) | ; for 
it is evident from the asymptotic expansion of | 7‘21 that, when 7> + ^ is posi- 
tive (or zero) and bounded, there exist positive constants Cj and Ca such that 

when w is on the line joining — oo i to -H oo i and i > 0, provided that n 
exceeds a value which depends on v. Hence 




so that 

( 10 ) 


Tn(t,a!)\^ 


* r® 

4ci* 


TTCj* li* — a?|(2 — ® — 1)\/ (xt) * 
This inequality gives the upper bound in question. 


* It ia. neoessaiy to make an indentation at the origin, bat the inte|;ral round the indentation 
tends to zero with the radius of the indentation. 
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It is also easy to see that 
f Tn (t, as) {i? — a?) dt 

/»>+i rAn-x-oBt d/W 

= — V {tJ^ (ww) Jy+^ (tw) - wJ {tw)Jy+i {cow)] , 

7rt J An-ooi W 

and hence 

I 4g *^*’'*'^ 

(11) ^^CaM„(2-fl;-i)“V(^' 

[Noth. Theorems obtained by a consideration of integrals involving Bessel functions 
of the first kind only can usually bo made to cover the origin, in view of the fact that the 
constant Ci in equation (9) is independent of t in the interval 0 ^ 1. Thus (11) may be 
written 

I A-i 1 (t, X) (<* - JjS) di ^ , 

valid when 0<a;<l, 0^<<1. This extension is not so easily effected when integrals 
involving functions of the second kind have been used because the simplest inequality 
corresponding to (9) is 

1 {I^WJl-Mogl^wl + l/wl-ilexpll i(«w)l}, 

and it is a somewhat tedious matter to obtain a simple upper bound to the integrand in 
(R) from this inequality.] 

E<|uation (G) was used by Schlafli to prove that, when n is large, then 

T u \ 1 fsin (i — a?) sin + »)" 

« ( j 2 Aj{cBt) _8in ^7r{t — w) sin | tt (4 + ’ 

but, since the order of magnitude of the error in this approximation is not 
evident, we shall next evaluate some integrals involving Tn {t, co) by means of 
which difficulties caused by the unknown error may be evaded. 


18*22. Integrals involving {t, co). 

The two fundamental formulae which we shall now obtain are as follows : 

(1) liin [^f'+^Tn(t,a;)dt = a;’', (0<£C<1) 

n-^oo J 0 

(2) lim [ ^‘'+‘T„(^,a^)c^< = |a;^ (0<a;<l) 

M-^OO J 0 

From these it is obvious that 

(3) lim fV+>r„(i,a7)d< = ia^. (0<a;<l) 

n-^00 J w 

In the course of proving (1) it will be apparent that 

[ i‘'+‘ T„ (t, a) dt -*■ 

Jo 

uniformly as w -*■ oo when ac lies in the interval 

0 ^ a; < 1 — A, 

where A is any positive number. 
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We shall also investigate the boundedness of 

Jo 

in the mterval in which 0 < i < 1. 

Of these results, (1) was given by Young, Proa. London Math, Soc. (2) xvin. (1920), 
pp. 173 — 174, and the proof of it, which will now be given, is his. Formula (2) seems to be 
new, though it is contained implicitly in Hobson’s memoir. 


It is evident that 


f 


(t, eo) dt i 




u+i {j ») 

When we transform the sum on the right into a contour integral after the 
manner of § 18'21, we find that it is equal to 

J_ 2J„ (iBw) dw 1 2/„ (mu) dw 

27riJ>oo< wJy.{w) 27riJ^-.oot wJy(w) 

In the former of these two integrals, the origin has to be avoided by an 
indentation on the right of the imaginary axis. 

Since the integrand is an odd function of w, the value of the first integral 
reduces to iri times the residue of the integrand at the origin, so that 


(t, ») df = aj” - ^ 


1 2Jy (xw) dw 




Now 


Xn~«{ 


i: 


2J, (xw) dw 


An-ooi 


Wjy (W) 


2(b 


CbA„V« 

4ci 


/: 


VjJy (W) 
exp {— (1 — x)\v j} dv 


(1 “■ V® 

and, from this result, (1) is evident; it is also evident that 


cd f Tn (t, fl?) dt — 
Jo 


1) 


tends uniformly to zero as oo so long as 0 < 1 — A. 

It will be observed that the important expansion 

(4 I 

««:1 Jmd y+i \Jm) 

which was formally obtained in § 18*12, is an immediate consequence of (1). 

Formula (2) can be proved in a somewhat similar manner (though the 
details of the proof are rather more elaborate) by using an integrand involving 
functions of the second kind It is easy to see that 

Vt. (<,«)*= I 


/, 


=^liin ^ f * ^ Ty(anv)~‘Jy(ipw) F,(w>)} 


Jy+l(XW)dW 
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Now take 0 < a? ^ 1 in the last integral and substitute for the Bessel functions 
the dominant terms of their respective asymptotic expansions, valid when | w \ 
is large (§7‘21). The error produced thereby in the integrand is, at most, 
0 (l/w“) when 0 < a? 1 ; and, as n oo , we have 


JAn—coi 



Now the result of substituting these dominant terms is 

a?*' sinw(l~a;)sin(a«i;->iiA7r — Itt) , 

lipfi I / I - V “ dw 

B-^oo "jn J An-m wcos(i^-ii/7r-^7r) 


An+Jii cos — I VTT — Jtt) — COS {2imv — w — \vir - \nr) 
w cos {w — ^yTT — :]t7r) 


= lim — i I 

js^ao 

= i«'- lim i^) 


We shall have to discuss, almost immediately, several integrals of this general 
type; so it is convenient at this stage to prove a lemma concerning their 
boundedness as n oo . 


Lumma. The integral 


, . f -^11+ Bi cos (\W — iPTT — Itt) , 

lim ^ ^.-\duo 

B-*-oo J An- BiV> cos (y>-ipir-itr) 


is 0 (l/«), as 711^00 , t/ - 1< X < 1 ; and the integral is hounded i/ 0 ^X < 1. 

If we put 'i/;a=^n±tv, whore A^, as usual, stands for (rt+^v+i) tr, the expression under 
consideration may be written in the form 

^.r. . /■* coshXv.o?® ... . p vsinhXv.rfu "1 

2i^il„oo8(X W+i^’)co8hvJ’ 

When — 1< X < 1, the modulus of this does not exceed 


u 


cosh \v.d v 
0 cosh V ~ A 


2 /-"H 

U* jo 


V I sinh Xv | dv 
cosh V ’ 


and the first part of the Lemma is obvious. 

Again, if 0 ^ X ^ 1 and w (1 — X) = ^, we have* 

0 < V (1 - X) sinh Xv= f sinh cosh v, 

so the integral to bo considered does not exceed (in absolute value) 

dv _ . r* dv 




and the second part of the Lemma is proved. 


It follows immediately from the Lemma that 

rf+^Tn (t, x) db = + 0 (1/n), 

JO 

when 0 < a < 1 ; and this is equivalent to (2). 

* The function ( sinh (v - () has one maximum, at fo “■y* value there is equal to 

sinh^ (v - fo) /cosh (v— fo) which is less than sinh (v — fo) • 
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Moreover, if we close the range of values of a? on the Hght so that 0 < a? ^ 1, 
we infer from the Lemma that the integrals 

[ Tn {t, x) dtt [ Tn (t, x) dt 
Jo Jo 

are bounded as n oo when 0 < a: ^ 1. 

Lastly we shall consider 


f P+^Tn(t,x) dt, 
Jo 


and we shall prove that, when 0<t^l and 0 < a? 1, this integral is a hounded 
function of n, x and t, as n-*- oo. 

It is easy to shew by the methods which have just been used that, when 
1 — a? + i $ 1, i.e. when t % x, then 

(t, x) dt 


I 


jmd^u+i ij m) 


m=l 


fv+i fAn+Bi J 

B-»oo J jt„— J9/ ^ v\^) 




I'An+Bi gi^ w(l—x). sin (tW — VTT — ^ TT ) 


0(1)- Urn r** 

\-^n/ B~^ 00 ^Triafl J An-Si 


W cos {w — ^VTT - ^Tt) 

i''+i 1‘^n+Si COS (xw + tw — w— I vTr — ^nr) 


to 008 (lU — J VTT — ^TT) 


+ lim 


cos (w + iw — aw — Ji^TT — -J tt) 


-dw. 


j-»oo w cos {w — \ VTT — \v) 

These integrals are of the type examined in the Lemma given earlier in this 
section ; and so the original integral is bounded when — l<a; + i— 1<1 
and — l<l+t — i.e. when 0 < ^ ^ ® ^ 1. 

To prove that the integral is bounded when we first shew that 

f V‘+^T^{j:,x)dt 
Jo 


= hm -jr-r- I 

£-*-00 J 




{J. (w) (tw) - (tw) 7, (w)} ^ 
—£i «/ 


Jy {xw) dw 


' Aft^Bi */ 1/ {tv ^ 

and then apply the arguments just used in order to approximate to the 
integral on the right ; the details of the analysis are left to the reader. 

It has therefore been 'proved that, if he an arbitrary positive mtnibei', then 
^\'^^Tn{t,x)dt\<U, 


rt 

1 Jo 


where U is independent of n, x apd t when 
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These results constitute the necessary preliminary theorems concerning 
Tn ®)> and we are now in a position to discuss integrals, involving Tn {t, ai), 
which occur in the investigation of the Fourier-Bessel expansion associated 
with an arbitrary function /(®). 

18*23. The analogue of the Riemann-Lebesgue Lemma*. 

We shall now prove that, if (a, 6) is any part of the closed interval (0, 1), 
such that a is not an internal point or an end point of (a, h), then the ewistence 
and the ahsolvie convergence of 

l'i^f(t)dt 

J a 

are sufficient to ensure that, as n -*~oo , 

[ tf{t) Tn (t, cb) di = 0 (1), 

J a 

wheref 0 < r ^1. 

The reader will observe that this theorem asserts that the only part of the 
path of integration in 

[ tf(t)Tn{t,x)dt 
Ji) 

which is of any significance, as ji oo , is the part in the immediate vicinity of 
the point ix. 

It is convenient to prove the theorem in three stages. It is first supposed 
that t^f(t) is bounded and that the origin is not an end point of {a, h). In 
the secohd stage we remove the restriction of boundednes.s, and in the thii’d 
stage we remove the restriction concerning the origin. 

(I) Let r- f{t) = F{t){t^- a?), 

and let the upper bound of | F(<) | in (a, b) be K. Divide (a, b) into p equal 
parts by the points = a,tp = b)\ and, after choosing an arbitrary 

positive number e, take p to be so large that 

(• 

P 

2 ( Uni L.,f) (tm tffi—i) < e, 

where Um and are the upper and lower bounds of F(t) in t^)- 

Let F {t) = F (^TO-a) + ‘Wm (0> 

so that I (f) I ^ Ufn Lm in (tffi —1 , 

It is then evident that 

[\f(t) Tn {t, x)dt= S F{tm-i) Tn (t, .r) - a;") dt 

J a m = l J tm-i 

P ftm 

+ :i t'>-^^Tn{t,x){t^-a^)a>,n{t)dt, 

* Of. Modern AnaUjfU, §9*41. 
t If x=l, it is, of course, supposed that b <1. 
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and hence, by the inequalities (10) and (11) of § 18*21, 
r* _ 1 8ci®^p 


I [ tfit)Tn{t,x)dt 
I J a 




that is to say 


irc^Ani^ — x — b)\/x 


lltm T. ft «) <« I < + r 


Now the choice of e fixes p; when e (and therefore p) has been chosen, we 
are at liberty to choose An so large that -4n > ^Kpje. That is to say, by a 
suitable choice of An, we may make the integral on the left less than 


8ci*e 

TTCa® (2 — a? — 6)V® ’ 

which is arbitrarily small. Consequently the integral is o (1) as An ->• oo , and 
this is the theorem to be proved. 

(II) When F {t) is not bounded throughout {a, b), let it be possible to 
choose r intervals fi, such that F (t) is bounded outside these intervals and 
such that 

2 f 1 .F (i) I di < e. 

H J II. 


When t lies in one of the intervals p we use the inequality 


I^H-i («*-aJ')rn(i,®)|< 


4<r 3 

TJVj 

■TrCs * (2 — X — b) 


and hence, if is the upper bound of | .P'(i) | in the parts of (a, b) outside the 
intervals fi, by applying (I) to each of these parts, we have 


f tf{t)Tn{t,x)dt 
\ J a 


8Ca® 


TTCs 


1 (2 — a; — fe) Va-’ L 


"l 


(r + l)^p 


+ 6 


If we take e sufficiently small (thus fixing K) and then take An to be 
sufficiently large, we can make the expression on the right (and therefore also 
the expression on the left) arbitrarily small, and this is the result which had 
to be proved 

r* 

(III) If I exists and is absolutely convergent, we can choose rj 


so small that 

and then, since we have 

I n 


/, 




• fi / m / M \ 1 M 


dt < e, 

4ci" p 


mt) 


ill 
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it follows from (II) that 

1 tf(t) Tn (t, a) dt 


< 


TTCa® (2 — /B — 6) I\/CB 





where K is the upper bound of | (0 1 in (■>?. i) when the intervals /t are 

omitted. 


Hence it follows that the expression on the left can be made arbitrarily 
small by taking n sufficiently large, and so the analogue of the Riemann- 
Lebesgue Lemma is completely proved. 


18'24. The Fourier-Bessel expansion. 

We shall now prove the following theorem*, by means of which the sum 
of the Fourier-Bessel expansion associated with a given function is determined : 

Let /(^) he a function defined arbitrarily in the interval (0, 1); and let 

f t^f(t)dt exist and {if it is an improper integral) let it he absolutely convergent. 
J 0 

2 fi 

Let ~ yi 7~- \ I if if) T v{ jmf) dt^ 

W I/+1 \Jm) J 0 

where v + ^^0. 

Let X be any internal point of an interval (a, h) such that 0 < a < 6 < 1 and 
such that f {t) has limited total fluctuation in (a, b). 

00 

Then the series 2 amJp{jm<^) 

m=l 

is convergent and its sum is ^ \f{x + 0)+f(x — 0)). 

We first observe that, by §§ 18‘21, 18’22, 

2 OmJuijmOB) = [ tf{t)Tn{t,x)dt, 
w»=l J 0 

\[f{x- 0) -f /(a: + 0)1 = lim x-^f{x - 0) [ {t, x) dt 

»-»aa J 0 

-1- lim x-^fix H- 0) [ Tn {t, x) dt. 
n-^oo J X 

Hence, if 

Sn (x) = f {tr''f{t) - x-'-fix - 0)j Tn {t, x) dt 
J 0 

+ ft-*' (i-'/W - + 0)1 r,. (t, m) dt, 

J X 

it is sufficient to prove that Sn{x)-^0 as n-^oo in order to establish the 
convergence of 

'QD 

m=l 

to the sum -J {f{x -f 0) -H f(x — 0)}. 

* Hobson, Proc. London Math. Soe. (2) vu, (lti09), pp. 887 — 888. 
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/ e now discuss 

f lir''/(t)-ar‘'f(a} + 0)}T„(f,a;)dt 

Joj 

in detail, and the reader can then investigate the other integral involved in 
Sn (x) in precisely the same manner. 

The function — ar^ f{x + 0 ) has limited total fluctuation in {w, b), 

and so we may write* 

i""/ (*) - + 0) = (i) - (t), 

where {t) and xt (0 bounded positive increasing functions of t in {x, 6), 
such that 

(a;+ 0) = xa (« + 0) = 0. 

Hence, when an arbitrary positive number e is chosen, there exists a 
positive number S not exceeding 6 — a?, such that 

whenever a + B. 

We then have 

f - x-^f(a + 0)} Tn (t, a) dt 

J a 

= P f^{lr-f(t)-w-’f(x + 0)]Ti,{t,x)dt 

J 

ray+fi rfl:+S 

+ Xi (0 Tn {t, a:)dt- Xfi (0 Tn {t> no) dt. 

J m J X 

We now obtain inequalities satisfied by the three integrals on the right. 

It follows fi'om the analogue of the Riemann-Lebesgue lemma that the 
modulus of the first can be made less than e by taking n sufficiently large. 

Next, from the second mean- value theorem it follows that there is a nirraber 
I between 0 and B such that 

fr+S rx+S 

Xi (0 Tn (t, a) dt = + Tn (t, x) dt, 

Jx J a;+f 

and, by § 18'22, the modulus of this does not exceed 2176; and similarly the 
modulus of the third integral does not exceed 2Ue. By treating the integral 
between the limits 0 and ic in a similar manner, we deduce that, by taking n 
sufficiently large, we can. make the difference between 

S a„,J„{jmX) and i{/(« + 0) -t-/(a:~ 0)} 

numerically less than (8 U + 2) e\ and this is arbitrarily small. 

Hence, by the definition of an infinite series, we have proved that, in the 
00 

circumstances postulated, X 0 ^ {jmx) is convergent and its sum is 

m-l 

i{/(a; + 0)-l-/(a;-0)]; 

and this is the theorem to be proved. 

* CL Modern Analyais., § 8 * 64 . 
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18 * 26 . The uniformity of the convergence of the Fourier-Bessel eajpansion. 

Let f{t) satisfy the conditions enunciated in §18‘24, and also let/(i) be 
continuous (in addition to having limited total fluctuation) in the interval (a, b). 

Then the Fourier-Bessel expansion associated withf{t) converges uniformly to 
the sum f{x) throughout the interval (a + A, 6 — A) ivhere A is any positive number. 

This theorem is analogous to the usual theorem concerning uniformity of 
convergence of T'ourier series *; the discussion of the uniformity of the con- 
vergence of the Fourier-Bessel expansion near a; = 1 and near x=0 requires 
rather more careful consideration, in the first place because formula § 18’22 (1) is 
untrue when x=\, and in the second place because it is not practicable 
to examine the bounds of 

f Tn (t,.x) dt, 

Jo 

when X and t are small, without using approximations for Bessel functions of 
the second kind. 

The difficulties in the case of the neighbourhood of a; = 1 are easy to over- 
come (cf. § 18‘26); but the difficulties in the case of the neighbourhood of 
the origin are of a graver character; and the discussion of them is deferred 
to § 18-55. 

We shall prove the theorem concerning uniformity of convergence through- 
out (a-t- A, 6— A) by a recapitulation of the arguments of the preceding section. 

In the first place, since continuity involves uniformity of continuity-]', the 
choice of S which was made in § 18-24 is independent of a? when x lies in 
(tt -}- A, 6 - A). 

Next we discuss such an integral as 

r iv+i _ a^-^fix)} Tn (t, x) dt. 

J a+fi 

Since S is independent of x, it follows from the proof of the Kiemann- 
Lebesgue lemma (§ 18-23) that this integral tends to zero uniformly as n -*oc , 
provided that 

[ i-'+i [t-\f{t) - ar^'f^x)] dt 

is a bounded function of x. 

Now 

I f f»’+i {«“■'/(<) - x-* f{x)] I ^ f I t^f{t) \dt + \ x-''f{x) I f f'+i dt, 

u X+S \ Jo Jo 

and this is bounded in (ct-t- A, b — A) since f{x) is continuous and therefore 
bounded in this interval. 

* Of. Modern Analysis, § 9-44. 

t Of. Modem Analysis, § 8-61. It is now oonveniont to place an additional (trivial) restriction 
on 5, namely that it should be less than A , in order that the interval {x-8, x + 8) may lie inside 
the interval (a, b). 


w. n. F. 


38 
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Similarly the other integrals introduced in § 18'24 tend to zero uniformly, 
and so 

n 

ffisi 

tends to zero uniformly as w-*«oo , and this proves the theorem stated. 

18*26. The uniformity of ihe convergence of the Fourier-Beesel ecopcmsion 
near « = 1. 

It is evident that all the terms of the Fourier-Bessel expansion vanish at 
the point a; = 1, so that, at that point, the sum of the terms of the expansion 
is zero. 

Since uniformity of convergence of a series of continuous functions involves 
the continuity of the sum, it is evident that the condition 

/(1~0) = 0 

is necessary in order that the convergence of the Fourier-Bessel expansion 
associated with f{t) may be uniform near « = 1. 

We shall now prove that the conditions that f{as) is to be continuous in 
(a, 1) and that /(I) is zero, combined with the conditions stated* in § 18*24, 
are sufficient ior the convergence to be uniform throughout (a-H A, 1). 

The analysis is almost identical with that of the preceding section; we take 
f i'+i ftr^fCt) - ar'^fCr)} (<, r) dt, 

JO 

just as before, and we then divide the interval (0, 1) either into three parts 
(0, X — 8), {x — 8, a; -h 8), (a? + 8, 1), if a; ^ 1 — 8, or into two parts (0, x — 8), 
{x — S, 1),. if a: ^ 1 -- 8. And we then prove that the three integrals (or the two 
integrals, as the case may be) tend uniformly to zero. 

Again, when /(I) = 0, we can choose 8i so that 

when 1 — 8i $ a; < 1. 

Then the expression 

f(x) - ar-/(a!) jj’”^"Tn (t, x) dt 

tends uniformly to zerof as n-*-oo when* a; lies in (a -I- A, 1 — 8i), and the 
expression does not exceed (J7^-|-l)e for any value of n when x lies in 

* The intarral (a, b) is, of oon^, to be replaced by the interval (a, I), 
t Beoanee the integnd involved tends to a#*' oniformly throughout (A , 1 - ii), by § 18*21. 
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18*26, 18*27] 

Hence we can make 

/ (a?) -cr*f (x) Tn (t, x) dt 

arbitrarily small for all values of x in (a+ A, 1) by a choice of n which is 
independent of x\ and this establishes the uniformity of the convergence of 

[ tf(t)Tn(t,x)dt 
J 0 

to the sum / (a?) in (a 4- A, 1) in the postulated circumstances. 


18*27. The order of magnitude of the terms in the Fourier-Bessel series. 

It is easy to prove that, if t^f if) has limited total fluctuation in (a, 6), 
where (a, h) is any part (or the whole) of the interval (0, 1), then 

jjf(i) Jy Qd) dt = 0 

as X-- 00 . 


From this theorem we at once obtain Sheppard’s result* that 
1> Cjm ^) 


x+l 




when 0 < a? ^ 1 ; this equation, of course, has a well-known parallel in the 
theory of Fourier series. 

We first observe that, as a consequence of the asymptotic expansion of § 7'21, 

rt 


f t^Jy{t)dt 
Jo 


< C, 


where c is a constant, independent of t when t lies in the interval (0, oo ). 

Now write f*/(0= '''here -^iit) and -yjr^it) are monotonic 

in (a, 6); and then a number f exists such that 

J Vi (0 ^ * 'h (Xt) dt = I (a) (Xt) dt + (b) Jy (Xt) dt 

< 2c{l'»/ri(tt)| + l>|r,(6)|}\-i 

A similar result holds for {t), and hence the theorem sttxted is evident. 
If it is known merely that 


[ tif{t)dt 

J a 


exists and is absolutely convergent, then all that can be proved is the 
theorem that 


f tf(t)J^(Xt)dt — o(l//i/X). 
J a 


* Quarterly Journal^ xxin. (1889), p. 247. 
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This theorem is due to W. H. Young*, and it may be proved in precisely 
the same manner as the theorem of § 18*23. We shall write out the proof 
when 1 ! is bounded, with upper bound K, and leave the reader to con- 

struct the proof, when the function is unbounded, on the lines of § 18*23. 

Divide (a, 6) into p equal parts by the points , ia> • • • > tp-i (Ai = ^ 

and let the parts be so numerous that 

^ (J'm ~ ^m) *< 

m>Fl 

where Um and Lm are the upper and lower bounds of {t) in O* 

Next let f{t) s F(t), F(t) = jP (imr-i) + (0> 

and then 


1 r«/(t)J.(5U)d« <Ki f‘” + I r** I («)!<** 

1 i» io W=1 J ^mi-i «»«=1 J ^m—l 

$ 2K<^ X~^ -f c'eX*^, 

where c' is the upper bound of [ Jy (t) | in the interval (0, oo ). Hence, by 
reasoning resembling that used in 1 18*23, the integral on the left is o (X ^), 
and this is the theorem to be proved. 

The theorems of thiB section can be made to cover the closed interval 
1) in the forms 

This is evident when it is remembered that 


Hence the -general term in ike Fourier-Bessel series assodeeted with f 
tends to zero {after multiplication hy aJx) throughout the interval (0 ^ 1) 

if x^f{x) has an integral which is absolutely convergent; andj if this function 
has limited total fluctuation, the general term tends to zero as rapidly as l/Jm- 


18*3. The application of the Hankel-Schldfii methods to Dini’s expansion. 

We shall now consider a class of contour integrals by means of which we 
can obtain theorems concerning Dini’s expansion, analogous to those which 
have been proved for Fourier-Bessel expansions, either in a direct manner or 
by means of the corresponding theorems for Fourier-Bessel expansions. 

The Dini expansion associated with f{x) is 

00 

M**! 

where Xi,X 3 , Xj, ...are the positive zeros (arranged in ascending order of 
magnitude) of the function 

zJf{z)-\‘HJy{z), 

* Proc. London Math. 8oc. (2) mn. (1920), pp. 169 — 171. 
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where H and v are real constants, and 

The coefficients 6^ are to be determined by the formula 

^TO |* tJ;? (^»i) dt= f tf (t) tf „ (\n^) dt 
Jo Jo 
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so that 


6m = 


J 0 


{\rd + X,n* i\n) ‘ 

Before proceeding farther, we shall explain a phenomenon, peculiar to certain 
Dini expansions, which has no analogue in the theory of Fourier-Bessel 
expansions. 

The investigation of Dini expansions is based on properties of a function 
which has poles at the zeros of 

{zJy (z) 4- HJ, (e)} ; 

and, when if + v = 0, this last function has a z&i'o at the origin. 

Further, if if + y is negative, the function has two purely imaginary zeros. 

It is only to be expected that these zeros should contribute to the terms 
of the series, and such a contribution in fact is made. 

If ir + y = 0, an initial term 

( 1 ) 2{v + l)(io* [\'''-^f(t)dt 

J 0 

has to be inserted on account of the zero at the origin. 

If if 4- y is negative and the purely imaginary zero.s are 4 i\o , then an 
initial term 

2Vii.(^o®) 


( 2 ) 


J\f(t)I,{\,t) dt 

iJo 


(V + y*)i;^(^)- Vi;u^). 

must be inserted on account of the zeros ± iX^. 

These initial terms in the respective cjises will bo denoted by the common 
symbol ^hat the series which will actually be considertsl is 

CO 

''dg (ic) 4" i 6j„ •/,, ( Xf,i x\ 

ni-l 

where is zero when if + i/ is positive and is defined as the expression 

(1) or (2) in the respective cases if + i/ = 0, fi + y < 0. 

[Notk. The fact that an initial term niuat bo iimcrtod when //4v=U was noticod by 
Dini, S&rie di Fouriar (Pisa, 1880), [). ‘288, but Dini gave its valun incorrectly, the factor 
being omitted. Dini’s formula was misquoted l)y Nielsen, JJaudbncfi der Theorie det' 
Cylinderfunktionen (Leipzig, 1904), p. ,‘354. For corroctions of these errors, see Bridgeman, 
Phil. Mag. (6) XVI. (1908), pp. 947 — 948; Chreo, Phil. Mag.^{^) xvii. (1909), pp. 329 — 331; 
and C. N. Moore, Trans. American Math. Soc. x. (1909), pp. 419 — 420.] 
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We now consider the function 


Jy (w) {wjy (w) + HJy (w)} ’ 

This function has poles •••, (0 or ± iX,). 

. The residue of the function at is 

The residue at \n is 

2Xm J y (X^a?) J f 

J » Q^m) {\nJ » (^-m) + (^) + (^to)I 

2 J y J I, 


Jy^ {\n) + \n^ (\«) * 

The residue at the origin when 5" + v = 0 is 

— 4 (v + 1) 

The residues at ± i\ when H + v ia negative are both equal to 

___ 2X()*.Zy (Xpfl?) Ty (Xq^) 

(Xo» + V^) ly^ (Xo) - V /;* (Xo) ‘ 

Now let jD„ be a number, which lies between Xr and X„+i, so chosen that 
it is not equal to any of the numbers jm J and let jy be the greatest of the 
numbers jm which does not exceed Dr. 

LetS.(e,*;H)= 2 

y+xKjm) 


m=l 


2Xnt* Jy(\mX) J y (Xr, ^) 


m=l (X«,“-k‘)/,“(Xr,) + Xr,“ J‘;»(X,r)’ 

where {w, t) is defined to be 0, 2 (v + 1) or 

Iy(\„x) lyCKot) 

(V + 1^) ly^ {\) - V //“ iXo) ■* 
according as D” + v is positive, zero or negative. 

Then, evidently, 

«*"1 mol jo 

We shall now prove a number of theorems leading up to the result that, when 
0 ® ■< 1> the existence and al^olute convergence of 

I 

Jo 

are sufficient to ensure that, as n oo , 


r«/(<) s„ (t « ; H} dt - 0 (1). 
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18:31, 18-32] 


This equation enables us to deducse the properties of Dini’s series in respect 
of convergence* from the corresponding properties of the Fourier-Bessel 
series. 


18-31. The contour integral for (t, x ; H). 

It is evident from Cauchy’s theoi^ of residues that 
^ , rrx 1 2wJ,(xw)Jv{tw)dw 

“ 2«J j. (») {aJJ (t») +BJ, («,)) 

1 p r®* 2w Jy (xw) Jy (inv) dw 

~ Itti J -cBi Jv ip) i^) + iiJy (w)] ' 

where the symbol P denotes Cauchy’s ‘ principal value.’ The integrand being 
an odd function of w, the second integral vanishes, and so we have 

1 2wJ^(xw)J^{tw)dw 

(1) (8. ® ; ■«; = 2« j (w) {wJ,' (w) + HJ, (w)) • 

An immediate consequence of this formula (cf. § 18‘21) is that 


Cg 


where Ca is independent of n, x and t. 


Also 




(w)}’ 


and hence 


I f Sn (t, x; H)dt 
uo 

where c^, is independent of n, x and t 


< _?i 

^ (2 — a? — <) i>n \/a; ’ 


18*32. The analogue for iSn(t, x; H) of the Riemann-Lebesgue leiimia. 

We shall now prove the theorem that, if (a, 6) is any pari (or the whole) 
of the interval (0, 1), then the existence and obsolvte convergence of 

f t^f{t)dt 

J (1 

are sa^icient to eneure t/iat, as n-^-oo , 

f‘t/(t)S„(t,r;I/)dl = 0(1), 

J a 

promded that 0 < a: < 1. And, if b<\, the theore^n is valid when 0 < a; •$ 1. 

The proof has to be divided into three stages just as in the corresponding 
theorem (§ 18-23) for T„ (^, x). We shall now give the proof of the first stage, 
when it is supposed that t^f{t) is bounded and a > 0. The proofs of the re- 
maining stages should be constructed by the reader without difficulty. 

* Except at the point x=l. 
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Let 

and let the upper bound of \F(t)\ in {a, b) be K. 

Divide (a, b) into p equal parts by the points , tp^i (to — a, tp — 6), 

and, after choosing an arbitrary positive number e, take p to be so large that 

^ *" Lm) (^m “■ tm—i) < C, 

nn=l 

where Um, and are the upper and lower bounds of F{t) in tm)- 
Let F{ty^F (t)> 

so that 1 a>m, (t) in ««). 

Then 

f t/(t)Sn(t,w} ir)dt 

J a 

= i F (tmr-i) P" Sn (t, X-,H)dt+i «•'+' (t) Sn (t, OB] E) dt.- 

«t=l •' ^*it— I «=! J 

Hence, by §18*31, 

and if we now take n so large that eCs > 2Kp C4, we have 

I /y (t. ; -B) I < • 

and the expression on the right is arbitrarily small. Hence the integral on 
the left tends to zero as n 00 . 

When the reader has removed the restrictions concerning boundedness 
and the magnitude of a by the method of § 18*23, the theorem is completely 
proved. 

As a corollary, it should be observed that 

J a 

tends imiformly to zero as W“*-oo when 0^iK^lif6<l, and when 0 < a? ^ 1 — A 
if 6 < 1, where A is an arbitrary positive number. 

18 * 33 . Dini’s expansion of an arbitrary function. 

An immediate consequence of the result of the preceding section is that 
the existence and absolute convergence of the integral 

are sufficient to ensure that the Dini expansion associated with /(a;) behaves 
■ in the same manner, as- regards convergence (or summability), as the Fourier- 
Bessel expansion throughout the interval (0 < « < 1). 
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18-33] 

For it is evident that 

(flj) 4- ^ hfm Jy (Xfn^) “■ 2 dm, J » (^m®) 
w-1 m-1 

tends to zero as w -*-00 when 0 < a: < 1 ; and this sum (multiplied by \/a;) tends 
uniformly to zero when 0 < ^ 1 — A. 

Now, since the numbers and jm which exceed |vl are interlaced 
(§ 15'23), it follows that Dn may be chosen so that n — N has the same value 
for all values of n after a certain stage. 

Therefore, since 

n 

ai X dmJ^(jm^)-^0, 

uniformly throughout (0, 1), we have proved that 

n 

a Mo(a:)+ X 

tends to zero, as w-*-oo , uniformly throughout (0, 1 — A). 

That is to say, the series 

00 

aii ^0 (x) + X [bmJy {\naa) - a^Jy (im»)} 

m=l 

is uniformly convergent throughout (0, 1 — A) and its sum is zero. 

It follows from the ‘consistency theorems’ concerning convergent series* 
that, when the series is ‘summed’ by Ces^ro’a means, or any similar method, it 
is (uniformly) summable and its ‘ sum ’ is zero. 

Hence, if, fm' any particular value of w in the interval (0, 1 — A), the series 

QO 

X X^dmJ V 

m=l 

associated with f{x), is convei'gent {or is summable by smne method'), then the 
semes 

00 

X^ {x) + x^bm J \> (^»n,aj) 

m=l 

is convergent {or is summable by the same method) and the two series have the 
same ‘ sum' 

And if further, the FouHei'-Bessel series {multiplied by V*) ^>9 uniformly 
convergent {or uniformly summable) throughout an interval {a, b), where 

0^(K 6< 1, 

thei also the Dini seines {multiplied by \Jx) is uniformly convergent {or uni- 
formly sunmiable) throughout {a, b). 

In particular, if f{x) has limited total fluctuation in {a, b) where 

0<a <&!$ 1, 

* Cf. Bromwich, TJuory of Infinite Seriet, § 100. 
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then the series 

M=1 

converges to the svm 

i{/(aj + 0)+/(a?-0)] . 

at aU points x such that a + A$a!$5 — A, where A is arbitrarily sTnaXl ; and 
the com^geme is uniform if f(x) is continuous in (a, h). 


18*34 The vaJm of Dinis series at x = l. 

We shall now complete the investigation of the value of the sum of Dini's 
series by consideriug the pomt x = l; and we shall prove the theorem, due to 
Hobson*, that, if f{x) has limited total fluctuation in the interval (a, 1), the sum 
of the Dini expansion at a = 1 is /(I — 0). 

We first write 


Tn(t,X] H)=Tn{t,x)-8n{t,X‘, H) 


and then we have 


/■« Aj. T 0^n<n) Jy {\n Q 

^ ^ jy^o^) + (\m) ’ 


Tn{t,x\II) = 


1 f -®»+“ * w<f>{w , x) Jy (tw) dw 
27ri J 2)«-a>t ViJy iw) ■¥ BJy (w) ’ 
1 i^*'^^^ w<f>(w,t)Jy (xw)dw 
^i J i>„-OOi U) Jy (w) + EJy (w) ’ 


where 

^ (w, x)~Tr [(-m; J (to) + HJy (^w)} Ty {xw) — [w F/ {w) ->rHYy («/)} Jy (aw)]- 

The former representation of jT^ (t,aj; H) is valid when 0 < t < a? < 1, the 
latter when 0 < a; < < ^ 1. 

[Note. These representations of 5rn(^j B) are strictly analogous to the representa- 
tions of 2*,, (f, x) given by § 18'21 (7) and § 18’21 (8) ; the fact that there is no formxila for 
(^1 ® ; B) analogous to § 18'21 (6) is the reason why Dini series were discussed in § 18'3S 
with the help of the theory of Fourier-Beasel seriea] 

Now consider the value of 

'V+‘Tn(f,l;N)de 

J 0 

when0<f^l. We have 

" S-*-W Wjy (w) + j3jy{w) 

fy+1 rDn+Bi 


f 


r 

Jo 


lim 


Jy+l {tw) dw 


£■*<*> rn J D^-BiwJy {w)-\-HJy{w) 
?-►« wt \v^}] 


* Froc. London Math, Soc. (2) vn. (1909), p. 388. 



DINI SE^BS 


603 


18*34] 


For any given positive value of 3, it follows from § 18'21 that this is a 
bounded function of i in the interval (S, 1). When S < < < 1 — 3, it is 0-(l/i)n). 
And when i = 1, it has the limit 1 when w-*-oo . 

It follows that 


«» = 1 JO 


Since lr*f{t) — /(I — 0) has limited total fluctuation in (a, 1) we may 
write it in the forin (i) — (0> where (i) and (i) are bounded positive 

decreasing functions of t such that 

Xi(i-0)=x.a-0)=0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number S, not exceeding 1 — a, such that 

0^%2(0<e 

whenever 1 - S < i ^ 1. 


We then have 


f V+^ (r*- /(I5)”/(1 -0)1 

Jo 

= {r- /(t) -f{l - 0)} Tn{t,U E) dt 

Jo 

+ r Xj (0 («> i;E)di-r t •'+• (0 {t, 1 ; 

J i_8 J l-« 

By arguments similar to those used in § 18’24, the first integral on the 
right is o(l) as n-^oo ; and neither the second nor the third exceeds 

26 Tiin I [ Tn it, \\H)dt 
I J 0 

in absolute value (cf. § 18’24), and this expression is arbitrarily small. 

It follows that 

lim [ V+> {r- /(t) -/(I - 0)} Tn (^, l ;E)dt=^0. 

n-^aoJ 0 

and so we have proved that, in the circumstances postulated at the beginning 
of this section, 

^0 (1) 'I' ^ i\fn) 

m=\ 

converges to the sum /(I — 0). 

This discrepancy between the behaviours of Dini series and of Fourier- 
Bessel series (§ 18’26) is somewhat remarkable. 
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18 * 36 . The uniformity of the convergence of Dini's eocpansion in- an interval 
extending to w^\. 

Because Dini series do not vanish identically at « = 1, it seems not unlikely 
that /the condition that /(a;) is conUnuoua* in (a, 1), combined with the 
existence and absolute convergence of 

f tif(t)dt, 

J 0 

and the condition that f(x) has limited total fluctuation in (a, 1), may be 
sufficient to ensure the uniformity of the convergence of the Dini expansion 
in (a + A, 1). 

We shall prove that this is, in feet, the case. 

The reason for the failure in the uniformity of the convergence of the 
Fourier-Bessel expai^on (§ 18'26) near a; ** 1 was the fact that 

l^t*-^^Tn{t,a})dt 

Jo 

does not converge uniformly to a” in (A, 1), as was seen in § 18'22. We shall 
prove that, on the contrary, 

f t'’'^^Tn(t,xi JEr)dt 
Jo 

does converge uniformly to in (A, 1), and the cause of the failure is 
removed. 

A consideration of § 18‘26 should then enable the reader to see without 
difficulty that the Dini expansion converges uniformly in (a + A, 1). 

It is easy to see, from § 18*34, that 

[\*^-^T^{t,sB\E)dt 

Jo 

is the sum of the residues of 

TTi >-+1 WwJ: iw) + HJ, (w)} 7^^ (fim) - [w 7/ (w) + H7. («;)] (iw)] 

X J„{cm)l['U}JJ (w) + IfJ^ 

at Xj, Xa, ..., X-„, plus half the residues at 0 or ± ^Xo if jB’+ 0. 

Hence [ Tn (t, x\ H) dt 

Jo 

is the sum of the residues of 


— {2lw) (JT + v) Jy, {!mv)l{wJJ (w) + HJ^ {w)]. 


and hence, when 0 < a: ^ 1, 

[ t*-^^Tn(t,a!; JT)dt = a!* 


H + v ^anv) dw 

"xi Jsn-coi w [wJl (w) + HJ„ (w)} ’ 


* Withouli xestriotion on the value ol/ (1 - 0). 
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and the integrand on the right* is of the order of magnitude of 

exp(-(l-g!)| J(w)|l 
ty* V® ’ 

and so the integral on the right converges uniformly to zero like !/(!)„ V®) 
when A ^ a; < 1. That is to say 

f V'^^TnityOC] H)dt 
J 0 

converges uniformly to aj" in (A, 1); and we have just seen that this is a suf- 
ficient condition for the uniformity of the convergence of the Dini series 
associated with /(<) to the sum f{a) in (a -1- A, 1) under the conditions postu- 
lated concerning /(t). 


18*4. The differentiability of Fourier-Bessel expansions. 

In the earlier part of this chapter we obtained an expansion which, when 
written in full, assumes the form 

oo 

(1) y (®) “ ^ Oimff 

»» = 1 

We shall now study the circumstances in which, given this expansion, it 
is permissible to deduce that 

oc 

(2) f (®) ” ^ (Jwt.f®)- 

»w=l 

This problem was examined by Fordf, and his investigation is analogous 
to Stokes’ researches on the differentiability of Fourier series^. 


Ford also investigated the diflfei’ontiability of Dini’s oxpjinsion when H~ -v, but his 
method is not applicable to other values of H. 

It is evident that we can prove the truth of (2) if wo can succeed in 
proving that 

V * . 

(3) f {x) — ~ ^ 

X irt-1 

and the numbers are the positive zeros of 

z—-* [zJ'y+i (z) + (v + 1) Jh-i (^))- 

Now we know that f' {x) — {j'/x)f{x) admits of the Dini expansion 

00 

k bfnJtt+i(^jm,y 
m=l 

inside any interval in which the function has limited fluctuation, provided that 


exists and is absolutely convergent. 


dt 


* The term in wJv(v)) is more important than the term in Jv(w) except in tin limit when H 
is infinite] this shews olcarly the reason for the difference in the behaviour of the Dini expansion 
from that of the Fourier-Bessel expansion (of. § 18'26). 
t Trans. American Math. 8oc. vr. (1908), pp. 178 — 184. 


:|: Of. Modern Analysis^ § 9*31. 



606 THEORY OE BESSEL BTTNOTIONS [OHAP. XVni 

The coefficients hm are given by the formula 

2 jV- f [if (0 - Ufn,yt) dt 

h i/O 


“ Jm,rfhn 

provided ikai 


J »+i (im, V ^ “ 0. 

Sufficient conditions that- this may be the case are 

(i) t'^/(<)-**0 as 

(ii) /(l-0) = 0. 

(iii) f{t) is continuous in the open interval in which 0 < ^ < 1. 

These conditions combined with the existence and absolute convergence of 

are sufficient to ensure the truth of (2) in any interval in which 

f'((B)-‘{vjw)f{a}) 

has limited total fluctuation. 


18*6. The summabUity of Fourier-Bessel series. 

A consideration of the values of the coefficients in the Fourier-Bessel 
series associated with f{x), combined with the expression of (^, a;) as a contour 
integral, suggests that it is no easy matter to discuss by direct methods the 
question of the suinmability,by CesAro’s means, of the Fourier-Bessel expansion. 

It is, however, very easy to investigate the summability when the method 
of Riesz* is used to ‘sum’ the series, and then the summability (C?l) can be 
inferr^ with the help of quite elementary analysis. 

The expression which will be taken as the ‘sum’ of the series by the 
method of Riesz is 

lim I 

»-^ea jhshI \ “n/ 

and when this limit exists, the Founer-Bessel series will be said to be sum- 
mahle (J2). 

It is evident that 

^ ^I “• ^f(f) Tn (t, OS ] jR) dt, 

* Of. Haffly, Proc. London Math. Soe, (2) Tin. (1910), p..809. 


( 1 ) 
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( 2 ) 


r»(e,^lB)= I (i-^) 

>«-l \ ^n/ 


*^%+i Urn) 


and so it will be convenient to dispuss the properties of jR) afber the 

manner of § 18’22 before we make further progress with the main problem. 


18*61. Theorems concerning Tn (t, x \R). 

When Tn (t, x\R) is defined by equation (2) of § 18’5, it is a symmetric 
function of t and x, and so we shall proceed to establish the properties of the 
function on the hypothesis that 0 < ^ < 1, and we can then write down the 

corresponding properties when by interchanging t and x in the 

results already obtained. 

We first observe that (t, a? | i2) is the sum of the residues of 
7TO (l - 14(») Y,{m«)-J.{xw) Y.(w)\ 

®'t jiiji) jit • • • > jii' 

For brevity we write 

w ( J„ (w) Yp (xw) - Jp (xw) F,, (ly)} = O (w, x), 
and then it is obvious that, when* t<x, 


r. ft . 1 fl) = i [ /;;;;; - /:i j (i - 1;) ^ (». ^ 


(tw) dw 


(w) 




since <I> (w, x) Jp {tw)IJp (w) is an odd function of w. 
We shall now obtain some upper bounds for 


I <1> {w, x) Jp {tw)/Jp {w) I 

both when w is on the line joining An — ooi to An + oo i, and when w is on the 
imaginary axis ; the formulae which will be discussed are valid when 0 ^ a; $ 1 
and 0 $ i $ 1, the sign of x — t being immaterial. 

To obtain these inequalities, we shall use series of ascending powers of w 
when |w| is not large, and inequalities derived from the formulae of Chapter vii 
when I w I is not small. 


* When X, the integrals taken along the lines joining iB to ± il) do n.ot tend to zero 
ae £ 00 . There is no need to make an indentation at the origin, because $ (w, x) is analytic at 

the origin. 
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We first deal with the factor J^{tw)JJp(w). We observe that* 

when ‘is on either contour ; this follows from inequalities of the iype 
1 18*21 (9) when j w j is not small, and from the ascending series when | w | is 
not large (i.e. less than jm). 

We next consider <1> (w, as), which is equal to 

\iw {5*^ {w) Hp^ (asm) — {cow) Hp^^ («<;)| ; 

it is convenient to make two investigations concerning this function, the 
former being. valid when — the second when v'^^. 

(I) The first investigation is quite simple. It follows from §3*6 and 
§ 7*38 that 

h t 1 Jf I p— I 

(2) J 

for all the values of w and as under consideration when — ^ ^ . Hence 

(3) |a>(w,a?)|<^exp{(l~a!)l/(«4/)|}. 

(H) When and 1«;| is not large, it is easy to deduce from the 
ascending series for Jp{w), Yp(w), Jp{asw) and Yp(astij) that 

(4) 1 <E> (-u;, «) j < fcg I w I aj"**. 

If I «; 1 is not small, we use the inequalities (deduced from § 7*33) 

together with the inequalities 

„ {\Hp^^ {(cw)\<ki{\asw\-^ + \xw\'^]\e'^\, 

It follows from § 3*6 and § 7*33 that the inequalities (6) are true whether 
I icw I is large or not. Hence, 

(7) 14>(w,®)l< A:aA;4{a!"* + ar’'lw;l*“''}exp{(l -a;)17(w)|}, 
when v > and | w j is large, whatever be the magnitude f of \a}w\. 

If we now combine the results contained in formulae (3), (4) and (7) we 
deduce that, whether — orp^^, 

(8) j <I> (w, «)! < (art + ar-) exp {(1 - ») j J (w) | }, 

* It is snpposed that the nnmbers fcj, ig, ij, ... are positive and independent of w, x and t ; 
their values maj, however, deprad on the value of r. 
t Provided of oonxse that 0 < 1. 
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when w is any point of either contour and 0 < a? ^ 1. Henc by (1), it follows 
that 


( 9 ) 




when 0 < a; ^ 1 and 0 < i ^ 1. 


<kat~^ (ari + a;"*') exp [— (a? — t) | / (zo) | }, 


We now return to the integral formula for Tn (t, x | R). If we replace w by 
An ± iv and ± iv in the first and second contour integrals respectively, we 
deduce that, when 0 < i < a; ^ 1, 


I (<, a; I E) I < 


9^ r" 

An-Jt^ Jo 


2kg (x~i + x~*’) 
AnXx — ffK^i 


We have consequently proved the two inequalities 

2A?8 + Bir*) 


( 10 ) 

( 11 ) 


Tn(t,x\R)\< 


An(x — ty\/t 


T (f /r\R\\^ — (^~^ + it *') 


(0 < £ < a; 1 $ 1), 

(0^a;< /<1). 


It is to be remembered that kg is independent of x and t, so that we may 
make 1 a; — f | tend to zero, if we desire to do so. 

One other pair of inequalities is required in order to discuss the behaviour 
of Tn it, X I R) when x and t are nearly equal. To obtain them, we write 


Tnit,x\R)=^ 




J„ itw) dw 

J„ (w) 


when 0 ^ i ^ a; ^ 1 ; in this integral the contour ia taken to be a rectangle with 
vertices ±iAn, An±iAn> 

It is easy to see that (9) is satisfied whether w be on the horizontal sides 
or on the vertical sides of this rectangle ; and the factor 1 — (w/il„) does not 
exceed tJ2 in absolute value at any point of the contour. 

Consequently the modulus of the integrand does not exceed 


kg (a;“i + ar^) \/2 ; 


and since the length of the contour is 6^„, we infer that, when 1, 

^J{\txj 


(12) \Tn{t,x\R)\< 

and similarly, when 0 ^ a: ^ ^ < 1, 


(13) 


Tn{t,x\R)\< 


“^Ankgil + «*-•') 

^i\tx) 


The last four inequalities are sufficient to enable us to discuss adequately 
the summability {R) of Fourier-Bessel series. The reader will observe that 
the consideration of small values of x has increased the length of the analysis 
to an appreciable but not to an undue extent. 


w. B. r. 


39 
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18*62. The analogue of Fejdr'a theorem. 

We can now prove that the easistence and the absolute convergenoe of 

{^i!kf(t)dt 

Jo 

are sufficient to ensure that the Fouri&r~Bessel senries associated with f(f) is 
summcMe (i2) at all points as of the open interval (0, 1) at which the two limits 
f{as±0) eanst. And the sum (It) of the series is 

i{/(«5+a)+/(«-o)}. 

This theorem is obviously the analogue of Fej6r’s theorem* conceming Fourier 
series. 

Sineef a series which is convergent is summable {R), it follows from § 18*36 
that, when 0 < « < 1, 


Urn lim 

J 0 n-^oo J X 


Hence it follows that, when the limits /(® + 0) exist, then 

lim f t'^^ Tn(t,a!lR)ar>'f(as-'0)dt+ lim rt-^^ Tn(t,a;lR)as-'f(a!+ 0)dt 

= il/('" + 0) + /(‘'-0)l- 

We are now in a position to consider the sum jSn(a> I R), defined as 
J j (l - Om (im®) - f V‘ T„ (t, ® I JK) ar- /(® - 0) dt 

— [ t’"*-^ Tn (<, ® I R) ar''f{cc + 0) dt, 

and we shall prove that it can be made arbitrarily small by taking n sufficiently 
large. 

The sum 8^ (a? | jR) is equal to 

!«-’/(*) - - 0)) r, («, ar I R) dt 

+ /'«'« {<-'/(«) - + 0)} r„ («. * I JJ) * 

d X 


Now, on the hypothesis that the limits /(a; ± 0) exist, if we choose an arbitrary 
positive number e, there exists a positive number^ 8 such that ' 


fl^/(^)~<®~^/(® + 0)]< e, {as^t%x+S), 

11 ^f(t) - ar-'/(a? - 0) | < e, (x>t>x-S). 

We iiow choose a positive function of n, say o-(n), which is less than S foi 
sufficiently large values of n, and divide the interval (0, 1) into six parts bj 
the points « ± 3, a; ± o- (n), as. 


* Of. Modem Analy$is, § 9-4. f Of. Modem Analysis, § 8*48. 

t It is convenient to tske S less tVinri x end 1 — a;. 
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In the intervals (0, a; — S), (aj — 8, a? — <r (w)) and also in the intervals 
(a + a (n), a; + 8), (a? + 8, 1 ) we use inequalities of the form given in § 18*61 (10) 
and (11) ; and in the intervals (x — <t (n), aj), (a;, a; + o- (w)) we use inequalities 
of the form given in § 18*61 (12) and (13). 

It is thus found that [ (a; | J?) j does not exceed 

2A;«e(a;-*4-a;-'’) I" 

4A?ge r , r*+* dt 

An ^ ob\_ V2 J* ]»+»•(«) 

+ f I {<"*'/(«> - ®-'/(a; + 0)1 1 dt. 

AnO^V^ ' x+S 

For any given value of e (and therefore of 8), the first and last terms in this 
expression can be made arbitrarily small by taking n sufficiently large, on 
account of the convergence of 

f lti/(t)ldt. 

J 0 


dt 


The remaining terms do not exceed 

2k,€_(3x-;* + w->) f_J_ o- (n)] 

An Voo V2 I 


and, if we take o-(??) = 1/An, l-his is independent of 7i, and it can be imuie as 
small as we please by taking € sufficiently small initially. 

We can therefore make the intermediate terms in the expression for 
i »Sf„(a!| iJ)| as small as we please by taking e sufficiently small, and when this 
has been done, the first and last terms can be made as small as we please by 
taking n sufficiently large. 

That is to say, l>S'n(«li2)| can be made arbitrarily small by taking ?; 
sufficiently large, so that * 

lim jSn \ M) = 0. 

n-^00 

Hence 


lim ^ ( I 

n -»■ 00 m =3 1 \ 


Jm 

A 


-■] a,J. Um^) = ®-/(® - 0) lim 2',. («, | H) dt 

nJ »-*■» J 0 

+ a;-*'/(«^+0) lim f'«''+>rn(«,a*|ii!)rff, 
n-#* 00 J jcf 


since the limits on the right exist. 


30—2 
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Since each of the limits on the right is equal to it has now been 
proved that 


2 dnJyijmOi) 

v»*>\ 


is summable (jB) with sum i {/(^ + 0) +/(« — 0)} provided that the limits 
/(flj ± 0) exist ; and this is the theorem to be established. 


As a ooroUary, the reader should be able to prove without difficulty that, if /(<) is 
continuimt in (a, b), the summability (R) is uniform throughout the interval in which 
a+A4gaf^6-A, where A is any positive number. Cf. § 18-26. 


18*63. Uniformity of svmmability of the Fourier-Bessel series near the 
origin. 

We shall now examine the uniformity of the summability (jR) of the 
Fourier-Bessel expansion throughout an interval of which the origin is an 
end-point. It will be supposed that the expansion is modified by being mul- 
tiplied throughout by tjco, and it will then be proved that, if t~''f(t) is con- 
tinuous in the interval (0, b), then the modified eocpansion is unifoi'mly summable 
throughout (0, b — A), where A is any positive number. 

Given e, we can now choose S (less than A) so that 
I [ir^fit) - a-'/Ca?)} I < € 

whenever a: — and t>0, provided that w lies in (0 , b — A). 

Since continuity involves uniformity of continuity, this choice of 3 may be 
taken to be independent of a. 

We now write 

iSf„ (a; 1 R) = [ t''+^ a:\M)dt 

J 0 

and then examine | as^Sn (a? I -R) | after the manner of § 18*52. 

We express x^Sn (a; | R) as the sum of six integrals (some of which are to 
be omitted when x < 8), and we see that j x^Sn (a? | R) | does not exceed 

2fc«e(a?'+* + a;)f/-*-‘^(»*) dt . 

A., («-»)»+ V2 

, ik.e r3J„* /■»+'<•>,, , f”+‘ dt 1 

+ J, («-/»)•] 

+ :^/l j I 

In this formula any of the limits of integration which are negative are supposed 
to be replaced by zero. 
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Now this upper bound for | x^Sn (a: | jR) | does not exceed 
4^(1 


and, since x~''f(jxi) is bounded (because it is continuous), this f-fl-t) be made 
arbitrarily small by a choice of n which is independent of x. 

Consequently x^Sn (a? | R) tends to zero uniformly as n -► oo . 

Now it h^ already been shewn (§ 18*22) that 

\^V^^Tn{t,x)dt 
J 0 

is uniformly convergent in (0, 1 — A), and so, since uniformity of convergence 
involves uniformity of suramability, 

a^'^fix) Tn(t,xjE) dt 

tends uniformly to a?* f{x) in (0, 6 — A). 

Hence, since ic*/8n(a!| tends to zero uniformly, 

f tf{t) Tn (t, x\R)dt 

J a 

tends uniformly to «*“•'/(«) f «•'+»?’„(«, x j R)dt, i.e. to x^ f{x) in (0, 6 - A). 

J 0 

It has therefore been proved that 

00 

moil 

is uniformly summable {R) in (0, 6- A) with sum a^f{x), provided that 

.'o 

exists and is absolutely convergent, and that ir*f{t) is continuous in (0,6). 


18'54. Methods of ‘ summing ’ Foumer-Bessel series. 

We shall now investigate various methods of summing the Fourier-Bessel 
series* 

00 

2 Um X^ t/v ( jvi a' ) 
m=0 

on the hypotheses (i) that the limits f{x ± 0) exist, (ii) that 

[ t^f(t)dt 
J 0 

exists and is absolutely convergent, and (iii) that the series is summable (R). 

It conduces t<j brevity to write /„ibc) in place of llJ,^x^Jy(j„^x), so that f„ (x) 
tends uniformly to zero (§ 18*27) as wi-^oo when x lies in (0, 1). 

* The factor is inserted merely in order that the disoassion may cover the investigation of 
uniformity of summability near the origin. 
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Consider first the limit 

lim S 

M-*>oo m-1 \ JiJ 

which gives the most natural method (of Riesz’ type) for summing' the series. 
Since ( j„/An)-^l, it is evident that 

Urn I (42p^)/„(«) 

exists and is equal to 

lim I 

n-»-aem=il\ "n/ 

Again, since /« {x) *= o (1), it is easy to see that 

S /m(a!) = o(n), 

so that 

Urn I /».(<r) = 0, 

n-^« \ jn / m=l 

Urn 2 (l -$)/,(*)_ Um 2 (!_:&)/„(*); 

n-»«i»=l\ JnJ n-••oo »»mi \ An/ 

the limit on the right exists in consequence of the hypotheses made at the 
beginning of the section. 

Again, since 

n W 

whether m be o (n) or 0 (n), it follows that 

lim X 
n^oom==l\Jn 

aad so 

Consequently the hypotheses that the limits /(ic + 0) exist (0< «<!) and 
that the integral 

/V/(e) 

exists and is absolutely convergent are mfficimt to ensure that 

oo 

is^sumrrwhle (C 1) witk sum {/(« + 0) + /(« - 0)}. 

3y the same reaso^g. if/(a,) is continuous in (a, 6), the summability ((71) 

V and,if a = 0andr«/(«) has a Umit as tJo, the 
summabihty (Cl) is uniform m (0, 6 — A). 
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. 8 * 65 . Unifoi'mity of convergence of the Fourier-Bessel ecapcmsion near the 
\n. 

We can now prove, by using Hardy’s convergence theorem*, that, if^fif) 
'limited total fiuctuation i/n (0, 6), while y(i) is also subject to the conditions 
18:63, then 

00 

2 a^nO^J^ijmo:) 

m=l 

iiformly convergent in (0, 6 — A) with sum a:^f{ai). 

Liet h(t) be an auxiliary function defined to be equal to f(t) in (0, b) and 
il to zero in (6, 1); and let the Fourier-Bessel series associated with h (t) be 

00 

^ OmJAjrn^)- 

QQ 

Then, by § 18'64, 2 is uniformly summable (G 1) throughout 

m«=l 

I — A) with sum a^f(x), and, by Sheppard’s theorem (§18’27), is 

/m), while (jm^) is a bounded function of x and m. Hence, by 

dy’s convergence theorem, 

m<=l 

niformly convergeni throughout (0, b — A), with sum a* /(®). 

Again 

s (cim-«m)ai^J'.(jmiV) = xif tf{t)T^{t,x)dt, 
j»=l J b 

this tends uniformly to zero in (0, 6 — A) as n-*-oo by an analogue of the 
mann-Lebesgue lemma (§ 18'23). 

n 

Hence 2 ( j«i«) tends uniformly to the sum a^f{oo) in (0, 6 — A) as 

«t=i 

30 ; and this is the theorem to be established. 

18 ' 66 . SummoMlity of Dini series. 

Except when a; =* 1, the summability {0 1) of the Dini series associated with 
) may be inferred by combining the results of § 18’33 and §§ 18'51 — 18'53. 
The summability (Gl) may, however, be established independently f for 
points X such that 0 < a? $ 1 by replacing An and the functions (w) and 
(w), which occur in § 18'6, by Dn and the functions wJJ {w) + HJ, {w) and 
(ii;) q. (^uo) respectively; the details of the analysis may be left to the 
der, and he will find that when a; => 1 the expression i {/(a? + 0) +/ {x — 0)| 
st be replaced by /(I — 0). 

* Of. Moder, Analysis, §8‘6. 

t Of course on the hypotheses concerning / (t) which were aesamed in § 18*58. 
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The uniformity of the summability in the interval (a + A, 1) when. / {co) 
is continuous in (a, 1) may be dealt with in the same way aa the unifonanty 
of convergence was dealt with in ^ 18'S3, 18’36. 

The summability of Dim series (and of Founer-Bessel series) by a 
cation of Abel’s method is of some physical importance. Thus, in Fourier s* 
problem of the Conduction of Heat in an infinite solid cylinder of radius unity, 
the temperature v at distance t from the axis satisfies the equation 

dv 1 

dt ~ (dr® r dr} ’ 

ivith the boundary condition 



if the initial distribution of heat is symmetrical. 

Normal solutions of the differential equation satisfying the boundary 
condition are 

and so the temperature v is given by the series f 

where the coefficients b,n are to be determined from the consideration that 

00 

2 67^ J j ) 

«i=i 

is the Dini series associated with the initial temperature f(r). It is evident 
that the initial temperature is expressible as 

00 

lim X An*4(Amr)exp(-A?Xw®0; 
and this limit exists when the Dini series is summable (i?), 

18*6. The uniqueness of Fourier-Bessel series atid Dini series. 

It has been shewn by YoungJ that the existence and the absolute con- 
vergence of 

f t^f(t)dt 

Jo 

are sufficient to ensure that if all the coefficients of the Dini series (or the 
Fourier-Bessel series) associaied with f (t) are zero, then the function f (t) must 
he a nuUfunction. 

* La Theorie Analytique de la Chaleur (Paris, 1822), §§ 306—820. Cf. Rayleigh, Phil. Mag. {6) 
ni. (1906), pp. 106—107 [Seientijk Papers, v, (1912), pp. 888—889] ; and Kirohhoff, Berliner 
Sitzur^sberichte, 1883, pp. 619 — 624. 

t In this physical problem, H>0, and so there is no initial term to be inserted. 
t Proe. London Math. Soe. (2) xvm. (1920), pp. 174—176. 
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To prove this theorem we observe that, when jp <= 0,- 1, 2, . . we may write 

= 2 J 

M<-0 

where the coefficients are determined by the formula 

“ ~iT^7T\ f (jm t) dt\ 

and the series on the right converges uniformly in (0, 1 — A) and oscillates 
boundedly in (1 — A, 1). It is therefore permissible to multiply the expansion 
by f(t) and integrate term-by-term. 

It follows that 

f f{t) dt^ X Omf tf{t) Jy (jmt) dt 
J 0 in=0 J 0 

=»0. 

Since all the integrals 

[\*+m+if(t)dt (p*l,2,3,...) 

Jo 

are zero, it follows that is a null-function, by Lerch’s theorem*, and 

the theorem stated is proved for Fourier- Bessel series. The theorem for Dini 
series can be proved in precisely the same way, and it is theoretically simpler 
because the' Dini series associated with does not fail to converge uni- 
formly in (1 — A, 1). 

It is possible to construct a theory of series of Bessel functions of the types 
00 

7»=1 

(where the coefficients and hm are any constants) which resembles Biemann’s 
theory of trigonometrical series f. 

Such a theory is, however, more directly associated with Schldmilch’s 
series of Bessel functions, which will be discussed in Chapter xix ; and it 
seems convenient to defer the examination of the series 
00 00 

by Riemann’s methods to § 19'7, when the discussion of the series forms a simple 
corollary to the discussion of Schldmilch series. 

* Lerch, Acta Mathematica, xxvii. (190S), pp. 845 — 347 ; Young, Me»$mger, xl. (1910), 
pp. 37— 48. Of. §12-22. 

t Of. Modem Analyeis, §§ 9*6 — ^9-682. 
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SCHLOMILOH SEBIES 

19 ’1. Schlomiloh’s ewpamion of a function of a real variable. 

In Chapter xvin we dealt with the expansion of a function f(w) of the 
real variable as in the form 

/(«)= % 

* 

where jm is the with positive zero of J, {/), so that, for large values of m, 

= (m + - i) T + 0 (1/m). 

That ip to say, the argument of the Bessel function in a term of high rank in 
the series is approximately proportional to the rank of the term. 

In this chapter we shall discuss the series in which the argument of the 
Bessel function in each term is exactly proportional to the rank of the term. 
By choosing a suitable variable, such a series may be taken to be 

m 

2 amJp{nhas). 

«=i 

It win appear subsequently that it is convenient to add an initial term 
(§ 19T1 ; cf. § 18'33); and the analysis is simplified by making a slight modi- 
fication in the form of the coefficients in the series (§ 19'2). 

Series of this type were first investigated by Schlbmilch They are not 
of such great importance to the Physicist as Fourier-Bessel series, though 
Bayleighf has pointed out that (when v = 0) they present themselves 
naturally in the investigation of a periodic transverse vibration of a two- 
dimensional membrane, if the vibration is composed of an unlimited number 
of equal one-dimensional transverse vibrations uniformly distributed in direction 
through the two dimensions of the membrane. 

Apart from applications the series present various features of purely 
mathematical interest ; and, in particular, it is remarkable that a null-function 
can be represented by such a series in which the coefficients are not all zero 
(§19-41). 

In some respects the series are more amenable to analysis than Fourier- 
Bessel series, but the two types of series have many properties in common; 
and the reader will be right when he infers from a comparison of the 
arguments and mx that the relevant range of values of a? is (0, tt) for 
Schlomilch series, corresponding to the range (0, 1) for Fourier-Bessel series. 

* ZeiUehrifi fUr Math, vnd Phys. jx. (1657), pp. IBS — 168 j SohlSmiloh considered only the 
special oases y=:0 end IT =1,~ 

. t PAil Mag.'lB) rn, (1911), pp. 667-^71 [SeisnHJlo Papers, vx. (1920), pp. 22—26]. 
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19*11. Schl&milch’s easpansion in a series of Bessel fmoUons of order 
zero. 

We now state and prove the expansion theorem discovered by Schlomilch. 
The theorem is concerned with the expansion of an arbitrary function f{x) 
of the real variable a;, and, with modern terminology, it is to the following 
effect : 

Let f{x) he cm arbitrary function^ with a derivatef {x) which is continuous 
in the closed interval (0, tt) and which has limited total fluctuation in this 
interval. 

Then fix) admits of the expansion 

(1) /(«) = + S am t/o (wwj) 

«t=l 

where 

ao==2/(0) + ~f f uf {u6m<i>)d^du, 

nrjQ Jq 

2 /"i"' 

a^ = ~ I uf* (uBm<f>)Gosmud<f)du’, (m>0) 

n J 0 J Q 

and this expansion is valid, and the series is convergent, throughout the closed 
inteiwal (0, tt). 

Schlomilch’s investigation is based on a discussion of the integral equation 

(3) f{x) r g (a? sin d) dd, 

nrjQ 

of which he proved that a continuous solution is 

(4) g(x)=f(0) + x f(xBin<f})d<f>. 

Jo 

We proceed to verify that the function g(x) defined by (4) actually is a 
solution of (3); we substitute the value given by (4) in the expression on the 
right of (3), and then we see that 

- [ g(xBmd)dd = ^ [ 1 /(O) + xaind f f {x sin d sin <i>) dh 

n Jo "^J 0 Jo 

Om /'J»r fiw 

— /(^) "I I / Z' (a? sin d sin </>) sin d d<f>dd. 

rr J 0 Jo 

Now replace 0 by a new variable % defined by the equation 

sin X = sin ^ sin </> 
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and change the order of the integrations. We deduce that 

|f^*'g(^sin<>)dd-/(0)=^/^*' /^*>(<asindsin^)sinfld^dd 
= - r f V sin y) 

” ~ p sm g cos y (^y 

TTJoJx '^'^V(cos»y-cos»l9) 

= ■?/„ [-««“°(^]*'oosxdx 

riv 

=/(*)-/(0), 

and so, when g (*) is defined by (4), g (*) is a solution of (3). 

therefore, by Fourier’s theorem oMl. ! i ' • *® ^^1 and 

j uuiiora Tineorem, ^(a?) is expansible in the form 

00 

9 (®) = + X Ojft cos mx. 

_ 2 /■"■ 

^ Z / 5^ (w) cos 
0 

“ ^/o “/o cos wiwrfM, 

and this series for ,(.) converges uniformly throughout the interval (0, .). 
Hence term-by-term integrations are permissible, and so we have 

f{x) = - g (aj sin 6) dd 

2 ri”' j 00 V 

’^^Jo dd 

1 ” 

= ?«o+ 2 OmJaimx), 

w=l 


where 




"btbr^ “He U^ds r“- *“ 

equation (2) “ ‘^ose given by 

is rlt“d*‘‘4e’1^^t“.““'^““? “'u fluctuation of /(a,) 

convergent, though the continuity of /(.) ensuL^ thTt the Tou^^i 
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is iraiformly summable (Gl) throughout (0, tt); and bonce, by term-by-term 
integration, the series 

00 

^ao+ ^ am Joima;) 

«t=i 

is uniformly summable (01) throughout (0, tt), with sura f(as); an application 
of Hardy’s convergence theorem* then shews that the additional condition 

(1^=^ 0(1/ A/m) 

is sufficient to ensure the convergence of the Schlbmilch series to the sum 
/ (a?) when as lies in the half -open interval in which 0 < a? ^ w. 

For further theorems concerning the summability of Schlomilch series, 
the reader should consult a memoir by Chapman f. 


[Note. The integral equation connecting f{x) and g (x) is one which was solved in 1823 
by Abel, Jtmnwl fUr Math. i. (1826), p. 163. It has subsequently been investigated! by 
Beltrami, 1st. Lombardo Rendioontif (2) xiii. (1880), pp. 327, 402 ; Volterra, Ann. di Mat. 
(2) XXV. (1897), p. 104 ; 0. E, Smith, Trans. American Maih. Soo. viii. (1907), pp. 92 — 106. 


The equation 


— f (x Bin Sain <fi) Bind d(jid6»«/(x)-f(0) 
If J 0 Jo 


is most simply established by the method of changing axes of polar coordinates, explained 
in § 3*33 ; this method was used by Gwyther, Messenger, xxxrii. (1904), pp. 97 — 107, but 
in view of the arbitrary character of f{x) the analytical proof given in the text seems pi'e- 
ferable. In connexion with the changes in the order of the int^ations, cf. Modem Anah/sis, 
§ 4-61. 


19’2. The definition of SchlOmilch series. 

We have now investigated Schldmilch’s problem of expanding an arbitrary 
function into a series of Bessel functions of order zero, the argument of the 
function in the (m + l)th term being proportional to m; and the expansion is 
valid for the range of values (0, tt) of the variable. 

Such series may be generalised by replacing the functions of order zero by 
functions of arbitrary order v] and a further generalisation may be effected by 
taking the general term to contain not only the function J„ (mas) but also a 
function which bears to the Bessel function the same kind of relation as the 
sine does to the cosine. The latter generalisation is, of course, suggested by 
the theory of Fourier series, and we are thus led to expect the existence of 
expansions valid for the range of values (— or, tt) of the variable. 

The functions which naturally come under consideration for insertion are 

* Gf. Modem Analysis, § 8*5. 

t Quarterly Journal, xLiti. (1911), p. 84. 

X Some interesting applleations of Fourier’s integral theorem to the integral equation have 
been made by Stearn, Quarterly Journal, xvii. (1880), pp. 90—104. 
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Besserfunctions of the second kind and Strnve’s functions; and the types of 
series to be considered may be written in the forms*: 

^ anJ,{mx)+hrnY,{rniic) 

£ o^J^ jmx) + hm H„ {mx) 
r(j;+l) ilmay 

Series of the former type (with v=0) have been considered by Coates f; 
but his proof of the possibility of expanding an arbitrary function f(x) into 
such a series seems to be invalid except in the trivial case in which /(x) is 
defined to be periodic (with period 2nr) and to tend to zero as a; oo . 

Series of the latter type are of much greater interest, and they form a 
direct generalisation of trigonometrical series. They will be called generalised 
Schlomilch series. 

Two types of investigation suggest themselves in connexion with general- 
ised Schlomilch series. The first is the problem of expanding an arbitrary 
function into such a series; and the second is the problem of determining the 
properties of such a series with given coefficients and, in particular, the 
construction of analysis (resembling Riemann’s analysis of trigonometrical 
series) with the object of determining whether a generalised Schlomilch 
series, in which the coefficients are not all zero, can represent a null-function. 

Generalised Sohldmilch series have been discussed in a series of memoirs by Nielsen, 
Math. Ann. Lil. (1899), pp. 682 — 687 ; Mgt Tidaskrift^ X. B (1899), pp. 73 — 81 ; Oversigt 
K. Damke Videnskahmm Seltkahs^ 1899, pp. 661 — 666 ; 1900, pp. 56—60 ; 1901, pp. 
127 — 146 ; Ann. di Mat. (3) vi. (1901), pp, 301—329. 

NielsenJ has given the forms for the coefficients in the generalised 
Schlomilch expansion of an arbitrary function and he has investigated with 
great detail the actual construction of Schlomilch series which represent 
null-functions, but his researches are of a distinctly different character from 
those which will be given in this chapter. 

The investigation which we shall now give of the possibility of expanding 
an arbitrary function into a generalised Schlomilch series is based on the 
investigation given by Filon§ for the case j/ = 0 in his memoir on applications 
of the calculus of residues to the expansions of arbitrary functions in series of 
functions of given form. It seems to be of some importance to give such an 
investigation II because there is no obvious method of modifying the set of 

* The reason for inserting the factor x" in the denominators is to make the terms of the second 
series one-valued (cf. § 19-21). 

t Quarterly Journal, rxi. (1886), pp. 189 — 190. 

X See e.g. his Handbwh der Theorie der Cylinderfunktumen (Leipzig, 1904) , p. 848. 

§ Froc. London Math. Soe. (2) iv, (1906), pp. 896 — 480. 

II It has to be assumed that - i < » < J. The results which will be proved in §§ 19‘41 — 19’62 
suggest that-it is only to be expected that difficulties should arise for other values of v. 


SOHLOMILOH SERIES 


623 


(mx), H„ (mco) so as to obtain a set whioh is a normal orthogonal 
interval (— tt, tt); and consequently there is no method of obtaining 
ents in a Schlomilch expansion in so simple a manner as that in which 
.ents in a Fourier-Bessel expansion are obtained (§ 18'1). 
vestigation, which forms the latter part of the chapter, concerning 
entation of null-functions by generalised Schlomilch series, is of 
e same character as the exposition of Riemann’s researches on 
brical series given in Modern Analysis, §§ 9'6 — 9‘632. 


The application of the calculus of residues to the generalised 
i eoopansion. 

all now explain the method* by which it is possible to discover the 
the coefficients in the generalised Schlomilch expansion which 
5 an arbitrary function /(«), when the order v of the Bessel functions 
sen — I and When this has been done, we shall not consider the 
f the processes by which the discovery has been made, but we shall 
ictly that the Schlomilch series in which the coefficients have the 
values actually does converge to the sum f{x). 

analogous to the procedure which is adopted in Dirichlet’s proof of Fourier’s 
in the expansion 

2 (a„iCosma;+^„iSin»u?) 
ms-1 

of the coefficients are discovered by multiplying the expansion by cos ms and by 
i integrating, so that the values of a„, and /3„, are taken to be given by the 


1 rir 1 /■"■ 

a,n=‘— I /(i)ooBmtck, fim=- f{t)«n\mtdt. 

J -n ^J-iT 

ake the series in which the coefficients have these values, namely 

1 « rir 

+ ~ 2 I f (t) cos m{s—t)dt, 

J 

that it actually converges to the sum f{s). 



nduces to brevity to deal with the pair of functions 

Jy (mx) ± i H„ (mx) 

(i mxy 

)f with the pair of functions 

J, {nix)l{^7nxy, {mx)H^ mx)''. 

1 write 

t from details of notation, the following analysis is due to Filon; it was given by him, 
noir just cited, for the special case vaO, bat the extension to valaes of v between 
0 difficnlty. 
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so that* is analytic and uniform for all finite values of the complex 
variable z', and evidently 

We now observe that (— )*” 0„(7waj) is the residue at w of the function 

TT^y {xz) 
sinw^ 


where m — Oj ±1, ±2, and so we shall consider the integral 


27r» 


<• 

J c 


F{z) 


TTC^y (xz) 

sinTTir 


dz., 


in which the contour C is a circle, of radius M+^, with its centre at the 
origin, and M is an integer which will be made to tend to infinity. 

The function F{z) is assumed to be one- valued throughout the ^^-plane, 
and to be analytic at infinity (c^. §19’24); its only singularity in the finite 
part of the plane is an essential singularity at the origin. 

By Jordan’s lemma, the integral tends to zero as M tends to infinity, 
provided that v > — 

It is evident, by calculating residues, that 


OQ 

2 (m) <}>y (mx) + F{-m) <j)y (- mx)] 

m=l 


is equal to the residue at the origin of 
that is to say 


sin TTZ 


( 2 ) 


2 {m) (mx) + F(-m) 4>y (- mx)] 

»»=i 

27 n ; ^ ' sin nrz 


dz. 


The problem of expanding an arbitrary function f{x) into a generalised 
Schloinilch series is consequently reduced to the determination of the form of 
F (a) in such a way as to make 


2Trz 


J ' ' smwar 


dz 


differ by a constant from f (x). 

* The inaertion of the factor (Jz)’' in the denominator makes (z) amenable to Cauchy’s 
theorem vhen the contour of integration completely surrounds the origin. 
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19-22.. The const/rudion of the functim F{z). 

We uow take the contour integral 

27n.J sinTTif 

and, in order to calculate it in a simple manner, we shall suppose that F{z) is 
expansible in a series of Filon’s t 3 rpe* 

(1) W(,z)= I 

where yjrn (z) denotes the sum of those terms in the, expansion of 7r~^ sin ttz 
whose degree does not exceed n, and the coefficients p„ will be defined later. 

The reader will observe that 

^ (z) =» V-4 («) = «- J ffV, 

With this definition of F (z), it is evident that, for small values of | z |, 




sm TTZ 


«=i 




<f>^(a:z) 


sin TTZ) 

« ( 1 ‘7r”+* cos A WTT + 0 ( 2 )) . . . 

(re + 1)! sin •7rz~ J 

It follows immediately that 

(2) 

' 27nJ am TTZ 

-rf, J»n7r”cosA«7r ^ JPn(A^)" 

(re + l)l ' „tif(rn+l)r(An + i; + l)’ 


I**! 


and consequently we proceed to identify 


- 2 : 




=iT'(^n+ 1) r(^n-i-v -h 1) 

with /(a?) — /(O). For this purpose we have to assume temporarily that /(a?) 
has differential coefficients of all orders at the origin, and then we define the 
coefficients p„ by the equation 

/'">(0) _ Pnii^y* 


( 8 ) 


(re = 1,2, 3, ...). 


re! r(Are+ J)r(A ” + *' + !) 

We j;xext transform this equation defining pn in such a way that the sum 
of the series, by which F(z) is defined, is expressible in a compact symbolic 
form ; the transformation of the series for F{z) can be effected by expressing 

* This ^rpe of aeries is fondamental in Filon’s theory, and is not peculiar to Sohldmilob 
expansions; thus, in his work on Fourier-Bessel series, sin rz is replaced by z~*'e7,i(2) and ^n(z) 
denotes the sum of the terms whose degree does not exceed n in the expansion of that function, 

w. B. P. -10 
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the coefficients p„ in a form which involves n only as an exponent. For this 
purpose we make use of Eulerian integrals of the first kind, and, in order 
that they may be convergent, we shaU find that it is necessary to suppose that 
We then have ^ rr*. 

(0)£(i 

and so we obtain the symboiic formula 

where D stands for d/diu 

Now, if we arrange the series 

»»2r»+i 

in descending powers of z, it is easy to verify that 

2 ^ sinhwi) 

fi«i TT (tz — J)) ’ 

and therefore 

Again, a consideration of (2) shews that we need to sum the series 

2 P« W" cos ^ WTT 

- (n+l)l ’ 


H*! 


and we are able to effect our purpose by making use of formula (4), whence 
we find that ' 


(' 6 ') 2 

n=l (n + 1)1 


(sinh ttZ) 




We have now obtained symbolic expressions for all the coefficients in the 
^neralised Schlomilch expansion of/(a;), but it is necessary to transform 
these expressions into more useful forms, by finding the significance to be 

attached to the symboUc operator both for general values of ^ and 

for the value zero of z. 
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19*23. The trmsformaMm of the symbolic operators in the generalised 
SchlomUoh eapansion. 

We proceed to obtain an interpretation* of the symbolic expression 

[ sinhTri) vl 

The usual interpretation of _ ^ f (^) ^ 

gfauj e~^ f(pu)dv, 

where a is a constant of integration 5 and therefore 

siph feiw f* e-^fipu) dvl 

ir{D-izy^ ^ TT 1 _ J* -1 

„ giPh^(.Pti») f * r^f(tv) dv. 

TT J« 

Now, by the symboUo form of Taylor’s theorem, we have 
e±'D X (w) = X (“ ± ^)‘ 

where x (w) ^ arbitrary function of w; and hence it follows that 
r sinh-n-D ... .1 _ r sinh 7 r(P-<-tg) d J 

L I. ' J.- 

= i [«•“ f er^fit”) * 

27r L J a 


ru-w 

— e~^ j ' 


,—tn 




that is to sayf 


i sm 'rrz 
+ ■“ 2 ^ 




The second term on the right has simple zeros at all the points at which 

z=bO, ±1, ±2, .... 


Therefore, so far as the calculation of residues of 

I ^ \ 


t(,z) 


TT^r (iPg) 
sin TTZ 


* The interpretationa of numeroas expreaaiona involving ajraboho 
oonaideration have been diaouaaed by Gregory, Cambridge Math. Journal, 1 . ( ) , pp. 

hv Boole Diiferential EquatUmt (London, 1872), chapters xvi and xvn. 

" i^w which i. dcri™l tom ftU .cm^ no. ‘PP*" ^ 

.f am origin nni«» . ioinfinim ori. . fonrtion of o, hu. r. 

^orlmd by thi. when wo oon.id«r a., notaro of .om. of a., .mayom which ho. alr«id, Imon 

used in the course of this investigation. 

40—2 
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at 0, ± 1, ± 2, ... is concerned^ we may omit the second term on ifie Hght in (1), 
and calculate the residues of 

' sin TT-S 

where F (e) is defined by the formula 

^ W = ar (r- ^ r (^) £ - *’>-*-4 L 

Again, from § 19‘22 (6) and equation (1) of this section we have 

<•> s'-gTir-w"/;''-’--?'* 

- sr<FW) /.’ 0 - "*■ i [*• I'/w ■‘’1 

The first term on the right in (3) is equal to F (v + l)/(0), except when* 
v = 0; when v = 0, the value of the term in question is zero. 

We thus obtain the expansion 

(4) / (a;) = (0) i’' (0) 4- X (—)”* [!' (m) <f>p (mr) + F(-m) (— msc)]. 

1M = 1 

In the special case in which v = 0, the modified form of (3) shews that an 
additional term /(O) must be inserted on the right in (4). 

When we change the notation to the notation normally used for Bessel 
functions and Struve’s functions, the expansion becomes 

/K\ ^ (?na?) + (»mc) 

(5) •^w=i>Tr)+„!. (i^5y ’ 

wheref 

^6) 1 " r(F -t)r(i ) .C i [‘^ 

= r (y-t)r(t ) //I - It *• 

This is the generalised form of Schlbmilch’s expansion. 

19 '24. 2^eboii7idednet8 of JF(z), 08 Izl-^-aa. 

We shall now prove that, when the funotion /(») is restricted in a suitable manner, 
the function F{z) is bounded when laj-fc-oo, whatever be the value of arg«. The reader 
will remember that the assumption that is bounded was made in § 19'21 to secure 
the convergence of the contour integral 

We take the series of § 19*22 (1), by which F{z) was originally defined, namely 

; Pn^n (g) 
u=i ’ 

* When V is negative it is necessary to use a modified er^ression for the integrals ; cl § 19'3. 

t When v=tO, the expression for qq has to he inodlfled by the insertion of the term ^(0), in 
oonseqaence of the disoontinoity in value of the expression on the right of (S). 
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19*24, 19*3] 


and divide it into two parts, namely the first if terms and the remainder of the terms, 
where if is the integer such that 

if < TT I a j < xV+ 1. 

When ^ if, the terms of i/r,, (s) do not exceed tt"" ' | a ]“/» !, and therefore, when n < W, 




^?l7r"~^ls)*‘/(?i!) 7r"~‘ 


When w ^ if, we have | («) I < »r “ ^ sinh w ] s ], and therefore 


Since 


sinh fT 1 0 1 


tends to zero as l^l-^oo , it is evident that a sufficient condition for Fiji) to be bounded 
tw ] 0 1 00 is that the series 

• 2 \pn\ 

n^l 

should be convergent ; and this is the case if /(a?) is such’ that 

S 7t‘'+i|/«“)(0)| 
n=:l 

is convergent. 


19*3. The expansion of an arbitrary function into a generalised Schlomilch 
series. 

jS ow that the forms of the coefficients in • the generalised Schlhmilch 
expansion have been ascertained by Filon’s method, it is an easy matter to 
specify sufficient conditions for the validity of the expansion and then to 
establish it. 

The theorem which we shall prove* is iis follows : 

Let p be a nvmber such that — | < i' < and let f{x) he defined arbitrarily 
in the interval (- tt, tt), subject'\ to the following conditions : 

(I) The function h{x\ defined by the equation 

h (x) = 2p f{x) + xf ije), 

exists and 'is continuous in the closed interval (— tt, tt). 

(II) The function h{x) has limited total fiuctuntion in the intemUtl (— tt, tt). 

(III) // V is negative J the integral 

is absolutely convergent when A is a {small) number either positive or negative. 

* The expansion is stated by Nielsen, Handbuch der Theoric der Cj/linderfunktionen (Leipzig, 
li)04), p. 348 ; but the formulae which he gives for the ooefiioients in the expansion seem to be 
quite inconsistent with those given by equation (2). 

t The effect of conditions (I) and (II) is merely to ensure the uniformity of the convergence 
of a certain Fourier scries connected with h (*). 

J If V is positive, this Lipschitz coirdition is satisfied by reason of (II). 
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( 1 ) 

where 
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a»i»/r (ww») + (?naj) 

- r („•+ 1) +.?, ■ 


(2) 


r* ae<^-^6 d r ^ . 

^~J-nJo .rff- v) {/(upii<f>)-f(0)}]co8mud<f)du, 

T f* sec^'+'i dr- 

< “ i Jo F(f-i;)r(i) 64 <f>{f(usm<l)) -/(O)},] sin mud<l>du, 
when m > 0; the valve of is obtained by inserting an additional term 

2 r(,; + l)/( 0 ) 

on the right in the first equation of the system (2). 

We shall base the investigation on a discussion of the integral equation 


(3) 


f (p) p ^ P cos"* dg (x sin 0) dd ; 


r(v+i)r(i). 

it will be proved that a continuous solution is given by the formula 

(4) flr(a)x=:r(i/ + l)/(0) 

IM 


+ rg^) ^ {/(«^Bin<^) -/(O)}] d<l>. 

[No^^ The (absolute) oonvergeuoe of the integral contained in this formula is secured 
by condition (III). It sli^^d be observed that the aggregate of terms containing f{0) in 
equation (4) may be omit^ when v is positive in view of the formula 

Jo ^ d(f) ^ r ( 4 ) ’ 

which is vabd only when v is positive] 

We proceed to verify that the hinction g (a?) defined by (4) actually is a 
solution of (3), by taking g {x) to be defined by (4), substituting in the.expres- 
sion on the right of (3), and reducing the.result to /(a). 

The result of substitution is 

2 GOB inr fti* ^ d, 

+/( 0 ). 

Hence we have to prove that 

2 cos VTT /■*» r** . d 

Jo Jo sin « sill ,#,)-/(O)}]d0<ie 

„ =/(®)-/(0). 

Beplace <f> on the left by a new variable defined by the equation 

sin;i^ = sin^8in0, 

change the order of the integrations in the resulting absolutely convergent 
integral, and then replace d by a new variable defimed by the equation 

cos d = cos sin 
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We thus deduce that 


/o^/o^ ^ ^ “ /(O)}] 

f^ r® sin 0 cos®* 0 dr- r ../ . 

“j„ Jo x{/(^sinx)-/(0)j]dxdff 

fj"- ri>r sin d cos*" d d _ . , . 

“ H'L • 4: ^ ““ ^ -/(O))] 

= ^r (i; + i) r (i - i;) {/(/®) -/(O)}, 


and hence the formula to be established is evident; and so, when ^(®) is 
defined by (4), then equation (3) is satisfied. 

Now, by Fourier’s theorem, 


where 

( 5 ) 


ff(a!)-iao+ X (OrnGOsma + brnBinma:), 


i»-i 


If’ 

<^=- g(u) GOB mudu, 

“JT .1 

•< 

1 /■’ 

= - I a (u) sin mudu; 
V 'n’J-fl. 


I 


and it is easy to verify that when /(a) is a continuous function with limited 
total fluctuation in the interval (— tt, tt) so also is g {x), and therefore the 
expansion for g (x) is uniformly convergent when — 7r+8^®^7r — S, where S 
is an arbitrarily small positive number. 


Replace a; by a; sin 0 in the expansion of g (x), multiply by cos®” 0, which 
has an absolutely convergent integral, and integrate term-by-term ; we deduce 
at once that 

H ^ amJ>,(mx)-hb^Hy(mx)_ 

and this expansion converges uniformly when — 7r+8:^a;^7r — 8. 

The values of and bm given by formula (6) are easily reconciled with 
those given by formula (2). 

It should be noticed that, by the Riemann-Lebesgue lemma, cl„^ and bm 
are both 0 (l/m) when m is large. This seems to be connected with the fact 
that when we come to deal with any Schldmilch series (§ 19‘62) we are 
unable to make any progress without assuming that is convergent (or 

some equivalent hypothesis) ; this assumption will appear in § 19'62 to be 
necessary because the differential equation which Struve’s function satisfies 
is not homogeneous, so that Struve’s function is not of a type which occurs in 
solutions of Laplace’s equation or the wave equation; there would conse- 
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quently seem to be reasons of a physical character for the limitations tvhich 
have been placed on fix) in order to ensure the existence of the Schlbmilch 
expansion. 

[Note. Just.as in § 19‘11, if condition (II) concerning the limited total fluctuation of 
2i//(a?)+a?/'(jf) is not satisfied, then all statements made in this section up to this point 
about convergence of series have to be replaced by statements about summability ((7 1).] 

There is one important consequence which follows from the fact that 
and 6^ are both 0 (l/m) when 2vf{a)-\-xf{x) has limited total fluctuation 
in (— TT, tt), namely, that in the neighbourhoods of — tt and tt, the general 
term of the Schldmilch expansion is 0 (l/tn*^*), and so the expansion repre- 
sents a continuous function; hence the expansion converges (uniformly) to 
the aum/(a!) throughout the interval (— tt, tt). 


19*4. Spedal functions represented hy Schl&milch seines. 

There are a few problems of Mathematical Physics (other than the problem 
mentioned in § 19*1). in which Schldmilch series occur in a natural manner, 
and w’e shall now give an account of various researches in which SchlSmilch 
series are to be found. 

A very simple series is 

1+2 Jo (pp) 

«i=i 

this 'series is convergent when p and z are positive, and, if p and z denote 
cylindrical-polar coordinates, it is a solution of Laplace’s equation at all points 
of space above the plane z — 0. 

Various transformations of the series have been given by Whittaker*; 
thus, by changing to Cartesian coordinates (a?, y, z) and using § 2'21, we have 

( 1 ) 1 + 'S, I = ^ 

' ^ ^ 27r j 1 — exp {— (z + za cos u + ty sin u)\ 

When ic® + y® +«* < 1, the integrand may be expanded in ascending powers 
of .0 + i® cos w + ^ sin «. 


If this is done, we getf 


(2) 1+ 2 = ^ r -T-- 

^ zir j -,z-^ tacos u + iysmu 2 

(2m) 1 / cos M + ly sin w)"^i du 


du 


1 


1 « (-)’«-^J?, 


-1 + 1+ 2 tl 

(2m)! 




where (r, 6) are the polar coordinates corresponding to the cylindrical-polar 
coordinates (/>, z), and ... are Bernoulli’s numbers. 


* Matk Ann. urn. (1908), pp; 841 — 342. 
t Of. § 4’8 and Modem Atudygis, §§ 7’2, 18*81. 
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19 * 4 ] 

Another transformation of the series, also given by Whittaker, is obtained 
from the expansion for 1/(1 — e~*) in partial fractions ; this expansion is 

1 ^1 1 I f J ) 

1 - e~^ 2 "^,,,=1 [it — 2m7n t + 2m7nJ ’ 

whence we deduce that 

( 9 ) 1 + I e-”'/.(mp) = ;. + i 

m=l ^ ^ 


GO r 

+ S 

t»=i 


jJi(2'tmri + 2 : j“ + «“ + y^] |(2in,7n — zf + + y®} J ’ 

It follows that the series represents the electrostatic potential due to a 
set of unit charges (some positive and some negative) at the origin and at a 
set of imaginary points. 

The reader may find it interesting to discuss the Lipschitz-Hankel integral 
of § 13*2 as a limiting form of a series of Whittaker’s type. 

Some other series have been examined by N agaoka* in connexion with a 
problem of Diffraction. One such series is derived from the Fourier series for 
the function which is equal to l/v'*(l — ii^ the interval (— 1, 1). 

The Fourier series in question is 

1 “ 

(4) - p: = ^TT + TT S Jo ces 7/i7r.r, 

V(1 ~ If') «i = l 

and it converges uniformly throughout the interval (— 1 + A, 1 — A), where A 
is any positive number. 

Multiply by and integrate, and we then obtain the formula (also due 
to Nagaoka) 

wj V(l-^)~ ' 2 

The series on the right in (.5) converges uniformly throughout the interval 
(—1, 1) and so we may take — 1 and 1 as limits of integration. 

Hence, for all values (real and complex) of a, 
sin a 


1 « r / . (f.cos 7rt7r.7^ — WTTi sin ??i7ra; 

- + 2 2, J„ ( wTr) - 

a ,«=i 


( 6 ) 


Jo (ci) 


«,=! “ ~ 


A more general result, valid when jB ( 1 / + 1) > 0, is 

(7) J, (a) = S 5 r I 

^ ^ ' « l_r(»'+l) Vtt/ (a- — m®7r“) 


* Journal of the OoU. of ScL, Imp. Univ. of Japan, iv. (1891), pp. 301 — 322. Some of Nagaoka’s 
formulae are quoted by Ciaelli, Nuovo Cimento, (4) i. (1895), p. 162. 
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^ Jo {(2m-l)w} _ TT* |aj| 
^ (2m-^l)» “8 2 * 


(— ■jr<aJ<'?r) 


(— TT < a; < it) 


This expansion is also obtainable by expressing as a sum of partial 

^ sm CD 

fractions*. 

Various representations of the integral on the left of (5) were obtained by N^aoka ; 
the formula quoted seems to be the most interesting of them. 

Finally we shall give the formulaf 

(8) 

This is deducible from the Fourier series 
* cos(2w-l)a; -tt, 

by replacing a hy a;sm ^ and integrating with respect to 0 from 0 to Jtt. 

As an example of the calculation of the sum of a Schldmilch series when 
the variable lies outside the interval (— tt, tt), we shall take ir < ic < 27r, and 
then, if /(ai) denotes the sum of the Fourier series, we see that 

2 sin ff) dO 

+ I /(^‘ 

J arc sin (W^)) 

(ir — 2® sin 0) dd 

^ (2a; sin 6 — Stt) dd. 


=-{[ 

w iJ( 


fare sin (ir/a) 


2 rarosin (a-/®) ^ 
•irJo 8 

2 

' arosia (w/x) 8 

SO that, when it < a; < 2'7r, we have 


+?r 

W J arosi 

T, we have 

^ Jol(2m-l)a!} ,, , , /7r\ TT* 


19 * 41 . Null-fwnd/ions ecepressed as Schldmilch series. 

We shall now prove the remarkable theorem that 

(1) 1+ 2 (-)»J.(«m) = 0, 

provided that 0 < a; < tt ; the series oscillates when os — 0 and diverges to 
+ 00 when x = rr. 

This theorem has no analogue in the theory of Fourier series, and, in &ct, 
it is definitely knownj that a Fourier cosine-series cannot represent a null- 
function throughout the interval (0, w). 

* Ot Modem Analytis, § 7*4. 

t This was set as a problem in the Mathematioal Tripos, 189S. 

C£. Modem Analysis, §§ 9'6 — 9'682, 
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It is easy to prove (1) by using Parseval’s integral ; when if is a large 
integer, we have 

5 + 2 (— )*" Jo (was) == — I •{ rt + 2 (-)♦" cos (mcB sin i){- dt 

iU nt— I IT J Q {m )j*«i j 


__ (— )^ COS {(if + i) a? sin 


TT 


cos Qa sin t) 


dt 


(— )^ r* cos (if + J) It 


T 


du 


'IT Jo cos — w®) 


= 0 ( 1 ), 

as if 00 , by the Riemann-Lebesgue lemma*, which is applicable because 
the integral 

du 


f 

Jo 


0 cos . V(®“ — w*) 
exists and is absolutely convergent when 0 < a? < tt. 
Hence we have proved that 

lim [5+ S (-)”»/o(wi«)l =0 
jtf-t-00 L-^ «-i J 

when 0 < a; < TT ; and this is the theorem stated. 

It is easy to prove in a similar manner that 


( 2 ) 


I I g. (-)”*/. (?wa;) 

r{v+l)^ 

m—l {^mxy ’ 


(i) when - i < v ^ i and 0 < a: kit, (ii) when v> \ and 0 < a; $ tt. 

By using Poisson’s integral we have (since v> — \) 

i_ _ , f (-)"*/„ (ffltc) 

r(v + l) «-i (iwwc)*' ^ 

= rwr® r G ■"»-. *4“-” 

= (- )" r * 

+ t^(i)^Jo cos^w ' ' 

= 0 ( 1 ), 

as if -*■ 00 , provided that the integral 

r<^^du 

.1 0 cos fit 

exists and is absolutely convergent; and this is the case when a; and v satisfy 
the conditions stated. 

The truth of ( 2 ) is now evident. 

If w is a positive integer, and if v is so large that 1/ — 2 w > — the operator 

ssfs'*'®’'} 

* Cf. Modem Anaiyeie, § 9'41. 
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may be applied n times to equation (2). The effect of applying the operator 
once to the function J, {mx)li\7nccy is to multiply the function by — m* ; ahd 
therefore, when 0<x<ir, 

I {-jm'ri-rJAmx ) 

«i=i (Iww;)’' ’ 

that is to say, 

( 3 ) ^ 

provided that either 

(i) - i < V — 2/1 < ^ and 0 ^ a; < tt, or (ii) y - 2w > J and 

The formulae given in this section are due to Nielsen* Math. Ann. Lin (1899), 
pp. 582—687 two other papers by Nielsen on this subject were published at about the 
time, Kyt Tidtthnft, x. B (1899), pp. 73—81 ; Oversigt K. Danske Videnakabei^im 
« a s, 1899, pp. 661 665. In the first two of these three papers integral values of v 
only were considered, the extension to general values of v being made in the third paper. 

Shortly afterwardst Nielsen gave a formula for the sum of the series in (2) when a? > tt ; 
this formula is easily obtained from the integral of Dirichlet’s type 

by considering the behaviour of the integrand at u^n, 3^, 5«-, .... 

It is thus found that, when j? is positive and g is the integer such that 
(2g-l)ff<af<(2y+l) 


then 

( 4 ) 


i 


.+ 2 (-)”*^>(m^) _ 2j^ I f (2n-i yrr^y-i 

) n=l 1 


r(*'+i) ' m=i (imxy «r(i/+i)„-i 

l^’ielsen’s formulae lies in the fact that they make it 
ent that, when a function /(») is defined for the interval (- w w) if the 
notion can represented by a Sohlomiloh series throughout the interval 
( cept possibly at a finite number of points) the representation is not unique 

thf ffctn “““be-- “f Sohldmilch series which are equal to 

the function/W throughout the interval, except at a finite number of noints 

*be origin and ^when 

- i < J' < $) the end-pomts ± tt. ® V w ut-ii 

CO ‘beorem, that the only Schlomloh eeriee mth non-mniekina 

comments whwh represmt nuU-funotims at all mints of ths ■ t ^ 
-*‘ 7 r<a;<u .t .l • . o/ the interval 

+ ^ i i) exc^t the origin are constant multiples of 

r7-^+ i tyMrn?) 

l(i'-fl) {^mxy ’ 

aay Sehlaaulah ^vMvhettar 
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is, of course, of a much deeper character, and it seems that no proof of it has 
yet been published. We shall now discuss a series of propositions which lead 
up to this theorem ; the analysis which will be used resembles, in its main 
featureef, the analysis*, due to Riemann, which is applicable to trigonometrical 
series. 

19*6. Theorems concerning the convergence of Schlomilch series. 

We shall now discuss the special type of Schldmilch series in which y = 0, 
and in which Struve’s functions do not appear ; the object of taking this par- 
ticular case is to avoid the loss of clearness due to the greater complication 
in the appearance of the formulae in the more general case. With a few 
exceptions, the complications in the general case are complications in detail 
only; those which are not matters -of detail will be dealt with fully in 
§§ 19*6— 19*62. 

The series now to be considered is 


( 1 ) 


iao+ S amJAtnas), 


in which the coefficients a„i are arbitrarily given functions of m. 

We shall first prove the analogue of Cantor’s lemma f, namely that the 
condition that Jo (nix) -*-0 as m -*■ oo , at all points of any intei'val of values 
of flj, is suffi/yient to ensure that 

[Notb. If the origin is a point of the interval in question, then the theorem that 

a»n=o(l) 

is obviously true.] 

Take any portion^ of the interval which does not contain the origin, and 
let this portion be called Let the length of /, be Lj. 

Throughout /j we have (cf. § 7*3) 

Uot Jo (jnx) snOm j ./( “ “ ^ • [P (wuc> 0) COS (mcB — !■»•)— Q {mx, 0) sin {mx — Jtt)] ; 
'V vnnrxj 

and, as m 00 , 

P {mx, 0) ->• 1, Q {mx, 0) -*• 0. 

Hence, for all sufficiently large values of m, (say all values exceeding mj) 
P {mx, 0)>^, IQ {mx, 0)1^^ 

at all points of f . 

Now suppose that a^ is not o {Jm)’, we have to shew that this hypothesis 
leads to a contradiction. 


* Of, Modem Analysis, §§ 9*6 — 9*632. + Ibid. § 9*61. 

t Sihee Jq (mx) ia an even fnnotion of x, the portioh may be supposed to be on the right of 
the origin without loss of generality. 
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If Ofli is not o {•Jm), a positive number e must exist such that 

\aj[>e^ni 

whenever w is given any value belonging to a certain unending sequence* 
fn...... Let the smallest member of this sequence which exceeds both 

Too and 2Tr/jti be called mi*. 

Then cos (oti' a; — goes through all its phases in Ii, and so there must 
be a portionf of Ji, say such that 

|coa(7Ui'a; — |w)|> |sin(?Ui'a? — I < i 

at all points of /j. K Xo is the length of i,, then 

Next let the smallest member of the sequence wv which exceeds both mi' 
and 27rjLi be called ms'. 


Then cos (ma'as-lv ) goes through all its phases in 1^, and so there must 
be a portion of /,, say /„ such that 


I cos(m8'a!-iw)|>|-v'3, | sin (ms'a? — ^tt) | 

at ail points of If X* is the length of X,, then X, = |- 7 r/ma'. 

By continuing this process, we obtain a sequence of intervals Ii, Xg, Xg, , . . 
such that ^ch is contained in its predecessor; there is therefore a point X 
which lies inside aU these intervals, and at this point we have 

|cos(mZ^i,r)i>^V3, | sin (mX - ^tt) | ^ 

when m has any of the values V, m/, m,',.... 

For such values of m we consequently have 

ia,/.(MX)|>|a.|y(Jy) 


X [X (mX, 0) . I cos (mZ - I'm-) | — | ^ (mX, 0) | . | sin (mZ — Jrr) | ] 


> e- 


V3-1 


y(A). 


md this is mTOusistent with the hypothesis that a.. J, (mx) tends to zero at 
all points of Xi. 

The contradiction which has now been obtained shews that must be 
0 Wm). « 

The th^rem which we shaU prove is that, if Oe adUdmileh series 
conmrgei throughout amg trOeniol, tkm the iisoessory and eufficient condition 


* It is gupposed that nh<Tnj,<;t7ij,< ... . 
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that the series should comerge for any positive value of oo (whether a point of 
the interval or not) is that the series 

i, y (^) ■ H - w + 8^ - w] 

should he convergent for that value of oo. 

This theorem is evident from the fact that the general term of the 
trigonometrical series differs from OnJoimod) by a function of m which is 
0 (a,»w~4) = 0 (w~“) ; and So (m“*) is a convergent series. 


19*51. The associated function. 

Let the sum of the series 

00 

iao+ S a„Jf,(moo), 

at any point at which the series is convergent, be called f(x). 

Let 

(1) i 

»»=1 

Then P(a?) will be called the function associated with the Schlbmilch 
aeries whose sum is f{x). 

It is easy to see that, if the series defining f{x) converges at all points 
of amy interval^ then the series defining P(a) converges for all real values 
of X. 


For cbmJo{nix)-^0 as m-*-Qo at all points of the interval, and therefore 
(§19*6) 

a^„,=ao(Vm). 

Again, by § 2*6 (5), for all real values of x 

l/,(«w?)l<l ; 


and consequently 

w? \my ' 


Since 



is convergent, it is obvious that the series on the right in (1) must be 
convergent. 

It is evident, moreover, not only that the convergence is absolute, but also 
that it is uniform throughout any domain of values of the real variable au 
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19*62. Lemma 1. 

We shall now prove that, if T{x) is the function associated with the 
Bchlomilch series whose sum is f (x\ and if 

. (x + a)T(x + 2a) + {x-a)'Fi(B-2a)-^ixF^ 

(1) 0(a;,a) = 5^ 

then 

(2) liiaa(fl;,«) = a/(fl;) 

a-*>0 

at any point x at which the series defining f(x) is convergent, provided that'* 

a^ = o{*Jm). 

It is easy to deduce fixjm (1) that 

0(«,a)=ia.*- 2^4^ 

X [(a: + a) Jo + 2?na) + (« — «) Jo {mx — 2ma) — 2«? J # (tjw?)] ; 
and, firom THospital’s theorem, it follows that 

Hm [(a? + a) Jj {mx + 27?ia) + (a? — a) Jo (mx — 2ma) — 2xJ b(ww;)] 


.^0 


^ 87n*a 


[Jo {mx-\- 2ma) — Jo {mx — 2ma) 


•\-2m{x + a) Jo' {mx + 2nia) - 2m (a? ■— a) Jo' (m« — 2}na)] 

= xJf {tox) + Jo' {mx)Jm 
= — xJo{mx). 

Consequently the limits of the individual terms of the series defining G(a?,'a) 
are the individual terms of the series defining xf{x). 

It is therefore suflBcient to prove that the series for Q-(a;,a) converges 
uniformly with respect to a in an interval including the point a = 0 when x 
has any value such that the series for f{x) is convergent. 

It may be assumed, without loss of generality, that x \b pqsiUve'f, and we 
shall then take j a [ so small that it does not exceed \x ; we shall now prove 
that the series for Q- {x, a) converges uniformly when — a $ |a?. 

By observing that 

®±« — V{«(®±2a)}=- ^ 


and that the series 


a? ± a + \/{x {x ± 2a)} 

< 

^ ^ Jn{fno> 1 2mtt) 
m® [a? ± a + \/\x{x ± ^)}] 


Since we are not assuming more than the oonvergraoe of f («) at a girdle point, it is not 
permissible to infer from § Ift'S that a*, most be 0 

t The ftanotions nnder twnsideration are even fanotions of « ; and since a (0, o) =0, the special 
case in which s;=:0 needs no farther consideration. 
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is Tiniformly convergent (upper or lower signs throughout being token), xro 
see that Gl- (x, a) differs ff om 


[V(ar + 2a) . Jo («wb + 2wa) + ^j{x - 2a) . Jo (ma? - 2ma) - 2 J/r . J® (wwc)] 
by the sum of two series, each of which is uniformly convergent. 

It is therefore sufficient to establish the uniformity of the convergence of 
the last series which has been written down. 

Now take the general term of this series, namely 

_ r + 2a) . J. (maj + 2ma) + V(a; - 2a) . J® (ma; - 2ma) - 2 Ja; . Jo (rnx)] , 
4wi*(5? 

and write it in the form 


sin (mas — Jtt)' 






sin inaV 
moL ) 


//2a?\ cos(ma; — Jtt) sin 2ma 
\ \ifmr} ' 8m (a^ — 4a®) ' w®a 

2aj \ sin (mx — Jtt) cos 27ua 




7 ■ dma? {a^ — 4a®) ‘ m® 


2a; \ r24> (mx) — ^ {ma + 2moi) — ^ {m x — 2ma) 




4m* a* 


where <E> (y) is defined by the formula 

O (y) = (-P (y. 0) - 1} cos (y - i^r) - + Q (y, 0)| sin (y - Jtt). 

The general term is thus expressed as the sum of four terms, and we 
proceed to prove that each of the four series, of which these terms are the 
general terms, is uniformly convergent. 

The first two series are proved to be uniformly convergent, in connexion 
with the theory of trigonometrical series*; and the third is obviously 
uniformly convergent from the test of Weierstrass. 

To deal with the fourth series, we observe that, by the first mean-value 
theorem, numbers f 6 and 6i exist such that 

— 1 < J < 1 , — ,1 < ^1 < 1 , 


* Of. Modem Analysit, §§9-62, 9*621. It has been the general (but not invariable) custom to 
obtun various properties of the series without establishing the uniformity of their convergence. 
The convergence of the series for f{x) is required to deal with the first series ; the second series 
can be dealt with in consequence of the less stringent hypdthesis that a^—o (ijm). 

The number is a function of a variable t which will be introduced immediately. 


W. B. F. 


41 
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for which 

2^ {mas) - <I> {mas + 2ma) - <1> {mx - 2nia) 

= 2ma r {0' {mx - 2mca) -0'{mx+ 2mat)} dt 
Jo 

= — 2ma r 4mat {mas — 2madt) dt 
Jo 

=.- 0" {mas — 2ma6^. 

Since <J>"' {y) = 0 (1/y®) when y is large, it is evident that 

S 0'* {mx — 2ma6T,) 
m=l 

is uniformly convergent with respect to a. 

Hence Q- {x, a) is expressed as the sum of six series each of which converges 
uniformly with respect to a when — < a < Ja?; and therefore 

lim & {x, a) 

is equal to the sum of the limits of the terms of the series for G(a;, a), i.e. it 
is equal to xf{x), provided that the series for f{x) is convergent ; and this is 
the lemma to be proved. 

19*63. Lemma II. 

We shall next prove that, with the mtation q/'§§ 19*51, 19*52, the condition 
that On = 0 (Vwi) w sufficient to ensure that 

lim (^'ba) P {x + 2a) + (a; — a) F (a; — 2a) — 2a;F {x) _ ^ 

a 

foi' all values of x. 

As in § 19*52, we need consider positive values of x only; and we express 
the series for a G* {x, a) as the sum of six series each of which is easily seen to 
be uniformly convergent when —^x<a<\x, by applying the theorems con- 
cerning trigonometrical series which were used in § 19*52. 

Hence 

lim [a Ot {x, o)] 

a -^0 

*» . dm. 

= lim (^ 0 , 0 )— S lim-j — r- [(a; + a ) /q (waj -I- 2ma) 

a-*o a*- 

^ + (a; — o) /o {mas — 27na) — 2.x Jq (77ia?)] 

and this is the lemma to be proved. 

19*54. The analogue of Riemann's theorem’*' on ti'igonomets’ical seines.. 

We can now prove that, if two Schldmilch series of the type now under 
consitleration (i.e. with v — 0, and with Struve’s function absent) converge 

Of. Modem Anulytis, § 9*68. 
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and have the same sum-function throughout the interval (0, tt), then corre- 
sponding coefficients in the two series are equal. The formal statement of 
the theorem is as follows : 

Two Schlomilch aeries, of the apecicU type,- which converge and are equal at 
all points of the closed interval (0, tt), with the possible exception of a finite 
number of povnta, must have corresponding coefficients equal, unless the end- 
points 0 and rr are both exceptional points. 

If these points are exceptional points, the two series may differ by a constant 
multiple of the series 

S ir-)^Ji,{mx). 

m-1 

Let the difference of the two series be 


iao+ 2 OmJoimx), 

«i— 1 

and let the sum of this series be f(x), so that f{x) converges to zero for all 
values of x between 0 and tt, except the exceptional values. 

Let fi, ^2 be any points (except the origin) of the interval (0, tt), such 
that there are no exceptional points inside* the interval (fj, 

We proceed to prove that, if F(®) is the function associated with the 
Schldmilch series for f(x), then F {x) is a linear function of log x in the 
interval (fj, This is the analogue of Schwarz’ lemmai*. 

If ^ = 1, or if ^ - 1, and if 


^ = tf [f W - P (ft) - (F (ft) - F (ft))] 




then <f>(x) is continuous when and 


log(Wfi) 




If the first term of <f> (x) is not zeroj throughout the interval (|i, there 
will be some point c at which it is not zero. Choose the sign of 6 so that the 
first term of <f) (c) is positive at c, and then choose h so small that <f> (c) is 
still positive. 


Since <f> (x) is continuous in (fi, ^j), it attains its upper bound which is 
positive since 0(c) is positive. Let it attain its upper bound at Cj, so that 

< Cj < fj. 


Now by Lemma I (§ 19*62) 

lim (Ci •!-«) </» (ci + 2a)+(ci - g) <f> (c^ -2«) -2ci0(ci) ^ 

4a* 




* The points {] , (g themselves may be exoeptioual points, 
t Cf. Modem Analysis, § 9*681. 

t If it is zero throughout {g), then Ffa;) is obviously a linear function of logx. 

41—2 
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But 4>{ci + 2a)^<l) (ci), <l>(ci-^a)^(f>{pi), so the limit on the left must be 
negative or zero. This contradiction shews that the first term of 
be zero throughout (^i, fa)i that is to say that P (as) must be a lineax 
function of log a?; and this is the theorem to be proved. 

Hence the curve whose equation is y = P (as) consists of a set of segments 
of logarithmic curves with equations of the type 

y = jd. log a? + jB. 

Now, by § 19‘51, P (x) is continuous in (Q, tt), and so these logarithmic curves 
are connected at the exceptional points ; and the curve y = P (as) cannot have 
an abrupt change of direction at an exceptional point, because, by Lemma IIj 

even when f is an exceptional point ; that is to say 
' fP'(| + 0) = |r(f-0). 

Hence the constants A and B cannot be discontinuous at the exceptional 
points, and so they have the same values for all values of a? in the 
interval (0, tt). 

Consequently, when 0 < £c < ■nr. 

Make « 0 ; the series on the left has a limit, namely 


- 2 


(hn 
s > 


=1 nv 


because it is uniformly convergent. Therefore A log x + B has a limit when 
a; 0, and so .<4ris zero. 


Consequently, when 0 ^ a; ^ w, 

a^Jninuc) 


2 

«=i 


mr 


la^a?-B:, 


and the series on the left converges uniformly throughout (0, tt), so integrations 
term-by-term are permissible. 

Replace a; by a sin 9, multiply by sin 6, and integrate from 0 to Jtt. Then, 
by§mi, ^ ^ 

— 2 Jfi(mxam9)^n6dd 

_ 2 Owsinma; 


^ sinm® 


= -^a^a? — Bx. 


Hence, when 0 < ® ^ tt, 
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Multiply by sin mw and integrate from 0 to -tt ; it is then evident that 

, vB-r^'n* ar\ 

2m* “ ^ (_2m* m J ' 


Since Om is given to be this equation shews that 

. <hn = (-)”* Oo. 


Hence we must have 

/(flj) = ao 


S (— )”*Jo(wwc) 

m=l 


From the results contained in § 19'4l concerning the behaviour of the 
series on the right at * = 0 and at a? = tt, it is evident that /(«) cannot be a 
convergent Schldmilch series at either point unless is zero; and this proves 
the theorem stated at the beginning of this section. 


19*6. Theorems concerning the convergence of generalised Schlomilch series. 

We shall now study briefly the series 

n 'i _ 4 - V otm/p + 6r>iH^ {inx) 

' r(i/ + l)‘^«=i {^irucy 

We shall first prove that, when v<^, the condition that the (m + l)th term of 
the series tends to zero as m-*-oo at all points of any interval of values of x 
is sufficient to ensure that 

am = 0 (m’'+i), bm = o (m''+i). 


[Note. If the origin is a point of the interval in question, then the theorem that 


is obviously true.] 


a,„=o(l) 


Since the series under consideration is unaffected by a change in the sign 
of aj if the signs of all the coefficients are also changed, no generality is 
lost by considering an interval on the right of the origin. 

We call this interval Ii ; and, at all points of /i, we have, by § 10'41 (4), 
01,11 1/”,. (maj) + (maj) Cm td/ \ i i i 

(issy - = 

— Q (mx, v) sin {mx - ^vn- — ^tt — rim)] + bm-0 (m“‘), 
where am ~ Om cos rjm , bm “ Cm sin IJm- 


We now suppose that and bm are not both o(m‘'+*); we have to shew 
that this hypothesis leads to a contradiction. 

If Om and bm are not both o (m'’+*), a positive number e must exist such 
that 

Cm > em’"^^ 

whenever m is given any value belonging to a certain unending sequence 

wii, 
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We now prove, exactly as in § 19‘6, that, at some point X of the 
inequalities 




I cos (mX - |z/7r - — J7m) I > i l8in(?nX — 

are satisfied whenever m has any value belonging to a sequence (W) which 
is a sub-sequence of the sequence {ror). 

For values of m which belong to this sub-sequence we have 
1 amJ, (mX) + (mX) | ^ ie (^3 - 1) 

! (iisy 

and, since w — ^ is negative, the expression on the right cannot be arbitrarily 
small. This is the contradiction which is sufficient to prove that Om and bm 
must both be o(W'+*) if the (m + l)th term of the Schlhmiloh series tends to 
zero at ail points of 7i. 


The reader may now prove (as in § 19’6) that, when v<\,if the generalised 
Schlomilch series converges throughout any interval, the necessary and sujfficient 
condition that it may converge for any positive value of a (whether a point of 
the interval or not) is that the series 


I. \/ H 

iin (me - iwr - iTT - . jp ^ p (jj 


4v®--l 

8ma! 




should he convergent for that value of m. 


19*61. The associated function. 

liCt us take — i < v < i , and let the sum of the series 

I (hn Jy (WM?) + H„ (mx) 

r(i/-|-lj m=i ikrfixy 


at any point at which the series is convergent be called/^ (as). 
Let' 

/1^ W a„J,(7na:)-|-6„H„(77ia5) 

(1) F,(®) gp^^^2) mKtf^mxr 


Then F„ (x) will be called the function associated with the Schlomilch series 
whose sum is /„ (x). 


It easy to prove that, if ^e series defining f, (x) converges at all points 
o/ interval, then the series defining (x) converge for all real values of x. 

The only respect in which the proof dififeis fium the analysis used in 
§ 19'61 is that the additional theorem that lilp (x)lx* is a bounded function of 
the real variable x has to be used. 
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Agfkin, let 

(2) {w, a) = J [(« + 2i/a + a) P,, + 2a) 

+ (a; — 2va — a) P^ (<» ~ 2a) ~ 2a; P,, (^»)]/fl^- 
Then, just as in § 19‘62, we may prove that* 


lim <».(«,«)- »/,(*) r(r+i)r(i)J,m 

at my point x at which the series defining /r(a;) is convergent, provided that 

00 

Om and hfn are both o (w’'+*) and that Ike series % bmlm is convergent. 


Further we may prove that 

lim [a O, (w, a)] = 0, 

a -^0 

00 

provided only that Om and bm are both o (m''+i), whether the series 2 bmhn is 

nt=l 


convergent or not 


19*62. The analogue of Riemann's theorem. 


We can now prove that, if two generalised SchlOmilch series of the same 
order v {where - ^ < v < ^) converge and have the same sum-function at all 
points of the closed interval {— tt, tt) with the possible exception of a finite 
number of points {it is supposed that the origin and the points + tt are not all 
exceptional points), and if the coefiicients of the terms containing Struve's func- 
tions in the two series are sujficiently nearly equal f each to each, then all 
corresponding coefiicients in the two series are equal. 

Let the difference of the two series be 


jop S *4 {tnx) + bm, H„ {mx) 
r(v + l)'^,„ti {^mxy 

and let the sum of this series be /„ {x), so that the series for /„ {x) converges 
to zero at all points of the interval (— w, tt) with a finite number of exceptions. 

The convergence of the series for f, {x) nearly everywhere in the interval 
(— TT, w) necessitates the equations 


a^-io (m-'+i), b^ = 0 (m'"^^). 

The statement that the coefficients of the terms containing Struve’s func- 
tions in the two series are to be sufficiently nearly equal is to be interpreted to 

00 

mean that 6„i 0 as to -► oo in such a way that , — is convergent. 

7»=1 ^ 


We now discuss the function P^ («) associated with the Schldmilch series 
for /„(a?). It can be proved J that if the interval (^i, fj) is such that the origin 


* The presence of the series on the right is dne to the laok of homogeneity in the differential 
equation satisfied by Struve’s function. 

t This statement will be made definite immediately. 

X It seems unnecessary to repeat the arguments already used in § 19*64. 
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and the exceptional points (if any) are not internal points of the interval, then 
T,(cb) is a linear fmiction* of in the interval. It may then jjo shewn 
that the exceptional points do not cause any discontinuity in the form of F, (a;), 
and hence we deduce that 

= (0 <a! 

(a) = J.' I a [“'S' 4 - — tt) 
where A, B, A', B" are constants. 

Now take the equation 

p (a) = 1 ^ (^) + Hy (wa;) 

8r(i;4-2) Tn* . * 

teplace a; by ajsin^, multiply by sin»'+i ^/cos*' (which has an absolutely 
convergent integral) and integrate from 0 to ^tt. The series for P,,{®sm^) 
converges uniformly in this interval of values of 6, so term-by-term integiu- 
tions are permissible. 

It is thus found that 


P,(a;ain»)-' — = 

Jo ^ ^ cosS'd 8r(i/ + 2)J, 


'**■ sinS'+s^ 


dS 


8r(i/ + 2)Jo 008“*’^ 

_ 2 ► (imc sin 3) + hf f^ Hy (mcs sin 9) sin'"^^^,- 

«»=iJo m^.{^ina!y ' cosS'^ 

- ° 9 ^r(^~v) r(|-i;) “ sin m a? -H (1 - cos Tnw) 

12r(^) r (If) 

When we substitute for P, {w sin 6) we deduce that 

/|Y y amSmmaB+ hm it-cosma:) cua? Aoc^-^VU') 

m=i ~ m* “ "12 r (f — v) 1), 

when 0 ^ a; < TT ; and a similar equation may be obtained when 0 ^ a: > - tt. 

Since and hm are both o (wH-l), it is permissible to differentiate (I) twice 
Wby-term when 0>v>-i; but it may only be differentiated once if 

0^i;< 

7 .‘"“e or once as the case may be, the resulting series 

on the left tends to a limit as but the resulting expression on the right 
rails to do so unless A is z&ro. 

We mfer that ri = 0 and in like manner A' must be zero ; the continuity 
of p,(aj) at the ongin then shews that B and F must be equal. 

It now follows from (1) that 

/' 2 '\ V Oot sin ma; - 1 - hm (1 — cos maf) cua? ^ 

M=.i ~ — .Ba? r (i/ -f 1) 

when —ir^x^TT. 

* When T is MTo has to be i^plaoed by log*. 
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Multiply (2) by coa ma? and integrate from — tt to tt ; and then 
(3) &m = 0. 

Again, multiply by sin mx and integrate ; and then 

Om = ^0 + m® {2j5r (v + 1) - ^Oo-jr®}. 

This equation is inconsistent with the fact that is o {irV^) unless 

2jBr (w 4- 1) = ^oTT®, 

and then am — (— y^<h- 

Hence the series for /„ {x) must reduce to 

r ^ r I i-TJA'ma) ' 

+ {^nixy _■ 

Now at least one of the points 0, tt, — tt is not an exceptional point ; and 
the series for/„(fl!) cannot converge at that point unless Oo is zero, so that 
is also zero. 

We have therefore proved that, if the series % b^n/tn is convergent all the 
coeffi,cients and hm 'must vanish ; that is to say, the two SchlSmilch series 
with which we started must have corresponding coefficients, equal. And this 
is the theorem to be proved. 

We have therefore established for Sohldmilch series in which — | < v < ^ 
theorems analogous to the usual theorems concerning the representation of 
null-fiinctions by trigonometrical series. 

19*7. Theorems of Riemann’s type concerning series of Bessel functions and 
Dini’s series of Bessel functions. 

We shall now give a very brief sketch of the method by which the series 
discussed in Chapter XVili, namely 

00 uo 

S Offi Jy ^ J V 

m=l «'=! 

(in which v> — ^) may be investigated after the manner of Riemann’s investi- 
gation of trigonometrical series. 

The method is identical with the method of investigation of SchlOmilch 
series just given in ^19'6 — 19'62, though there are various points of detail*, 
which do not arise in the case of Schldmilch series, due to the fact that jm 
and are not linear functions of m. 

* These points of detail are very numerons and there is no speoial difdoulty in disoussing any 
of them ; but it is a tedious and lengthy process to set them out in full, and they do not seem to 
be of sufficient importance to justify the use of the space which they would require. The reader 
who desires to appreciate the details necessary in such investigations may consult the papers by 
0. N. Moore, Tram. American Math. 8oe. x. (1909), pp. 891 — 486; xii. (1911), pp. 181 — 206; 
XXI. (1920), pp. 107 — 166. 


I 
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In the first place, it is easy to prove by the method used in § 19‘6 that 
if the series 

QO 00 

»=1 TO"«1 

converge throughout any interval of values of a?, then 

a^«o(Vw), hm=^o{^/m). 

Next we consider the associated function j we write 


t amJ A jmOB), 

»»al 

and then the function associated with/(aj) is defined by the equation 

F(x)^ X 

m-lV rt!*' 

It may be proved that, when x has any positive value for which the series 
defining f («:) is convergent, and if the expression 

— [(a? + 2va + a) F{x + 2a) — 2a; F(x) + (x — 2vcl — a) F {x — 2a)] 

♦ 

is arranged as a series in which the mth term has Om for a factor, then the 
latter series is uniformly convergent with respect to a in an interval containing 
the point a = 0, and that its limit when a 0 is — f{x). 

It may also be proved that, whether the series for f(x) converges or not, 
fihe condition that “= o (V»») is sufficient to ensure that 
1 

[(a; + 2va + a)F(x + 2ix) — 2xF (x) + {x — 2pa a) F(x — 2a)] 


tends to zero with a. 


The proofs of these theorems depend on a number of lemmas such as the lemma* that 

V | ”PV«+ia siPVwa 

is a bounded function of a ; proofs of the lemmas can be constructed on the lines of the 
proofe in the special (trigonometrical) case in which • v = 


It now follows in the usual manner (of. § 19'54) that, when /(a;) is a null- 
function throughout the interval (0, 1), then F{x) satisfies the differential 
equation 


da? 


dx 


andsof F{x) = A + Bar^'', 

where A and B are constants. This equation is valid when 0 < «; < 1. 

* Of. Jiodem AnalyaU, § 9'6S2. 
t When » = 0, -P {*) = /I + S' log a. 
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Now since v> — ^, J^(JmO‘>)l(Jnif^y i® bounded when O^a^l whatever 
he the value of m ; and so, when* v < ^, the series 

converges uniformly when 0 ^ a; :$ 1, by the test of Weierstrass. 

Hence i*(a;) is a continuous function of x in the closed interval and so B 
is zero when v is positive ; and B' is zero in the case *» = 0. 

For any assigned value of n multiplying the series for F(x) by Jv{jn<F) 
does not destroy the uniformity of its convergence; and, when we integrate, 
we find that 

O-n . ( jn) =in f {Ax'' + B®"'') X J,. (jnX) dx 

J 0 

=j„ [b. -(A + B) j: 0',)] . 

Now, when n is large, 

and so the formula just obtained for is inconsistent with the equation 
On — o(^n) when v> — ^ unless both A + B and B are zerof; and then On is 
zero. 

Hence a series of Bessel functions (in which v> — ^) cannot converge to 
the sum zero at all points of the interval (0,1), with the possible exception of 
a finite number of points (the origin not being an exceptional pointj when 
V > ^), unless all the coefficients in the series are zero. 

We infer that two series of Bessel functions, in which v> cannot 
converge and be equal at all points of the interval (0, 1), with the possible 
exception of a finite number of points, unless corresponding coefficients in the 
two series are equal, 

Dini’s series § 

f (®) ^ ^ f (^m®) 

may be dealt with in the same manner. The associated function is defined 
by the equation 

-S' ■ 

* When the oonvergenoe of the series for /(«)/<£' ata;=0 is sufficient to ensure the 

uniformity of the oonvergenoe. 

t An exception might occur when - 1 = - ^ ; but this is the trigonometrical case. 

X The series divided by then has to converge at the origin. 

§ It is supposed for the present that JET + >'>^0, so tiiat no initial term is inserted. 
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ao.d it is inferped that when /(a?) is a null-function throughout (0, 1),. then 
constants A and B exist such that 

-TW [4 Jh-. (>W) +■ B ; 

and 5 = 0 when 1 / > 0. 

Now, when n is large 

J'r+l (A,) =0 (»,-»). 

°“~2'r(K)’ 

and this is inconsistent with the equation 

bn = o (Vw), 

since 1 / > — 

Hence B is zero, and therefore 

^ * (^) “ AXnJ H-l (^)* 

This equation is inconsistent with the equation 

6n “ 0 (itjn) 

unless A is zero, since J^+i (Xn) is not zero ; and then 6„ is zero. 

We next consider what happens when JS" + v is zero or negative ; in these 

cases Dini’s series assume the forms 

00 

Joflj’' + !E I, (X9jv®)> 
i»=i 

oo 

m=<l 

respectively. 

In the second of the two cases the previous arguments are unaffected by 
the insertion of an initial term ; the first of the two cases needs more careful 
consideration because the initial term to be inserted in the associated 
function is 

hoO^ 

^{v + iy 

and hence, when n > 1, 

hfiJ* (Xn) = X«* ^ ^ avT ^ (Xna?) dec 

OD.. \ _ r \1 _L.^ 0 »i^r(X») 
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Since 6ft = o(Vn)we infer first that B = 0, by considering the term in 
(i \n)^ and then that 6o = 0 ; and so 6„ = 0 for all values of n. 

We infer also that, as in the limiting case of series of Bessel functions, 
Dini's series of Bessel functions cannot represent a null-function throughout 
the interval (0, 1), and that if two of Dini’s series (with the same v and H) 
converge and are equal at all points of the interval (0, 1), with the exception 
of a finite number of points, then corresponding coefficients in the two series 
are equal. 



CHAPTEE XX 

THE TABULATION OS’ BESSEL FUNCTIONS 


20*1. Tables of Bessel Funoiions and associated functions. 

It is evident from a consideration of the analysis contained in Chapters Vli, 
vni and XV that a large part of the theory of Bessel Functions has been con- 
structed expressly for the purpose of facilitating numerical computations 
connected with the functions. To the Mathematician such computations are 
of less interest and importance* than the construction of the theories which 
make them possible; but to the Physicist numerical results have a significance i* 
which formulae may feil to convey. 

As an application of various portions of the Theory of Bessel Functions, 
it has been considered desirable to insert this Chapter, which contains an 
historical account of Tables, of Bessel Functions which have been previously 
published, togethei* with a collection of those tables which seem to be of the 
greatest value for the present requirements of the Physicist. 

The reader will not be concerned with the monotony and technical irrele- 
vance of this Chapter when he realises that it can be read without the efforts 
required to master the previous chapters and to amplify arguments so ruth- 
lessly condensed. 

The first Tables of (*) and («) were published by Bessel himself in 
his memoir on Planetary Perturbations, Berh'wer Abhandlunyen, 1824 [1826], 
pp. 46 — 52. These tables give the values of (go) and (x) to ten places of 
decimals fdr a range of values of x fi:om to x = 3-20 with interval 0-01. 

A short Table of and J^{x) to four places of decimals was constructed 
by Airy, Phil May. (3) xvin. (1841), p. 7; its range is from « = 0 to a; « IQ-Q 
with interval 0-2. AiryJ had previously constructed a Table of 2J, {x)fx, of 
the same scope. 

The function Ji{,x)lx was subsequently tabulated to six places of decimals by Lommel, 
Zeit$ehnftfUr Math, und Phys. xv. (1870), pp. 164—167, with a range from to a?- 20*0 
with interval OT ; this Table, with a Table of was republished by Lommel. 

Miinchener Ahkandlungm, xv. (1886), pp. 312 816, 


* Of. Love, Proc. London Math. Soc. (2) nv. (1915), p, 1^. 

+ Of. Lord Kelvin’s statement “I have no satisfaction in formulas unless I feel their arithmetical 
^itnde-at all ev^ts when formnlas are Intended for definite dynamical or physical problems. « ’ 
BaUimore Leetara (Cambridge, 1904), p. 76. "O' p 

:Tr™, C.»J. P«l S».y.(1835),p 291. A T.bl, of 2J. (,)/, to top, ox fly. 

places of dMimals, m which the range is from 0 to the oironlar measure of 1126“ (with interval 16“1 
was given by Schwerd, Lie Beugungtenoheinungen (Mannheim, 1886), p. 146. ' 
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20 * * * § 1 ] 

In consequence of the need of Tables of Jn (a) >ivith fairly large values of 
n and w for Astronomical purposes, Hansen constructed a Table of (x) aud 
Ji(x) to six places of decimals with a range from «! = 0 to a; = 10‘0 with 
interval O'l ; this was published in his Ermittelung der absolutm StOr ungen 
in ElUpsen von beliebiger Excentricitdt und Neigung (Gotha, 1843). Hansen’s 
Table was reprinted by Schlomilch* and also by Lommelf who extended it 
to a: = 20. 

These tables, however, are superseded by Meissel’s great Table of Jo{x) 
BJxdJi(a)) to twelve places of decimals published in the Be^'liner Abhand- 
lungen, 1888; its range is from a) = 0 to a; = 15*50 with interval 0*01. 

Meissel’s Table was reprinted in full by Gmy and Mathews, A Treatise 
on Bessel Functions (London, 1895), pp. 247 — 266, and an abridgement of it 
is given in Table I infra, pp. 666 — 697. 

A Table of Jo (x) and J, (x) to twenty-one places of decimals, from x = 0 
to a; = 6*0 with interval 0*1, has been constructed by Aldis, Broc. Royal Soc. 
Lxvi. (1900), p. 40. 

A Table of Joinv) to six places of decimals for n=l, 2, 3, ..., 60 has been computed by 
Nagaoka, Journal of the Coll, of Sci. Imp. Univ. Japan, iv. (1891), p. 3i:i. 

The value of Jo (40) was computed by W. R. Hamilton from the ascending series, Phil. 
Mag. (4) xiv. (1867), p. 375. 

A Table of Ji{x) to six places of decimals from «=20‘1 to a: = 41 with interval O'l or 
0*2 has been publishe<l by Steiner, Math, und Naturtem. B&nchto aus Ungarn, xi. (1894), 
pp. 372—373. 

The earliest table of functions of the second kind was constructed by 
B. A. Smith, Messenger, XXVI. (1896), pp. 98 — 101; this is a Table to four 
places of decimals of Neumann’s functions (x) and F*" (x). Its range is 
from fl: = 0 to a; =1*00 with interval 0 01 and from x= 10 to = 10*2 with 
interval 01. 

A more extensive table of these functions is given in the British Asso- 
ciation Report, 1914, pp. 76 — 82; this is a Table to six places of decimals 
whose range is from a; = 0 to a3= 15*50 with interval 0*02 ; a year later a table 
was published, ihid. 191.5, p. 33, in which the values of F'®' {x) iuid F<'> {x) 
were given to ten places of decimals for a range from x = 0 to x — 6*0 with 
interval 0*2 and from x = 6*0 to 16*0 with interval 0*5. 

Shortly after the appearance* of Smith’s Table, an elaborate table was con- 
structed by Aldis, Proc. Royal Soc. LXVi. (1900), p. 41, of Heine’s functions § 
Oa{x) and Gi{x) to twenty-one places of decimals; the reader should be 

* Zeitschrift fUr Math, und Phijs. u. (1867), pp. 158 — 165. 

t Studien fiber die DenteVxchen Functionen (Leipzig, 1868), pp. 127 — 135. 

J Meisael’s Table contains a misprint, the correct value of J’q( 0'62) being +0'90618.,,, not 
+ 0'90618.... A.n additional misprint was made in the reprint of the Table by Gray and Mathews. 

§ These functions were also tabulated by B. A. Smith, Phil. Mag, (6), xj.v. (1898), pp. 1*2*2 — 
123 ; the scope of this table is the same as that of hie Table of Ti®) (x) and (.r). 
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Feminded that these fimctioiia are equal to — J'7ryi,(ip) and yi(o}) re- 
spectively* The range of Aldis’ Table is from aj — 0 to a? ^ 6*0 with interval 0*1* 

Another table of these functions with a smaller interval was published in 
the British Association Beport, 1913, pp 116 — 130; this table gives the 
functions to seven places of decimals for a range from aj *= 0 to <p «= 16*00 with 
interval 0*01. The B^ort for 1915, p. 88, contains a table to ten |dates of 
decimals from a; « 6*5 to a> « 15*5 with interval 0*5. 

The functions Fq (as) and Fi (a) are tabulated to seven places of decimals 
in Table I injht ; this table has an appreciable advantage over the British 
Association Tables* in that the auxilie^ tables make interpolation a trivial 
matter; in the British Association Tables interpolation is impracticable. 

By means of the recurrence formulae combined with the use of the tables 
which have now been described, it is an easy matter to- construct tables of 
functions whose order is any integer. Such tables of Jn (as) were constructed 
by Hansen and reprinted by Schlomilch and Lommel after their Tables of 
Jo (x) and.Jj (x). Subsequently Lommel, Mii/nchener Ahhandlungen^ XV. (1886), 
pp 31.5 — 316, published a Table of Ji^(x) to six places of decimals, in which 
n “ 0, 1, 2, . . . , 20, and « 0, 1, 2, . . . , 12; this Table is reprinted in livable IV 

infra^ pp. 730 — 781. A Table of Jn (x) of practically the same scope was also 
published by Meissel, Astr. Bach, cxxvin. (1891), col. 154—156. 

A much more extensive Table of /«(») was computed by Meissel, but it 
seems tlmt he never published it. He communicated it to Gray and Mathews 
for pubUcation in their Treatise, pp 267—279. This table gives /,(«) to 
eighteen places of decimals when n =0, 1, 2, ... , 60, and »= 0, 1, 2, ..., 24. 

graphs of (®) were constructed, with the help of the last-mentioned 
table, by Hague, Proa Bhys. 8oc. xxix. (1917), pp. 211—214. 

"nre corresponding Tables of fonotione of the second kind are not so ex- 


d wo^ iisport, MU, pp. as-^ oontaine Tables of ff, (s.) 

18 for the range « = 0 to 6-0 

mth interval 0-1 sod «. 6 0 to 16 0 with interval 0-6 

Table IV mfro Th^h*^'*” ™ore) significant figures is contained in 

elVre^a. Tl»s hse been oompnted&om Aldis" Table of <?,(») and (?.(»). 

Vb.. or «.(-> 

. ““•‘"“‘•’TOtnmatob.mii.liaUetaaboats./ of ad 
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Tables of eight significant figures are given 

in the British Association Mepoi't, 1907, pp. 94 — 97. The values assigned 
to V are 0, 1, IJ, 6^, and the range of values of x is from « — 10 to 100 

(interval 10) and 100 talOOO (interval 100). For this range of values of sc, 
the asymptotic expansion (§ 7‘51) gives so rapid an approximation that the 
Table is of less value than a table in which the values of sc and the intervals 
are considerably smaller. * 

Functions of the first kind with imaginary argument have been tabulated 
in the British Association Reports. The Report for 1896, pp. 99 — 14)9, con- 
tained a Table of (x) to nine places of decimals, its range being from *• = 0 
to x= 5'100 with interval 0 001. A Table of /j (x) of the same scope had been 
published previously in the Report for 1893, pp. 229 — 279; an abridgement 
of this (with intei-val 0*01) was given by Gray and Mathews in their Treatise, 
pp. 282 — 284. 

Tables of Io{x) and Ii (x) to twenty-one places of decimals have been con- 
structed by Aldis, Proc. Royal Boo. LXiv, (1899), p. 218. The range of these 
Tables is a? = 0 to a; = 6*0 with interval OT; Aldis also gave {ibid. p. 221) the 
values of I^{x) and {x) for a: = 7, 8, 9, 10, II. 

Extensive tables connected with /q (ar) and {x) have been published by 
XTidmg,Sechsstellige Tafeln der Bessel’schen Funktionen imagindren Arguments 
(Leipzig, 1911). These tables give log, „ (a:) and log,o j A (a;)/a)| from .^ = 0 
to a! = lO'OO with interval O’Ol. They also give the values of the functioiis 

\/(27ra!) . e“® (x), V(27ra;) . e”®/, (x), logio {V® • A C'^)) { Va- . /, (.r)} 

for values of x from a; = lO’O to a; == 50‘0 (interval OT), aj = 50 to a; =200 
(interval 1), a: = 200 to a; = 1000 (interval 10), and for various larger values of a;. 

Table II infra, pp. 698 — 713, gives the values of e~^In{x) and e"®7i(a;); 
these have been computed, for the most part, by interpolation in Aldis’ Table. 

The earliest tables of functions of the type Kn (^’) were constructed by 
Aldis, Proc. Royal Soc. LXiv. (1899), pp. 219 — 221. These give A,, (a;) and 
Ky{x) to twenty-one places of decimals for values of x from a; = 0 to a; = 6'0 
with interval OT, and also to between seven and thirteen significant figures 
from x= 5*0 to a; = 12’0 with interval OT. 

The values of e®iv'o(a;) and (a;) in Table II infra were computed with 
the help of Aldis’ Table, like the values of e~®/o (®) and e'®/, (a;). 

By means of recurrence formulae, .has been tabulated to twelve signi- 
ficant figures for n — Q, 1, 2, 11 over the range of values of x from a; = 0 
to a? = 6’0 with inierval 0'2. These Tables of /»(«) were published in the 
British Association Report, 1889, pp. 29 — 32, and reprinted by Gray and 
Mathews in their Treatise, pp. 285 — 288. An abridgement (to five significant 
•figures) of these Tables has been given by Isherwood, who added to them 
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Tables of if„(«) to five significant figures for n * 0, 1, 2, , 10 over the range 
of values of co from a;«=0toaj = 6-0 with interval 0-2. Isherwood’s Tables were 

published m the Mem. and Proa, Mamhester Ut. cmd Phil. Soc., 1908—1904, 
no. 19. 

rn ^ ^ni^) and Mn(^) to seven places of decimals are given in 

Table IV infra, pp. 786—739. 

The earlieet Tables of Bessel functions of lar^;^ order were constructed by 
eisse, who has calculated to twelve significant figures for n = 10, 

U,...,21,4s^.jraoh.oxsix.a892),coL284,; Meissel also calculated J'.CIOOO) 
to seven agnificant figures for »-1000, 999, 981, ibU. CXXYIII. (1891), 
ml 164-106. The values of /„(»), F«-»(«), (?„(«), ©„_,(») 

0 SK places of decimals for values of n from n = l to « = 60 (interval 1), 
’“"al ;• (interval 6), « = 100 to n = 200 (interval 10), *.. = 200 to 

n - 400 (“teml 20), n = 400 to » = 1000 (interval 60), *! = 1000 to » = 2000 
m rva ) and for various larger values of n, are given in the BriUah 
ABSoemUm Report, 1916, pp. 93—96. 

• ^n(n)» T«^(a) to seven places of decimals are given 

in Table VI in/ra, pp. 746 747. 

*.oK 1 f ii^etioiis ber (a), bei (x), ker (a) and kei (x) have been extensively 
tabulated on account of tteir importance in the theory of alternating currents. 

hv ^ ““P«t«i by Maclean, was published 

« “r P- ^3. Tables of Mx./i) 

hvXtl tw^ty-one places of decimaU have been consti-uoted 

t /T;. l pp- their mnge is from 

®-0 to a. = 6-0 with mterval 0-1, These are extensions of the Table of 

^0 range from a. = 0 to a = 6-0 with 

• f 4 1 , “ i-b® Srthah Aseodation Report, 1893, p. 228 and 

reprmted by Gray and Mathews in their Treatiee, p. 281. 

Tablra of W(a), bei(a). ker(a.) and kei(s.) to four significant figures for 
p. 5^ ’ ^ pubhshed by Savidge, PhU. Mag. (6) xix. (1910), 

nl«i^!./r*““1 ‘“bulated to nine 

places of decimals, from a = 0 to .r = 10-0 with interval 01 in the Britieh 

AsMiatwn Report. 1912, pp. 57—68; and a Table of ker (®) kei (a.) ker' (x\ 

and kei (») of the same scope (except that only six or seven i^ifiint figuLs 

0 ^ 0 *^ functions to six significant figures finm ® = 0 to a = 10-0 
with mterval 0-2 were given in the Bepori for 1916, pp. 118—121. 

Lo Jmel^ T ‘ubulated to six places of decimals by 

Ummel, pp. 644-647. for n = 0, 1. 2 6 with 

, ... . , 60, and (m the case of functions of positive order) w = 7, 8, . . . , 14 
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with a? = 1, 2, . . . , 20, and w = 15, .... 34 with smaller ranges of values of x ; see 
Table V infra, pp. 740 — 743. A Table of the same functions to four places of 
decimals with n =0, 1, 2 and from a; = 0 to a?=8'0 with interval 0'2 is given 
by Dinnik, Archiv d&r Math, und Phys. (3) XX. (1913), pp. 238 — 240. 

Functions related to J±(n+i) (®) h®>ve recently been tabulated in the British 
Associtttion Reports. The notation used is 

s/{}^’trx) . /n+j {x) = Sn (,x), = Gn («), 

En («) = I Gn (x) + i 8n (x) j, 

and the functions tabulated are Sn(x), Gnix), Ef^{x), Sn(x), Gn(x), En^{x), 
and their logarithms. In the Report for 1914, pp. 88 — 102, the functions are 
tabulated to seven significant figures for w = 0, 1, 2, .. ., 17 and a; = 1, 2, 3, .... 10, 
and in the Report for 1916, pp. 97 — 107, for ?i=0, 1, 2, ...,10 and a;=l'l, 
1-2,..., 1-9. 

Functions of order + i have been tabulated by Dinnik, Archiv dev 
Math, und Phys. (3) xviil. (1911), pp. 337—338, to four places of decimals; 
the functions tabulated are r(l + J) J±j(«), r(l ± J) J±ij(a;) from x — Q to 
a; = 8-0 with interval 0‘2 ; and Dinnik has also tabulated I±^{x), I±i(jr\ ibid. 
(3) XXII. (1914), pp. 226 — 227 and J±\{x), J±\{x), ibid. (3) xxi. (1913), 
pp, 324 — 326. All these tables have the range a; = 0 to a; = 8 0 with interval 
0*2. The Tables of r(l ± ^)J±i(x) are less extensive than Table III infra, 
pp. 714 — 729; but, with the exception of Dinnik’s tables, there exist no 
tables of functions of orders |, J and f . 

In connexion with functions of order + J, Airy’s Table of his integral 

I cos (lo® — rnw) dw 
Jo 

must be mentioned ; Airy calculated by quadratures and by ascending series 
the values of this integral for values of m from — 5*6 to + 5 6 with interval 
0*2 ; a seven-figure Table from m = - 4 to 7n = 4 is given in the Trans. Camh. 
Phil. 8oc. VI. (1838), p. 402, and a five-figure Table from m = - 5*6 to m = 6*6, 
ibid. VIII. (1849), p, 599. 

Apart from the work of Euler described in § 15*5 the earliest computation 
of the zeros of J^ix) and fix) is due to Stokes, Trans. Ganib. Phil. Soc. ix. 
(1856), p. 186 [Math, and Phys. Paper's, il. (1883), p. 356]. Stokes gave the 
values of the first twelve zeros (divided by tt) of Jo{x) and {x) to four places 
of decimals. In the same memoir he gave the first fifty zeros of Airy’s integral, 
and the first ton stationary points of this integral. 

The first nine zeros of Joix), Ji{x), Jb(/c) wore computed by Bourget, 
Ann. sci. de V locale norm. sup. III. (1866), pp. 82—87. Bourget s results are 
given to three places of decimals ; some corrections in his iables have recently 
been made by Airey*. 


* Phil. Mag. (6) xxui. (1916), pp. 7—14. 


42—2 



660 


THBOEY OF BBSSBL FUNCTIONS [OHAP. XX 

Boui^t’s Tables have been reprinted so frequently that their authorshi^p has been 
overlooked by the .writers of the articles on Bessel Functions in the EncyclopSdie der 
Math, Wiaa. and the Encyclojpidie des Sei. Math. 

The first five zeros of /, (<») and Ja{ 0 D) were given to six places of decimals 
by Lommel, Zeitsohrift fiir Math. und. Phya. xv. (1870), p. 167 and Munohener 
Abhavdlungen, xv. (1886), p. 315. 

The first ten zeros of Jq (ec) were computed to ten places of decimals by 
MeisSelj Berliner Abkandlungen, 1888. 

The first fifty zeros (and their logarithms) of «/o(^) were given to ten places 
of decimals by Willson and Peirce, Bulletin American Math 8oc-. ill. (1897), 
pp. 153 — 155; they also gave the values of J’i(aj) and log 1 Ji(a7) 1 at these 
zeros to eight and seven places of decimals respectively. 

The first fifty zeros of and the corresponding values of t/o(®) were 
computed to sixteen places of decimals by Meissel*, Kiel Programm, 1890; 
this Table is reprinted by Gray and Mathews in their Treatise, p. 280. 

Tables of roots of the equation 

Jn {so) Yn (Jew) - (Jcw) Fn (w) = 0 

have been constructed by Kalahne, Zeitschrift fii/r Math, und Phys. Liv. (1907), 
pp. 55 — 86 ; the values taken for h are 1*2, 1*5 and 2 0, while n is given the 
values 0, 1, 2, 

Dinnik in his Tables of functions of fractional order mentions the values 
of a few of the zeros of each function, while Airey, PhiL Mag. (6) XLI. (1921), 
pp. 200 — 205, has computed the value of the smallest zero of /„ (as) 'for small 
fractional values of v by Euler^s method. 

Eayleigh, Proc. London McUh. 8oc. x. (1878), pp. 6 — 7 [Scientific Papers, 
I. (1899), pp. 363 — 364], has calculated that 

(l-iB®)®Ii(aj)//o(a!) 

has a maximum when = 0*4868. 

Airey, Archiv der Math, umd Phys. (3) xx. (1913), p. 291, has computed 
the first ten zeros of ^wJq (w) — 2Ji (w) and of 2wJo (w) — Ji (w) to four places 
of decitnala. 

In his memoirs on Diffraction, Milnchener Abhandlungen, xv. (1886), 
Lommel has published tables connected with his functions of two variables, 
but these tables are so numerous that a detailed account of them will not be 
given here. His Table of Fresnel’s integrals (p. 648) to six places of decimals 
fi*om w — 0 to w = 50*0 with interval 0*5 (with auxiliary tables for purposes 
of interpolation) must, however, be mentioned, and with it his Table of the 
first sixteen maxima and minima of these integrals. 

* Jalvrbuch UBer die Fortsekritte der Math, 1890, p. 621. In oonseqnenoe of the insKSoessibility 
of Meissel'B table, the zeros of (x) were lecompated {to ten places of decimals) for inseiHiioii in 
Table Vn, p. 748. 
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Lommel’s form for Fresnel’s integrals was 

*7^ (t) dt ; 

a different form was tabulated earlier by Lindstedt, Ann. der Physik und 
Chemie, (3) xvii. (1882), p. 725. 


Defining the functions M (a?) and N (x) by the equations 
cos t^dt = M (as) cos a?* — N {x) sin a^, 


/; 


I sinf*di = Jlf(a!)sina3®4-^(«)co8a;®, 

J fjo 

and writing x == [(y + J) tt}^, Lindstedt tabulated M (x) and N (x) to six places 
of decimals fi'om y = 0 to y= 9*0 with interval 0*1. 

The function I (x) defined as 

arj X 

has been tabulated to four places of decimals by Struve, Ann. der Physik und 
Ghemie, (3) xvii. (1882), pp. 1008—1016, from a; = 0 to 4*0 (interval O’l), from 
^ =4*0 to 7*0 (interval 0‘2) and from x = 7*0 to 11*0 (interval 0*4). 

A table of values of th*e integral 




dx, 


in which the limits are consecutive zeros (up to the forty-ninth) of J i (x), has 
been published by Steiner, Math, und Naturwiss. Berichte aus Ungam XI. 
(1894), pp. 366 — 367 ; this integral occurs in the problem of Diffraction by 
a Circular Aperture. 

,No Tables of Struve’s functions seem to have been constructed before the 
Table of Hq ( x ) and Hi (x) which is given on pp. 666 — 697. 


20*2. Description of the Tables contained in this book. 

Preliminary considerations on the magnitude and character of the tables 
to be included in this book led to the following decisions : 

(I) That space did not usually admit of the inclusion of more than seven 
places of decimals in the tables. 

(II) Thai the tables should be so constructed as to minimise the difficulty 
of making interpolations. In particular, it was decided that a table with a 
moderately large interval (such as 0*02), together with an auxiliary table to 
facilitate interpolation, would be more useful than a table with a smaller 
interval (such as 0*01), occupying the same space as the first table and its 
auxiliary, in which interpolation was impracticable. 
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(III) That in computing tables, calculations should be carried to ten 
places of decimals in order to ensure that the number of cases of inaccuracy 
in the last figure of the published results should be trivial*. This does not 
apply to the auxiliary ta,bles of angles which are entered in Tables I and III. 

In order to obtain seven-figure accuracy, it is not sufficient to tabulate to 
tenths of a second of arc, because the differences per minute of arc in a seven- 
figure table of natural sines may be as large as 0*0002909 ; on the other hand, 
an. error of a hundredth of a second does not affect the value of the sine by 
more than O'OOOOOOOS. Hence, for seven-figure accuracy, it was considered 
adequate to compute to nine places of decimals the sines (or cosines) of the 
angles tabulated and then to compute the angles firom Gifford’s Natural Sines 
(Manchester, 1914) ; these are eight-figure tables with an intervalf of V\ 

The angles tabulated may consequently frequently be in ^rror as to the 
last di^t, but, in all probability, the error never exceeds a unit (ie. a 
hundredth of a second of arc). 

We now proceed to describe the tables in detail. 

Table I consists primarily of Tables of (a), To (x), {x) and Fj (x) from 

a: = 0 to 16*00 with interval of 0*02. The values of Jo{x) and Ji{x) up to 
15*60 are taten fi:om Meissel’s Table J, while the values of Yoicc) and Yi{x) 
were computed partly by interpolation in Aldis’ Table of Qo (x) and Gj (x) and 
partly from the asymptotic expansions of Jo^{x)+ T^{x) and J^{x)-^ T\{.o)) 
given in § 7*61. 

The auxiliary tables § give the values of j fl„w(a;)l and argJETn^^' {x) for 
n == 0 and n = 1. In these tables the first differences are sufficiently steady 
(except for quite small values of x) to enable interpolations to be effected 
with but little trouble on the part of the reader; thus, when x is about 10 
the second differences of [ (a?) ] do not exceed 0*0000009. 

The vahies || of | {x) \ and arg {x) can consequently be computed 

by the reader for any value of x less than 16, with the exception of quite 
small values. The corresponding values of Jn{x) and Yn{x) can then be 
calculated immediately by the use of seven-figure logarithm tables. 

* The tables were differeaced before removing the last three fignres, and it was found that the 
ten-figure results were rarelj in error by more than a unit in the tenth place ; so it is hoped that the 
number of errors in the last figure retained does not exceed about one in every thousand entries. 

t No tables with a smaller interval have been published ; the use of any tables with a larger 
interval and a greater n^ber of decimal places would have very greatly increased the labour of 
constructing the auxiliary tables of angles, and the increased accuracy so obtained would be of no 
advantage to anyone using the auxiliary tables for purposes of interpolation. 

X I must here express my cordial thanks to the Preussische Akademie der Wissensohaften zu 
Berlin for permitting me to make use of this Table. 

§ The idea of constrnoting the auxiliary tables grew out of a conversation with Professor Love, 
in the course of which he remarked that it was frequently not realised how closely Bessel functions 
of any given order resemble circular functions multiplied by a damping factor in which the rate 
of decay is slow. 

II The remarks immediately following of course presuppose that n is 0 or 1. 
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The relation between the various functions tabulated may be expressed 
most briefly by regarding ] («) | and arg (a) as the polar coordinates 

of a point in a plane ; then the Cartesian coordinates of this point are Jn(o^) 
and (®). Thus, from the entry for x = 8*00, 

+ 0T716608 = 0-2818269 cos 412° 28' 40"-60, 

+ 0-22352 1 6 = 0-281 8259 sin 41 2° 28' 40"-60. 

Table I also contains the values of Struve’s functions Ho(«) and 
These functions are included in Table I, instead of being contained in a 
separate Table, to facilitate interpolation; by §10-41(4), the difference 

(a?) — Fn (a?) is a positive monotonic function, and it varies sufficiently 
steadily for interpolation to be easy when a is not small. 

The Tables of Struve’s functions were computed by calculating the values of Ho (®) 
and Ho' (a?) directly from the ascending series when a; = l, 2, 3,..., and then calculating 
Ho" (a?), Ho'" (a?), ... for these values of x from the differential equation 10’4 (10) and the 
equations obtained by differentiating it. 

■ A few differential coefficients are adequate to calculate Ho {x) and Ho' {x) by Taylor’s 
theorem for the values 0*6, 0‘6, 0‘7, ... of .r. Interpolation to fiftieths of the unit is then 
effected by using Taylor’s theorem in the same manner. This process, though it seems at firat 
sight to be complicated and lengthy, is, in reality, an extremely rapid one when a machine* 
is used. It is very much more effective than the use of asymptotic expansions or the 
process suggested in the Briiuh Association Ii.eport, 1913, p. 116. As an example of the 
rapidity of the process, it may be stated that the values of «"*/o (.®) and e“*/i (.r) in Table 1 1 
took less than a fortnight to comp\ite ; of course the time taken over this tabulation was 
appreciably shortened by the use of Aldis’ Table as a framework for interpolation. 

Table II consists of Tables of e“*/o(a;), e~*/, (a;), ^ K^{x), and Ki{jc), 
and a Table of e® is inserted, in case the reader should require the values of 
the functions t Io{ac), Ii{x), Ko{x) and Ki{x)\ the functions are tabulated 
from 0 to 16’00 with interval 0 02. 

Interpolation by differencing is easy in the case of the first four functions 
throughout the greater part of the range. 

The Table of e® was constructed with the help of Newman’s Table of 
Tram. Carnb. Phil. Sog. Xlll. (1883), pp. 146 — 241. Unlike the other Tables 
in this book, the Table of e® is given to eight significant figures^, and care 
has been taken that the last digit given is accurate in every entry. Interpo- 
lation in this Table is, of course, effected by multiplying or dividing entries 
by exponentials of numbers not exceeding 0-01 ; such exponentials can be 
calculated without difficulty. 

* The machine on whioh the caloalatione were carried out ia a Marohant Oaloulatiug Machine, 
10 X 9 recording to 18 figures. 

t Theee functions were not tabulated because tables of them are unsuited for interpolation. 

t Nine figures are given in parts of the Table to avoid spoiling its appearance. 
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Newman’s Table gives e~* to a laige number of places of decimals, but tbe actual 
number of significant figures in tbe latter part of tbe Table is small ; and less than half of 
the Table of was constructed by the process of calculating reciprocals ; the rest was con- 
structed from Newman’s Table by using the values of and given by Glaisher*, and 
the value of given by Newman, in a short table of «”* with interval O’l. These ex- 
ponentials were employed because the tenth significant figures in all three and the eleventh 
significant figures in the first and third are sero. 

Table III consists of Tables of Fj (a), | (a?) | and ] arg JETj*’* («?) j 

of the same scope as Table I, and interpolations are effected in the manner 
already explained. A Table of e® (a?) is also included. These' Tables are 
of importance in dealing with approximations to Bessel functions of large 
order (§ 8‘43)j and also in the theory of Airy’s integral. 

The reader can easily compute values of from this table by means 

of the formula 

(uj) = j (flj) 1 cos {60“ + arg (a?)}. 

Table IV gives the values of (a?), F„ (a?), e"® {co) and Kn (a?) for various 
values of a and n. The values of /n(®) are taken from Lommel’s Tabled*, with 
some corrections, but the remainder of Table IV, with the exception of some 
values oiKn{o:) taken from Isherwood’s Table f, is new; they have been con- 
structed in part by means of Aldis’ Tables of functions of orders zero and unity. 

Table V is LommeTs Tablet of and Fresnel’s integrals with 

some modifications and corrections. 

Table VI gives the values of Fn(n), F„'(n) and w*i/„ (/?'), 

Fn in), Yn (n) for w = 1, 2, 3, . . . 60. Interpolation in the tables 

of the last four of the eight functions is easy. 

Table VII gives the first forty zeros of (x) and F„ (x) for various values 
of n; part of this Table is taken from the Tables of Willson and Peirce t- 
Forty zeros of various cylinder functions of order one-third are also given. 

Table VUI gives the values of 

irYo(t)dt, 

J a Jo 

from a? == 0 to 50 with interval 1, together with the first sixteen maxima and 
minima of the integrals. The former table of maxima and minima can be 
used to compute the coefficients (cf. § 18'12) in certain Fourier-Bessel series 
for which v = 0. 


* Trans. Canib. PML Soc. xm. (1888), p. 246. 

1 1 must here express my cordial thanks to the Bayerisohe Akademie der Wisaensohafteu zu 
Mtlnohen, to the Manchester Literary and Philosophical Society, and to tbe American Mathe- 
matical Society for permitting me to make.nse of these Tables. The non-existence of adequate 
trigonometrical tables of angles in radian measure has made it impracticable to check the last 
digits in the entriee in the greater part of Table V. 
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Table I, Ehinotioiis of order zero 




+ O'9999ooo 
+ 0*9996000 

+ 0*9991002 

+ 0*9984006 
+ 0*9975016 


+ 0*9964032 - 

+ 0*9951060 - 

+ 0*9936102 
+ 0*9919164 - 

+ 0*9900250 - 

+ 0*9879366 - 
+ 0*9856518 - 

+ 0*9831713 _ 

+ 0*9804958 - 

+ 0*9776262 - 


+ 0*9745634 

+ 0*9713081 
+ 0*9078615 
+ 0*9642245 
+ 0*9603982 


+ 0*9563838 
+ 0*9521825 
+ 0'9477955 
+ 0*9432242 
+ 0*9384698 

+ 0-9335339 
+ 0*9284179 
+ 0*9231233 
+ 0*9176518 
+ 0*9120049 

+ 0*9061843 
+ 0*9001918 
+ 0*8940292 
+ 0*8876982 
+ 0*8812009 

+ 0-8745391 
+ 0*8677147 
+ o>86o73oo 
+ 0*8535868 
+ 0*8462874 

+ 0*8388338 
+ 0*8312284 

i °’§234734 
0*88 + 0*8155711 

0*90 + 0*8075238 

+ 0*7993339 

+ 0*7910039 
+ 0*7825361 

+ 0-7739332 

+ 0*7651977 


2*1219006 

1*8626264 

1*6780254 

1-5342387 

1*4161969 

1-3158701 

1*2284710 

1*1509166 

1-0811053 

1*0175412 

0-9591221 

0-9050133 

0-8545676 

0*8072736 

0*7627204 

0*7205732 

0*6805538 

0-6424376 

0*6060246 


*■ 0*5711520 

- 0*5376789 

- 0*5054836 

- 0*4744608 

- 0*4445187 

- 0-4155768 

- 0*3875642 

- 0*3604182 

- 0*3340833 

- 0*3085099 

- 0*2836537 

- 0*2594751 

- 0-2359383 

- 0*2130113 

- 0*1906649 

- 0*1688729 

- 0*1476114 

- 0*1268587 

- 0*1065950 

- 0*0868023 

- 0*0674640 

- 0*0485651 

- 0*0300917 

- 0*0120311 
+ 0*0056283 

+ 0*0228974 
+ 0*0397860 
+ 0*0563032 
+ 0*0724576 
+ 0*0882570 


2*7520297 

2*3455622 

2*1136647 

1-9525811 

1-8299993 

1-7315984 

1*6497727 


- 68° 41" 42*16 

- 64° 46' 31 *73 

- 61° 47' 28^29 

- 59 l 14' 52*70 

- 56 58' 10^79 


315984 - 54“ 52' 14*42 

497727 - 52° 54' 7-85 

800007 - KT ° 


1 *5800007 

I -5193772 
1-4659257 

1*4182414 

1*3752907 

1-3362914 

1*3006375 

1*2678500 

1-2375444 

1*2094070 

1*1831788 

1-1586436 

1*1356190 

1*1139500 

1*0935036 

1*0741648 

1-0558337 

1*0384231 

1*0218560 

1*0060645 

0*9909884 

0*9765738 

0*9627727 

0-9495417 

0*9368418 

0*9246378 

0*9128976 

0*9015920 

0*8906945 

0*8801807 

0*8700283 

0*8602168 

0*8507273 

0*8415424 

0*8326455 

0*0240231 

0*8156598 

0-8075434 

0*7996618 

0*7920038 

0-7845590 

0-7773177 

0*7702706 


- 51° 2' 0^32 

- 49“ 14; 37;05 

- 47 31 4*89 

- 45° 50; 44-63 

- 44° 13 6^41 

- 42 37, 46*91 
-41° 4 27^57 

- 39 32 53*32 

- 38° 2' 51*54 

- 36° 34' 12<i 
-35° 6 47^25 

- 33° 40 28^14 

- 32° 15' 8^97 

- 30° 50' 44*27 
■ Ifc 27 . 9^25 

- 28° 4'- 19^71 

- 26° 42' ii«96 

- 25° 20' 42^72 

' 23° 59; 49^07 
~ 22° 39' 28^42 

- 21° 19' 38^41 

- 20° o' i6'f94 

- 18° 41' 22?10 

- 17° 22' 52^16 
-i^: <45^55 

- 14° 47 o?82 

- 13° 29' 36^67 

- 12° 12' 31^88 

- "°o 55; 45-35 

- hsi-M 

- 4° 35; 53-41 

- 3° 20 37^48 

- 2“ 5 34-06 

- 0° 50' 42^55 
0° 23' 57^§i 

1° 38' 26^96 
2° 52; 45-99 

6' 55^16 
5° 20' 54^92 
6° 34' 45^67 




0*0000000 

+ 0*0127318 
+ 0*0254603 
+ 0*0381819 
+ 0*0508934 
+ 0*0635913 


+ 0*2014099 
+ 0*2130834 
+ 0-2258999 
+ 0*2380565 
+ 0*2501497 

+ 0*2621765 
+ 0*2741336 
+ 0*2800180 
+ 0*2978265 
+ 0*3095559 

+ 0*3212033 
+ 0*3327655 
+ 0*3442396 
+ 0*3556226 
+ 0*3669114 


+ 0*3781032 
+ 0*3891950 
+ 0*4001841 
+ 0*4110675 
+ 0*4218424 

+ 0*4325061 
+ 0*4430558 
+ 0*4534888 
+ 0*4638026 
+ 0*4739944 

+ 0*4840616 
+ 0*4940018 
+ 0*5038124 
+ 0*5134909 
+ 0*5230350 

+ 0*5324422 
+ 0-5417103 
+ 0*5508368 
+ 0*5598197 
+ 0*5086560 



+ 0*0889328 
+ 0*1015697 
+ 0*1141790 
+ 0*1207590 


+ o* 1393046 
+ 0*1518131 
+ 0*1642813 
+ 0*1767056 
+ 0*1890829 
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ih'I’wi 


h’I’w 


0*0000000 
+ 0*0099995 

+ 0*0199960 
+ 0*0299865 
+ 0*0399680 
+ 0*0499375 

+ 0*0598921 
+ 00698286 




+ 0*0896360 
+ 0*0995008 

+ 0*1093358 

+ 0*1191381 
H- 0*1289046 
+ 0*1 38632 s 
+ 0*1483188 

+ 0*1579607 
+ 0*1675553 


UMSasSSyM 


0*38 + 0*1865911 

0*40 + 0*1960266 

0*42 -f 0*2054034 
0*44 + 0*2147188 

0*46 + 0*2239699 

0*48 + 0*2331540 

0*50 + 0*2422685 

0*52 + 0*2513105 

0*54 + 0*2602774 

0*56 + 0*2691665 

0*58 + 0*2779752 

o*6o + 0*2867010 

0*62 + 0*2953412 

0*64 -H 0*3038932 
0*66 + 0*3123547 

0*68 + 0*3207230 

0*70 + 0*3289957 

0*72 + 0*337170 

0*74 -h 0*345244 
0*76 + 0*3532164 

0*78 + 0*3610829 

0*80 + 0*3688420 


- 31*8598128 31*8598144 

- 15-9643089 15*9643214 


10*6757892 10*6758314 
8*0376696 8*0377690 

6*4589511 6*4591441 


6*4589511 

5*4094402 

4*6619853 


5*4094402 

4*6619853 

4*1030547 

3*6696037 

3*3238259 


4*6625682 

4*1038295 

3*6706983 

3*3253140 


+ 0*3040292 
+ 0*3914529 
+ 0*3987603 
+ 0*4059495 

+ 0*4130184 

+ 0*4199649 

+ 0*4267871 

+ 0*4334829 
+ 0*4400506 


- 3*6416730 3-0436375 

- 2*8071277 2*8096547 

- 2*6091059 2*6122883 

- 2*4396971 2*4436328 

- 2*2931051 2*2978968 

- 2*1649866 2*1707415 

- 20520233 2*0588527 

- 1-9516372 1*9596561 

- 1*8617949 1*8711218 

- 1*7808720 1*7916282 

- 1-7075549 I- 7 I 98647 

- 1*6407704 1*6547603 

- 1-5796331 1-5954320 

1 - 1-5234063 1-5411449 

- 1*4714724 1*4912830 

- 1-4233094 1*4453258 

- 1-3784737 1*4028308 

- 1-3365858 1-3634193 

- 1-2973191 1*32676^7 

- 1*2603913 1-2925830 

- 1*2255572 1*2606415 

- 1*1926026 1*2307120 

- 1*1613400 1*2026122 

- 1*1316043 1*1761767 

- 1*1032499 1-1512595 

- 1*0761476 1*1277312 

- 1*0501828 1-1054763 

- 1*0252532 1*0843920 

- 1*0012677 1*0643861 

- 0*9781442 1-0453758 

- 0*9558093 1*0272864 

- 0*9341970 1*0100507 

- 0*9132475 0*9936077 

- 0*8929069 0*9779022 

- 0*8731266 0*9628837 

- 0*8538622 0*9485066 

- 0*8350735 0*9347290 

- 0*8167241 0*9215126 

, - 0*7987806 0*9088223 

, - 0*7812128 0*8966259 


0*0000000 

89® 58' 55*26 + 0*0000849 
89® 55' 41*64 + 0*0003395 
89® 50' 20*64 + 0*0007638 
89° 42' 54^34 + 0*0013575 0*08 
89“ 33' 25*29 + 0*0021207 0*10 

89® 21' 56*38 + 0*0030528 0*12 
89® 8' 30*73 + 0*0041539 
88® 53' 11*68 + 0*0054232 
88® 36' 2*65 + 0*0068607 0*18 
88® 17' 7*17 + 0*0084657 0*20 

87® 56' 28^81 + 0*0102377 0*22 
87® 34' 11*11 +0*0121762 
87® 10' 17*63 + 0*0142806 
86® 44' 5i'87 + 0*0105502 0*28 
86® 17' 57*28 + 0*0189843 0*30 

85® 49' 37*22 + 0*0215820 0*32 
85® 19' 55^00 + 0*0243427 0*34 
84“ 48' 53*80 +0*0272652 0*36 
84° 16" 36*72 + 0*0303489 0*38 

83° 43' 6*78 + 0*0335925 0*40 


83° 8' 26^86 
82° 32' 39*76 
81® 55' 48*18 
81° 17' 54''69 
80° 39' 1^79 

79® 59' 11^85 
79® 18' 27^16 
78® 36' 49'90 
77° 54; 22 ;[i 8 
77® II 5*99 

76° 27' 3^26 
75“ 42; I5-8 i 
74° 56, 45;4i 
74 10 33-73 
73° 23' 42*38 

72® 36' 12*87 
71° 48' 6^68 
70° 59' 25^22 
70° 10' ,9*80 
69® 20' 21^73 

■ 68® 30' 2*20 
. 67“ 39' 12-39 


+ 0*0369952 0*42 
+ 0*0405559 1 0*44 
0*46 

+ 0*0461403 0*48 
+ 0*0521737 0*50 

+ 0*0563542 0*52 
+ 0*0606865 0*54 
+ 0*0651691 0^*56 
+ 0*0698006 0*58 

+ 0*0745797 0-60 


65° 

3' 

52'f21 

64° 

11' 

11-97 

63° 

18' 

t^57 

62® 


36^89 

61“ 

30' 

43-79 

60® 

36' 

28*10 


+ 0*1426299 

+ 0*1493710 
+ 0*1560343 
+ 0*1628175 

1+ 0*1697186 
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TABLES OE BESSEL FCTNOTIOITS 
Table I. Functions of order, zero 




+ 07382212 
+ 07289813 
+ 07196220 

+ 07101461 
+ 07005564 
+ 0 'ogo 8557 
+ o* 68 io 469 
+ 0-6711327 

+ o-66iii63 
+ 0-6510004 
+ 0-6407880 
■f 0-6304822 
+ 0-6200860 

+ 0-6096023 
+ °‘5990343 
+ 0-5883850 

to*? 

+ 0*5559807 


+ 0-3340289 
+ 0*5229579 
+ 0-5118277 

•f 0-5006415 
+ 0-4894026 
-1- 0-4781143 
4 - 0-4667797 
+ 0*4554022 

+ 0*4439850 

+ 0*432531 


+ 0-4095280 
+ 0-3979849 

+ 0-3864185 
+ 0-3748321 
+ 0-3632292 
+ 0-3516128 
+ 0*3399864 

+ 0-3283532 
+ 0-3167166 
+ 0-3050797 
+ 0-2934460 
+ 0-2818186 

+ 0-2702008 
+ 0-2585959 
+ 0-2470071 


+ 0-1037085 
+ 0-118S188 
+ 0-1335943 

+ 0-1480400 
+ 0-1021632 

+ 0-1759670 
+ 0-1S94567 
+ 0-2026367 
+ 0-2155111 
+ 0-2200835 

+ 0-2403577 
+ 0-2523369 
+ 9-2640243 
+ 0-2754228 
+ 0-2865354 

+ 0*2973645 

+ 0-3079127 
+ 0-3181824 
+ 0-3281758 

+ 0*3378951 

+ o- 34 p 424 

+ 0-3565195 

+ 0-3654285 
+ 0-3740710 
+ 0-3824489 

+ 0-3905639 
+ 0-3984176 
+ 0-4060116 
+ <5*4133476 
+ 0-4204269 

+ 0-4272512 
+ 0-4338219 
+ 0-4401404 
+ 0-4462083 
+ 0-4520270 

+ 0*4575979 

+ 0-4629223 
+ 0-4680019 
+ 0-4728378 

+ 0*4774317 

+ 0-4817849 
+ 0-4858989 
+ 0*4897751 


+ 0-4968200 

+ 0-4999917 
+ 0*5029315 
+ 0*5056411 
+ 0-5081220 
+ 0*5103757 


ihS’wi 


0-7634092 

0-7567255 

0-7502120 

0-7438614 

0*7376671 

0-7316228 

0-7257225 

0-7199600 


0-7088309 

0*7034533 

0-6981944 

0-6930499 

0-6880157 

0-6830879 

0-6782630 

0*6735372 

0-6689073 

0-6643701 

0-6599226 

0*6555618 

0-6512850 

0-6470895 

0*6429728 

0*6389325 

0-6349662 

0-6310717 

0-6272469 

0-6234898 

0*6197983 

0-6161706 

0-6126049 

0-6090994 

0-6056526 

0-6022027 

0*5989282 

0*5956477 

0-5924198 

0-5892429 

0-5861159 

o*5f30374 

0-5800061 

0-5770210 

0-5740809 

0-5711845 

o* 568 * 33 io 

0*5655192 

0-5627481 

0-5600168 

0*5573243 




7“ 48' 27^80 
9° 2' 1^68 
10® 15' 27^64 
11° 28' 46^^01 
12“ 41' 57«io 

13® 55' 1^20 
15! 7' 58^58 
16° 20' 49^49 

3 ?: 34^20 

18° 46' 12-92 

19“ 58; 45 *88 
21® 11' i3?3o 

24® 48' 4^22 

26® o' 11^36 
27® 12' 13^86 
28® 24' 11^88 
29“ 36' 5^57 
30 47 55*o8 

31“ 59; 40J54 

33 II 22^08 
34“ 22' 59?82 
35“ 34 33;9o 
36 46' 4?43 

37“ 57' 31^50 
39° 8^55^24 
40 20; 15^74 

46° 16' 12'95 

t?- % 

49° 49' 14*10 
51® o' 9?4i 
5.2® 11' 2U1 
53° 21; 52^85 
54 32' 41^11 

55° 43' 27^14 
56° 54' iitoo 

58° 4' 52^75 

59° 15' 32^45 
60° 26' 10*14 

61® 36; 45*88 
62° 47' 19^73 

63 57' 51*71 
65® 8' 21^89 
66® 18' -ioul 


+ 0-5858842 
+ 0-5942706 
+ 0-6025028 
•+• 0*6105787 

4 - 0-6184965 
+ 0*6262544 
+ 0*6338504 
■f 0-6412828 
-I- 0-6485500 

+ 0-6556502 
+ 0-6625819 
-I- 0-6693434 
+ 0-6759334 
4 - 0-6823503 

4 - 0-6885928 
+ 0-6946595 
4 - 0-7005492 
4 - 0-7062606 
4 - 0-7117925 

4 - 0-7171439 
4 - 0-7223136 
+ 0*7273008 
4 - 0-7321043 
+ 0-7367235 

+ 0*7411573 
+ 0*7454051 

4 - 0*7494662 
+ 0*7533398 
+ 0-7570255 

4 - 0-7605226 
+ 0-7638306 
4 - 0-7669493 
4 - o‘ 769878 i 
4 - 0*7726168 

+ 0-7751652 
+ 0-7775230 
4- 0-7796902 
4 - 0-7816666 
+ 0*7834523 

+ 0-7850474 
4 - 0-7864518 
4 - 0-7876658 
4 - 0-7886897 
+ 0-7895236 

4 - 0-7901680 
4 - 0-7906233 
+ 0-7908898 
4 - 0-7909681 
+ 0*7908588 
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669 


|h",'WI 


h“,'W 


HiW 



2 + 0*4464882 

4 + 0'4527939 

6 + 0*4589660 

8 + 0*4650027 

+ 0*4709024 


+ 0*4822840 
+ 0*4877629 
+ 0*4930984 
+ 0*4982891 


+ 0*5033336 
+ 0*5082305 
+ 0*5129786 
1*28 I + 0*5175766 
1*30 1 + 0*5220232 



0*7639930 0*8848938 
0*7470959 0*8735987 

0*7304984 0*8627154 

0*7141794 0*8522205 
0*6901190 0*8420920 

0*6823011 0*8323117 

■ 0*6667078 0*8228591 

■ 0*6513248 0*8137178 

- 0*6361385 0*8048715 

- 0*6211364 0*7963055 

- 0*6063070 0*7880056 

- 0*5916398 0*7799589 

- 0*5771253 0*7721533 

- 0*5627546 0*7645772 

- 0*5485197 0*7572200 


59” 41' 5o'6o + 0*2059142 I .- V * 

58® 46' 52^03 + 0*2134753 1*04 

57“ 51' 33'i2 + 0*2211382 i*o6 

so® 55' 54*55 + 0*2289005 1*08 

55® 59' 56'99 + 0*2367597 


+ 0*5304500 1 - 




+ 0*5302741 

+ 0*5419477 


+ 0*5400215 
4- 0*5520200 
+ 0*5550586 

+ 0*5579365 

+ 0*5606532 
+ 0*5632079 


0*5344133 

0*5204287 


+ 0*5005107 
+ ,0*5810962 
+ 0*5815170 


+ 0*5818649 
+ 0*5817926 
+ 0*5815566 
+ 0*5811571 


+ 0*5798695 

+ 0*5789825 

+ 0*5779341 

+ 0*5767248 


0*7500717 

0*7431229 


0*7233873 


0*7171528 

0*7110785 

0*7051576 

0*6993840 

0*693751^ 


46' 52^03 + 0*2134753 1*04 

I,/ . 0*2211382 i*o6 


55“ 3 
54“ 7 

53° 10 
52® 13 

51 15 


3' 41 *07 


13' 9<io 

15' 45^57 


+ 0*52447133 1*12 
,+ 0*2527589 I'i4 
'+ 0*2608939 1*16 

+ 0*2691157 1*18 
+ 0*2774218 


50® 18' 6^48 
49“ 20' 12^33 
48“ 22' 3^58 

47“ 23; 40*70 

46® 25' 4*12 

45“ 26' 14J26 
44! 27 11J54 

43 27 56^34 
• 42“ 28' 29^03 
■ 41° 28' 49*98 


+ 0*285^095 1*22 

+ 0*2942761 1*24 

+ 0*3028191 1*26 


+ 0*3114357 

+ 0*3201231 1*30 

+ 0*3288788 1*32 

+ 0*3376999 I '34 

+ 0*3465837 1*36 

+ 0*35552^ 1*38 

+ 0*3645280 


7^3 

|76 I 


+ o*3826894 1*44 

+ 0*3918443 I ‘40 

+ 0*4010450 1*48 

+ 0*4102885 1*50 

I + 0*41957^9 1*52 

+ 0*4288924 1*54 

+ 0*4382471 1*56 


0*6485948 

0*6441131 

0*6397250 

0*6354274 

0*6312171 

0*6^70914 

0*6230473 

0*6190823 

0*6151939 

0*6113790 

0*6076371 

0*6039042 


0*1527766 I 0*6003588 
0*1412236 I 0*5968189 
0*1297478 
0*1183504 
0*1070324 


33° 25' I3'93 + 0*4382471 

32® 24' 3-39 + 0*4476330 

31® 22' 44^05 + 0*4570472 1 

30° 21' 16*17 + 0*4664869 

r_o + 0*4759490 

+ 0*4854306 
+ 0*4949288 
+ 0*5044407 


2' i6?43 
18® 56' 46^45 

17° 53; 52-04 

■rA.0 pn' CTTC'T 


^4“ 44 33^01 

13“ 41, 15^22 

12® 37' 5 i '93 
11° 34' 23'27 
10® 30' 49'38 


+ 0*5139633 1*72 
+ 0*5234937 I '74 

+ 0*5330289 1*76 

+ 0*5425661 1*78 

+ 0*5521021 1*80 

+ 0*5616342 1*82 

"la 

+ 0*5901775 I'88 
+ 0*5996045 1*90 

+ 0*6001329 I '92 
+ 0*6185800 1*94 

+ 0*6280027 1*96 


7 +0*6373982 

8 + 0*6467637 
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arg 

Ho(;tr) 

■ . 

2-02 
2 04 
2 *06 
2 -08 
2*10 

2*12 

2-14 

2*i6 

2’18 

2*20 

2*22 

2-24 

2-26 

2*28 

2*30 

2«32 

2-34 

2-36 

2-38 

2-40 

2*42 

2'44 

2-46 

2-48 

2*50 

2*52 

2*54 

2*56 

2*58 

2-00 

•2*62 

2*64 

2*66 

2-68 

270 

272 

274 

276 

278 

2*8o 

2*82 

2*84 

2-86 

2-88 

2*90 

2-92 

2-94 

2-96 

2- 98 

3- 00 

+ 0*2123697 
+ 0*2008776 
+ 0*1894177 
+ 0*1779931 
+ 0*1666070 

+ 0*1552625 
+ 0*1439626 
+ 0*1327106 
+ 0*1215095 
+ 0*1103623 

+ 0*0992720 
+ 0*0882416 
+ 0*0772742 
+ 0*0063726 
+ 0*0555398 

+ 0*0447786 
+ 0*0340921 
+ 0*0234828 
+ 0*0129538 
+ 0*0025077 

- 0*0078527 

- 0*0181247 

- 0*0283057 

- 0*0383029 
r 0*0483838 

- 0*0582758 

- 0*0680664 

- 0*0777531 

- 0*0873334 

- 0*0968050 

- 0*1061654 

- 0*1154123 

- 0*1245434 

- 0 'I 335505 

- 0*1424494 

- 0*1512198 

- 0*1598658 

- 0*1683852 

- 0*1767759 

- 0*1850360 

- 0*1931636 

- 0*2011568 

- o*; 209 oi 37 

- 0*2167325 

- 0*2243115 

- 0*2317491 

- 0*2390434 

- 0*2461931 

- 0*2531964 

- 0*2600520. 

+ 0*5124038 
+ 0*5142080 
+ 0*5157900 
+ 0*5171513 
+ 0*5182937 

+ 0*5192190 
+ 0*5199289 
+ 0*5204252 
+ 0*5207097 
+ 0*5207843 

+ 0*5206508 
+ 0*5203112 
+ 0*5197675 
+ 0*5190215 
+ 0*5180754 

+ 0*5169311 
+ 0*5155908 
+ 0*5140565 
+ 0*5123304 
+ 0*5104147 

+ 0*5083116 
+ 0*5060233 
+ 0*5035522 
+ 0*5009004 
+ 0*4980704 

+ 0*4950645 
+ 0*4918851 
+ 0*4885347 
+ 0*4850157 
+ 0*4813306 

+ 0*4774820 
+ 0*4734724 
+ 0*4^3043 
+ 0*4649805 
+ 0*4605035 

+ 0*4558761 
+ 0*4511009 
+ 0*4461806 
+ 0*4411181 
+ 0*4359160 

+ 0‘4305772 
+ 0*4251045 
+ 0*4195008 
+ 0*4137689 
+ 0*4079118 

+ 0*4019323 
+ 0*3958334 
+ 0*3896181 
+ 0*3832893 
+ 0*3768500 

0-5546698 

0-5520523 

0-5494710 

0*5469250 

0-5444137 

0-5419362 

0-5394917 

0-5370796 

0-5346991 

0-5323496 

0-5300304 

0-5277408 

0-5254803 

0-5232482 

0*3210439 

0*5188670 

0*5167167 

0-5145920 

0*5124942 

0*5104209 

0-5083723 

0-5063478 

0*5004149 

0*4984826 

0*4965722 

0*4946834 

0*4928157 

0*4909688 

0*4891422 

0-4873357 

0-4855488. 

0-4837812 

0*4820325 

0*4803025 

0*4785907 

0*4768970 

0-4752209 

0-4735621 

0*4719204 

0*4702955 

0*4686871 

0*4670950 

0-4655187 

0*4639582 

0-4624131 

0*4608831 

0-4593681 

0-4578678 

67® 29' 17^02 
68® 39' 42?05 
69 50' 5?44 

71® 0' 2743 

72® 10' 47<47 

73“ 21' 6 ^i 8 
74“ 31; 231^41 
75; 41 39^19 

it 53^55 
78 2' 6*53 

79° 12' 18^15 
So® 22' 28^45 

III 32; 37*46 

82 42' 45*20 
83° 52' 51*71 

85“ 2' 57*01 
8S°i3'''iTi2 
87® 23' 4^08 
88® 33' 5*90 
89° 43 ' 6*62 

90® 53; 6*25 
92® 3' 4*83 
93“ 13' 2*38 
94 22' 58*88 
95“ 32' 54-40 

96® 42' 48*94 
97“ 52' 42*52 
99 “ 2; 35*17 
100° 12' 26*90 
ioi° 22' 17*74 

102® 32' 7*69 

103“ 41' 56*77 

^04“ 51' 45^01 
1061 i' 3 ^ 4 i 
107“ 11' i9?oo 

108® 21' 4*79 
109® 30' 49*80 
"?o 4 o; 34^04 
III® 50 17*53 

113“ 0' 0*57 

114“ 9' 42^29 
115® 19' 23*59 
116® 29' 4t20 
38' 44-12 
iiS® |8' 23*36 

119° 58' 1T94 
121“ 7;39?ig 
122® 17' 17?15 
123“ 26' 53^82 
124® 36' 29*87 

+ 0*7905626 
+ 0*7900800 
+ 0*7894119 
+ 0*7885590 
+ 0*7875222 

+ 0*7863025 
+ 0*7849006 
+ 0*7833178 
+ 0*7815550 
+ 0*7796135 

+ 0 * 77749^3 

+ 0*7751986 
+ 0*7727279 
+ 0*7700834 
+ 0*7672665 

+ 0*7642787 
+ 0*7611214 
+ 0*7577962 
+ 0*7543047 
+ 0*7506485 

+ 0*7468293 
+ 0*7428488 
+ 0*7387088 
+ 0*7344112 
+ 0-7299577 

+ 0*7253504 
+ 0*7205912 
+ 0*7156821 
+ 0*7106251 
+ 0*7054223 

+ 0*7000759 
+ 0*6945880 
+ 0*6089609 
+ 0*6831967 
+ 0*6772977 

+ 0*6712664 
+ 0*6651050 
+ 0*6588160 
+ 0*6524017 
+ 0*6458646 

+ 0*6392073 
+ 0*632432^ 

+ 0*6235420 
+ 0*6185392 
+ 0*6114264 

+ 0*6042062 
+ 0*5968814 

I oitui 

+ 0*5743061 

2*02 

2*04 

2 *06 

2 *08 
2*10 

2*12 

2*14 

2*10 

2*18 

2*20 

2*22 

2*24 

2*20 

2*28 

2*30 

2-32 

2-34 

2*36 

2*38 

2*40 

2*42 

2*44 

2*46 

2*48 

2*50 

2-52 

2*54 

2-56 

2*58 

2‘6o 

2*62 

2*64 

2*60 

2*68 

2*70 

2*72 

2*74 

2*76 

2*78 

2*80 

2*82 

2*84 

2*80 

2*88 

2*90 

2*92 

2-94 

2*96 

2*98 

3*00 










TABLES OF BESSEL FUNCTIONS 
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Table I. Functions of order uni v 


1 


Mg «'”(*) 


2-02 + 0-5753554 

2-04 + 0-5738267 

2 -o 6 + 0-5721393 

2-08 + 0-5702942 

2-10 + 0-5682921 

2-12 + 0-5661342 

2-14 + 0-5638212 

2-16 + 0-5613543 

2-18 4- 0-5587345 

2-20 + 0-5559630 


2-22 + 0-5530410 

2-24 + 0-5499696 

2-20 + 0-5467502 

2-28 + 0-5433841 

2-30 + 0-5398725 



+ 0-5362170 
+ 0-5324190 
+ 0-5284801 
+ 0-5244016 
+ 0-5201853 

•f 0-5158327 
+ 0-5113456 
+ 0-5067256 

+ 0-5019745 

+ 0-4970941 

+ 0-4920863 
+ 0-4869528. 
+ 0-4816957 
+ 0-4763108 
+ 0-4708183 

+ 0-4652020 1 
+ 0-4594700 
+ 0-4536245 
+ 0-4476676 
+ 0-4416014 

+ 0-4354281 
+ 0-4291500 
+ 0-4227693 
+ 0-4162882 
+ 0-4097092 

+ 0-4030346 
+ 0-3902667 
+ 0-3894079 
+ 0-3824607 
+ 0-3754275 


- 0-0625801 

- 0-0516786 

- 0-0408645 

- 0-0301393 

- 0-0195045 

- 0-0089616 
+ 0-0014878 

+ 0-0118422 
+ 0-0220999 
+ 0-0322594 
+ 0-0423191 
+ 0-0522773 

+ 0-0621324 
+ 0-0718828 
+ 0-0815267 
+ 0*0910627 
+ 0-1004889 

+ 0-1098039 
+ 0-1190059 
+ 0-1280934 
+ 0-1370647 
+ 0-1459181 

+ 0-1546522 
+ 0-1632654 
+ 0-1717560 
+ 0-1801226 
+ 0-1883635 

+ 0-1964774 
+ 0-2044627 
+ 0-2123179 
+ 0-2200416 
+ 0-2276324 

+ 0-2350890 

+ 0-2424099 

+ 0-2495937 
+ 0-2566393 

+ 0-2635454 

+ 0-2703106 
+ 0-2769339 
+ 0-2834140 
+ 0-2897497 
+ 0-2959401 


0-5832757 

0-5800353 

0-5768497 

0-5737174 

0-5706370 

0-5676071 

0-5646202 

0-5616930 

0-5588064 

0-5559650 

0-5531678 

0-5504135 

0-5477011 

0-5450295 

0-5423977 

0-5398047 

0-5372490 

0-5347315 

0-5322494 

0-5298025 

0-5273901 

0-5250111 

0-5226650 

0-5203509 

0-5180682 

0-5158160 

0-5135938 

0-51 14009 
0-5092366 
0-5071003 

0-5049913 

0-5029092 

0-5008534 

0-4988222 

0-4968182 

0-4948278 

0-4928816 

0-4909490 

0-4890392 

0-4871528 


2-92 + 0-3683108 + 0-3019839 

2-94 + 0*3611130 + 0-3078802 

2-90 + 0-3538368 + 0-3136281 

2 - 98 + 0-3464846 + 0-3192264 

3 - 00 + 0-3390590 + 0-3246744 


9° 27' 10^37 
8° 23' 26^38 
7“ 19' 37 ' 5 i 

• K 15; 43^88 

■ 5 II 45^59 

■4“ 7; 42 -76 

■ 3! 3 35*49 

• I 59 23*88 

■o“ 55 ' 8<o2 

0“ 9' 11^98 

1° 13' 36-04 

2® 18' 4*07 
3° 22' 35«97 
4° 27' ii’68 
5® 31' 51^10 

6“ 36' 34^16 
7® 41' 20*77 
8® 46' 10^86 
9“ 51; 4-37 
10® 56' 1^21 



+ 0-6560964 2-02 

+ 0-6653933 2-04 
+ 0-6746517 2-o6 

+ 0-6838088 2-08 

+ 0-6930418 2-10 

+ 0-7021680 2-12 

+ 0-7112445 2-14 

+ 0-7202688 2-16 

+ 0-7292381 2-i8 

+ 0-7381496 2-20 

+ 0-7470008 2-22 

+ 0-7557890 2-24 

+ 0-7645117 2-26 

+ 0-7731661 2-28 

+ 0-7817498 2-30 

+ 0-7902603 2-32 

+ 0-7986950 2-34 

+ 0-8070514 2-36 

+ 0-8153272 2-38 

+ 0-8235198 2-40 


12" 1' 1-31 
13 ® 6 ' 4<62 
14 ® 11 ' 11^06 
15 ® 16 ' 20*57 
16 ® 21 ' 33*10 

17 ® 26 ' 48^57 
18 ® 32 ' 6«93 
19 ® 37 ; 28^12 
20 ° 42 52*08 
21 ® 48 ' 18^76 

22 ® 53 ' 48*11 

23 “ 59 ' 20^07 

25° 4 54;^ 

26 ° 10 ' 31^65 
27 ® 16 ' Il«i6 

28 ® 21 ' 53*09 
29 ° 27 ' 37^39 
30 ° 33 24^03 
31 ® 39 ' I 2‘'95 
32 ° 45 ' 4^11 


31 + 0-8316270 2-42 

62 I + 0-8396463 2-44 

+ 0-8475755 2-46 

+ 0-8554122 2-48 

+ 0-8631542 2-50 


0-4852883 33° 50; 57 U ^ 

' 34° 56 53-01 

36 2 50*66 

37“ 8; 50^39 

38° 14' 52^17 

39° 20; 55^96 
40® 27' 1^72 

41 ° 33 ' 9*42 
42® 39' 19^02 
43° 45' 30-50 


+ 0-8707993 2-52 
+ 0-8783453 2-54 

+ 0-8857900 2-56 

+ 0-8931314 2-58 

+ 0-9003674 2-60 

+ 0-9074958 2-62 

+ 0-9145148 2-64 

+ 0-9214224 2-66 

+ 0-9282167 2-68 

+ 0-9348957 2-70 

+ 0-9414577 2-72 

+ 0-9479008 2-74 

+ 0-9542233 2-76 

+ 0-9604235 2-78 

+ 0-9664998 2-8o 

+ 0-9724504 2-82 

+ 0-9782739 2-84 

+ 0-9839607 2-86 

+ 0-9895333 2-88 

+ 0-9949663 2-90 

+ 1-0002663 2-92 

+ 1*0054318 2*94 

+ 1-0104617 2-96 

+ 1-0153547 2-98 

I + 1-0201096 3-00 







rococo coco 


TABLES OE BESSEL FLNOTIONS 
Table I. Functions of order zero 


ih'J’wi 


a'i’w 


0’2667583 

0-2733140 

0-2797178 

0-2859683 

0-2920643 

0-2980048 

0-3037864 

0-3094142 

o-3i488ir 

0-3201882 

0*3253345 

0-3303193 

0-3351416 

0-3398009 

0-3442963 

0-3486272 

0-3527931 



“ 0-3801277 


0-3827914 

0-3852873 

0-3876155 

0-3897760 

0-3917690 

0-3935947 

0-3952533 

0-3907452 

0-3980707 

0-3992302 

0-4002242 

0-4010532 

0-4017178 

0-4022187 

0-4025564 

0-4027318 
0-4027., 56 
0-4025986 
0-4022918 
0-4018260 

0-4012023 

0-4004218 

0-3994854 

0-3983943 

0-3971498 


+ 0-3703033 
+ 0-3636522 
+ 0-3568997 
+ 0-3500489 
+ 0-3431029 

+ 0-3360648 
+ 0-3289376 
+ 0-3217245 
+ 0-3144287 
+ 0-3070533 

+ 0-2996013 
+ 0-2920760 
+ 0-2844806 
+ 0-2768182 
+ 0-2690920 

-H 0-2613052 
+ 0-2534609 
+ 0-2455624 
+ 0-2376128 
+ 0-2296153 

+ 0-2215732 
+ 0-2134896 
+ 0-2053678 
+ 0-1972108 
-I- 0-1890219 

+ 0-1808043 
+ 0-1725612 
+ 0-1042956 
+ 0-1560109 
+ O-I477100 

+ 0*1393962 
+ 0-1310727 
+ 0-1227424 
+ 0-1144080 


0-4563820 


0*453452 


+ 0-0977426 
+ 0-0894167 
+ 0-0810994 
+ 0-0727939 
+ 0-0045032 

+ 0-0562303 
+ 0-0479782 
+ 0-0397498 
+ 0-0315481 
+ 0-0233759 

+ 0-0152362 
+ 0-0071319 

- 0-0009343 

- 0-0089594 

- 0*0169407 


0-4491618 

0-4477581 

0-4463673 

0-4449893 

0-4436239 

0-4422708 
0-4409300 
0-439601 I 
0-4382841 
0-4369787 

0-4356849 

0-4344023 

0-4331310 

0-4318706 

0-4306210 

0-4293822 

0-4281539 

0*4269360 

0-4257283 

0*4245308 



0-400822' 


0-4087528 

0-4076915 

0-4066383 

0-4055933' 

0*4045561 

0-4035269 

0-4025054 

O-4014915 

0-4004853 

0-3904865 

0*3984951 

0*3975110 


125° 46' 5^31 
126'’ 55' 40«i6 
128° 5' 14*42 
129° 14' 48-11 
130“ 24' 21^23 

131“ 33' 53^80 
132“ 43' 251^82 

136° 11' 58I71 

137° 21' 28165 
138° 30' 58-08 
139° 40' 27I02 
140° 49; 55 ;47 
141 59 23I45 

143“ §'50195 
144° 18' 18I00 
145° 27; 44I59 
146 37 10I74 
147“ 46' 36'44 

148° 56' 1I71 
150“ 5' 26I56 
151° 14 50*98 

152® 24' 15I00 

153® 33' 38*61 

154“ 43' 1*82 
155° 52 24I63 

158° 11' 9IZ0 
159® 20' 30I77 

160° 29' 52I06 
161° 39' 12I99 
162® 48' 33I56 

"K 57:5^78 

165® 7' 13T65 

166° 16' 33117 
167° 25' 52136 
168® 35' Il?21 
169® 44; 29-74 
170° 53 47'93 

172° 3' 5?8i 
173° 12 23I37 
174® 21' 40163 

ml 3°; 57*57 
176® 40' 14122 

ml 30^56 

178® 58' 46I60 
180® 8' 2I36 
181® 17' 17186 
182® 26' 33105 


+ 0-5665900 
+ 0-5587829 
+ 0-5508877 
+ 0-5429073 
+ 0-5348444 

+ 0*5267021 
+ 0-5184831 
+ 0-5101905 
+ 0-5018270 

+ 0-4933957 


+ 0-4763415 

+ 0-4677245 
+ 0*4590516 
+ 0-4503257 

+ 0-4415499 
+ 0-4327272 
+ 0-4238607 
+ 0-4149532 
+ 0-4060080 

+ 0-3970279 
+ 0-3880161 

+ 0-3789757 

+ 0-3699095 
+ 0*3608208 

+ 0-3517124 
+ 0-3425876 
+ 0-3334492 
+ 0-3243003 
+ 0-3151440 

+ 0-3059833 
+ 0-2968211 
+ 0-2876605 
+ 0-2785044 
+ 0-2693559 

+ 0-2602179 
+ 0-2510933 
+ 0-2419852 
+ 0-2328964 
+ 0-2238298 

+ 0-2147883 
+ 0-2057749 
+ 0-1967923 
+ 0-1878435 
+ 0-1789312. 

+ 0*1700582 
+ 0-1612273 
+ 0-1524412 
+ 0*1437027 
+ 0-1350146 
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Table I. Functions of order ur ity 


X 

/iW 


ih'I'wi 

arg 

HxW 

X 

3-02 

3-04 

3-00 

3'o8 

3-10 

+ 0-3315626 

+ 0-3239979 

+ 0-3163677 
+ 0-3086746 
+ 0-3009211 

+ 0-3299712 

+ 0-3351158 
+ 0-3401076 

+ 0-3449457 

+ 0-3496295 

0-4677763 

0-4661301 

0-4645016 

0-4628904 

0-4612963 

44 “ 5 i; 43 ; 8 i 
45“ 57 58-93 
4 Zo 4 ^ 5-82 
48" 10' 34^A5 
49“ 16' 54-80 

+ 1-0247251 
+ 1-0292003 

+ 1-0335340 

+ 1,-0377252 
+ 1-0417730 

3-02 

3-04 

3-06 

3 -08 
3-10 

3-12 

3-14 

3*i6 

3;i8 

3-20 

+ 0-293IIOO 
+ 0-2852440 
+ 0-2773257 
+ 0-2693579 
+ 0-2613432 

+ 0-3541583 

+ 0-3585314 

+ 0-3627483 

+ 0-3668084 
+ 0-3707113 

0-4597190 

0-4581582 

0-4566135 

0-4550847 

0-4535716 

50° 23' 16*83 
51° 29' 40^52 

53“ 42; 32^,7^ 

54“ 49' 1^25 

+ 1-0456765 

+ 1-0494347 

+ 1-0530469 
+ 1-0565124 
+ 1-0598303 

3-12 

3-14 

3-16 

3-i8 

3-20 

3 ‘22 
3-24 
3’26 
3-28 
3-30 

+ 0-2532845 
+ 0-2451844 
+ 0-2370457 
+ 0-2288711 
+ 0-2206635 

+ 0-3744565 

+ 0-3780436 
+ 0-3814723 
+ 0-3847421 
-i- 0-3878529 

0-4520738 

0-4505911 

0-4491233 

0-4476701 

0-4402312 

55“ 55' 31-29 

57“ 2' 2^86 
58“ 8; 35:92 
59“ 15 io?45 
60“ 21 46-43 

+ 1-0630001 
+ 1-0660211 
+ 1-0688928 
+ 1-0716147 
+ 1-0741863 

3-22 

3-24 

3-26 

3-28 

3-30 

3-32 

3*34 

3-30 

3-38 

3 ; 4 o 

+ 0-2124255 
+ 0-2041599 
+ 0-1958696 
+ 0-1875574 
+ 0-1792259 

+ 0-3908045 
+ 0-3935906 
+ 0-3962292 
+ 0-3987021 
+ 0-4010153 

0-4448064 

0-4433955 

0-4419983 

0-4406145 

0-4392439 

61° 28' 23^84 

62“ 35' 2^65 

63° 41' 42^^85 
64° 48' 24*40 

65° 55' 7-28 

+ 1-0766072 
+ 1-0788770 

+ 1-0809955 

+ 1-0829624 
+ 1-0847774 

3-32 

3-34 

3-30 

3-38 

3-40 

3-42 

3-44 

3-46 

3.48 

3 ’50 

+ 0-1708779 
+ 0-1625163 
+ 0-1541439 
+ 0-1457634 

+ 0-1373775 

+ 0-4031689 

+ 0-4051628 
+ 0-4069973 
+ 0-4086724 
+ 0-4101884 

0-4378863 

0-4365415 

0-4352093 

0-4338895 

0-4325819 

67° 1' 51-48 
68° 8' 36^98 
69° 15' 23-75 
70° 22' 11-77 
71° 29' 1-04 

+ 1-0864406 
+ 1-0879516 
+ 1-0893106 
+ 1-0905175 
+ I -091 5723 

3-42 

3-44 

3-40 

3-48 

3-50 

3'52 
3’54 
3 ' 50 
3-58 
3.60 

+ 0-1289892 
+ 0-1206010 
+ 0-1I22I59 
+ 0-1038365 
+ 0-0954655 

+ 0-4115455 

+ 0-4127440 

+ 0-4137843 

+ 0-4146667 
+ 0-4153918 

0-43 1286a 
0-4300020 
0-4287305 
0-4274699 

0-4262206 

72° 35; 51-51 
73 ° 42 43 -i 8 
74 ° 49 36:04 
75 ° 56 30-05 
77 3 25^21 

+ 1-0924752 
+ 1-0932264 
+ 1-0938260 
+ 1-0942743 
+ 1-0945716 

3-52 

3-54 

3-50 

3-58 

3-60 

3-62 

3-68 

3.70 

+ 0-0871059 
+ 0-0787602 
+ 0-0704312 
+ 0-0621215 
+ 0-0538340 

+ 0-4159599 

+ 0-4163716 
+ 0-4166275 
+ 0-4167282 
+ 0-4166744 

0-4249824 

0-4237552 

0-4225387 

0-4213329 

0-4201376 

78° 10' 21*50 
79° 17' 18^89 
80° 24' 17*38 
81° 31' 16*94 
82° 38' i7\57 

+ 1-0947183 
+ I -0947 1 47 
-1- 1-094561 , 

+ 1-0942589 
+ 1-0938077 

3-62 

I'-tt 

3-68 

3-70 

3.72 

3-74 

3.76 

3*78 

3 *8 o 

+ 0-0455712 
0-0373359 
+ 0-0291307 
+ 0-0209582 
+ 0-0128210 

+ 0-4164668 
+ 0-4161062 

+ 0-4155934 

+ 0-4149293 
+ 0-4I41I47 

0-4189527 

0-4177779 

0-4166131 

0-4154582 

0-4143131 

83° 45' 19*23 
84° 52' 21^94 
85°- 59 ' 25-6S 
87° 6' 30*37 
88° 13' 36^07 

+ 1-0932084 
+ 1-0924617 
+ 1-0915683 
H- 1-0965289 
+ 1-0893444 

3.72 

3-74 

li 

3-80 

3*82 

psi 

3-88 

3.90 

+ 0-0047218 

- 0-0033369 

- 0-0113524 

- 0-0193223 

- 0-0272440 

+ 0-4131506 
+ 0-4120381 
+ 0-4107780 
+ 0-4093717 
+ 0-4078200 

0-4131776 

0-4120516 

0-4109349 

0-4098274 

0-4087290 

89° 20' 42*75 
go° 27' 50^38 
91° 34' 58;96 
92° 42' 8^47 
93° 49' i 8^§9 

+ 1-0880156 
+ 1-0865434 
+ 1-0849288 
+ 1-0831727 
+ 1-0812762 

3-82 

ilJ 

3-88 

3.90 

3.92 

3 ’94 
3.96 

3- 98 

4- 00 

- 0-0351151 

- 0-0429330 

- 0-0506953 

- 0-0583995 

- 0-0660433 

+ 0-4061243 
+ 0-4042858 
+ 0-4023056 
+ 0-4001851 

+ 0-3979257 

0-4076396 

0-4065590 

0-4054871 

0-4044238 

0-4033691 

94° 56' 30*22 
96° 3; 42 -44 

-‘>5154 
98° 18' 9*50 

99° 25' 24^33 

+ 1-0792403 
+ 1-0770662 

+ 1-0747551 

+ 1-0723082 
+ 1-0697267 

3-92 

3-94 

3.96 

3- 98 

4 - op 


w. B.r. 


43 







TABLES OE BESSEL FUlirOTIONS 
Table I. Ftmotions of order zero 



ih'I’wi 




“ 0*3957530 

- 0-3942053 

- 0-3925079 
“ 0-3906622 

- 0-3886697 

- 0-3865318 

- 0-3842500 

- 0-3818259 

- 0-3792610 

■■ 0-3765571 

- 0-3737157 

- 0-3707386 

- 0-3676276 

- 0-3643845 

- 0-36101 1 1 

- 0-3575093 

- 0-3538810 

- 0-3501281 

- 0-3462527 

- 0-3422568 

- 0-3381424 

- 0-3339IJO 

0-3295666 

- 0-3251095 

- 0-3205425 

- 0-3158678 

- 0-3110877 

- 0-3062045 

- 0-3012204 

- 0-2961378 

- 0-2909591 

- 0-2856866 

- 0-2803228 


- 0-2693308 - 

- 0-2637076 

- 0-2580029 

- 0-2522193 

- 0-2463592 - 

- 0-2404253 - 

- 0-2344201 

- 0-2283462 - 

- 0'2222OT2 - 

- 0-2160027 

- 0-2097383 - 

- 0-2034158 - 


- 0-0248755 

- 0-0327610 

- 0-0405944 

- 0*0483732 

- 0-0560946 

- 0-0637561 

- 0-0713550 

- 0-0788889 

- 0-0863551 

- 0-0937512 

- 0-1010748 

- 0-1083234 

- 0-1154947 

- 0-1225803 
“ 0-1295959 

- 0-1365213 

- 0-1433602 

- 0-1501104 

- 0-1567699 

- 0-1633365 

- 0-1698081 


- 0-1824583 

- 0-1880330 

- 0-1947050 

- 0-2006723 

- 0-2065332 

- 0-2122859 

- 0-2179287 

- 0-2234600 


0-2288780 

0*2341813 

0-2393683 

0-2444376 

0-2493876 


0-2589248 

0-2635093 

0-2679693 

0-2723038 


0-2765116 

0*2805915 

0-2845427 

0-2883640 

0-2920546 

0-2956136 

0-2990401 



0-3965340 

0-3955643 

0-3946015 

0*3936457 

0-3926967 

0-3917546 

0-3908191 

0-3898903 

0-3889680 

0-3880522 

OS3871428 

0-3862397 

0*3853428 

0*3844522 

0-3835676 

0-3826891 

0-3818166 

0-3809499 

0-3800891 

0-3792341 

0*3783848 

•0*3775411 

0-3767030 

0*3758705 

0*3750434 

0-3742217 

0*3734053. 

0*3725943 


0-3709878 

0-3701923 

0-3694018 

0-3686164 

0-3678359 

0-3670603 

0-3662896 

0*3655237 

P-3647625 

0-3640061 

0*3632543 

0*3625071 
0-3617645 
0-3610265 I 
0-3602929 
0*3595637 

0*3588389 

0*3581185 

0*3574023 

0*3566904 

0*3559828 


^§8“ 35' 47^96 

184® 45' 2-62 

185® 54' i 6?99 

187® 3'3i?ii 
180® 12' 44-96 

189® 21' 58^54 
190® 31' 11 <87 
191® 40' 24^95 
192® 49' 37T78 

193“ 58' 50^36 

195° 8' 2*71 
196° 17' 14^81 
197“ 26' 26^67 
198“ 35' 38^31 

199 44 49'7i 

200° 54' o'88 
202® 3' 11^83 
203“ 12' 22^56 
204® 21' 33 'o8 
205“ 30' 43'37 

206° 39; 53-45 

207 49' 3^33 
208° 58' 12^99 
210® 7' 22^45 
211® 16' 31^70 

212® 25' 40^76 
213° 34; 49^62 

214“ 43 58^28 
215° 53' 6«75 
217® 2'i5?o3 

218® 11' 23'I2 
219" 20' 31^03 
220® 29' 38-75 
221® 38' 46^29 
222“ 47' 53*65 

223“ 57; 0^83 
225® 6 ' 7<84 
226® 15' 14^68 
227® 24' 2I'34 
228® 33' 27184 

229° 42; 34 ?I 7 
230® 51 40^33.. 
232® 0^46^33 

233“ §'52^17 

234® 18' 57<85 
235“ 28' 3?37 

236® 37 8<r74 

237® 46' 13'95 

238® <55' 19^01 

240 4' 23^^93 


+ 0-1263794 
■f 0-1177908 
+ 0-1092784 
+ 0-1008179 
+ 0-0924208 

+ 0-0840896 
+ 0-0758269 
+ 0-0676351 
+ 0-0595166 
+ 0-0514740 

+ 0-0435095 
+ 0-0356255 
+ 0-0278243 
+ 6-0201081 
+ 0-0124793 

+ 0-0049399 

- 0-0025077 

- 0-0098616 

- 0-0171197 

- 0-0242798 

- 0-0313400. 

- 0-0382984 

- 0*0451530 

- 0-0519019 

- 0-0585433 

- 0-0650755 

- 0-0714966 

- 0-0778050 

- 0-0839990 

- 0-0900771 

- 0-0960376 

- 0-1018790 

- 0-1075998 

- 0-11319S7 

- 0-1186742 

- 0-1240251 

- 01292500 

- 0*1343477 

- 0-1393170 

- 0-1441567 

- 0-1488659 
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X 

JM 


ih'I’wi 

arg 

HiW 

X 

4*02 

4*04 

4*o6 

4’o8 

4*10 

- 0*0736243 

- 0*0811401 

- 0*0885884 

- 0*0959669 

- 0*1032733 

+ 0*3955287 

+ 0*3929956 
+ 0*3903277 
+ 0*3875267 
+ 0*3845940 

0*4023226 

0*4012845 

0*4002545 

0*3992325 

0*3982185 

100“ 32' 40*00 
101“ 3ft; 56^49 
102° 47' 13*81 
103° 54; 31 *94 
105° i' 50^87 

4- 1*0670119 
+ 1*0641653 
+ 1*0611881 
+ 1*0580818 
+ 1*0548479 

4*02 

4*04 

4*06 

4*08 

4*10 

4*12 

4-14 

4-i6 

4-i8 

4-20 

- 0*1105054 

- 0*1176609 

- 0*1247378 

- 0 - 13 I 7339 

- 0*1386469 

+ 0*3815313 
+ 0*3783401 
+ 0*3750222 
+ 0-3715792 
+ 0*3680128 

0 - 3972 I 23 

0*3962138 

0*3952229 

0*3942396 

0*3932638 

106° 9' 10^59 
107° 16' 31 '08 
108° 23' 52^34 
109“ 31 I4?36 
110“ 38' 37*12 

+ 1*0514880 
+ 1*0480034 
+ 1*0443959 
+ 1*0406671 
+ 1*0368186 

4*12 

4*14 

4*16 

4*18 

4*20 

4*22 

4-24 

4*20 

4-28 

4-30 

- 0*1454750 

- 0*1522160 

- 0*1588679 

- 0 -I 654287 

- 0*1718966 

+ 0*3643248 
+ 6*3605171 
+ 0*3565914 
+ 0*3525497 
+ 0*3483938 

0*3922953 

0*3913340 

0*3903799 

0*3894328 

0*3884928 

111“ 46' 0*62 
112° 53' 24^85 
114° 0' 49*79 
115° 8; 15^45 
116° 15 41*80 

+ 1*0328522 
+ 1*0287695 
+ 1*0245724 
+ 1*0202627 
+ 1*0158422 

4*22 

4*24 

4*26 

4*28 

4-30 

4-32 

4-34 

4-30 

4-38 

4-40 

- 0*1782695 

- 0*1845457 

- 0*1907233 

- 0*1968005 

- 0*2027755 

+ 0*3441256 

+ 0*3397472 

+ 013352606 
+ 0*3306677 
+ 0*3259707 

0*3875596 

0*3866333 

0*3857136 

0*3848007 

0*3838942 

117° 23' 8*84 
118“ 30' 36*56 

119“ 38' 4*96 
120“ 45' 34*02 
121“ 53' 3'74 

+ 1*0113128 
+ 1*0066764 
+ 1*0019350 
+ 0*9970906 
+ 0*9921451 

4-32 

4-34 

4-36 

4-38 

4*40 

4-42 

4’44 

4.46 

4-48 

4-50 

- 0*2086467 

- 0*2144125 

- 0*2200710 

- 0*2256209 

- 0*2310604 

+ 0*3211716 
+ 0*3162725 

+ 0*3112757 

+ 0*3061832 
+ 0*3009973 

0*3829943 

0*3821008 

0*3812136 

0*3803327 

0*3794579 

123° 0' 34*10 
124“ 8' 5*10 

^5' 36*73 

126° 23' 8*99 
127® 30' 41*86 

+ 0*9871006 
+ 0*9819591 
+ 0*9767229 

+ 0*9713939 
+ 0*9659744 

4*42 

4-44 

4*46 

4*48 

4-50 

4-52 

4-54 

4-50 

4'58 

4-6o 

- 0*2363882 

- 0*2410027 

- 0*2467026 

- 0*2516864 

- 0*2565528 

+ 0*2957202 
+ 0*2903542 
+ 0*2849015 
+ 0*2793644 
+ 0*2737452 

0*3785893 

0*3777267 

0*3768700 

0*3760193 

0*3751744 

128® 38' 15^34 
129° 45' 49 ^ 4 ^ 
130° 53' 24*09 
132° 0' 59*35 
133° 8 ' 35 *i 8 

+ 0*9604664 
+ 0*9548724 
+ 0*9491944 
+ 0*9434347 
+ 0*9375956 

4-52 

4’54 

4-56 

4’58 

4*60 

4-62 

4-68 

470 

- 0*2613006 

- 0*2659284 

- 0*2704352 

- 0*2748196 

- 0*2790807 

+ 0*2680464 
+ 0*2622702 
+ 0*2564190 

+ 0*2504952 

+ 0*2445013 

0*3743352 

0*3735018 

0*3726740 

0*3718517 

0*3710350 

134® 16' 11*59 
135° 23' 48^56 
136 31 26*09 
137° 39' 4 'i 7 
138® 46' 42^80 

+ 0*9316793 

+ 0*9256883 
+ 0*9196249 

+ 0*9134914 

+ 0*9072901 

4*62 

4*64 

4*06 

4*68 

4*70 

472 

474 

47 ^ 

4-78 

4-80 

- 0*2832174 

- 0*2872280 

- 0*2911133 

- 0*2948707 

- 0*2984999 

+ 0*2384397 
+ 0*2323128 
+ 0*2261230 
+ 0*2198730 
+ 0*2135652 

0*3702237 

0*3694177 

0*3686171 

0*3678218 

0*3670317 

139® 54' zi'-gb 
141® 2' 1*65 

142“ 9; 41 *87 
143° 17 22?6o 
144 25' 3*85 

+ 0*9010236 
+ 0*8946941 
+ 0*8883042 
+ 0*8818563 
+ 0*8753528 

4*72 

4'74 

4-8o 

4-82 

tu 

4-88 

4-90 

- 0*3019999 

- 0*3053702 

- 0*3080098 

- 0*3117182 

- 0*3146947 

+ 0*2072020 
+ 0*2007860 
+ 0*1943198 
+ 0*1878058 
+ 0*1812467 

0*3662467 

0*3654668 

0*3646919 

0*3639221 

0*3631571 

145° 32' 45 ; 6 i 
146® 40 27*87 
147® 48' 10*62 
^48° 55' 53*86 
150° 3 37"59 

+ 0*8687963 
+ 0*8621891 
+ 0*8555338 
+ 0*8488330 
+ 0*8420890 

4*82 

4*88 

4*90 

III 

- 0*3175386 

- 0*3202495 

- 0*3228269 

-r- 0*3252702 

- 0*3275791 

+ 0*1746449 
+ 0*1680031 
+ 0*1613238 
+ 0*1546097 
+ 0*1478631 

0*3623971 

0*3616418 

0*3608913 

0*3601456 

0*3594045 

151° ii' 21*79 
152° 19' 6^47 
153® 26' 51*61 
154“ 34; 37*22 
155 42' 23?28 

+ 0*8353045 
+ 0*8284820 
+ 0*8216241 
+ 0*8147332 
+ 0*8078119 

4*92 

4-94 

4*96 

4*98 

5*00 


43—2 











IT) >0*0*0 


Tj43LBS of BESSEL FUNCTIONS 
Table I. Funotioiis of order zero 


l<WI 




- 0*1710232 

-0*1044075 - 

- 0*1577524 - 

- 0*1510606 - 

- 0-1443347 - 

- 0*1375776 - 

- 0*1307619 - 

- 0*1239803 - 

- 0*1171456 - 

- 0*1102904 - 

- 0*1034176 - 


E 


- 0*082719 

- 0*0758031 

- 0*0688822 

- 0*0619508 

- 0*6550386 

- 0*0481211 

- 0*0412101 

- 0*0343082 

- 0*0274180 

- 0*0205422 

- 0*0136833 

- 0*0068439 

- 0*0000266 
+ 0*0067661 
+ O- 0 I 353 I 5 
+ 0*0202673 
+ 0*0269709 

+ 0*0336398 
+ 0*0402716 
+ 0*0468638 

+ 0*0534141 
+ 0*0599200 

•f- 0*0663792 
+ 0*0727894 
+ 0*0791482 
+ 0*0854533 
+ 0*0917026 

+ 0*0978937 
+ 0*1040245 
.+ 0*1100928 
+ 0*1160964 
+ 0*1220334 

+ 0*1279015 
+•.0*1336987 
+ 0*1394230 
+ 0*1450725 
+ 0*1506453 


0*3114072 

0*3141609 

0*3167784 

0*3192590 

0*3216024 

0*3238083 

0*3258764 

d* 3278 o 63 

0*3295978 

0*3312509 

0*3327654 

0*3341413 

0*3353785 

0*3304772 

0-3374373’ 

0*3382591 

0*3389428 


0*3394886 

0*3398969 

0*3401679 

0*3403021 

0*3402999 

0*3401619 

0*3398886 

0*3394806 

0*3389385 

0*3382631 

0*3374550 

0*3365151 

0*3354442 

0-3342432 

0*3329130 

0*3314545 

0*3298689 

0*3281574 

0*3263203 

0*3243597 

0*3222763 

0*3200715 

0*3177464 

0*3153025 

0*3127411 

0*3100636 

0*3072714 

0*3043659 

0*3013488 

0*2982215 

0*2949856 

0*2916428 

0*2881947 


0*3552795 

0*3545799 

0*3538847 

0‘353i934 

0*3525062 

0*3518230 

0*3511437 

0*3504684 

0*3497968 

0*3491291 

0*3484652 

0*3478051 

0*3471487 

0*3464959 

03458469 

03452^014 

0*3445595 

0*3439212 

0*3432863 

0*3426550 

0*3426271 

0*3414027 

0*3407816 

0*3401639 

0*3395496 

0*3389385 

0*3383367 

0*3377262 

0*3371249 

0*3365267 

0*3359317 

0*3353399 

0*3347511 

0*3341655 

0*3335828 




0'33 18530 

0*3312824 

0*3307140 

0*3301498 

0*3295878 

0*3290286 

0*3284723 

0*3279188 

0*3273681 

0*3268201 

0*3262749 

0*3257324 

0*3251925 


241° 13' 28^68 - 

242° 22' 33*30 

243° 31; 37*76 - 

244° 40' 42*09 
245“ 49' 46^28 - 

246° 58' 50*32 - 

248® 7' 54^22 
249° 16' 57«98 - 

250® 26' i'<'6i 
251“ 35' 5 'ii - 

252 °’ 44 ; 8«47 
253 53 11*70 
255® 2' 14180 
256® 11' 17^76 
257® 20' 20*60 

258® 29' 23^32 

259° 38' 2S«91 

260® 47' 281^37 
261® 56' 30I72 
263° 5' 32*95 

264° 14' 35*05 
265“ 23 37^04 
266® 32' 38*91 
267® 41' 40^66 
268® 56' 42*30 

269° 59' 43*83 

271® 8' 45*24 
272® 17; 46*54 
273° 26' 47*73 

274 35 48*01 

275° 44' 49*79 
276° 53 50*65 
278® 2' 51*41 
279® 11' 52*07 
280® 20' 52*62 


53:07 - 


204 56 53*82 
286® 5' 53*87 

287® 14' 53*83 
288° 23' 53*68 
289^ 32; 5^44 
290® 41' 53?ii 
291® 50' 52*68 

292® 59' 52*16 
294° s; 51*54 
295” 17 50*84 
296 26' 50*05 

297“ 35' 49*10 


o*i885712 

o*1917864 

0*1948618 

0*1977971 

0*2005919 

0*2032458 

0*2057586 

0*2081301 

0*2103600 

0*2124483 

0*2143949 

0*2161998 

0*2178630 

0*2193846 

0*2207647 

0*2220035 

0*2231013 

0*2240583 

0*2248748 

0-2255513 

0*2260882 

0*2264860 

0*2267451 

0*2268662 

0*2268499 

0*2266969 

0*2264079 

0*2259836 

0*2254249 

0*2247327 

0*2239078 

0*2229512 

0*2218639 

0*2206469 

0*2193014 

0*2178284 

0*2102291 

0*2145048 

0*2126507 

0*2106861 

0*2085942 

0*2063827 
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/iW i'lW argiif'I’w H,M * 


5*02 - 0-3297533 + 0-1410869 0-3586680 156° 50' 9?8o + 0-8008629 5*02 

5-04 -0-3317925 +0-1342835 0-3579362 157° 57' 56-75 +0‘7938886 5-04 

5-06 -0-3336963 +0-1274556 0-3572088 159° 5' 44-15 + 0-7868916 5-06 

5-08 -0-3354646 +0-1206057 0-3564859 160° 13' 31I99 +0-7798745 5-08 

5-10 -0-3370972 +0-1137364 0-3557675 161° 21' 20^26 +0-7728398 5-10 

5-12 - 0-3385940 + 0-1068504 0-3550534 162° 29' 8^96 + 0-7657902 5-12 

5-14 - 0-3399550 + 0-0999502 0-3543437 163° 36' 58J08 + 0-7587281 5-14 

5-16 -0-3411802 +0-0930384 0-3536383 164° 44' 47^61 +0-7516562 5-16 

5-18 -0-3422695 +0-0861176 0-3529371 i65°52'37i56 +0-7445770 5-18 

5-20 - 0-3432230 + 0-0791903 0-3522402 167° o' 27^92 + 0-7374930 5-20 

5-22 - 0-3440409 + 0-0722592 0-3515474 -.168° 8' i8?68 + 0-7304068 5-22 

5-24 -0-3447234 +0-0653269 0-3508587 i6g° 16' 9^84 +0-7233211 5-24 

5-26 -0-3452707 + 0-0583958 0-3501742 i^°24' ^46 +0-7162382 5-26 

5-28 - 0-3456831 + 0-0514685 0-3494936 171° 31' 53^34 + 0-7091607 5-28 

5.30 - 0-3459608 + 0-0445476 0-3488171 172° 39' 45'68 + 0-7020912 5-30 

5-32 - 0-3461043 + 0-0376356 0-3481446 173° 47' 38'f39 + 0-6950321 5‘32 

5-34 - 0-3461140 + 0-0307351 0-3474759 174° 55' 31I49 + 0-6879861 5-34 

5-36 -0-3459903 +0-0238485 0-3468112 176° 3' 24I96 +0-6809555 5-36 

5.38 -0-3457337 +0-0169784 0-3461503 177°ii'i8i8o +0-6739428 5-38 

5-40 - 0-3453448 + 0-0101273 0-3454933 178° 19 13^00 + 0-6669506 5-40 

5-42 - 0-3448242 + 0-0032975 0-3448400 179° 27' 7-56 + 0-6599812 5-42 

5-44 - 0-3441725 - 0-0035083 0-3441904 180° 35' 2^49 + 0-6530372 5-44 

5-46 - 0-3433905 - 0-0102879 0-3435445 iSi° 42' 57-78 + 0-6461209 5-46 

5-48 - 0-3424788 - 0-0170386 0-3429024 182° 50' 53141 + 0-6392347 5-48 

5-50 - 0-3414382 - 0-0237582 0-3422638 183° 58' 49^39 + 0-6323810 5-50 

5-52 - 0-3402696 - 0-0304443 0-3416288 ’ 185° 6' 45I72 + 0-6255623 5-52 

5-54 - 0-3389739 - 0-0370944 0-3409975 186° 14' 42I38 + 0-6187809 5-54 

5-56 - 0-3375518 - 0-0437062 0-3403696 187° 22' 39*38 + 0-6120390 5-56 

5-58 - 0-3360045 - 0-0502774 0-3397452 188° 30' 36I72 + 0-6053391 5-58 

5-60 - 0-3343328 - 0-0568056 0-3391243 189° 38' 34I39 + 0-5986835 5-60 

5-62 - 0-3325379 - 0-0632886 0-3385069 190° 46' 32I39 + 0-5920745 5-62 

5-64 - 0-3306208 - 0-0697241 0-3378928 191° 54' 30I71 + 0-5855138 5-64 

5-66 - 0-3285826 - 0-0761099 0-3372821 193° 2' 29135 + 0-5790044 5-66 

5-68 - o-326‘4245 - 0-0624437 0-3366748 194° 10' 28I30 + 0-5725481 5-68 

■5-70 - 0-3241477 - 0-0887233 0-3360708 195° 18' 27I57 + 0-5661472 5-70 

5-72 - 0-3217534 - 0-0949466 0-3354700 iq6° 26' 27I15 + 0-5598038 5-72 

5-74 -0-3192429 -0-1011115 0-3348725 I97°34'27i04 +0-5535201 5-74 

5-76 -0-3166176 -0-1072157 0-3342782 198° 42' 27I23 +0-5472981 5-76 

5-78 -0-3138787 -0-1132573 0-3336871 199° 50' 27I72 +0-5411399 5-78 

5-80 - 0-3110277 -0-1192341 0-3330991 200° 58' 28I52 +0-5350476 5-80 

5-82 - 0-3080661 - 0-1251442 0-3325143 202° 6' 29I60 + 0-5290251 5-82 

5-84 - 0-3049952 - 0-1309855 0-3319326 203° 14' 30I98 + 0-5230685 5-84 

5-86 -0-3018166 -0-1367560 0-3313540 204° 22 32-65 +0-5171858 5-86 

5*88 -0-2985318 -0-1424539 0-3307784 205° 30' 34*61 +0-5113768 5-88 

5-90 - 0-2951424 - 0-1480772 0-3302059 206° 38' 36*85 + 0-5056434 5-90 

5-92 - 0-2916501 - 0-1536240 0-3296363 207° 46' 39I37 + 0-4999876 5-92 

5-94 -0-2880563 -0-1590925 0-3290697 208° 54' 42*17 +0-4944111 5-94 

5-96 - 0-2843629 - 0-1644809 0-3285061 210° 2' 45^25 + 0-4889157 5-96 

5- 98 - 0-2805715 - 0-1697874 0-3279453 211° 10' 48*60 + 0-4835031 5-98 

6- 00 - 0-2766839 - 0-1750103 0-3273875 212° 18' 52'23 + 0-4781753 6-00 
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+ 0-1561393 
+ 0-1615527 
+ 0-1668837 
+ 0-1721306 
+ 0-1772914 

+ 0*1823646 
+ 0-1873434 
+ 0*1922411 
+ 0*1970413 
+ 0*2017472 

f 0*2063374 
+ 0*2108705 
+ 0*2152848 
+ 0-2195991 
+ 6*2238120 

-j- 0-2279222 
+ 0-2310283 
+ 0-2358292 
+ 0*2396237 
■+ 0*2433106 

+ 0*2468888 
+ 0*2503573' 
+ 0*2537131 
-f- 0*2569612 
-f 0*2600946 

+ 0*2631145 
+ 0*2600201 
+ 0*2688106 
+ 0*2714853 
+ 0*2740434 

+ 0-2764843 

+ 0-2788074 
+ 0-2810122 
+ 0-2830981 
+ 0-2850647 

-f 0-2869117 
+ 0-^886385 
+ 0-2902449 


0*261255 

0*2570287 

0*2527128 

0*2483100 

0-2438221 

0*2392513 

0-2345990 

0-2298691 

0-2250617 

0-2201798 

0-2152253 

0-2102005 

0-2051075 

0*1999486 

0-1047259 

0-1894417 

0*1840982 

0*1786977 

0-1732424 

0-1677348 

0-1621770 

0-1565714 

0-1509204 

0-1452262 


0-3246553 

0-3241208 

0-3235889 

0-3230596 

0*3225328 

0*3220087 

0*3214870 

0*3209679 

0*3204513 

0*3199371 

0*3104255 

0*3189162 

0*3184094 

0*3179050 

0*3174029 

0*3169032 

0-3164059 

0*3159109 

0*3154182 

0*3149278 

0*3144396 

0-3139537 

0-3134701 

0*3129887 

0*3125094 

^•3120324 

0-3115575 

0-3110848 

0-3106143 

0-3101458 


0-1394913 I 0-3096795 


-t- 0-2981020 -- 

•f 0-2987395 - 

+ 0-2992557 - 

+ 0-2996510 
+ 0*2999254 ~ 

+ 0-3000793 


■ 0-1279085 

■ 0*1220655 

• 0*1161911 

■ 0-1102879 

■ 0-1043582 

■ 0-0984043 

• 0-0024287 
0-0864339 

■ 0*0804221 
0-0743958 
0-0683573 
0-0623092 
0*0562537 

0-0501933 

0-0441303 

0*0380671 

0*0320062 

0*0259497 


0-3087530 

0*3082929 

0-3078348 

0-3073788 

0-3069248 

0-3064727 

0-3060227 

0*3055746 

0-3051285 

0-3046843 

0*3042421 

0-3038017 

0-3033633 

0-3029268 

0-3024921 

0-3020593 

0-3016283 

0-3011992 


298° 44' 48?i9 

299^53' 47^13 

301° 2; 45^98 

302“ II 44^74 

303" 20' 43<43 

304° 29' 42^03 
305° 38' 40^54 

30S- 47; 38^97 
307^ 56' 37*32 
309“ 5' 35*59 

310“ 14' 33*77 
311 23'3 i «88 
312® 32' 29^90 

313“ 41' 27^85 

314“ 50^ 25^73 

3^5° 59' 23^52 
317 § 21^24 

318° 17' 18^88 
319“ 26' i6?44 

320® 35' 13T94 

321® 44' 11*36 

322® 53' 8^71 
324® 2' 5^98 

325'’ 11' 3^18 

326® 20' 0^31 

327® 28' 57^38 
32S® 37' 54f|7 

329® 46 51*29 
330“ 55' 48*14 
332 4 44*93 

333° 13' 41*65 
334° 22' 38130 
335° 31' 34*88 
336° 40' 31*40 
337 49' 27186 

338° 58; 24i25 
340° 7 20I58 
341 16' 16I84 
342° 25" 13I04 
343° 34' 9*18 

344° 43' 5*26 
345° 52' 1I27 
347 o' 57I22 
348“ 9' 53*12 
349° 18' 48I95 

350" 27' 44I73 
351° 36' 40<5 
352^ 45' 36I10 
353° 54' 31*70 
355° 3'27i25 


813339 6-02 
780085 6-04 

745809 • 6^06 
710529 6-08 

074264 6-10 


0*155974 

0-1470^24 

0-1437050 

0-1394427 

0-1350977 

0-1306719 

0-1261676 

0*1213867 

0-1169316 

0-1122043 

0-1074071 

0-1025422 

0-0976117 

0-0926181 

0-0875634 

0-0824500 

0-0772802 

0-0720564 

0-0067807 

0-0614556 

0-0560834 

0-0506605 


- 0-0397080 

- 0-0341711 

- 0-0285990 

- 0-0229940 

- 0-0173587 

- 0*0116953 

- 0-0060063 

- 0*0002941 
+ 0-0054389 

+ 0-0111903 
-i- 0-0169576 
+ 6-0227386 
+ 0-0285306 

+ 0-0343315 

-<- 0*0401386 
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axg 

HiW 

X 


- 0*2727017 

- 0*2080269 

- 0*2644612 

- 0*2602066 

- 0*2558648 

- 0*2514378 

- 0*2469275 

- 0*2423358 


- 0*23291 

- 0*2280930 

- 0*2231961 

- 0*2182281 

- 0*2131910 

- 0*2080869 

- 0*2029180 

- 0*1976865 

- 0*1923944 - 

- 0*1870440 

- 0*1816375 - 

- 0*1761771 

- 0*1706650 - 

- 0*1651035 - 

- 0*1594949 - 

- 0*1538413 - 

- 0*1481451 

- 0*1424006 

- 0*1360341 

- 0*1308238 

- 0*1249802 

- 0*1191054 - 

- 0*1132019 

- 0*1072720 

- 0*1013179 - 

- 0*0953421 - 

- 0*0893469 

- 0*0833346 - 

- 0*0773076 

- 0*0712681 

- 0*0652187 - 

- 0*0591615 - 

- 0*0530989 - 

- 0*0470332 - 

- 0*0409009 

- 0*0349021 


0*1801479 

0*1851985 

0*1901605 

0*1950322 

0*1998122 


0*3268325 

0*3262804 

0*3257311 

0*3251846 

0*3246409 


0*2044989 0*3240999 

0*2090908 0*3235616 

0*2135865 0*3230261 

0^2179846 0*3224932 

0*2222836 0*3219630 

0*2264824 0*3214354 

0*2305796 0*3209104 

0*2345740 0*3203880 

0*2384043 0*3198682 

0*2422495 0*3193509 

0*2459284 0*3188362 

0*24Q49Q8 0*3183239 


0*2494998 

0*2529629 


0*3183239 

0*3178142 


0*2563166 0*31730 

o*2«;q';<?oq 0*31680 


- 0*2595599 

- 0*2626920 

- 0*2657119 

- 0*2686190 

- 0*2714123 

- 0*2740913 

- 0*2766551 

- 0*2791032 

- 0*2814349 

- 0*2836498 

- 0*2857473 


0*3162996 

0-3157996 

0*3153020 

0*3148067 

0-3^43138 

0*3138232 

0*3133350 

0*3128490 

0*3123653 

0*3118839 


0*2877269 0*3114047 

0*2895883 0*3169277 

0*2913310 0*3104529 

0*2929548 0*3099804 

0*2944593 0*3095099 


0*2958444 

0*2971098 

0*2982554 

0*2992811 

0*3001869 

0*3009727 
0*3016385 
0*3021846 
• 0*3026109 
■ 0*3029176 


0*3090417 

0*3085756 

0*3081116 

0*3076497 

0*3071899 

0*3067322 

0*3062765 

0*3058229 

0*3053713 

0*3049217 


0<0288412 

0*0227866 

0*0167404 

6*0107051 

6*0046828 


- 0*3031051 

- 0*3031734 

- 0*3031230 

- 0*3029541 

- 0*3026672 



213“ 26' 56*12 
0^27 

215° 43; 4*69 
216“ 51 9*37 
217" 59 14^31 

219“ 7' 19^50 
220® 15' 24*94 
221“ 23' 30^64 
222° 31' 36^59 
223® 39' 42'78 

224® 47; 49^21 
225° 55 55-89 

227 ® 4 2^81 

228® 12' 9^97 
229® 20' 17*35 

230® 28' 24*98 
231° 36' 32^&3 
232® 44' 40^91 

233° 52, 49*22 

235 o'57<75 
236“ 9' 6^51 

239° 33; 34:09 

240® 41' 43*72 

241° 49; 53-56 

242® 58' 3*61 
244® 6' 13*86 
245“ H; 24-33 
246° 22' 35*00 

247® 30' 45*88 
248° 38' 56*96 
249° 47^ 8*24 
250° 55 19J71 
252° 3 31'38 

253“ II', 43-25 
254“ 19 55-31 
255 28 7*56 

256° 36 20*01 

257° 44' 32*64 

258° 52; 45-45 
260° o' 58*45 
261® 9' 11*64 
262® 17' 25*01 
263® 25' 38*56 

264® 33' 52*29 
265° 42' 6*19 
266® 50' 20*27 



+ 0*4433866 

+ 0*4387935 

+ 0*4342988 
+ 0*4299040 

+ 0*4256104 
+ 0*4214192 
+ 0*4173317 
+ 0*4133490 
+ 0*4094724 

+ 0*4057028 
+ 0*4020415 
+ 0*3984894 

+ 0*3950474 

+ 0*3917166 
+ 0*3884978 

+ 0*3853919 
+ 0*3823996 
+ 0*3795218 
+ 0*3767591 

+ 0*3741123 
+ 0*3715819 
+ 0*3691685 
+ 0*3668728 
+ 0*3646951 

+ 0*3626360 
+ 0*3606958 

+ 0*3588749 
+ 0*3571737 
+ 0*3555923 

+ 0*3541310 
+ 0*3527901 
+ 0*3515696 
+ 0*3504696 
+ 0*3494901 

+ 0*3486313 
+ 0*3478930 

+ 0*3472751 

+ 0*3467775 
+ 0*3464001 

+ 0*3461426 
+ 0*3460047 
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7*02 + 0-3001128 

7-04 + 0-3000264 

7-00 + 0-2998204 

7-08 + 0-2994953 

7-10 + 0-2990514 

7-12 +0-2984893 

7-14 + 0-2978096 

7-10 . + 0-2970128 
7-18 + 0-2960996 

7-20 + 0-2950707 

7-22 + 0-2939268 

7-24 + 0-2926686 

7-26 + 0-2912970 

7*28 + 0-2898128 

7'3o + 0-2882169 

7'32 + 0-2865103 

7‘34 + 0-2846939 

7'3o + 0-2827687 

7'38 + 0-2807358 

7*40 + 0-2785962 

7*42 + 0-2763512 

7-44 + 0-2740018 

7-46 +0-271 '54.02 


7-40 + 0'27I5492 

7-48 + 0-2089947 

7-50 + 0-2663397 

7*52 + 0-2635853 

7*54 + 0-2607329 

7*50 + 0-2577839 


7-56 + o-257783( 

7*58 + 0-2547392 

7-60 + 0-25l60I£ 


7-62 + 0-2483717 

7-64 + 0-2450508 

• 7-66 + 0-2416407 

7-68 + 0-2381429 

770 + 0-2345591 

7-72 + 0-2308910 

7-74 + 0-2271400 

7-76 + 0-2233081 

778 + 0-2193967 

7-80 + 0-2154078 

7-82 + 0-2113430 

7-84 + 0-2072042 

7-86 + 0-2029932 

7-88 + 0-1987118 

7*90 + 0-1943618 

7-92 + 0-1899452 

+0-1854239 

+ 0-1809198 
+ 0-1763147 
+ 0-1716508 


- 0-0199002 

- 0-0138600 

- 0-0078314 

- 0-0018167 
+ 0-0041818 

+ 0-0101617 
+ 0-0161208 
+ 0-0220568 
+ 0-0279674 
+ 0-0338504 

+ 0-0397036 
+ 0-0455247 
+ 0-0513115 
+ 0-0570620 
+ 0-0627739 

+ 0-0684451 
+ 0-0740734 
+ 0-0796569 
+ 0-0851934 
+ 0-0906809 

+ 0-0961173 
+ 0-1015007 
+ 0-1068292 
+ 0-1121007 
+ 0-1173133 

+ 0-1224652 

+ 0'I275545 

+ 0-1325793 

+ 0-1375379 

+ 0-1424285 

+ 0-1472494 
+ 0-1519988 
+ 0-1566751 
+ 0-1612765 
+ 0-1658016 

+ 0-1702488 
+ 0-1746164 
+ 0-1789029 
+ 0-1831070 
+ 0-1872272 

+ 0-1912620 
+ 0-1952101 
+ 0-1990701 
+ 0-2028408 
+ 0-2065209 

+ 0-2101093 
+ 0-2136046 
+ 0-2170058 
+ 0-2203118 
+ 0-2235215 


ih'S’wi 


0-3007719 

0-3003464 

0-2999227 

0-2995008 

0-2990806 

0*2986622 

0-2982456 

0-2978307 

0-2974175 

0-2970060 

0-2965962 

0-2961881 

0-2957817 

0-2953769 

0*2949738 


0-2929827 

0-2925893 

0-2921975 

0-2918072 

0*2914185 

0-2910313 


0-2902616 

0-2898790 


0-2891183 

0-2887401 

0-2883635 

0-2879803 

0-2876146 

0-2872424 

0-2868715 

0-2865021 

0-2861341 

0-2857676 

0-2854024 

0-2850386 

0-2846763 

0-2843152 

0-2839556 

0-2835973 

0-2832404 

0-2828848 

0*2825305 

0-2821776 

0-2818259 




356® 12' 22'74 
357® 21' 18^17 
358“ 30' 13*54 
359° 39' 8«8g 
360® 48' 4^12 

361® 56' 59^33 
3f3o 5 54*49 
364° 14 49?59 
365 23' 44?64 

366° 32' 39*63 

367® 41' 34^57 
368® 50' 

369“ 59; 24^30 
371“ 8' IQfOQ 
372® 17' 13?83 

373® 26' 8^52 
374° 35; 3*16 
375° 43 57-75 
376 52 52*29 
378° 1' 46^78 

379® 10' 41^22 
380® 19' 35'6i 
381® 28' 29^96 
382® 37' 24^26 
383® 46' 18^52 

384° 55' 12^72 
386® 4' 6?88 
387® 13' 1^00 
388® 21' 55*07 
389° 30' 49^09 

390“ 39; 43*07 
391® 48 37*00 
392® 57' 30^89 
394° 6;24?74 
395 15 10*54 

396® 24' 12*30 
397° 33' 61^02 
398° 41; 59*70 
399“ 50 53*33 
400 59 46*92 

402® 8' 40*47 

403° 17' 33*98 

404® 26' 27^45 
405 35 2 o ?87 
406° 44' 14^26 

407° 53; 7*61 

409® 2' 0?92 
410° 10; 54?i9 

47*41 

412® 28' 40^60 


+ 0-0691861 
+ 0*0749812 
+ 0-0807662 
+ 0*0865385 
+ 0-0922958 

+ 0-0980360 
+ 0*1037565 
+ 0-1094553 
+ 0-1151299 
+ 0-1207782 

+ 0-1263979 
+ 0-1319868 
+ 0-1375427 
+ 0-1430634 
+ 0-1485467 

+ 0-1539905 

+ 0-1593927 
+ 0-1647511 
+ 0-1700638 
+ 0-1753286 

+ 0-1805435 
+ 0-1857066 
+ 0*1908158 
+ 0-1958692 
+ 0-2008648 

+ 0-2058008 
+ 0-2106753 
+ 0-2154865 
+ 0-2202325 
+ 0-2249115 

+ 0-2295219 
+ 0-2340620 
+ 0-2385299 
+ 0-2429241 
+ 0-2472429 

+ 0-2514848 
+ 0-2550482 

+ 0-2597315 

+ 0-2637334 
+ 0-2676524 

+ 0-2714870 
+ 0-2732358 
+ 0-2788977 
+ 0-2824711 
+ 0-2859549 


+ 0-2893479 
+ 0-2926488 
+ 0-2958566 
+ 0-2989700 
+ 0-3019881 
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2 + 0'00I324I 

4 + 0-0073134 - 

0 + 0-0132828 

8 + 0-0192302 

+ 0-0251533 - 

+ 0-0310498 
+ 0-0369177 




+ 0-0485586 
+ 0-0543274 

+ 0-0600589 
+ 0-0657511 
■+ 0-0714017 


I- 0-0825704 

+ 0-0880844 
+ 0-0935488 
+ 0-0989617 
+ 0-104321 1 
+ 0-1096251 

+ 0-1148718 
+ 0-1200593 

+ 0-1251857 
+ 0-1302494 

+ 0-1352484 

-I- 0-1401811 
+ 0-1450456 
-I- 0-1498404 
-t- 0-1545636 
+ 0-1592138 

+ 0-1637892 
+ 0-1682883 
+ 0-1727096 


+ 0-1813127 

-I- 0-1854916 
+ 0-1895868 

-H 0-1935970 

+ 0-1975208 
+ 0-2013569 

+ 0-2051041 
+ 0-2087611 
+ 0-2123267 

+ 0-2157999 
-H 0-2191794 

+ 0-2224642 
+ 0-2256533 
+ 0-2287457 
+ 0-2317403 
+ 0-2346363 


Ih'I'mI aigfl'i’w 


0-3022627 0-3022656 270“ 15' 3'56 + 0-346642 
0-3017411 0-3018297 271“ 23' i8«33 + 0-347097 




0-3011029 0-3013957 272“ 31' 33*27 

0-3003486 0-3009636 273“ 39' 4o'37 + O ’3403505 
0-2994789 0-3005333 274° 48' 3^65 + 0-3491631 


0-2984943 0-3001049 275° 56' 19^08 + 0-3500830 

0-2973957 0-2996784 277° 4' 34^69 + 0-3511175 

0-2961837 0-2992536 278° 12' 50^45 + 0-3522659 

0-2948590 0-2988307. 279° 21' 6-37 +0-3535275 

0-2934226 0-2984096 280° 29' 22'45 + 0-3549013 


0-2918752 0-2979903 

0-2902177 0-2975727 

0-2884511 0-2971569 

0-2865763 0-2967429 

0-2845944 0-2963306 

0-2825063 0-2959200 

0-2803132 0-2955112 

0-2780161 0-2951041 

0-2756163 0-2946986 

0-2731 149 0-2942948 

0-2705132 0-2938927 

0-2678124 0-2934923 

0-2930935 

0-2926963 
0-2923007 

0-2919068 

0-2915145 

0-2911237 


0-2705132 

0-267812 


0-2621187 

0-2591285 


0-2528684 

0-2496015 

0-2462451 

0-2428010 

0-2392706 

0-2356555 


0-2243105 

0-2203810 

0-2163672 

0-2122788 

0-2081175 

0-2038851 

0-1995834 

0-1952143 




0-1862813 

0-1817211 

0-1771010 

0-1724229 




0-2903409 

0-2899609 

0-2895764 

0-2891935 

0-2888120 

0-2884321 

0-2880537 

0-2876768 

0-2873014 

0-2869274 

0-2865549 

0-2861839 


281° 37' 38^69 
282° 45' 55'09 
283° 54' 11^65 

285“ V 281:36 
286° 10' 451:22 

287° 19' 21:23 


289® 35 36 ;' 7 i 
290“ 43 , 54*17 
291° 52' 11^78 

293° o' 29*54 
294“ 8 47:44 
295“ 17 5*48 

296® 25' 231:67 
297“ 33' 42*00 

298° 42' 0^46 
299“ 50' I9'07 
300° % 37*82 
302°* 6 56-70 

303° 15' 15*72 
304° 23; 34*87 

305! 31 54*16 
306° 40' 131:58 


310° 5' 

311° 13' 32:58 
312° 21' 52*65 

313° 30; i2’85 
314 38' 33*17 

3 ^ 5 ° 46; 53*62 

3''^o 55 M:20 

318° 3 34*89 

319” II 55*71 

320° 20' i6?66 


+ 0-3563867 
+ 0-3579825 
+ 0-3596880 
+ D-3615021 
+ 0-3634239 


+ 0-3675862 
+ 0-3698244 
+ 0-3721659 
+ 0-3746094 

+ 0-3771537 


KMinSuSasi 


+ 0-3025390 

+ 0-3853786 
+ 0-3883131 


+ 0-4043684 

+ 0-4078456 
+ 0-4114078 

+ 0-4150535 

+ 0-4187811 
+ D-4225888 

+ 0-4264750 

+ 0-4304379 


■2836267 


EKZlilEllliS 


+ o- 4385 a 70 

+ 0-4427696 

+ 0-4470219 

+ 0-4513419 




+ 0-4001700 
+ 0-4646^2 

+ 0-4692627 


.+ 0-4833221 
+ 0-4881160 
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HoW 

X I 

8*02 
8-04 
8 -o 5 
8 *08 
8*io 

8*12 

8-14 

8-ig 

8-i8 

8-20 

8*22 

8*24 

8-2g 

8-28 

8-30 

8-32 

Ut 

8-38 

8*40 

8*42 

8-48 

8-50 

8-52 

Ui 

8-58 

8-6o 

8*62 

8-64 

8-6g 

8-68 

8*70 

872 

|:|l 

878 

8*^ 

8-82 

8-84 

8-86 

8*88 

8-90 

8*92 

ill 

8-98 

9*00 

+ 0-1669299 
+ 0-1621542 

+ 0-1573255 
+ 0-1524459 
+ 0-1475175 

+ 0-1425423 
+ 0-1375223 
+ 0-1324598 
+ 0-1273568 
+ 0-1222153 

0-1170375 
-t- 0-1118250 
+ 0-1065816 

•f 0 - 10 J 3077 

+ 0-0960061 

-t- 0-0Q06789 
-I- 0-0853282 
+ 0-0799563 
+ 0-0745652 
+ 0-0^1573 

+ 0-0637345 
+ 0-0582992 
+ 0-0528534 
+ 0-0473994 
+ 0-0419393 

+ 0-0364752 
+ 0-0310094 
+ 0-0255440 
+ 0-0200812 
+ 6-0146230 

+ 0-0091717 
+ 0-0037293 

- 0-0017019 

- 0-0071200 

- 0-0125227 

- 0*0179081 

- 0-0232739 

- 0-0286182 

- 0-0339388 

- 0-0392338 

- 0-0445011 

- 0-0497387 

- 0-0549445 

- 0-0601167 
0-0652532 

T- 0-0703522 

- 0-0754116 . 

- 0-0804295 

- 0-0854042 

- 0-0903336 

+ p-2266339 
+ 0-2296480 
+ 0.-2325628 
+ 0-2333776 
+ 0-2380913 

+ 0-2407033 
+ 0-2432126 
+ 0-2456187 
+ 0-2479207 
+ 0-2501180 

+ 0-2522101 
+ 0-2541963 
+ 0-2560762 
+ 0-2578492 
+ 0-2595150 

+ 0-2610730 
+ 0-2625230 
+ 0-2638647 
+ 0-2650977 
+ 0-2662219 

+ 0-2672370 
+ 0-2681430 
+ 0-2689397 
+ 0-2696271 
+ 0*2702051 

+ 0-2706738 
+ 0-2710333 
+ 0-2712837 
+ 0-2714^51 
+ 0-2714577 

+ 0-2713818 

+ 0-2711977 

+ 0*2709050 
+ 6*2705060 
+ 0*2699992 

+ 0-2693857 
+ 0-2606660 
+ 0-2678405 
+ 0-2669100 

+ 0'-2658749 

+ 0-2647360 
+ 0-2634939 
+ 0-2621493 
+ 0-2607030 
+ 0-2591558 

+ 0-2575085 
+ 0-2557620 
+ 0-2539172 
+ 0-2519751 
+ 0-2499367 

0-2814756 

0-2811266 

0-2807789 

0-2804324 

0-2800873 

0-2797434 

0-2794007 

0-2790594 

0^2787192 

0*2783803 

0*2780427 

0-2777062 

0-2773710 

0-2770370 

0*2767042 

0-2763725 

0-2760421 

0-2757128 

0-2753847 

0-2750578 

0-2747321 

0-2744075 

0*2740840 

0-2737617 

0-2734405 

0-2731204 

0*2728015 

0-2724836 

0-2721669 

0-2718513 

0-2715368 

0-2712233 

0-2709109 

0-2705996 

0-2702894 

0-2699803 

0*2696722 

0-2693651 

0-26^591 

0-2687541 

0*2684502 

0*2681473 

0-267845^ 

0-2675445 

0-2672446 

0*2669458 

0-2666479 

0*2663510 

0*2660552 

0*2657603 

■413“ 37 ' 33^75 
414° 46' 26^87 

415" 55' 19^94 

417° 4' 12«98 
418“ 13' 5t98 

419° 2r' 58^95 
420° 30' .51-87 

421“ 39 44^76 

422° 48 37^62 
423° 57 30^43 

425° 6' 23*21 
426“ 15; 15^96 
427° 24' 8*67 
428“ 33; 1*35 
429 41 53^99 

430“ 50; 46*59 
431“ 59 39 ;i 6 
433 “ 8 31*70 
434 ^I 7 24*21 
435“ 26' 16*68 

436° 35' 9^11 

440“ i' 46*22 
441“ 10' 38*53 

442° 19' 30*80 
443“ 28; 23*04 

444“ 37; 15^25 
44 io 46 7J43 
440° 54 59^58 

44 ®o 3 ; 5 x ;»69 
449 “ 12 43;77 
450“ 21 35*83 
451 “ 30' 27*85 
452® 39' 19^84 

453“ 48' 1 1*80 

459“ 32' 31^17 

460“ 41' 22*95 
461“ 50' 14*71 
462“ 59' 6*44 

464? 7' 58*14 

465“ 16' 49*81 
466“ 25' 41*45 

467“ 34' 33^^07 

468“ 43' 24*66 
469“ 52' 16*22 

+ 0-3049098 
+ 0*3077342 
+ 0-3104602 
+ 0-3130870 
+ 0-3156137 

+ 0-3180394 
+ 0-3203635 
+ 0-3225852 
+ 0*3247036 
+ 0-3207183 

. + 0-3286286 
+ 0*3304339 

+ 0-3321337 
+ 0-3337274 
+ 0-3352147 

+ 0-3365952 
+ 0-3378684 
+ 0-339034 1 
+ 0-3400920 
+ 0-3410418 

+ 0*3418834 
+ 0*3426160 
+ 0-3432414 
+ 0-3437570 
+ 0-3441653 

+ 0-3444644 
+ 0*3446550 
+ 0-3447373 
+ 0-3447114 
+ 0-3445775 

+ 0-3443357 
+ 0-3439865 
+ 0-3435301 
+ 9-3429669 
+ 0-3422972 

+ 0-3415216 
+ 0-3406404 

+ 0-3396543 

+ 0-3385638 

+ 0-3373694 

+ 0-3360719 
+ 0*3346718 
+ 0-3331700 
+ 0-3315672 
+ 0-3298642 

+ 0*3280617 
+ 0-3261608 
+ 0-3241622 
+ 0-3220669 
+ 0-3198760 

8-02 

8-04 

8-og 

8-08 

8*10 

8-12 

8-14 

8-16 

8-18 

8*20 

8-22 

8-24 

8-26 

8-28 

8-30 

8-32 

8 ' 3 S 

8-40 

8*42 

8-48 

8-50 

8-52 

Ut 

8-58 

8-60 

8-62 

8-64 

8-66 

8*68 

8-70 

8-72 

i.?i 

8-78 

8-80 

8-82 

8-84 

8-86 

8-88 

8-90 

8-92 

8- 98 

9- 00 












TABLES OF BESSEL EXTNOTIONS 
Table I. Functions of order unity 
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ih'I’mi 




2 + 0-2374329 

4 + 0-2401291 

6 + 0-2427241 

8 + P-2452173 

+ 0-2476078 

+ 0-2498950 
+ 0-2520782 


+ 0-2561306 
+ 0-2579986 

+ 0-2597605 
+ 0-2614159 
+ 0-2629644 
+ 0-2644056 

+. 0-2657393 

+ 0-2669651 
+ 0-2680829 


+ 0-2699936 
+ 0-2707863 

+ 0-2714704 
+ 0-2720460 
+ 0-2725131 
+ 0-2728717 
+ 0-2731220 

+ 0-2732640 
+ 0-2732981 
+ 0-2732244 
+ 0-2730432 
+ 0-2727548 

+ 0-2723596 
+ 0-2718580 
+ 0-2712504 
+ 0-2705372 
+ 0-2697190 

+ 0-2687964 
+ 0-2677699 
+ 0-2606402 
+ 0-2654079 
+ 0-2640737 1 

+ 0-2626384 
-t- 0-2611028 
+ 0-2594677 

+ 0-2577339 

+ 0-2559024 

+ 0-2539740 
+ 0-2519497 

+ 0-2498306 
+ 0-2476176 
+ 0-2453118 


■ 0-1531702 

■ 0-1482318 
0-1432475 
0-1382191 
0-1331488 

0-1280386 

0-1228906 

0-1177069 

0-1124896 

0-1072407 

0-1019624 

0-0966569 

0-0913261 

0-0859723 

0-0805975 

0-0752040 
0-0697937 

0-0589319 

0-0534845 

0-0480290 

0-0425676 

0-0371023 

0-0316353 

0-0261687 

0-0207046 

0-0152452 

0-0097926 

+ 0-0010840 

+ 0-0065038 
+ 0-0119084 
+ 0-0172958 
+ 0-0226640 
+ 0-0280110 

+ 0-0333346 

+ 0-0386328 
+ 0-0439037 
+ 0-0491453 
+ 0-0543556 

+ 0-0595326 
+ 0-0646744 


+ 0-0748447 
+ 0-0798694 


0-2825517 

0-2821961 

0-2818419 

0-2814889 

0-2811373 

0-2807871 

0-2804381 

0*2800905 

0-2797441 

0-2793991 

0-2790553 

0-2787128 

0-2783716 

0-2780316 

0-2776929 

0*2773554 

0-2770191 

0-2706841 

0-2763503 

0-2760177 

0-2756864 

0*2753562 

0-2750272 

0-2746994 

0-2743728 

0-2740473 

0*2737230 

0*2733998 

0*2730779 

0*2727570 

0*2724373 

0*2721187 

0*2718012 

0*2714849 

0-2711696 

0-2708555 

0-2705424 

0-2702305 


0-2696098 

0-2693011 

0-2609934 

0-2686868 

0-2683813 

0-2680768 


329° 27' 8^46 

330“ 35' 30*46 
331 43 52-57 

332® 52; 14-79 
334° o 37 <i2 
335° 8 59;56 

336“ 17 22*11 
337 25' 44-78 

338° 34' 7-55 
339° 42 30*42 
340“ 50' 53:40 


344“ 16' 2*99 
345° 24; 26*39 

346° 32 49-90 

347“ 41' 13*51 
348° 49' 37^22 

349° 5f, 1-03 




353° 23; i3;05 
354 31 37-26 

355° 40; 1-56 

356° 48 25*97 
357° 56, 50*46 
359° 5 15^06 
300“ 13' 39'74 

361° 22' 4*52 
362® 30' 29*39 
363° 38; 54-35 
364° 47 19*41 
365 55 44-57 1 

367“ 4' 9*8i 
368° 12' 35*14 
369° 21' 0*57 
370° 29' 26*08 

371° 37' 5I'68 

372° 46; I 7;36 
373° 54 43-M 
375° 3 9-00 

3 
3 


+ 0-7040647 
+ 0-7091718 
+ 0-7142420 
+ 0-7192734 
+ 0-7242641 


0*2677733 378° 28' 27*10 + 0*7292122 

0*2674709 379° 36' 53'30 +0*7341159 

0*2671^4 Po" Js; 19*59 +0-7389734 
0-2668691 381° 53, 45;96 + 0-7437828 

0-2665697 383“ 2' 12*41 + 0*7485424 


+ 0-4929604 8-02 

+ 0-4978531 8-04 

+ 0-5027922 8-o6 

+ 0-5077756 8-08 

+ 0-5128012 8-10 


+ 0-5178671 
+ 0-5229711 
+ 0-5281111 
+ 0-5332850 
+ 0-5384907 

+ 0*5437262 
+ 0*5489893 

+ 0*5542779 

+ 0-5595898 
+ 0-5649229 

+ 0*5702752 

+ 0-5756443 

+ 0*5810283 
+ 0-5864249 
+ 0-5918321 

+ 0-5972476 
4. 0-6026694 
+ 0-6080953 
+ 0-6135232 
+ 0-6189510 

+ 0*6243764 

+ 0-6297975 

+ 0-6352120 
+ 0-6406180 
+ 0-6460132 

+ 0-6513957 

+ 0-6567633 
+ 0-6621139 

+ 0-6674455 

+ 0-6727561 

+ 0-6780436 
+ 0-6833060 
+ 0-6885413 
+ 0-6937475 

+ 0-6989226 















TABLES QE BESSEL FUNCTIONS 
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- 0-O952i6o 

- 0*1000496 

- 0*1048325 
0*1095629 
0*1142392 

0*1188596 

0*1234224 

0*1279258 

0*1323684 

0*1367484 

0*1410642 

0-1453143 

0*1494972 

0*1536113 

0-1576552 

0*1616274 

0*1655265 

0*1693511 

0*1730999 

0*1767716 

0*1803648 

0*1838783 

0*1873109 

0*1906615 

0*1939287 

0*1971117 

0*2002092 

0*2032202 

0*2061437 

0*2089787 

0*2117244 

0*2143797 

0*2169439 

0*2194161 

0*2217955 

0*2240814 

0*2262730 

0*2283698 

0*2303710 

0*2322760 

0*2340844 

<?-2357955 

0*2374090 

0*2389243 

0*2403411 

0*2416590 

0*2428777 

0*2439968 

0*2450163 

0-2459358 


+ 0*2478029 
+ 0*2455748 
+ 0*2432536 
+ 0*2408402 
+ 0*2383360 

+ 0*2357420 
+ 0*2330595 
+ 0*2302098 
+ 0*2274341 
-I- 0-2244937 

+ 0*2214700 
+ 0*2183644 
+ 0*2151782 
+ 0*2119130 
+ 0*2085701 

+ 0*2051510 
+ 0*2016573 
+ 0*1980905 
+ 0*1944522 
+ 0*1907439 

•f 0*1869673 
+ 0*1831240 
+ 0*1792157 
+ 0*1752440 
+ 0*1712106 

+ 0*1671174 
+ 0*1629659 
+ 0*1587580 

+ 0-1544955 

+ 0*1501801 

+ 0*1^58137 
+ 0*1413982 
+ 0*1369352 
+ 0*1324268 
+ 0*1278748 

+ 0*1232810 
+ 0*1186475 
+ 0*1139760 
+ 0*1092686 
+ 0*1045271 

+ 0*0997535 
+ 0*0949498 
+ 0*0901178 
+ 0*0852597 
+ 0*0803773 

+ 0*0754727 
+ 0*0705477 
+ 0*0656045 
+ 0*0606450 
+ 0*0556712 


0*2654663 

0*2645904 

0*2643003 

0*2640112 

0*2637230 

0*2634358 

o* 263 u 95 

0*2628041 

6*2625796 

0*2622961 

0*2620135 

0*2617318 

0*2614510 

0*2611711 

0*2608921 

0*2606140 

0*2603308 

0*2600604 

0*2597850 

0*2595104 

0*2592367 

0*2589638 

0*2586918 

0*2584206 

0*2581503 

0*2578809 

0*2576123 

0-2573445 

0*2570775 

0*2568114 

0*2565461 

0*2562816 

0*2560180 


471° 1' 7775 
472° 9; 59 *26 
473“ 18 50773 
474° 27'427i8 
475“ 30' 33 *60 

476® 45' 25701 
477° 54; 16*39 
nK 3 7*73 
4§o° II 59*05 
481 20 50735 

482° 29' 41762 
483° 3 §; 32786 

484° 47' 24708 

485° 56' 15 *28 
487° 5' 6744 

488° 13; 57 *59 
489° 22 48170 
490° 31' 39780 
491® 40' 30^87 
492° 49' 21792 

493° 58' 12795 

499° 42' 27770 
500° 51' 18758 
502° o' 974. 
503 9 0728 

504°17'5 i'o 8 

505° 26' 41787 
506° 35; 32*65 

507 ° 44 23740 

508° 53 14*12 
510° 2' 4782 


0-2557551 511° 10' 55749 

0-2554931 512® 19' 46715 
0*2552318 5 13° 28' 36779 

0*2549714 514° 37' 27740 

0*2547117 515 ‘’ 46 ' i 87 oo 


0*2544529 

0*2541948 

0*2539375 

0*2536810 

0*2534253 

0*2531703 

0*2529161 

0*2526626 

0*2524100 

0*2521580 


516® 55' 8757 
518® 3;597?^ 

519° 12 49^65 

520° 21' 40715 
521® 30' 30764 

522® 39'2I7 ii 

523° 48' 11^56 
524° 57; 1*99 
526° 5 52^39 
527® 14' 42778 


+ 0*3175904 

+ 0*3152111 
+ 0*3127393 
+ 0*3101761 
+ 0*3075226 

+ 0*3047800 
+ 0*3019495 
+ 0*2990324 
+ 0*2960300 
+ 0*2929435 

+ 0*2897743 
+ 0*2865238 
+ 0*2831934 
+ 0*2797845 
+ 0*2762985 

+ 0*2727370 
+ 0*2691014 
+ 0*2653933 
+ 0*2616143 
+ 0*2577659 

+ 0*2538498 
+ 0*2498075 
+ 0*2458208 
+ 0*2417112 
+ 0*2375406 

+ 0*2333107 
+ 0*2290231 
+ 0*2246796 
+ 0*2202821 
+ 0*2158322 

+ 0*2113319 
+ 0*2067829 
+ 0*2021871 
+ 0*1975464 
+ 0*1928025 

+ 0*1881375 
+ o*i83373i 
+ 0*1785715 

+ 0-1737344 

+ 0*1688037 

+ 0*1639615 
+ 0*1590296 
+ 0*1540700 
+ 0*1490847 
+ 0*1440757 

+ 0*1390449 
+ 0*1339943 

+ 0*1289259 
+ 0*1238417 
+ 0*1187437 
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+ o>io90553 I o* 26627I3 
+ 0*1137425 1 0*2659740 
+ 0*1183744 

+ o*235i»33 1 + 0*1229495 0*2653823 
+ 0*2324307 + 0*1274059 0*2650879 


argH^I’W 


+ 0*229592 
+ 0*226669 


+ 0*7532504 

+ 0*7579051 

+ 0*7625048 
+ 0*7670477 
+ 0*7715322 


+ 0*1319221 0*2647945 

+ 0*1363164 0*2645021 

roSirSi iiii 


+ 0*2141618 
+ 0*2108375 
+ 0*2074370 
+ 0*2039020 
+ 0*2004139 

+ 0*1967943 
+ 0*1931047 
+ 0*1893468 
+ 0*1855221 
+ 0*1816322 


0*2633421 
+ 0*1573003 0*2630545 

+ 0*1612974 0*2627679 
+ 0*1652162 0*2624822 

+ 0*1690613 0*2621974 

+ 0*1728314 0*2619135 
0*2616306 


+ 0*1801413 
+ 0*1836785 1 0*2610675 
+ 0*1871357 0*2607873 


+ 0*1736637 
+ 0*1695884 
+ 0*1654548 
+ 0*1612644 

+ 0*1570192 
+ 0*1527208 
+ 0*1483711 
+ 0*1439718 
+ 0*1395248 

+ 0*1350319 

+ 0*1304950 

+ 0*1259159 

+ 0*1212965 
+ 0*1166386 ] 

+ 0*1119443 

+ 0*1072154 
+ 0*1024537 
+ 0*0976613 
+ 0*0928401 

+ 0*0879920 
+ 0*0831189 
+ 0*0782229 
+ 0*0733059 

+ 0*0683698 

+ 0*0634167 
+ 0*0584484 
+ 0*0534670 
+ 0*0484745 
+ 0*0434727 


+ 0*1904116 

+ 0*1938050 

+ 0*1970150 
+ 0*2001403 

+ 0*2031799 

+ 0*2061329 

+ 0*2089982 

I + 0*2117749 

+ 0*2144621 

+ 0*2170590 

+ 0*2195646 
+ 0*2219783 
+ 0*2242992 
+ 0*2265267 
+ 0*2286600 

+ 0*2306986 


0*2605080 

0*2602297 

0*2599522 

0*2596756 

0*2593999 

0*2591250 

0*2588511 

0*2585780 

0*2*583058 

0*2580344 

0*2577639 

0*2574943 


+ 0*2362395 
+ 0*2378932 


0*2561507 

0*2558941 

0*2556303 

0*2553673 


+ 0*2394495 I 0*2551052 


395° 35 8.70 

396° 43 36*11 

397° 52 3*59 

399 o' 31115 
400“ 8'58i78 

401° I7'26i49 

402°25;54';27 

403° 34 2211 3 
404° 42' 50I06 
405“ 51' i81q6 


408® 8' 14I2 

409“ 16' 42I50 

410° 25'ioi79 
411° 33' 39*15 

412° 42' 7I58 
413° 50; 36 *08 

414® 59 4.64 

416® 7'*33'28 
417® 16' 1I99 

418° 24' 30*76 

419 32 59*61 

420® 41' 28I52 
421® 49' 57^9 

422®58'26i53 

424° 6'55i64 

425° 1 5' 24*82 
426° 23' 54I06 

427®32'23i36 

428° 4o'52i73 

429° 49'22ii6 




+ 0*2422681 
+ 0*2435297 
+ 0*2446924 

+ 0*2457560 
+ 0*2467203 


SMiSLLVindii 


+ 0*2403501 
+ 0*2490154 


0*2545033 

0*2543235 433„i4,50;84 

0*2540646 434 23 20*52 

0*2538064 435°3i'50*27 

0*2535491 436® 40 20*08 

o* 2 ip 925 437:48:4955 
0*2530367 438^ 57, 1^95° 
0*2527810 440 5 49^87 


+ 0*8051156 
+ 0*8090043 
+ 0*8128195 

+ 0*8165598 
+ 0*8202240 
+ 0-8238107 
+ 0*8273187 
+ 0*8307469 

+ 0*8340959 

+ 0*8373587 
+ 0*8405401 


EKi&mskyii 


+ 0*8466485 

+ 0*8495735 
+ 0*8524110 
+ 0*8551601 
+ 0*8578198 
+ 0*8603894 

+ 0*8628679 


EEKllEQtCI 


+ 0*8675487 

+ 0*8697495 

+ 0*8718563 

+ 0*8738685 
+ 0*8757855 
+ 0*8776066 

+ 0*8793314 
+ 0*8809594 

+ 0*8824901 
+ 0*8839230 
+ 0*8852579 


CXSsIslIZ^ZEl 


+ 0*8876322 

+ 0*8886710 
+ 0*8896106 
+ 0*8904508 
+ 0*8911914 
+ 0*8918325 
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- 0-2467551 




- 0-2495649 

- 0-2496822 

- 0-2496996 

- 0-2496171 

- 0-2494350 

- 0-2401536 

- 0-2487732 

- 0-2482942 

- 0-2477168 

- 0-2470416 

- 0-2462690 

- 0*2453994 

- 0-2444335 

- 0-2433718 

- 0-2422148 

- 0-2409633 

- 0-2396178 

- 0-2381702 

- 0-2366482 

- 0-2350255 

- 0-2333120 

- 0-2315685 

- 0-2296158 
r 0-2276350 

- 0-2255670 

- 0-2234127 

- 0-2211732 

- 0-2188495 

- 0-2164427 

- 0-2139539 

- 0-2113843 

- 0-2087349 

- 0-2060071 

- 0-2032020 

- 0-2003208 

- 0-1973650 

- 0-1943357 

- 0-1912343 

- 0-1880622 

- 0-1848208 

- 0-1815115 

- 0*1781356 

- 0-1746947 

- 0-1711903 


+ 6-0506850 
+ 0-0456886 
+ 0-0406838 
+ 0-0356728 
+ 0-0306574 

+ 0-0256397 
+ 0-0206216 
+ 0-0156052, 
-I- 0-0105924 
+ 0-0055852 

+ 0-0005856 I 

- 0-0044044 

- 0-0093830 

- 0-0143481 

- 0-0192978 

- 0-0242303 

- 0-0291435 


0-03890 

6-0437486 

0-0485659 

°*0533546 

0-0581128 

0-0628386 

0-0675304 


o- 2514 q 6_ 

0*2511578 

0-2509096 

0-2506622 

0-2504154 

0-2501694 

0-2499241 

0*2496795 

0*2494357 

0-2491925 

0-2489501 

0-2487084 

0-2484674 

0-2482270 

0-2479874 

0*2477484 

0-2475102 

0-2472726 

0*2470357 

0-2467995 

0-2465640 

0-2463291 

0-2460949 


0-0721862 I 0-2458614 
0-2456285 
0*2453963 
0-2451648 
0*2449339 

0-2447037 
0-2444741 
0-2442451 
0-2440168 
0-2437891 

0-2435621 

0-2433357 

0-2431099 
0-2428847 
0-2426602 

0-2424363 
0-2422130 
0-2419903 
0-2417683 
0-2415468 

0-2413260 
0-2411057 
0-2408801 


■ 0-0813830 

- 0-0859205 

- 0-0904152 

■ 0-0948652 

■ 0-0992689 

■ 0-1036247 

■ 0-1079309 

■ 0-1121859 

• 0-1163881 
0-1205360 

■ 0-1246281 

■ 0-1286627 
0-1326384 

0*1365537 

0-1404073 

0-1441977 

0*1479234 

0-1515832 



528°23 33?i5 

529“ 32' 23^49 
530°4I'I3?82 
531“ 50' 4*13 
532“ 58' 54 *41 

534“ 7' 44 *68 

539“ 51; 55^73 
541; o 45^88 
542“ 9 36' o 2 
543“ 18' 26^13 
544“ 27' 16^23 

545“ 36' 6^31 
540 44 56-37 

547; 53. 46^41 

549“ 2'36?44 
550 11' 26^44 

55 i “2 o ; i 6?43 
552“ 29' 6^41 
553“ 37' 56^36 
554“ 46' 46^30 
555“ 55' 36^22 

557“ 4'26ri2 
558“ 13' 16^00 
559“ 22' 5?87 

560° 30; 55^72 
561" 39' 45 *55 

562“ 48' 35^37 

5*1:57 >5'i7 

565 6 14*95 

566“ 15' 4?7f 

567“ 23' 54 *46 

568°32'44‘r2o 
569“ 41; 33 *91 
570“ 50' 23^61 
571“ 59' 13 *30 
573“ S' 2?97 

574“ 16' 52^62 
575“ 25' 42^26 
576° 34' 31 *88 
577“ 43' 21^48 
578“ 52' 11*07 

580“ 1' 0*64 
581“ ^ 50*20 
582“ 18' 39*75 
583“ 27' 29*28 
584'’ 36' 18*79 


+ 0-1156338 
+ ,0-1085142 
+ 0-1033867 
•f 0-0982533 
+ 0-0931162 


+ 0-0777014 
+ 0-0725687 
+ 0-0674420 

+ 0-0623234 
+ 0-0572148 
+ 0-0521181 
+ 0-0470353 
+ 0-0419684 

+ 0-0369192 
+ 0-0318896 
+ 0-0268817 
+ 0-0218972 
•f 0-0169381 

+ 0-0120062 
■f 0-0071034 
+ 0-0022315 

- 0*0026077 

- 0-0074123 

- 0-0121806 

- 0-0169108 

- 0-0216012 

- 0-0262499 

- 0-0308553 

- 0-0354157 

- 0-039929 


- 0-0488103 

- 0-0531741 

- 0-0574847 

- 0-0617406 I 

- 0-0659402 

- 0-0700821 

- 0-0741646 

^ 0-0781864 

- 0-0821461 

- 0-0860421 

- 0-0898731 

- 0-0936378 

- 0-0973349 

- 0-1009630 

- 0-1045209 

- 0-1080073 

- 0-1114210 





TABLES OF BBSSBII FITNOTIONS 
Table I. Functions of order unity 



argfl^I’W 


+ 0-0384638 

+ 0-0334497 

+ 0-0284322 
+ 0-0234135 

+ 0-0183955 

+ 0-0133801 . 
+ 0-0083694 
+ 0-0033652 

- 0-0016305 

- 0-0066157 

- 0-0115886 

- 0-0165471 

I - 0-0214895 

- 0-0264137 

- 0-0313178 

- 0-0362001 

- 0-0410586 

- 0-0458914 

- 0-0506967 

- 0-0554728 

- 0-0602176 

- 0-0649296 

- 0-0696068 

- 0-0742475 

- 0-0788500 I 

- 0-0834125 

- 0-0879333 

- 0.-0924 1 07 

- 0-0968431 

- 0-1012287 

- 0-1055659 

- 0-1098532 



+ 0-2495.809 0-2525274 

+ 0-2500465 0-2522739 
+ 0-2504122 0-2520212 

+ 0-2500782 0-2517692 

+ 0-2508444 0-2515180 

. + 0-2509111 ■ 0-2512676 
+ 0-2508783 0-2510179 

+ 0-2507464 0-2507690 
+ 0-2505154 0-2505208 
+ 0-2501858 0-2502733 

+ 0-2497578 0-2500266 

+ 0-2492319 0-2497806 
+ 0-2486082 0-2495353 
+ 0-2478874 0-2492907 
+ 0-2470699 0-2490469 

+ 0-2461562 0-2488038 

+ 0-2451468 0-2485614 

+ 0-2440423 0-2483197 
+ 0-2428434 0-2480787 
+ 0-2415506 0-2478385 

, 0-2475989 

+ 0-2386862 0-2473600 

+ 0-2371162 0-2471218 

+ 0-2354552 0-2468843 

+ 0-2337042 0-2466475 

+ 0-2318640 0-2464114 
+ 0-2299355 0-2461760 

+ 0-2279195 0-2459412 

+ 0-2258171 0-2457071 

+ 0-2236293 0-2454736 

+ 0-2213570 0-2452409 
+ 0-2190013 0-2450088 

+ 0-2165633 0-24477P 
+ 0-2140441 0-2445465 

+ 0-2114448 0-2443164 


441° 14 19^93 

442“ 22' 5o'o4 
J430 3 i; 20<21 

444“ 39 50^44 
445 48 20^73 

446“56;51 «o 8 

448“ ,5'2i<49 

449“i3'5ij9S 

450“ 22' 22^48 

451° 30' 53*06 

452° -39' 23*69 

A Atn' CilTOn 


457 13 2 


0*1459354 I 

0-1496394 

0*1532774 

0*1568479 

0-1603497 

0-1637815 

0-1671422 



+ 0-2087666 
+ 0-2060107 
+ 0-2031783 
+ 0-2002707 
+ 0-1972891 

+ 0-1942349 
+ 0-1911093 
+ 0-1879138 1 
+ 0-1846498 
+ 0-1813185 

+ 0-1779215 
+ 0-1744602 
+ 0-1709362 
+ 0-1673507 
+ 0-1637055 


+ 0-8917685 
+ 0-8911224 

+ 0-8903793 
+ 0-8895395 

+ 0-8886036 




+ 0-8864459 
+ 0*8852252 
+ 0-8839107 

+ 0-8825033 
+ 0-8810035 
+ 0-8794122 
+ 0-8777301 
+ 0-8759580 

+ 0-8740969 
+ 0-8721475 
+ 0-8701109 
+ 0-8679879 
+ 0-8657796 

+ 0-8634870 
+ 0-8611110 
+ 0-8586529 
+ 0-8561136 

+ 0-8534944 


0-2440869 481° 12'27’'l9 

0-2438581 482® 20' 59 -20 

0-2436299 483° 29' 31 *25 
0-2434024 484° 38 3*36 
0-2431755 485 46 35’'5i 


0-2429492 

0-2427236 

0-2424906 

0-2422742 

0-2420505 

0-2418273 

0-2416040 

0-2413829 

0-2411616 

0-2409410 


486° 55' 7-71 
488° 3' 39*96 
489° 12' 12^26 
490° 20' 44^61 
491° 29' 17^00 

492“ 37; 49*43 
493“ 46; 21 ^92 


497° 11' 59^65 


10-72 
+ 0-8480208 10*74 

+ 0-8451689 10-76 

+ 0-8422418 10-78 

+ 0-8392408 10-80 

+ 0-8361673 10*82 

+ 0-8330226 10-84 

+ 0-8298080 10-80 

+ 0-8265250 10-88 

+ 0-8231749 10-90 

+ 0*8197592 10-92 

+ 0-8162792 10-94 

+ 0-8127366 10*90 

+ 0-8091327 10-98 

+ 0-8054091 11-00 

















TABLES OE BESSEL ETJNOTIONS 


Table I. Functions of order zero 


l«oWl 




0*1676238 - 

0*1639968 - 
0*16031.09 - 

0*1527683 1 - 


0*1450089 

0*1410520 

0*1370458 

0*1329919 


-0*1720845 0*2402308 585“ 45' 8I29 - 

-o*?752470 0*2400135 586“ 53; 57^77 - 
-0*1783338 o*2'397968 588“ 2' 47^23 - 

-0*1813437 0*2395807 589°ii'36»69 - 

- 0*1842758 0*2393652 590“ 20' 26^13 - 

-0*1871289 0*2301503 59I°2q'I5^55- - 

- 0*1899021 0*2389359 592° 38' 4^96 - 

-0*1925944 0*2387222 593°46'54l35 - 
-0*1952050 0*2385090 594 55 43^73 - 

- 0*1977329 0*2382963 596“ 4' 33^09 - 


0*1288922 I - 


0*1205018 

0*1163346 

0*1120685 

0*1077650 

0*1034261 

0*0990545 

0*0946491 

0*0902145 

0*0857517 

0*0812623 

0*0767484 


0*0676539 

0*0630771 


- 0*0538735 

- 0*0492505 

- 0*0446157 

- 0*0399711 

- 0*0353184 

- 0*0306597 

- 0*0259967 

- 0*0213313 

- 0*0166653 

- 0*0120000 

- 0*0073391 

- 0*0026825 
+ 0*0019672 

+ 0*0066082 
+ 0*0112388 
+ 0*0158571 
+ 0*0204612 
+ 0*0250494 


+ 0*0296200 f - 

+ 0*0387007 - 
+ 0*0432074 - 

+ 0*0476893 - 


- 0*2001772 0*2380843 

- 0*2025372 0*2378728 

- 0*2048121 0*2376618 

- 0*2070011 

- 0*2091034 0*237241 

- 0*2111185 0*237032 


599“ 31' 1*10 
600® 39' 501^41 
601® 48' 39*70 


602® 57' 28*98 
604® 6' 18*25 
0*2148843 0*2366155 605® 15' 7*51 
0*2106338 0*2364078 606® 23' 50^75 
0*2182937 0*2362008 607® 32' 45^97 


-0*2198634 0*2359942 608® 41' 35*18 - 

- 0*2213425 ‘0*2357882 609° 50' 24^38 - 


0*2227306 0*2355828 610° 59'’ 13*56 
0*2240273 0*2353779 612® 8 ' 2*73 
-0*2252321 0*2351735 613“ 16' 51*89 


0*2263449 0*2349696 614® 25' 41*04 
0*2273652 0*2347663 615° 34' 30^17 
0*2282930 0*2345635 616° 43' 19*28 
0*2291278 0*2343612 617° 52' 8*39 
0*2298697 0-2341595 619® o'57«48 


0*2305185 0*2339582 
0*2310740 0*2337575 
0*2315362 0*2335573 
0*2319050 0*2333576 
0*2321806 0*2331584 


0*2323629 

0*2324520 

0*2324481 

0*2323513 

0*2321618 

0*2318798 

0*2315056 

■ 0*2310396 
0*2304820 

■0*2298332 

• 0*2290937 

- 0*2282638 

■ 0*2273441 

■ 0*2263351 

- 0*2252373 


0*2329598 
0*2327616 


0*2321701 


0*2317703 

0*2315831 

0*2313884 

0*2311942 

0*2310005 


620° 9' 46*56 
621° 18' 35*63 
622® 27' 24^68 
623® 36' 13*72 
624® 45' 2«75 

625° 53', 51 '76 

627° 2 40*77 
628® II' 20^75 
629° 20' 18*73 
630° 29' 7*70 

63 i® 37 : 56';65 
f 32 ° 4 o , 45;59 
633 “ 55 34-52 
4 23*44 
636° 13' I2?34 

637® 22' 1*24 
638® 30' 50*12 
639“ 39' 38 -99 
640® 48 27*84 
641® 57' 16^69 


- 0*1147608 11*02 

- 0*1180257 11*04 

- 0*12121^4 11*00 

- 0*1243260 11*08 

- 0*1273593 11*10 

- 0*1303133 II*I 2 

- 0*1331870 11*14 

- 0*1359795 Il'Ig 

- 0*1386899 11*18 

- 0*1413173 11*20 

- 0*1438608 11*22 

- 6*1463196 

- 0*1486929 

- 0*1509799 11*28 

- 0*1531801 11*30 


- 0*1552926 

- 0*1573169 

- 0*1592522 

- 0*1610982 

- 0*1628541 

- 0*1645196 

- 0*1660942 

; 

- 0*1702681 

- 0*1714749 

- 0*1725891 

- 0*1736103 

- 0*1745384 

- 0*17537.31 

- 0*1761144 

- 0*1767622 

- 0*1773163 

- 0*1777768 

- 0*1781436 

- 0*178416 

- 0*178596 


- 0*1786765 

- 0*1785768 


0*1783843 
0*1780994 
0*1777222 
0*1772532 
0*1766928 11*90 

0*1760413 11*92 
0*1752992 11*94 
0*1744669 11*96 

0*1735451 11*98 

0*1725341 12*00 

















TABLES OE BESSEL FUNCTIONS 689 


Table I. Functions of order unity 


X 

/iW 

Y ,{ x ) 

ih'I'wi 

arg 

HiW 

X 

11-02 

11-04 

1 1 -00 
ii-o8 

II-IO 

- 0-1798496 

- 0-1828371 

- 0-1857467 

- 0-1885774 

- 0-1913283 

+ 0-1600021 
+ 0-1562419 
+ 0-1524266 
+ 0-1485578 
+ 0-1446371 

0-2407209 

0-2405014 

0-2402820 

0-2400643 

0-2398406 

498° 20' 32*32 
499° 29' 5^03 
500 “ 37 37-79 
501° 46' 10-59 
502° 54' 43^44 

+ 0-8017474 
+ 0-7979691 

+ 0-7941357 

+ 0-7902489 
+ 0-7863103 

11-02 

11-04 

11-00 

11-08 

II-IO 

II-I 2 

11-14 

II-ID 

II-I8 

n-20 

- 0-1939984 

- 0-1965868 

- 0-1990926 

- 0-2015150 

- 0-2038531 

+ 0-1406661 
+ 0-1366465 
+ 0-1325799 
+ 0-1284681 
+ 0-1243127 

0-2396296 

0-2394131 

0-2391972 

.0-2389819 

0-2387671 

504“ 3:16^34 
505“ II 49*27 
506° 20' 22*25 
507° 28' 55^28 
508® 37' 28^35 

+ 0-7823215 
+ 0-7782842 
+ 0-7742001 
+ 0-7700707 
+ 0-7658979 

II-I 2 

II-I4 

II-IO 

II-18 

11-20 


- 0-2061063 

- 0-2082738 

- 0-2103549 

- 0-2123488 

- 0-2142550 

+ 0-1201154 
+ 0-1158779 
+ 0-H16021 
+ 0-1072896 
+ 0-1029422 

0-2385530 

0-2383394 

0-2381264 

0-2379140 

0-2377021 

509“ 46' 1-46 

510 ® 54 34-91 
512° 3 7^81 

513® II 41^05 
514® 20' 14-33 

+ 0-7616832 
+ O-75742S6 
+ 0-7531356 
+ 0-7488060 
+ 0-7444416 

11-22 

11-24 

11-20 

11-28 

11-30 

11-32 

11-34 

11-36 

11-38 

11-40 

- 0-2160729 

- 0-2178019 

- 0-2194415 

- 0-2209912 

- 0-2224506 

+ 0-0985617 
+ 0-0941498 
+ 0-0897083 
+ 0-0852391 
+ 0-0807440 

0-2374909 

0-2372801 

0-2370700 

0-2368604 

0-2366513 

51^° 28' 47^65 
516® 37' 21^01 

517“ 45' 54-42 

518° 54 27^87 
520® 3' 1^36 

+ 0-7400442 
+ 0-7356155 
+ O-73II573 
+ 0-7266715 
+ 0-7221598 

11-32 

11-34 

11-36 

11-38 

11-40 

11-42 

11-44 

11-46 

11-48 

11-50 

- 0-2238192 

- 0-2250966 

- 0-22628^5 

- 0-2273766 

- 0-2283786 

+ 0-0762247 
+ 0-0716830 
+ 0-0671209 
+ 0-0625402 

+ 0-0579425 

0-2364428 

0-2362349 

0-2360275 

0-2358207 

0-2356144 

521° II' 34*89 
522® 20' 8*46 
523® 28' 42*07 
524® 37; i 5';72 
525 45 49-41 

+ 0-7176241 
+ 0-7130661 
+ 0-7084877 
+ 0-7038907 
+ 0-6992769 

11-42 

11-44 

11-46 

11-48 

11-50 

11-52 

11-54 

11-56 

11-58 

11-60 

- 0-2292883 

- 0-2301055 

- 0-2308300 

- 0-2314617 

- 0-2320005 

+ 0-0533299 
+ 0-0487042 
+ 0-0440671 
+ 0-0394206 
+ 0-0347665 

0-2354086 

0-2352034 

0-2349987 

0-2347946 

0-2345910 

526® 54' 23*14 
528® 2' 56^91 
529° 1 1; 30^72 

530® 20' 4*58 
531 ° 28' 38^47 

+ 0-6946483 
+ 0-6900066 
+ 0-6853536 
+ 0-6806913 
+ 0-6760215 

11-52 

11-54 

11-56 

11-58 

11-60 

11-62 

11-64 

11-60 

11-68 

11-70 

- 0-2324463 

- 0-2327992 

- 0-2330591 

- 0-2332261 

- 0-2333002 

+ 0-0301065 
+ 0-0254427 
+ 0-0207768 
+ 0-0161106 
+ 0-0114460 

0-2343879 

0-2341854 

0-2339833 

0-2337818 

0-2335809 

532° 37' 12^39 
533° 45 49;39 
534° '54 20;37 
53 ^! =^ 54-41 

537° II' 28^49 

+ 0-6713459 

+ 0-6660665 
+ 0-6619851 
+ 0-6573035 
+ 0-6526236 

n-62 

11-64 

11-66 

11-68 

11-70 

■ 

- 0-2332817 

- 0-2331707 

- 0-2329674 

- 0-2326720 

- 0-2322847 

+ 0-0067849 
+ 0-0021289 

- 0-0025199 

- 0-0071598 

- 0-0117890 

0-2333804 

0-2331804 

0-2329810 

0-2327821 

0-2325837 

538® 20' 2*61 
539® 28' 36^77 
540“ 37 10^96 
541 ° 45 45-19 
542° 54' 19-49 

+ 0-6479472 
+ 0-6432761 
+ 0-6386122 
+ 0-6339572 
+ 0-6293131 

11-72 

11-74 

11-76 

11-78 

11-80 

11-82 

11-84 

11-86 

11-88 

11-90 

- 0-2318060 

- 0-2312361 

- 0-2305754 

- 0-2208243 

- 0-2289832 

- 0-0164057 

- 0-0210081 

- 0-0255944 

- 0-0301628 

- 0-0347115 

0-2323858 

0-2321884 

0-23I99I5 

0-23I795I 

0-2315993 

544 ° 2' 53 -77 
545° II 28^11 
546° 20' 2*49 
547® 28' 36^91 
M 8 ° 37 'ii -36 

+ 0-6246815 
+ 0-6200643 
+ 0-6154633 
+ 0-6108802 
+ 0-6063169 

11-82 

11-84 

1 1 -80 
11-88 
11-90 

11-92 

11-94 

11-96 

11-98 

12*00 

- 0-2280528 

- 0-2270334 

- 0-2259255 
-0-2247299 

- 0-2234471 

u. — 

- 0-0392388 

- 0-0437430 

- 0-0482223 

- 0-0526749 

- 0-0570992 

0-2314039 

0-2312090 

0-2310146 

0-2308207 

0*2306273 

549 ° 45 ' 45;85 
550® 54 20^37 
552® 2 54^93 
553 ° II 29-53 

554 20' 4 «i 6 

+ 0-6017751 
+ 0-5972565 
+ 0-5927628 
+ 0-5882959 
+ 0-5838573 

1 1 -9? 
11-94 
11-96 

11- 98 

12- 00 


W.B.F. 


44 









TABLES OE BESSEL EtJNOTIONS 

Table 1. IHmotiona of order zero 



K’WI I args'i'M' 


+ 0*0907701 


+ 0*0948680 
+ 0*09892x2 
+ 0*1020283 
+ 0*1068877 
+ 0*1107980 

+ 0*1146576 
+ 0*1184651 
+ 0*1222191 
.+ 0*1259182 
+ 0*1295610 

+ 0*1351462 
+ 0*1366724 
+ 0*1401382 
■f 0*1455426 
+ 0*1468841 

+ 0*1501615 
+ 0*1533737 
+ 0*1565195 
+ 0*1595977 
+ 0*1626073 

+ 0*1655471 
+ 0*1684160 
+ 0*1712131 
+ 0 -I 739374 
+ 0*1765879 




+ 0*1816637 
+ 0*1840872 

+ 0 *-l 8 b 4334 

+ 0*1887014 

+ 0*1908904 
+ 0*1929907 
+ 0*1950286 
+ 0*1969764 
+ 0*1988424 

+ 0*2006261 
+ 0*4023269 
+ 0*2039441 
+ 0 * 20547 ^ 

+ 0*2069261 


0*2240515 

0*2227778 

0*2214175 

0*2199706 

0*2184384 

0*2168214 

0*2151204 

0*2133562 

0*2114698 

0*2095218 

0*2074933 

0*2053852 

0*2031985 

0*2009341 

0*1985931 


0*1936855 

0*1911210 


- 0*18577 

- 0*1829990 

- 0*1801527 

- 0*1772390 

- 0*1742591 

- 0*1712143 

- 0*1681060 

- 0*1649354 

- 0*1617040 

- 0*1584131 

- 0*1550641 

- 0*1516585 

- 0*1481970 

- 0*1446830 

- 0*1411161 

- 0*1374984 

- 0*1338314 

- 0*1301168 

- 0*1263559 

- 0*1225504 

- 0*1187019 

- 0*1148120, 

- 0*1108823 

- 0*1069145 

- 0*1029098 

- 0*0988704 


0*2300393 

0*2298485 

0*2296581 

0^2294082 

0*2292788 


0*2289014 

0*2287134 

0*2285259 

6*2283388 

0*2281 522 
0*2279660 
0*2277803 
0*22759 <;o 
0*2274102 

0*2272258 

0*2270419 

0*2268585 




0*2248692 

0*2246909 

0*2245131 

0-2243357 

0*2241587 

0*2230821 

0*2238059 

0*2236302 

0*2234548 

0*2232799 

0*2231054 

0*2229313 

0*2227576 

0*2225843 

0*2224114 

0*2222389 

0*2220658 

0*2218951 

0*2217238 

0*2215529 

0*2213824 

0*2212123 


643® 6' 5^52 
644“ 14; 54 -35 
645 23 43-16 

646“ 32' 31^96 
647“ 41' 20^74 

648*50' 9^52 

649® 58; 58^29 
651 7 47-04 
652® 16' 35^78 
653 25' 24^^51 

654“ 34 ;i 3'23 
655“ 43' I '94 
656*51 50*64 
658“ 0'3Q?32 
659 9' 28*00 

660“ 18' 16*67 
661° 27' 5*32 
662“ 35' 53^96 
663® 44' 42 *60 
664®53'31*22 

666' 2' 19*83 
667® 11' 8«43 
668® 19' 57^02 
669® 28'45'6o 

670® 37' 34^17 

671® 46' 22*73 
672® 55' 11*28 
674“ 3' 59*82 
675® 12' 48^35 
676® 21 '36*86 

679® 48' 2U6 
680® 56' 50^84 
682® 5' 391^30 

683® 14' 27^76 
684® 23' 16*21 
685® 32' 4?65 
686 ® 4 o' 53 ?o 8 
687® 49' 41 150 

688® 58' 29*91 
690° 7' 18*31 
691® 16' 6*70 
692® 24' 55 *08 
693“ 33' 43*45 

694° 42' 31*81 
695® 51' 20*16 
697® o' 8*51 
698° 8' 56*85 
699® 17'45*17 


0*1714348 12*02 
0*1702475 12*04 
0*1089731 . 12*00 
0*1676121 12*08 
0*1661654 12*10 

0*1646336 12*12 
0*1630175 12*14 

0*1613180 12*10 
0-1595359 12-18 
0*1576720 12*20 


0-1557274 12-22 
0*1537028 12*24 
0-1515994 12*20 
0*1494180 12*28 
0*1471598 12*30 

0*1448257 12*32 
0*1424169 12*34 

0-1399344 12-30 
0-1373794 12-38 

0-1347532 12*40 


• 0*1320567 

• 0*1292914 
•’0*1264583 

• 0*1235588 

• 0*1205943 

0*1175659 

0*1144750 

0*1113230 

6 *io8iii2 - 

0*1048412 

0*1015142 

0*0981318 

0*0946953 

0*0912064 

0*0876664 

0*0840769 

0*0804395 

0*0767556 

0*0730269 

0*0692549 

0*0654413 

0*0615876 

0*0576954 









TABLES OF BESSEL EUNOTIONS 


691 


Table I. Functions of order unity 


!<(*)! argfi'fw 


0*2220777 
0*2206225 
0*2190821 
0*2174574 
0*2157490 

0*2139578 
0*2120846 
0*2101305 
0*2080958 I - 
0*2059820 - 




0*0953682 

0*0994184 


- 0*2037900 

- 0*2015206 

- 0*1991749 

- 0*1967540 

- 0*1942588 

- 0*1916907 

- 0*1890506 

- 0*1863397 

- 0-1835591 

- 0*1807102 

- 0*1777942 

- 0*1748122 

- 0*1717656 

- 0*1686557 

- 0*1654838 

- 0*1622513 

- 0*1589594 

- 0*1556097 

- 0*1522036 

- 0*1487423 

- 0*1452276 

- 0*1416606 

- 0*1380431 

- 0*1343765 

- 0*1306622 

- 0*1269019 

- 0*1230971 

- 0*1192494 

- 0*1153604 

- 0*1114316 

- 0*1074646 

- 0*1034612 

- 0*0994229 

- 0*0953513 

- 0*0912483 

- 0*0871153 


- 0*1034226 

- 0*1073791 

- 0*1112866 

- 0*1151435 

- 0*1189484 

- 0*1226999 

- 0*1263966 

- 0*1300372 

- 0*1336202 

- 0*1371444 

- 0*1406084 

- 0*1440111 

- 0*1473511 

- 0*1506272 

- 0*1538383 

- 0*1569831 

- 0*1600606 

- 0*1630696 

- 0*1 66009 1 

- 0*1688779 

- 0*1716752 

- 0*1743998 

- 0*1770509 


0*2304343 555“ 28' 38^83 
0*2302419 550“ 37 I3'53 


37 13 *53 
0*2300409 557“ 45' 48 *27 
0*2298584 558° 54' 23^04 + 0*5664209 

0*2296674 560“ 2'57'f84 +0*5621495 


+ 0*5794489 
+ 0*5750722 


fifcVX* L‘ 


0*2298584 558° 54' 23'>'o4 + 0*5664209 


0*1009012 

0*1891710 

0*1913621 

0*1934738 

0*1955054 

0*1974561 

0*1993253 

0*2011125 

0*2028170 

0*2044382 

0*2059758 


0*2007970 

0*2100814 


0*2294769 

0*2292868 

0*2290973 

0*2289082 

0*2287195 

0*2285313 

0*2283436 

0*2281564 

0*2279696 

0*2277833 

0*2275974 

0*2274120 

0*2272270 

0*2270425 

0*2268585 

0*2266749 

0*2264917 

0*2263090 

0*2261267 

0*2259449 

0*2257635 

0*2255826 

0*2254020 

0*2252220 

0*2250423 

0*2248631 

0*2246843 


0*2243200 

0*2241505 

0*2239734 

0*2237967 


0*2232092 

0*2230942 

0*2229196 

0*2227454 

0*2225710 

0*222398^ 

0*2222253 

0*2220527 

0*2218805 

0*2217088 

0*2215374 


.561° ii'32‘f68 
562® 20' 7^55 
563“ 28' 421^46 

564“ 37; 17-40 

565“ 45 52^38 

! 54' 27 *39 

568® 3 2»43 

569“ II 37-50 
570® 20' 12 <61 
571® 28' 47^75 

572° 37' 22^93 

573^5' 58 *13 

577 II 43-95 

578® 20' 19^28 
579° 28' 54^65 

580® 37' 30^05 
581° 46' 5^48 

582° 54' 40 -94 

584° 3 :i ^;43 
585° ii' 51^95 
586° 20' 27^51 
587® 29' 3-09 
58S® 37' 38^71 

589° 46; 14-35 
590“ 54'50;03 
592® 3'25'74 
593° 12' 1-47 
594“ 20' 37^24 

595° 29' 13-04 


597° 46; 24^72 
598° 55, o*6o 
600® 3 35*51 

601° 12' 12^45 
602° 20' 48^43 
603° 29' 24^43 
004® 38' 0146 
605® 46' 36^51 

606® 55'l2''6o 
608® 3'48‘f7i 
609® 12' 24*85 
610® 21' l'02 
611° 29'37l22 



+ 0*5579164 12*12 

+ 0*5537234 12-14 

+ 0*5495718 12*16 

+ 0*5454634 12*18 

+ 0*5413995 

+ 0*5373819 12*22 
+ 0*5334119 12*24 
+ 0*5294911 12*26 

+ 0*5250209 12*28 

+ 0*5218027 12*30 

+ 0*5180381 12*32 

+ 0*5143282 12*34 
+ 0*5100746 12*36 

+ 0*5070786 12*38 

+ 0*5035415 12*40 


+ 0*5000646 4.* 

+ 0*4966492 12*44 

+ 0*4932964 12*46 

+ 0*4900076 12*48 

+ 0*4867839 12*50 

+ 0*4836265 12*52 

+ 0*4805365 12*54 

+ 0*4775151 12*50 
+ 0*4745632 12*58 

+ 0*4710820 12*60 

+ 0*4688725 12*62 

+ 0*4661356 12*64 

+ 0*4634724 12*66 

+ 0*4608838 12*68 

+ 0*4583706 12*70 

+ 0*4559337 12*72 

+ 0*4535740 12*74 

+ 0*4512923 12*76 

+ 0*4490893 12*78 

+ 0*4469659 12*80 

+ 0*4449226 12*82 
+ 0*4429602 12*84 

+ 0*4410794 12*86 

+ 0*4392807 12*88 
+ 0*4375647 12*90 

+ 0*4359320 12*92 
+ 0*4343830 12*94 
+ 0*4329183 12*96 
+ 0*4315383 12*98 
+ 0*4302435 13*00 


44—2 
















TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order zero 


13-02 + 0-2082899 
13-04 + 0-2095684 
13-00 + 0-2107612 
13-08 + 0-2118679 
13-10 + 0*2128882 

13*12 + 0*2138219 
13*14 + 0-2146687 
13-10 0-2154284 

13-18 + 0-2101009 
13-20 + 0-2166859 

13-22 +0-2171835 
13-24 +0-2175935 
13-26 + 0-2179159 
13-28 + 0-21815O8 
i 3'30 + 0-2182981 

13‘32 + 0-2183579 

13*34 + 0-2183304 
13*30 + 0-2182150 
13*38 + 0-2180138 
13-40 + 0-2177252 

13-42 + 0-2173499 

13-44 + 0-2168884 
13-46 + 0-2163409 
13-48 +0-2157076 
13-50 + 0-2149892 

13*52 + 0-2141858 
13*54 + 0-2132981 
13*50 + 0-2123263 
13*58 + 0-2112712 
13*00 + 0-2101332 

13-62 + 0-2089128 
13-64 + 0-2076107 
13*66 + 0-2062276 
13-68 + 0-2047641 
13*70 + 0-2032208 

13-72 + 0-2015986 
13*74 + 0-1998982 
13*70 + Q-1981203 
13*78 + 0-1962659 
13-80 + 0-1943356 

13-82 + 0-1923305 
13*84 +0-1905515 
13-86 + 0-1880993 

13- 88 + 0-1858751 
13*90 + 0-1835799 

13*92 + o*;[8i2145 
13*94 + 0-1787801 
13*90 + 0-1762777 
13*98 + 0-1737085 

14- 00 + 0-1710735 


- 0-0739941 

- 0-0697573 

- 0-0654990 

- 0-0612211 

- 0-0569253 

- 0-0526132 

- 0-0482807 

- 0-0439475 

- 0-0395973 

- 0-0352379 

- 0-0308710 

- 0-0264983 

- 0-0221217 

- 0-0177428 

- 0-0133634 

- 0-0089853 

- 0-0046101 

- 0-0002396 
+ 0-0041244 
+ 0-0084802 

+ 0-0128262 
+ 0-0171605 
+ 0-0214816 
+ 0-0257876 
+ 0-0300770 

+ 0-0343480 
+ 0-0385990 
+ 0-0428282 
+ 0-0470341 
+ 0-0512150 

+ 0-0553693 
+ 0-0594954 

+ 0-0635916 
+ 0-0676565 
+ 0-0716083 

+ 0-0756856 
+ 0-0796469 
+ 0-0835705 
+ 0-0874551 
+ 0-0912990 

+ 0-0951009 
+ 0-0908593 
+ 0-1025727 
+ 0-1062398 
+ 0-1098592 

+ 0-1134294 
+ 0-1169492 
+ 0*1204172 
+ 0-1238321 
+ 0-1271926 


ih'J’wi 


0-2210426 

0-2208732 

0*2207043 

0*2205357 

0-2203670 

0-2201998 

0-2200324 

0*2198654 

0-2196987 

0-2195325 

0*2193666 

0-2192010 

0-2100359 

0*2188711 

0-2187067 

0-2185427 

0-2183790 

0*2182158 

0*2180528 

0*2178903 

0-2177281 

Q-2I75662 

0-2174047 

0-2172436 

0-2170829 




0-2162844 


0-2161257 

0-2150674 

0-2158995 

0-2156519 

0-2154946 

0*2153377 

0-2151811 

0-2150249 

0-2148690 

0-2147134 

0-2145582 

0-2144033 

0-2142488 

0-2140945 

0-2139407 

0-2137871 

0-2136339 

0-2134810 

0-2133284 

0-2131762 


700° 26'33i48 
701“ 35; 21 4q 
702° 44' 10I08 
703“52;58i37 
705" i'46165 

706° 10' 34-92 
707“ 19' 23^18 
708° 28' 11^43 
709“ 36' 59 *08 
710° 45'47«9i 

711“ 54; 36^14 

713; 3 24?35 

714“ 12^12^56 
715“ 21' 0^76 
716“ 29' 48*96 

717“ 38; 37 *14 
718° 47 25^31 

719°56 i3?47 

721° 5 
722° 13' 49 178 

723“ 22' 37192 
724“ 31 '26105 

725° 40; 14^17 

726 49' 2I29 
727“ 57'5 o «39 

729° 6;38i49 

73o°i5'26i58 
731^24 14I66 
732“ 33 2I73 

733 41 50^80 

734° 50; 38^86 
735°59'26i9o 

739 25'5 i 1 oo 

740° 34' 39 *02 
741° 43' 27^03 
742° 52' 15 *03 
744 ° X 3;'o3 
745 9 51^01 


746“i8'38i99 +0-1409350 


~ 0-0253735 

- 0-0212104 

- 0-0170257 

- 0*0128211 

- 0*0085984 

- 0-0043592 

- 0-0001054 
+ 0-0041614 
+ 0-0084393 
+ 0*0127268 

+ 0-0170219 
+ 010213229 
+ 0-0250282 
+ 0-0299359 
+ 0-0342443 

+ 0-0385517 
+ 0-0428564 
+ 0-0471565 
+ 0-0514504 
+ 0-0557363 

+ 0-0600126 
+ 0-0642775 
+ 0-0685292 
+ 0-0727662 
+ 0-0769866 

+ 0-0811889 
+ 0-0853714 
+ 0-0895324 
+ 0-0930702 
+ 0-0977632 

+ 0-1018698 
+ 0-1059283 
+ 0-1099573 
+ 0-1139550 
+ 0*1179199 

+ 0*1218505 
+ 0-1257452 
+ 0-1296025 
+ 0-1334209 
+ 0-1371989 


747° 27' 26^^96 
748"36'I4'92 
749° 45' 2^87 

750 53 5 o '82 

752° 2^38^76 

753 IX' 26^70 
754>o; 14^63 
755° 29' 2^54 

756° 37' 50^45 


+ 0-1482758 
+ 0-1518777 
+ 0-1554320 

+ 0-1589374 
+ 0-1623925 
+ 0-1657960 
+ 0-1691466 
+ 0-1724429 









TABLES OF BESSEL FITNOTIONS 
Table I. Fimotions of order unity 



- 0*0660609 

- 0*0617841 

- 0*0574892 

- 0*0531781 

- 0*0488525 

- 0*0445140 

- 0*0401645 

- 0*0358056 

- 0*0314391 

- 0*0270067 

- 0*0226902 

- 0*0183113 

- 0*0139317 

- 0*0095532 

- 0*0051775 

- 0*0008063 
+ 0*0035587 
+ 0*0079157 
+ 0*0122630 
+ 0*0165990 

+ 0*0209219 
+ 0*0252301 
+ 0*0295218 

+ 0*0337954 

+ 0*0380493 


- 0*2112796 

- 0*2123920 

- 0*2134183 

- 0*2143582 

- 0*2152115 

- 0*2159780 

- 0*2166575 

- 0*2172499 

- 0*2177551 

- 0*2181729 




0*2213665 6x2“38'i3'45 
0*2211959 6I3"46'49'7I 
0*2210257 6i4°55'25'99 

0*2208559 
0*2206866 617'’ 12' 38*63 

0*2205176 6 i 8°2 i'i 4'99 

619° 29' 51 -38 

0*2201807 620° 38' 27^80 
0*2200129 621° 47' 4''^24 
0*2198455 622“ 55' 40^71 


+ 0*0422817 
+ 0*0464911 
+ 0*0500758 




+ 0*0589646 - 

+ 0*0630655 - 

+ 0*0671353 - 

+ 0*0711725 - 

+ 0*0751755 - 

+ 0*0791428 - 

+ 0*0830728 - 

4- 0*0869640 
+ 0*0908150 
+ 0*0946243 

+ 0*0983905 - 


0*21874 
0*2189025 
0*2189712 
0*2189527 

0*2188473 

0*2186550 

0*2183761 

0*2180108 

0*2175595 

■ 0*2170223 

■ 0*2163997 

■ 0*2156920 

■ 0*2148996 

- 0*2140229 

- 0*2130625 

- 0*2I20I88 

- 0*2108924 

- 0*2096038 

- 0*2083936 


+ 0*0983905 - 0*1911505 


0*2196784 

0*2195117 

0*2193454 

0*2191795 

0*2190139 


+ 0*1021121 

+ 0*1057877 - 

+ 0*1094160 
+ 0*1129955 - 

+ 0*1165249 - 

+ 0*1200029 - 

+ 0*1234282 

+ 0*1267995 - 

+ 0*1301156 - 

+ 0*1333752 - 


624° 4'i7'2i 
625“i2'53«73 
626“ 21' 30^28 
627“ 30' 6^85 
628“ 38' 43 H5 


0*2188487 629° 47' 20^^08 
0*2186839 630° 55' 56T73 
0*2185195 632° 4 33-41 
0*2183555 633° 13 10^12 
0*2181918 634° 21' 46*85 


0*2070225 

0*2055711 

0*2040400 

0*2024302 

0*2007421 

0*1989768 

0*1971349 

0*1952173 

0*1932249 

o*iqiis 83 


0*1890191 

0*1868077 

0*1845252 

0*1821726 

0*1797510 


0*1772613 

0*1747048 

0*1720824 

0*1693954 

0*1666448 


0*2181918 

0*2180285 

0*2178655 

0*2177029 

0*2173700 

0*2172174 

0*2170562 

0*2168954 

0*2167350 

0*2165750 

0*2164153 

0*2162559 

0*2160969 

0*2159382 

0*2157799 

0*2156220 

0*2154644 

0*2153071 

0*2151502 

0*2149936 

0*2148374 

0*2146815 

0*2145260 

0*2143708 

0*2142159 

0*2140614 

0*2139072 

0*2137533 

0*2135998 

0*2134466 


+ 0*4290341 
+ 0*4270106 
+ 0*4268732 
+ 0*4259222 
+ 0*4250579 

+ 0*4242805 
+ 0*4235900 
+ 0*4229868 
+ 0*4224709 
+ 0*4220422 

+ 0*4217010 


+ 0*4212007 
+ 0*4212014 
+ 0*4212094 


+ 0*4214002 

+ 0*4217547 

+ 0*4221096 
+ 0*4225507 


635° 30 23^60 
636“ 39' 0^38 
637“ 47 37-19 
638° 56' 14''02 
640° 4' 50 -87 

641° 13' 27 -75 
642 22' 4*66 
f43“3o;4i:59 
644° 39 18^54 
645 “ 47 ' 55'52 

646° 56' 32^52 
648° 5' 9-55 
649° 13' 46*60 
650° 22' 23*67 

651“ 31' o'77 

652° 39' 37^^89 

653 48' I5'04 


657 14 6^62 

658“ 22' 43*86 
659“ 31' 21*12 
660° 39' 58*41 
661° 48' 35^72 
662° 57' 13*05 

664“ 5' 50*40 
665° 14' 27^78 
666° 23' 5*18 
667° 31' 42*60 
660° 40' 20*04 


+ 0*4230776 13*42 

+ 0*4236901 13*44 1 
+ 0*4243876 13*46 

+ 0*4251699 13-48 

+ 0*4260365 13-50 

+ 0*4269869 13-52 

+ 0*4280206 13-54 

+ 0*4291371 13-50 

+ 0*4303358 13-58 

+ 0*4316161 13*60 

+ 0*4329775 13-92 
+ 0*4344191 13-04 


+ 0*4466981 13-78 

+ 0*4487550 13*80 

+ 0*4508850 13*82 

+ 0*4530871 13-84 

+ 0*4553603 13-86 

+ 0*4577036 13*88 

+ 0*4601160 13*90 

+ 0*4625965 13-92 
+ 0*4651439 I3'94 
+ 0*4677571 13-90 

+ 0*4704350 13*98 
+ 0*4731766 
















TA B LES OF BESSEL FIJEOTIOES 
Table I. Funotions of order zero 


args'i'w 


+ 0-1 683739 
+ , 0*1656108 
+ 0*1627855 
+ 0*1598991 
+ 0*1569529 

+ 0*1539481 
•f 0*1508861 
+ 0*1477681 
+ 0*1445954 
+ 0*1413694 

4- 0*1380914 
, + 0*1347629 

+ 0-1313851 

+ 0*1279596 
+ 0*1244877 

+ 0*1209709 


+ 0*1138085 
+ 0*1101658 
+ 0*1064841 

+ 0*1027650 
+ 0*0990100 
*1- 0*0952206 
+ 0*0913984 

+ 0*0875449 

•1- 0*0836617 
+ 0*0797504 
+ 0*0758127 
+ 0*0718500 
+ 0*0678641 

+ 0*0638565 
+ 0*0598288 
+ 0-0557827 

+ 0*0517198 
-f 0*0476418 

+ 0-0435503 
+ 0*0394470 
+ 0-0353334 
+ 0*0312113 
+ 0*0270823 

+ 0*0229481 
+ 0*0188102 
+ 0*0146704 
■f 0*0105303 
-f 0*0063915 

+ 0*0022558 

- 0*0018753 

- 0*0066002 

- 0*0101171 

- 0*0142245 


+ 0*1304974 

+ 0*1337454 

+ 0-1309354 

+ 0*1400660 
+ 0*1431362 

+ 0*1461449 
+ 0*1490909 
+ 0*1519731 
+ 0*1547905 

+ 0-1575421 

+ 0*1602268 
+ 0*1628437 
+ 0*1653919 
+ 0*1678704 
+ 0*1702783 

+ 0*1726147 
+ 0*1748790 
+ 0*1770701 
+ 0*1791875 
+ 0*1812302 

+‘0*1831077 
+ 0*1850893 
+ 0*1809042 
+ 0*1886420 
+ 0*1903019 

+ 0*1918835 
+ 0*1933862 
+ 0*1948095 
+ 0*1961530 
+ 0*1974163 

+ 0*1985989 
+ 0*1997005 
+ 0*2007208 
+ 0*2016595 
+ 0*2025163 

+ 0*2032910 
+ 0*2039834 
+ 0*204591*5 
+ 0*2051200 
+ 0*2055652 

+ 0*2059270 
+ 0*2062060 
+ 0*2064022 
+ 0*2065157 
+ 0*2065464 

+ 0*2064946 
+ 0*2063603 
+ 0*2061436 
+ 0*2058449 
+ 0*2054643 


0*2130243 

0*2128727 

0*2127214 

0*2125705 

0*2124198 

0*2122695 

0*2121195 

0*2119699 

0*2118205 

0*2116715 

0*2115227 


0*2112262 

0*2110784 

0*2109310 

0*2107838 

0*2100369 

0*2104904 

0*2103441 

0*2101982 

0*2100525 

0*2099072 

0*2097621 

0*2096174 

0*2094729 

0*2093288 

0*2091849 

0*2090414 

0*2088981 

0*2087552 

0*2086125 

0*2084701 

0*2083280 

0*2081862 

0*2080447 

0*2079035 

0*2077626 

0*2070219 

0*2074816 

0*2073415 

0*2072017 

0*2070622 

0*2069229 

0*2067840 

0*2066453 


+ 0*1910143 
+ 0*1938974 
+ 0*1967169 
+ 0*1994718 
+ 0*2021610 

.+ 0*2047836 
+ 0*2073385 
+ 0*2098248 
+ 0*2122416 
+ 0*2145880 

+ 0*2168632 
+ 0*2190663 
+ 0*2211964 
+ 0*2232530 
+ 0*2252351 

+ 0*2271421 

+ 0*228Q7qi» 


761* 13^ 2'02 + 0*1850617 14*08 

7P2 2i'49*89 + 0*1880687 .14*10 

7f3®3o'37'76 +0*1910143 14*12 

39 25^62 +0*1938974 14*14 

765 48^I3;47 +0*1967169 14*16' 
+0*1994718 14*18 
768 5 49-16 +0*2021010 14*20 

769° 14' 36 *99 +0*2047836 14*22 

772° 41' o'44 

773 49' 48 *24 

774° 58' 36^03 
770 7 23 '82 
777°io'iiT6o 
778°24'59ir38 
779 33 47-15 

780° 42' 34^^91 
78i“51'52«66 
783® o' 10*41 
784'' 8' 58^16 

785° 17' 45 -89 

786® 26'33'6i 

789° 52' 56 -70 
791° I' 44-46 

792® 10'32‘?15 
793° 19' 19 *84 

794° 28 7^52 

795°36 55'20 

796® 45' 42^87 

797°54;3oj53 
799 3 18^19 
800° 12' 5*84 
801° 20' 53^48 
802° 29' 41^^12 

8 o 3‘’38'28?75 



809“ 22' 26«8i 
810“ 31' 14^40 
811° 40' i»99 
812“ 48' 49^57 
8r3°57'37-i4 


+ 0*2289733 
+ 0*2307281 
+ 0*2324058 
+ 0*2340059 14*50 

+ 0*2355279 14*52 
+ 0*2369710 14*54 

+ 0*2383350 14*56 
+ 0*2396194 14*58 

+ 0*2408236 14*60 

+ 0*2419474 14*62 

+ 0*2429903 14*64 

+ 0*2439521 
+ 0*2448324 
+ 0*2456309 

+ 0*2463475 
+ 0*2469820 


+ 0*2480038 
+ 0*2483909 

+ 0*2486955 
+ 0*2489173 
+ 0*2490565 
+ 0*2491132 
+ 0*2490872 

+ 0*2489788 
+ 0*2487881 
+ 0*2485152 
+ 0*2481604 
+ 0*2477238 







TABLES OF BESSEL FUNCTIONS 
Table I. Funotions of order unity 


X 


— 




+ 0-1365770 I - 


+ 0-1420030 
+ 0-1458248 
+ 0-1487844 

2 + 0-1516805 

4 +0-1545122 
6 + 0-1572785 

8 + 0-1599783 

+ 0-1626107 

+ 0-1651747 
+ 0-1676695 
+ 0-1700940 
+ 0-1724475 
+ 0-1747291 

+ 0-1769380 


+ 0-1902309 

+ 0-1975240 

+ 0-1987287 
+ 0-1998527 

+ 0-2008956 
+ 0-2018572 
+ 0-2027371 
+ 0-2035352 
+ 0-2042513 

+ 0-2048851 
+ 0-2054365 




+ 0-2062918 

+ 0-2065956 

+ 0-2068167 
+ 0-2069553 
+ 0-2070113 
+ 0-2069849 
+ 0-2068702 

+ 0-2066853 
+.0-2064124 
+ 0-2060577 
+ 0-2056215 
+ 0-2051040 


0-1638320 

0-1609579 

0-1580240 

0-1550314 

0-1519813 

0-1488752 

0-1457142 

0-1424998 

0-1392332 

0-1359159 

0-1325491 

0-1291344 

■ 0-1256731 
• 0-1221607 

■ 0-1186166 

- 0-1150243 

- 0-1113912 

- 0-1077189 

- 0-1040089 

- 0-1002626 

- 0-0964816 

- 0-0920676 

- 0-0888219 

- 0-0849462 

- 0-0810421 

- 0-07711 II 

- 0-0731549 

- 0-0691749 

- 0-0651730 

- 0-0611506 

- 0-0571093 

- 0-0530509 


0-0407888 


O-032558O 


- —^-937 
Of 2 i 3 i 4 il 
0-2129889 
0-2128370 
0-2126855 

0-2125342 
0-2123833 
0-2122327 
0-2120824 
0-2119325 

0-2117828 681° 15' 13-38 
0-2116335 682® 23' 51^08 
0-2114845 683° 32 28^81 

0-2113358 684® 41' 6^55 

0-2111874 685® 49 44-32 

0-21 10394 686®58'2?'ii 
0-2108910 688® 6' 59 -92 

0-2107442 
0-2105971 . „ 

0-2104502 691 32 53-47 


0-2103037 

0 - 2 IOI 575 

0-2100116 

0-2098660 

0-2097207 

0-2095757 

0-2094310 

0-2092866 

0-2091425 

0-2089987 

. 0-2088552 
0-2087120 
0-2085691 
0-2084265 
0-2082842 

0-2081422 

0-2080004 

0-2078590 

0-2077178 

0-2075769 


+ 0-4759804 




+ O-48I7705 
+ 0-4847542 

+ 0-4877954 

+ 0-4908927 
+ 0-4940449 
+ 0-4972506 




+ 0-5030172 


+ 0-5105014 
+ 0-5140341 
+ 0-5175320 
+ 0-5210736 


+ p-5282021 
+ 0.-5319460 


iXMittnsLrMi 


+ 0-5393057 
+ 0-5431583 

+ 0-5469642 
+ 0-5508016 


698® 24 41^14 
699“33 I 9 ;i 5 
70Q®4i 57;I8 
70 i° 5 o' 35;23 
702® 59 13-31 

7 ° 4 “ 7; 5 I -40 
705° 16' 29^51 
706° 25' 7364 


708® 42' 23^97 I + 0-5987387 




+ 0-5585651 


+ 0-5664361 
+ 0-5704080 




+ 0-5784163 

+ 0-5824496 
+ 0-5865001 
+ 0-5905662 




709° 51' 2'i6 


713® 16 56^84 
714 25' 35-10 


+ 0-6028418 
+ 0-6069539 
+ 0-6110734 
+ 0-6151987 

+ 0-6193280 


0-2074363 715“34'13;39 + °’f *34599 

0-2072960 716° 42' 5,1 -69 1 +0-6275926 

0-2071560 717“ 51; 30 -01 

n.' 7 n'jnTfia -TIQ® O 8-^6 


+ 0-0005203 


0-207016; 

0-206876; 


+ 0-0046553 
+ 0-0087750 
+ 0-0128857 
+ 0-0169858 
+ 0-0210736 


719° O' 8^36 
720® 8' 46^72 

721® 17' 25*09 


0-2064602 723® 34 41 -90 

0-2063219 724°43 20;33 

0-2061838 725®5i'58'79 


00Ov4^ » O OOOwtk. w 



































- 0*0183207 

- 0*0224042 

- 0*0264732 

- 0*0305263 
-0*0345619 

- 0*0385782 

- 0*0425738 

- 0*0465472 

- 0*0504967 

- 0*0544208 

- 0*0583180 

- 0*0621868 

- 0*0660256 

- 0*0698330 

- 0*0736075 

■ 0*0773477 ^ 

■ 0*0810521 

• 0*0847192 

■ 0*0883477 

■ 0*0919362 

■ ®‘°954833 

• 0*0989876 
0*1024478 
0*1058026 
0*1092307 

0*1125507 

0*1158215 

0*1190418 

0*1222103 

0*1253260 

0*1283875 

O-I 3 I 3930 

0*1343438 

0*1372363 

0*1400702 


• 0*1455583 

0*1482104 
■ 0*1507998 

0*1533257 

0*1557872 

0*1581832 

0*1605130 

0*1627757 

0*1649705 

0*1670966 

0*1691532 

0*1711396 

0*1730551 

0*1748991 


TABLES or BESSEL EIJNCTIONS 

TabliB I. iPunotions of order zero 




815° 6' 24^71 
816° I5'l2l27 
817° 23'59’S3 
8i8°32'47t38 
819“ 41' 34 *93 

820“ 5o'22i47 

821°59'io1oi 

825“ 25' 32x57 
826° 34' 20X08 

830“ 0'4ir58 
831“ 9' 30X07 

832“ 18' 17X55 
833° 27' 5X03 
834“ 35' 52X50 

835^ 44' 39X96 
836 53 27X42 


+ 0*2050021 
+ 0*2044585 
+ 0*20^339 
+ 0*2031287 
+ 0*2023432 

+ 0*2014779 
+ 0*2005352 
+ 0*1995096 
+ 0*1984076 
+ 0*1972277 

+ 0*1959705 

+ 0*1946367 
+ 0*1932268 

+ 0*1917415 
+ 0*1901815 

+ 0*1885475 
+ 0*1868403 
+ 0*1850607 
+ 0*1832093 
+ 0*1812872 

+ 0*1792950 
+ 0*1772338 
+ 0*1751045 
+ 0*1729078 
+ 0*1706449 

+ 0*1683167 
+ 0*1659242 
+ 0*1634685 
+ 0*1609506 
+ 0*1583715 

+ 0-1557325 
+ 0*1530346 

+ 0*1502790 
+ 0*1474668 
+ 0*1445992 

+ 0*1416775 
+ 0*1387029 
+ 0*1356766 
+ 0*1326000 
+ 0*1294742 

+ 0*1263006 
+ 0*1230805 
+ 0*1198153 
+ 0*1165064 
+ 0*1131550 

+ 0*1097626 
+ 0*1063305 
+ 0*1028603 
+ 0*0993533 
+ 0*0958110 


0*2058191 

0*2056823 

0*2055459 

0*2054097 

0*2052737 

0*2051381 

0*2050027 

0*2048675 

0*2047327 

0*2045981 

0*2044638 

0*2043297 

0*2041959 

0*2040624 

0*2039291 

0*2037961 

0*2036633 

0*2035308 

0*2033986 

0*2032666 


0*2031349 838° 2' 14X87 

0*2030034 839° 11' 2X32 
0*2028722 840° 10' 49X76 
0*2027412 841° 28' 37X20 
0*2026105 842° 37' 24X63 

0*2024801 843“ 46' 12X06 

0*2023499 844°54'59X.8 

0*2022199 846° 3'46xS9 
0*2020902 847° 12' 34X30 
0*2019607 848° 21 '21X71 

0*2018315 849° 30' 9X1 1 
0*2017026 850° 38' 56X50 
0*2015739 85i°47'43f89 
0*2014454 852° 56' 31X27 
0 * 201^172 854° 5' 18X65 

855° 14' 6X02 
856° 22' 53X39 

857 ° 31 ' 40'75 
858 40' 28X11 
859° 49' 15X46 

860° 58' 2X81 

862° 6' 50X15 
863° 15' 37X48 
864 » 24 ' 24 X§i 
865° 33' 12X14 

866° 41' 59X46 
867° 50' 46X^8 
868° 59' 34X09 

870 °'^ 8 'IixS 

871° 17' 8X69 


0*2024801 

0*2023499 

0*2022199 

0*2020902 

0*2019607 

0*2018315 

0*2017026 

0*2015739 

0*2014454 

0*2013172 

0*2011892 

0*2010615 

0*2009340 

0*2008067 

0*2006797 

0*2005530 

0*2004264 

0*2003001 



+ 0*2472058 
+ 0*2466066 
+ 0*2459265 
+ 0*2451659 
+ 0*2443252 

+ 0*2434048 
+ 0*2424052 
+ 0*2413268 
+ 0*2401701 
+ 0*2389357 

+ 0*2376242 
+ 0*2362361 
+ 0*2347721 
+ 0*2332329 
+ 0*2316191 

+ 0*2299315 
+ 0*2281707 
+ 0*2263377 *0 JV 
+ 0*2244331 i5*3£ 

+ 0*2224578 15*40 

+ 0*2204127 15*42 
+ 0*2182987 15*4^ 
+ 0*2161160 15*46 
+ 0*2138674 15*48 
+ 0*2115520 15*50 

+ 0*2091715 15.52 

+ 0*2067269 15*54 
+ 0*2042191 15*56 
+ 0*2016493 15*58 
0*1990185 15*60 

■+■0*1963278 15*62 

+ 0-1935784 15-64 

+ 0*19077-14 15.66 
+ 0*1879079 15*68 
+ 0*1849893 15*70 

+ 0*1820166 15*72 
+ 0*1789911 15.74 
+ 0*1759141 15.75 

■f 0*1727868 15*78 
+ 0*1696105 15*80 

+ 0*1663866 15*82 
+ 0*1631163 15.84 
+ 0*1598009 15*86 
■+• 0*1564420 15*88 
+ 0*1530407 15*90 

+ 0-1495986 15*92 
■+■ 0*1461170 15*94 
+ 0*1425972 15*96 
+ 0*1390409 15*98 
+ 0-1354493 10*00 





TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order unity 


697 



+ 0-2045057 
+ 0-2038267 
+ 0-2030675 
+ 0-2022286 
+ 0-2013102 

+ 0-2003130 

+ 0-1992373 

+ 0-1980838 
+ 0-1968530 
+ 0-1955454 

+ 0-1941618 
+ 0-1927027 
+ 0-1911688 
+ 0-1895608 
+ 0-1878794 

+ 0-1861255 
+ 0-1842998 
+ 0-1824032 
+ 0-1804363 
+ 0-1784003 

+ 0-1762958 
+ 0-1741239 
+ 0-1718855 
+ 0-1695816 
+ 0-1672132 

+ 0-1647812 
+ 0-1622868 

+ 0-1597310 
+ 0-1571149 
+ 0-1544396 

+ 0-1517062 
+ 0-1489160 
+ 0-1460700 
+ 0-1431695 
+ 0-1402157 

+ 0-1372099 

+ 0-1341533 

+ 0-1310471 
+ 0-1278927 
+ 0-1246913 i 

+ 0-1214444 
, +0-1181532 

» +0-1148192 

; +0-1114436 

I + 0-1080279 

I + 0-1045P5 
L + 0-1010818 
) + 0-0975542 

{ + 0-0939922 

) + 0-0903972 


+ 0-0251476 
+ 0-0292062 
+ 0-0332478 
+ 6-0372707 
+ 0-0412735 

+ 0-0452546 
+ 0-0492124 

+ 0-0531454 

+ 0-0570521 
+ 0-0609309 


0-2060460 

0-2059085 

0-2057713 

0-2056344 

0-2054977 

0-2053613 

0-2052252 

0-2050893 

0-2049537 

0-2648184 


+ 0-0685990 
+ 0-0723855 
+ 0-0761378 
+ 0-0798551 

+ 0-0835358 
+ 0-0871785 
+ 0-0907816 
+ 0-0943440 
+ 0-0978042 

+ 0-1013409 
+ 0-1047727 
+ 0-1081584 
+ 0-1114966 
+ 0-1147861 


0-20454 
0-2044141 
0-2042798 

0-2041459 

0-2040121 
0-2038787 
0-2037455 i 
0-2036125 
0-2034799 

0-2033475 

0-2032153 

0-2030834 

0-2029518 

0-2028204 


+ 0-1180258 0-2026892 

+ 0-1212142 0-2025584 

+ 0-1243503 0-2024278 

+ 0-1274329 0-2022974 

+ 0-1304608 0-2021673 


+ 0-1334329 

+ 0-1363480 
+ 0-1392052 
+ ,0-1420033 
+ 0-1447413 

+ 0-1474181 
+ 0-1500329 
+ 0-1525847 
+ 0-1550724 

-I- 0-1574953 

+ 0-1598524 
+ 0-1621429 

+ 0-1665207 
+ 0-1686064 

+ 0-1706224 
+ 0-1725680 

+ 0-1702450 

+ 0-1779752 


0-2020374 

0-2019078 

0-20177S4 

0-2016493 

0-2015204 

0-2013918 
0-2012634 
0-2011353 
0-2010074 
0-2008798 I 

0-2007524 

0-2006252 

0-2004903 

0-2003717 

0-2002452 

0-2001190 

0-1999931 

0-1998674 

0-1997419 

0-1996167 


727 

728 

729” 1 7' 54^25 • 
730° 26; 32^77 ■ 
731 35 11*31 

732“ 43' 49 -87 

733° 52 28^45 

735“ I 7*04 

736“ 9 45*65 

737® 18 24’^20 

738° 27' 2?93 
739“35',4i;59 
■740° 44 20-27 

741® 52 58^97 

743 1 37*69 

744° 10' i 6'42; 

745:18; 55*17 

746® 27' 33^94 
747 36 12-72 
74S® 44' 51*52 

749° 53; 30*34 
751 2 9*17 

752® 10' 48^02 
753® 19' 26*89 
754® 28' 5*77 

755° 36; 44*67 
756° 45' 23^59 
757:54 2^52 

759° 2 41^47 
760® II 20*43 

761° 19' 59*41 

762° 28' 38^41 

764: 45 56-46 
765 54 35-50 

767° 3' 14*56 

768° II' 53*64 
769® 20' 32*73 
770® 29' 11*84 
77Tt°37'5o'96 

772: 46; 30*10 

■ 773! 55'. 9:25 

[ 

777° 21' 6*81 

778® 29' 46*03 
779° 38' 25^26 
7|Oo47 4*50 
781° 55 43*76 
783° 4' 23^04 


+ 0-6645540 
+ 0-6686052 
+ 0-6726395 
+ 0-6766552 
+ 0-6806508 


+ 0-6846246 15-12 
+ 0-6885753 I5‘14 
+ 0-6925011 15-16 

+ 0-6964006 15-18 
+ 0-7002724 15-20 

+ 0-7041148 15-22 

+ 0-7079203 15‘24 

+ 0-7117056 15-26 
+ 0-7154512 15-28 

+ 0-7191616 15-30 

+ 0-7228353 15-32 

+ 0-7264711 15*34 

+ 0-7300674 15-36 
+ 0-7336229 15-38 

+ 0-7371363 15-40 

+ 0-7406061 15-42 

+ 0-7440312 15-44 

+ 0-7474101 15-46 

+ 0-7507416 15-48 

+ 0-7540245 15*50 


+ 0-7572574 15*52 

+ 0-7604392 15-54 
+ 0-7635687 15*50 

+ 0-7666447 15-58 


+ 0-7666447 
+ 0-7696060 

+ 0-7726316 
0-7755402 
+ 0-7783909 
+ 0-7811825 
+ 0-7839140 


+ 0-7865845 15-72 
+ 0-7891929 15-74 
+ 0-7917383 15-70 

+ 0-7942197 15-78 
+ 0-7966362 15-80 

+ 0-7989870 15-82 

+ 0-8012712 15-84 

+ 0-8034880 15-86 

+ 0-8056365 15-88 

+ 0-8077161 15-90 

+ 0-8097259 15-92 
+ 0-8116653 15-94 
-t- 0-8135336 15-90 
+ 0-8153300 15-98 
+ 0-8170541 I 16-00 







TABLES OE BESSEL EtrEOTIONS 
Table H. iFunoticms of imaginaiy argument, and e® 


X 

«-» 7 oW 




c* 

X 

o 

I'OOOOOOO 

0-0000000 

00 

00 

I -0000000 

0 

0*02 

0-04 

0-00 

o*o 8 

o-xo 

0 ' 98 o 2967 

0 ' 96 ii 738 

0 ' 9426 i 23 

0*9245939 

0 ' 907 ioo 9 

0-0098025 

0-0x92x96 

0*0282657 

0-0369542 

0-0452984 

4-1098376 

3-4727083 

3-1142387 

2-8679911 

2-6823261 

50-9638701 

25*9404241 

17-5870738 

13-4048206 

10-8901827 

1*0202013 

1-0408108 

1-0018365 

1-0832S71 

1-1051709 

0*02 

0-04 

0-00 

0-08 

O-IO 

0‘12 

0'14 

0-16 

o*i8 

0*20 

0'89oii62 

6*8736233 

0'8576o62 

0'8420496 

0'826sl386 

0-0533XX1 

0-00x0043 

0*0683899 

0-0754792 

0-0822831 

2*5344522 

2-2192980 

2*1407573 

9-2162792 

8-0076794 

7*1036124 

6-3987260 

5*0333860 

1-1274969 

1-1502738 

1-1735109 

1-1972174 

1-2214028 

0-12 

0-14 

0-10 

0-18 

0-20 

0*22 

0'24 

0-26 

0*28 

0-30 

0-8122587 

0 ' 797996 x 

0*7841375 

0 ' 77 o 6698 

0*7575806 

0-0888x22 

0-0950766 

o-roxo86x 

0-X06850X 

. 0 -XX 23776 

'2-0709767 

2-0083522 

1-9516748 

1-9000114 

1*8526273 

4*6533504 

4*3707591 

4*1251578 

1-2460767 

1-2712492 

1-2969301 

1-3231298 

1-3498588 

0-22 

0-24 

0-20 

0-28 

0-30 

0*32 

0-34 

0-36 

0-38 

0*40 

0*7448578 

0*7324896 

6'7204648 

0 ' 7 o 87725 

O' 6974022 . 

0-X176774 

0*1227579 

0-1276272 

o*X 322 g 3 X 

0-1367632 

1-8089345 

1-7684552 

17307961 

1-6956301 

1-6626821 

3*9096440 

3*7109398 

3*5489328 

3*3963772 

3*2586739 

1-3771278 

1*4049476 

1*4333294 

1-4622846 

1-4918247 

0-32 

0*34 

0-36 

0-38 

0-40 

0*42 

0-44 

0*46 

0-48 

0*50 

0'6863436 

0*6755870 

0'665X228 

0*6549419 

0*6450353 

0-14x0447 

0-145x446 

0-X490697 

0*1528263 

0-1564208 

1*6317188 

1-6025406 

1*5749758 

1*5488754 

1-5241094 

3*1337176 

3*0197845 

*•§154495 

2-8195242 

2-7310097 

1-5219616 

1*5527072 

1-5840740 

1*6160744 

1-^487213 

0*42 

0*44 

0-46 

0-48 

0-50 

o* 5 i 

0-54 

0*56 

0-58 

o-6o 

0*6353945 

0'626oxix 

0 ' 6 x 68773 

0 ' 6 o 7985 X 

0*5993272 

0*1598592 

0-163x473 

0*1662906 

0-1692946 

0-172x644 

1*5005638 

1*4781381 

1*4567432 

1*4363000 

1-4167376 

2*6490599 

2*5729537 

2-5020724 

2-4358821 

2-3739200 

1-6820276 
1-7160069 
r -7506725 
1-7860384 
1-8221188 

0-52 

0*54 

0-56 

0*58 

0-60 

0-62 

0-64 

O' 66 
0*68 
0*70 

0 ' 5 qo 8962 

0'5826853 

0*5593055 

0-1749051 
0-1775214 . 
0-1800181 
0-1823995 
0-1840700 

1*3979927 

1-3800080 

1*3627320 

1-3461180 

1-3301237 

2-3157825 

2-2611160 

2-2096099 

2-1609894 

2-1150113 

1-8589280 

1-8964809 

1*9347923 

1- 9738777 

2- 0137527 

0-62 

0-64 

0-66 

0-68 

0*70 

0'72 

0-74 

0*76 

0'78 

0'8o 

0*5519089 

0-5447006 

0-5376748 

0-5308260 

0-524x489 

0-1868337 

0-1888946 

0-1908567 

0-1927235 

0-1944987 

1-3147102 

1*2998425 

1-2854881 

1-2716174 

1-2582031 

2-0714590 

2*0301393 

1*9908791 

1*9535227 

1-9179303 

2*0544332 

2*0959355. 

2-1382762 

2-1814723 

2*2255409 

0-72 

0*74 

0-76 

0-78 

0-80 

0'82 

0-84 

O'So 

0'88 

o-go 

0*5x76383 

0-5x12892 

0-5050967 

0*4990561 

0*4931030 

0-1961857 

0-1977879 

0-1993083 

0*2007502 

0-2021165 

1-2452202 

1-2326455 

1-1971634 

1*8839752 

1*8515429 

1-8205294 

1-7908399 

1*7623882 

2-2704998 

2*3163670 

2*3631607 

2-4108997 

2*4596031 

0-82 

0-84 

0-80 

0-88 

0-90 


0-4874128 

0-48x8015 

0-2034101 

0*2046336 

1-1860217 

1-1544294 

1-1444631 

^’7350054 

1-7088892 

1*0837033 

1*6594708 

1*6361535 

2-5092904 

0-92 


0-4763248 

0-4709788' 

0*4057596 

0-2057898 

0-2068813 

0-2079104 

2*5599814 

2-6116965 

2*6644562 

2-7182818 





TABLES or BESSEL EXTNOTIONS 


699 


Table IE. Functions of imaginary argument, and e® 


fl® K^{x) fi® K^{x) 


0*4606636 

0*4556871 

0*4508266 

0*4460788 

0*4414404 

0*4369082 

0*4324792 

0*4281504 

0*4239190 

0*4197821 

0-4157371 

0*4117813 

0*4079123 

0*4041277 

0*4004249 

0*3968018 

0*3932561 

0-3897857 

0*3863805 

0*3830625 

0*3798057 

0*3766162 

0-3734922 

0*3704319 

0-3674336 

0-3644956 

0*3616163 

0*3587941 

0*3560275 

0*3535150 

0*3506552 

0*3480467 

0*3454881 

0*3429782 

0*3405157 

0*3380993 

0*3357279 

0*3334003 

0*3311153 

0*3288719 

0*3266691 

0*3245058 

0*3223810 

0*3202938 

0*3182432 

0*3162282 

0*3142481 

0*3123020 

0*3103890 

0*3085083 


0*2088796 

0*2097912 

0*2106473 

0*2114501 

0*2122016 

0*2129039 

0*2133587 

0*2141680 

0*2147355 

0*2152569 

0*2157398 

0*2161838 

0*2165905 

0*2169613 

0*2172976 

0*2176008 

0*2178721 

0*2181129 

0*2183243 

0*2185076 

0*2186638 

0*2187941 

0*2188994 

0*2189809 

0*2190394 

0*2190759 

0*2190913 

0*2190865 

0*2190623 

0*2190195 

0*2189589 

0*2188812 

0*2187872 

0*2186775 

0*2185528 

0*2184138 

0*2182610 

0*2180952 

0*2179107 

0*2177263 

0*2175244 

0*2173115 

0*2170881 

0*2168548 

0*2166119 

0*2163599 

0*2160993 

0*2158304 

0-2155530 

0*2152693 


I -1 347579 
1*1253024 
1*1160860 
1*1070984 
1*0983303 

1*0897726 

1*0814169 

1-0732553 

1*0652802 

1*0574845 

1*0498615 

1*0424048 

1*0351082 

1*0279662 

1*0209732 


1*6136817 

1*5920135 

1*5711046 

1-5509141 

1-5314038 

1-3125382 

1*4942846 

1*4766120 

1-4594919 

1*4428976 


2-7731948 

2*8292170 

2*8863710 

2- 9446796 

3*0041660 

3*0648542 

3*1267684 

3- 1899333 

3-2543742 
3*3201169 

3-3871877 

3-4556135 

3*5254215 

3-5966397 

3*6692967 

3- 7434214 

3*8190433 

3*8961933 

3*9749016 

4*0552000 

4- 1371204 
4*2206958 

4-3059595 

4-3929457 

4*4816891 

4*5722252 

4*6645903 

4*7588212 

4-8549558 

4- 9530324 

5*0530903 

5- 1551695 

5-2593108 

5-3655560 

5-4739474 

5-5845285 

5-6973434 

5- 8124374 

5*9298564 

6*0496475 

6*1718584 

6*2965383 

6*4237368 

6- 5535049 

6*6858944 

6*8209585 

6*9587510 

7- 0993271 


1*4268038 
1*4111872 
1*0351082 1*3960258 

1*0279662 1*3812990 

1*0209732 1*3669873 

It *0141239 1-3530725 

1*0074136 
1*0008375 
0*9943910 
0*0880700 


0*9818703 

0*9757881 

0*9698197 

0*963961 5 
0*9582101 

0*9525622 

0*9470148 

0*9415648 

0*9362095 

0*9309460 

0*9257717 

0*9206842 

0*9156810 

0*9107507 

0*9059181 

0*9011541 

0*8964656 

0*8918506 

0*8873072 

0*8828335 

0*8784278 

0*8740882 

0*8698132 

0*8656012 

0*8614506 

0-8573599 

0-8533277 

0-8493526 

0-8454332 

0*8415682 


1*3263660 

1-3135429 

1*3010537 

1*2888849 

1*2770235 

1-2654575 

1*2541752 

1*2431659 

1*2324190 

1*2219249 

1*2116741 

1*2016578 

1*1918676 

1*1822954 

1-1729335 

1*1637748 

1*1548123 

1*1460392 

1*1374494 

1*1290368 

1*1207955 

1*1127201 

1*1048054 

1*0970461 

1*0894376 

1*0819752 

1*0746544 

1*0674709 

1*0604208 

1-0535000 

1*0467048 

1*0400316 

1*0334768 












TABLES OE BESSEL EUNOTIONS 
Table n. Punotions of imaginary argument, and e® 




e^^K^ix) e«Ki{x) 


0*3066592 

0*3048408 

0*3030525 

0*3012935 

0*2995631 

0*2978606 

0*2961855 

0*2945369 

6*2929144 

0*2913173 

0*2807451 

0*2881970 

0*2866727 

0*2851715 

0*2836930 

0*2822366 

0*2808018 

0*2793881 

0*2779951 

0*2766223 

0*2752693 

0-2739356 

0*2726209 

0*2713246 

0*2700404 

0*2687860 

0*2675429 

0*2663168 

0*2651672 

0*2639140 

0*2627367 

0*2615749 

0*2604285 

0*2592970 

0*2581801 

0*2570776 

0‘25598g2 

0*2549146 

o*253§534 

0*2528055 

0*2517706 

0*2507484 

0-2497387 

0*2487412 

0*2477557 

0*2467820 

0*2458198 

0*2448690 

0*2439292 

0*2430004 


0*2149779 

0*2146797 

0*2143750 

0*2140643 

0*2137477 

0*2134256 

0*2130983 

0^2127660 

0*2124291 

0*2120877 

0*2117422 

0*2113927 

0*2110596 

0*2106829 

0*2103230 

0*2099600 

0*2095941 

0*2092256 

o*2o88‘;45 

0*2084811 

0*2081055 

0*2077279 

0*2073485 

0*2069674 

0*2065840 


0*2062005 

0*2058151 

0*2054285 

0*2050408 

0*2046523 

0*2042628 

0*2038727 

0*2034820 

0*2030907 

0*2026991 

0*2023071 

0*2019148 

0*2015224 

0*2011299 

0*2007374 

0*2003450 

0*1999527 

0*1995606 

0*1991688 

0*1987773 

0*1983862 

0-1979955 

0*1976053 

0*1972157 

0*1968267 


0*8377564 

0*8339966 

0*83028^5 

0*8266281 

0*8230172 

0*8194537 

0*8159366 

0*8124050 

0*8090377 

0*8056540 

0*8023128 

0*7990133 

0*7957545 

0*7925358 

0*7893561 

o*7862i4gf 

0*7831112 

0*7800443 

0*7770135 

0*7740181 

0*7710575 

0*7681308 

0*7652376 

0*7623771 

0*7595487 

0*7567518 

0*7539859 

0*7512504 

0*7485447 

0*7458682 

0*7432205 

0*7406011 

0*7380094 

0*7354449 

0*7329072 

0*7303957 

0*7279102 

0*7254500 

0*7230148 

0*7206041 

0*7182176 

0*7158548 

0*7135154 

0*7111989 

0*7089050 

0*7066333 

0*7043834 

0*7021551 

0*6999479 

0*6977616 


1*0270373 

1*0207097 

1*0144909 

1*0083780 

1*0023681 

0*9964584 

0*9906463 

0*9849292 

0*9793046 

0*9737702 

0*9683236 

0*9629626 

0*9576851 

0*9524890 

0*9473722 

0*9423329 

0*9373092 

0*9324793 

0*9276613 

0*9229137 

0*9182347 

0*9136228 

0*9090764 

0*9045941 

0*9001744 

0*8958159 

0*8915172 

0*8872771 

0*8830942 

0*8789673 

0*8748952 

0*8708767 

0*8669107 

0*8629961 

0*8591319 

0*8553169 

0*8515502 

0*8478308 

0-8441577 

0*8405301 

0*8369469 

0*8334074 

0*8299106 

0*8264557 

0*5236450 

0*8196687 

0*8163349 

0*8130399 

0*8097830 

0*8065635 


7*5383249 

7*6906092 

7*8459698 


8'0044689 

8*1661699 

8*3311375 

§*4994376 

8*6711377 

8*8463063 

9*0250135 

9*2073308 

9*3933313 

9*5830892 

9*7766804 

9*9741825 


10*1756743 

10*3812366 

10*5909515 

10*8049029 

11*0231764 

11*2458593 

11*4730407 

11*7048115 
• 11*9412644 
12*1824940 

12*4285967 

12*6796710 

12*9358173 

13*1971382 

13*4637380 

13*7357236 

14*0132036 

14*2962891 

14*5850933 

14*8797317 

15*1803222 

15*4869851 

15*7998429 

16*1190209 

16*4446468 

16*7768507 

17*1157655 

17*4615269 

17*8142732 

18*1741454 

19*2079718 

19*6878167 

20*0855369 



rorocofocn 


TABLES OF BESSEL FXJlSfOTIONS 


Table 11. Functions of imaginary argument,, and e® 


e~<»Io(x) e-^Ii(x) Ko{x) Ki{x) 


0-2420822 

0-2411745 

0-2402772 

0-2393899 

0-2385126 

0-2376451 

0-2367871 

0-2359385 

0-2350991 

0-2342688 

0*2334475 

0-2326348 

0-2318308 

0-2310352 

0-2302480 

0-2294689 

0-2280978 

0-2279346 

0-2271792 

0-2264314 

0-2256911 

0-2249582 

0-2242325 

0-2235140 

0-2228024 

0-2220978 

0-2214000 

0-2207089 

0-2200243 

0-2193402 

0-2186745 

0-2180091 

0-2173498 

0-2166966 

0-2160494 

0-2154081 

0-2147726 

0-2141429 

0-2135187 

0-2129001 

0-2122870 

0-2116793 

0-2110768 

0-2104796 

0-2098875 

0-2093005 

0-2087186 

0-2081415 

0-2075693 

0-2070019 


0-1964383 

0-1960500 

0-1956637 

0-1952775 

0-1948921 

0-1945076 

0-1941240 

0-1937412 

0-1933594 

0-1929786 

0-1925988 

0-1922200 

0-1918423 

0-1914657 

0-1910902 

0-1907158 

0-1903425 

0-1899704 

0-1895995 

0-1892299 

0-1888614 


0-1881282 

0-1877634 

0-1874000 

0-1870378 

0-1866770 

0-1863174 

0-1859592 

0-1856022 

0-1852467 

0-1848924 

0-1845396 

0-1841880 

0-1838379 

0-1834891 

0-1831416 

0-1827956 

0-1824509 

0-1821076 

0-1817657 

0-1814251 

0-1810860 

0-1807482 

0-1804119 

0-1800769 

0-1797433 

0-1794111 

0-1790803 

0-1787508 



0-6892181 

0-6871311 

0-6850631 

0-6830138 

0-6809829 

0-6789701 

0-6769751 

0-6749978 

0-6730377 

0-6710948 

0-6691687 

0-6672592 

0-6653660 


0-6616278 

0-6597823 

0-6579523 

0-6561375 

0-6543377 

0-6525527 

0-6507823 

0-6490263 

0-6472846 

0-64555^ 

0-6438430 

0-6421427 

0-6404560 

0-6387825 

0-6371221 

0-6354747 

0-6338401 

0-6322181 

0-6306085 

0-6290112 

0-6274261 

0-6258529 

0-6242916 

0-6227419 

0-6212038 

0-6196771 

0-6181017 

♦3-6166573 

0-6151640 

0-6136814 

0-6122096 

0-6107484 

0-6092977 


0-8033807 

0-8002339 

0-7971224 

07940457 

0-7910030 

0-7879938 

0-7850176 

0-7820736 

0-7791613 

0-7762803 

0-7734299 

0-7706096 

0-7678189 

0-7650573 

0-7623243 

0-7596194 

0-7569422 

0-7542922 

0-7516690 

0-7490721 

0-7465010 

0-7439555 

o-'?4i4350 

0-7389391 

0-7364675 

0-7340199 

0-7315957 

0-7291947 

0-7268165 

0-7244607 

0-7221270 

0-7198150 

0-7175245 

0-7152551 

0-7130065 

0-7107784 

0-7085704 

0-7063823 

0-7042139 

0-7020647 

0-6999345 

0-6978232 

0-6957302 

0-6936555 

0-6915988 

0-6895598 

0-6875382 

0-6855339 

0-6835466 

0-6815759 


20-491292 

20- 905243 

21- 327557 

21- 758402 

22- 197951 

22- 646380 

23- 103867 

23- 570596 

24- 046754 

24- 532530 

25- 028120 

25- 533722 

26- 049537 

26 - 575773 

27- 112639 

27- 660351 

28- 219127 

28- 789191 

29- 370771 

29- 964100 

30- 569415 

31- 186958 

31- 816977 

32- 459722 

33- 115452 

33- 784428 

34- 466919 

35- 163197 

35- 873541 

36- 598234 

37- 337568 

38- 091837 

38- 861343 

39- 646394 

40- 447304 

41- 264394 

42- 097990 

42- 948426 

43- 816042 

44- 701184 

45- 604208 

46- 525474 

47- 465351 

48- 424215 

49- 402449 

50- 400445 

51- 418601 

52- 457326 

53*517034 

54*598150 









TABLES OF BESSEL ETTNOTTON'S 

Table II. Functions of imaginary argument, and e® 


X 

er^IM 

iim 


e - K ^{ x ) 

fl® 

X 

4'02 

4-04 

4 « o 6 

4 » o 8 

4-10 

O' 2064393 
0*2058812 
0-2053278 
0-2047789 
0-2042345 

0-1784228 

0*1780961 

0-1777709 

0-1774470 

0*1771245 

0-^78573 

0-6064270 

0-6050069 

0*6035968 

0-6021965 

0-6796219 

0-6776840 

0-6757623 

0*6738564 

0*6719662 

55- 701106 

56- S26343 

57*974311 

4-02 

4*04 

4-06 

4-08 

4-10 

4*12 

4 -I 4 

4 * i 6 

4 * i 8 

4-20 

0-2036945 

0-2031589 

0-2026275 

0*2021003 

0-2015774 

0*1768033 

0-1764836 

0-1761652 

0-1758482 

0-1755325 

0 ‘ 6oo8o6o 

0*5994251 

0*5980537 

0-5966917 

0*5953390 

0-6700914 

0*6082318 

0-6663872 

0-6645575 

0-6627424 

61*559242 

62-802821 

64*071523 

65*365853 

66-686331 

4-12 

4-14 

4-16 

4 - i 8 

4*20 

4*22 

4*24 

4*20 

4-28 

4*30 

0-2010585 

0-2005438 

0-2000330 

0-1995262 

0-1990233 

0-1752182 

0*1749053 

0*1745937 

0-1742835 

0*1739740 

0*5939955 

0-5926611 

0*5913357 

0-5900192 

0-3887114 

0-6669418 

0*6591553 

0*6573830 

0-6556246 

0*6538798 

68- 033484 

69- 407852 

70- 809983 
72-240440 

73*699794 

4*22 

4-24 

4*26 

4-28 

4*30 

4*32 

4*34 

4*30 

4*38 

4-40 

0-1985242 

0-1980290 

0*1975375 

0-1970497 

0-1965656 

0-1736671 

0*1733609 

0-1730560 

0-1727525 

0*1724502 

0*5874124 

0*5861220 

0-5848400 

0-5835665 

0-5823013 

0-6521486 

0*6504308 

0*6487262 

0*6470346 

0*6453559 

75- 188628 

76- 707539 
78-257134 
79*838033 
81-450869 

4*32 

4*34 

4*30 

4*38 

4*40 

4*42 

4*44 

4*40 

4*48 

4*50 

0-1960851 

0-1956081 

0*1951347 

0-1946048 

0-1941983 

0-1721493 

0*1718497 

0-1715515 

0-17125^5 

0-1709588 

0-5810443 

. 0*5797954 

0*5785540 

0-5773218 

0-5760968 

0-6436899 

0-6420364 

0-6403953 

0*6387605 

0-6371498 

83-096285 

8^774942 

86-487509 

88-234S73 

• 90-017131 

4-42 

4*44 

4-46 

4-48 

4*50 

4*52 

4*54 

tli 

4 - 6 o 

0*1937352 

0*1932754 

0-1928190 

0-1923658 

0-1919159 

0*1706644 

0-1703713 

0-1700795 

0-1697890 

0*1694997 

0*5748796 

0*5736701 

0-5724683 

0-5712740 

0-5700872 

0*6355450 

0*6339521 

0-6323708 

0-6308010 

0-6292426 

91*835598 

93-690800 

95*583480 

97*514394 

99*484310 

4*52 

4*54 

4*50 

4*58 

4-00 

4-62 

4-68 

470 

0-1914692 

0-1910256 

0*1905851 

0-1901478 

0-1897134 

0-1692117 

0-1689250 

0-1686395 

0-1683553 

0-1680723 

0-5689078 

^•5677357 

0*5665708 

0*5654131 

0-5642625 

0*6276955 

0-6261595 

0-6246345 

0-6231203 

0-6216169 

101-494032 
103*544348 
■ 105-636082 
107-770073 
109*947172 

4-62 

4-68 

4-70 

472 

4*74 

476 

478 

4 < 8 o 

0-1802821 

0-1888538 

0-1884283 

0-1880058 

0-1875862 

0-1677905 

0-1675100 

0-1672307 

0-1669526 

0-1666757 

0-5631189 

0-5619823 

0-5608525 

0*5597295 

0*5586133 

0-6201241 

0-6186418 

0-6171099 

0-6157082 

0-6142566 

112-168253 

1 14-434202 
116-745926 
119*104350 
121-510418 

4-72 

4*74 

4*70 

4-78 

4-80 

4-82 

4-88 

4.90 

0-1871694 

0*1867554 

0*1863442 

0*1859357 

0*1855300 

0-1664000 

0-1661256 

0-1658523 

0-1655802 

0-1653093 

0*5575038 

0-5564008 

0*5553045 

0*5542145 

0 - 553131 C* 

0-6128151 

0-6113834 

0-6099616 

0*6085494 

0-6071468 

123*965091 

126-469352 

129-024202 

131*630664 

134-289780 

4-82 

Jli 

4-88 

4*90 

4*92 

4*94 

4*90 

4*98 

5*00 

0-1851269 

0*1847265 

0*1843287 

0*1839335 

0*1835408 

0-1650396 

0-1647710 

0*1645036 

0-1642374 

0*1639723 

0*5520539 

0*5509830 

0-5499184 

0-5488599 

0-5478076 

0*6057537 

0-6043699 

0*6029955 

0-6016301 

0-6002739 

137*002613 

139*770250 

142*593796 

145*474382 

148*413159 

4-92 

4-94 

4*90 

4-98 

5*00 
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X 


1 f|-® 1-i^x) 

L_ 

e^Koix) 

Kt,{x) 


X 


O'lSsisoy 

o*i82763I 

0*1823780 

0*1819953 

0*1816151 

0*1812373 

0*1808618 

0*1804887 

0*1801180 

0*1797495 

0*1793833 

0*1790194 

0*1786577 

0*1782982 

0*1779409 

0*1775857 

0-I772327 

0*1768818 

0*1765331 

0*1761863 

0*1758417 

0*1754991 
0*1751585 1 

0*1748199 

0*1744833 

0*1741486 

o*r738i59 

0*1734856 

0*1731561 

0*1728291 

0*1725039 

0*1721806 

0*1718591 

0*1715394 

0*1712215 

0*1709054 

0*1705911 

0*170278 


0*1696584 

0*1693509 

0*1687410 

0*1684385 

0*1681377 


0*1637083 0*5467613 

0*1634455 0*5457209 

0*1631838 0*5446865 

0*1629233 0*5436580 

0*1626639 0*5426354 

0*1624055 0*5416184 

0*1621483 0*5406072 

0*1618922 0*53960x7 

0*1616372 0*5386017 

0*1613833 0*5376074 

0*1611304 0*5366185 

0*1608787 0*5356350 

0*1606280 0*5346570 

0*1603784 0*5336843 

0*1601298 0*5327170 


0*1634455 

0*1631838 

0*1629233 

0*1626639 

0*1624055 

0*1621483 

0*1618922 

0*1616372 

0*1613833 

0*1611304 

0*1608787 

0*1606280 

0*1603784 

0*1601298 

0*1598823 

0*1596358 

0*1593904 

0*159x460 

0*1589026 

0*1586603 

0*1584189 

0*1581786 

P-1579393 

‘0*1577010 

0*1574637 

0*1572274 

0*1569920 

0*1567576 

0*1565242 

0*1562918 

0*1560603 

0*1558298 

0*1556002 

0*1553716 

0*1551439 

0*1549171 

0*1546913 

0*1544664 

0*1542424 

0*1540193 

0*1537971 

0*1535758 

0*1533554 

0*1531359 

o*X529X72 

o*X526995 

o*x524826 

0*1522666 

0*1520515 


0*5317549 

0*5307980 

0*5298462 

0*5288996 

0*5279580 


0*52702x5 

0*5260899 

0*5251633 

0*5242416 

0*5233247 

0*5224127 

0*52x5054 

0*5206028 

0*5107049 

0*5188116 

0*5179230 

0*5170389 

0*5161593 

0*5152842 

0*5x44x36 


0*5x26855 

0*5x18280 

0*5109748 

0*510x258 

0*50028 XX 


0*5962584 

0*5949375 

0*5936250 

0*5923211 

0*59x0256 


o*5oxoo3x 


0*5859258 

0*5846710 

0*5834241 

0*5821850 

0*5809536 

0*5797299 

0*5785137 

0*5773050 

0*576x038 

0*5749099 

0*5737233 

0*5725438 

0*5^13715 

0*5702062 

0*5690480 

0*5678966 

0*5667521 

0*5656144 

0*5644834 

0*5633590 

1 0*5622413 
0*5611300 
0*5600253 
0*5589269 
0*5578348 

0*5567491 

0*5556695 

0*5545962 

0*5535289 

0*5524676 

0*5514124 

0*5503631 

0*5493197 

0*5482821 

0*5472503 

0*5462242 

0*5452037 

0*5441889 

0*543^796 

0*542x759 


151*41x30 

154*47002 

157*59052 

10077406 

i 64*6219X 

167*33537 

170*71577 

X74 *i 6446 

X77*6828i 

i 8 x *27224 

184*93418 

x88*670io 

X92*40149 

196*36988 

200*33681 

204*38388 

208*51271 

2x2*72493 

217*02228 

221*40642 

225*879x2 

230*442x8 

235*09742 

239*84671 

244*69193 

249*63504 

254*67800 

259*82284 

265*07161 

270*42641 

275*88938 

281*46272 

287*14864 

292*94943 

298*86740 

304*90492 

311*06441 

317*34833 

323*75919 

330*29956 

336*97205 

343*77934 

350*72414 

357*80924 

365*03747 

372*4x171 

379*93493 

387*6x0x2 

395*44037 

403*42879 
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TABLES 01’ BESSEL EUNOTIONS 
Table n. Eunotioiis of imaginary argument, and & 


X 

er <‘ I ^{ x ) 

e -«> I , ix ) 


e<‘Ki{x) 

e* 

X 

6*02 

6*04 

6-o6 

6’08 

6’io 

6-12 

6*14 

6-i6 

6-i8 

6‘20 

6*22 

6*24 

6-26 

6-28 

6-30 

6-32 

tli 

6*38 

6*40 

6*42 

tjl 

6-48 

6‘50 

6.52 

Ut 

6-58 

6*6o 

6-62 

6’6a 

6-66 

6-68 

6-70 

6-72 

678 

6-8o 

6-82 

6-84 

6-86 

6-88 

6-90 

6-92 

6-94 

6-96 

6-98 

7*00 

0*1663661 

0*1660763 

0*1657880 

0*1655012 

0*1652159 

0*1649321 

0*1646498 

0*1643689 

0*1640894 

0*1638114 

OT635348 

0*1632596 

0*1629858 

0*1627134 

0*1624424 

0*1621727 

0*1619044 

0*1616374 

0*1613717 

0*1611073 

0*1608443 

0*1605825 

0*1603220 

0*1600628 

0*1598048. 

0*1595481 

0*1592927 

0*1590385 

0*1587855 

0*1585337 

0*1582831 

0*1580336 

0*1577854 

0*1575384 

0*1572925 

0*1570477 

0*1568042 

0*1565617 

0*1563204 

0*1560802 

0*1558411 

0*1556031 

0*1553662 

0*1551304 

0*1548950 

0*1546619 

0*1544293 

0*1541978 

0*1539672 

0*1537377 

0*1518372 

0*151-6237 

0*1514111 

0*1511994 

0*1509885 

0*1507784 

0*1505091 

0*1503607 

0*1501531 

0*1499463 

, 0*1497403 

0*1495351 

0*1493307 

0*1491271 

0*1489243 

0*1487223 

0*1485211 

0*1483206 

0*1481209 

0*1479220 

0*1477238 

0*1475264 

0*1473297 

0*1471338 

0*1469386 

0*1467442 

0*1465505 

0-1463576 

0*1461653 

0*1459738 

0*1457830 

0*1455930 

0*1454036 

0*1452149 

0*1450270 

0*1448397 

0*1446532 

0*1444673 

0*1442821 

0*1440976 

0*1439138 

0*1437306 

0*1435481 

0*1433063 

0*1431852 

0*1430047 

0*1428248 

0*1426457 

0*1424671 

0*1422892 

0*5010588 

0*5002584 

0*4994618 

6*4980689 

0*4978799 

0*4970946 

0*4963130 

0*4955351 

0*4947608 

0*4939902 

0*4932232 

0*4924597 

0*4916998 

0*4909434 

0*4901905 

0*4894411 

0*4886950 

0*4879524 

0*4872132 

0*4864773 

0*4857448 

0*4850156 

0*4842896 

0*4835669 

0*4828474 

0*4821312 

0*4814181 

0*4807082 

0*4800014 

0*4792978 

0*4785972 

0*4778997 

0*4772053 

0*4765138 

0*4758254 

0*4751400 

0*4744575 

0*4737779 

0*4731013 

0*4724276 

0*4717567 

0*4710887 

0*4704235 

0*4697612 

0*4691016 

0*4684449 

0*4677908 

0*4671395 

0*4664910 

0*4658451 

0*5411776 

0*5401848 

0*5391973 

0*5382151 

0*5372382 

0*5362666 

0*5353001 

0*5343387 

0*5333825 

0*5324313 

0*5314851 

0*5305438 

0*5296075 

0*5286761 

0*5277494 

0*5268276 

0*5259105 

0*5249982 

0*5240005 

0*5231874 

0*5222889 

0*5213950 

0*5205056 

0*5106207 

0*5187402 

0*5178642 

0*5169925 

0*5161251 

0*5152620 

0*5144032 

0*5135486 

0*5126982 

0*5118520 

0*5110099 

0*5101719 

0*5093380 

0*5085080 

0*5076821 

0*5068602 

0*5060421 

0*5052280 

0*5044178 

0*5036114 

0*5028088 

0*5020099 

0*5012149 

0-5004235 

0*4996359 

0*4988519 

0*4980716 

411*57860 

419*89303 

428*37544 

437*02919 

445*85777 

454*86469 

464*05357 

473*42807 

482*99196 

492*74904 

502*70323 

512*85851 

523*21894 

533*78866 

544*57191 

555*57299 

566*79631 

578*24636 

589*92771 

601*84504 

614*00311 

626*40080 

639*06106 

651*97095 

665*14163 

678*57839 

692*28650 

706*27169 

,720*53933 

735*09519 

749*94510 

765*09499 

,780*55094 

796*31911 

812*40583 

828*81751 

845*56074 

062*64220 

880*00872 

897*84729 

915*98501 

934*48913 

953*36707 

972*62636 

992*27472 

1012*31999 

1032*77021 

1053*63356 

1074*91837 

1096*63316 

6*02 

6*04 

6*o6 

6*08 

6*10 

6*12 

6*14 

6*16 

6*18 

6*20 

6*22 

6*24 

6*26 

6*28 

6*30 

6*32 

6*34 

6*36 

6*38 

6*40 

6*42 

tit 

6*48 

6*50 

6*52 

tit 

6-58 

6*60 

6*62 

6*64 

6*66 

6*68 

6*70 

6*72 

Pyt 

6*78 

6*80 

6*82 

6*84 

6*86 

6*88 

6*90 

6*92 

6*94 

6*96 

6*98 

7*00 



TABLES OF BESSEL ETTNOTIONS 
Table II. Fimotions of imaginary argument, and e‘ 
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X 

fi-® loW 

e-<» I i{x) 

e<^Ko{x) 

e^K^ix) 

e«‘ 

X 

7-02 

7-04 

7*06 

7’o8 

7*id 

0-1535093 

0*1532819 

0-1530554 

0*1528300 

0*1526056 

0*1421120 

0-1419354 

0*1417594 

0*1415840 

0*1414093 

0*4652019 

0*4645614 

0-4639235 

0*4632882 

0*4626556 

0*4972948 

0*4965217 

0-4957521 

0*4949860 

0*4942235 

1118*7866 

1141*3876 

1164*4452 

1187*9605 

1211*9671 

7*02 

7*04 

7*06 

7*08 

7*10 

7*12 

7-i8 

7'20 

0*1523822 

6*1521597 

o*I5I93§2 

0*1517177 

0*1514982 

0*1412352 

0*1410617 

0*1408889 

0*1407166 

0*1405450 

0*4620255 

0*4613980 

0*4607731 

0*4601507 

0*4595308 

0*4934644 

0*4927087 

0*4919565 

0*4912077 

0*4904623 

1236*4504 

1261*4284 

1286*9109 

1312*9083 

1339-4308 

7*12 

7*14 

7*i6 

7*18 

7*20 

7*22 

7-24 

7«26 

7*28 

7-30 

0*1512796 

0*1510620 

0*1508453 

0*1506295 

0*1504147 

0-1403739 

0*1402035 

0*1400337 

0*1398644 

0-1396958 

0*4589134 

0*4582985 

0*4576861 

0*4570761 

0*4564086 

0*4897202 

0*4889814^ 

0*4882459 

°‘ 4 ? 25 I 37 

0*4867848 

1366*4891 

1 394-0940 
1422*2565 
1450*9880 
1480*2999 

7*22 

7*24 

7*26 

7*28 

7-30 

7.32 

7*34 

7-36 

7-38 

7-40 

0*1502007 

0*1499877 

0-1497756 

0*1495644 

0*1493541 

0-1395277 

0*1393603 

0*1391934 

0*1390271 

0*1388613 

0*4558634 

0-4552607 

0*4546604 

0*4540625 

0*4534669 

0*4860591 

0-4853365 

0*4846172 

0*4839010 

0*4831880 

1510*2040 

1540*7121 

1571-8366 

1603*5898 

1635-9844 

7-32 

7-34 

7-36 

7-38 

7-40 

7*42 

7-44 

7-46 

7-48 

7-50 

0*1491447 

0-1489302 

0*1487285 

0*1485218 

0*1483158 

0*1386962 

0*1385316 

0-1383676 

0-1382041 

0*1380412 

0*4528736 

0*4522827 

0*4516941 

0*4511077 

0-4505237 

0*4824780 
0*4817712 
0*4810674 
0*4803667 
vt 0*4790689 

1669*0335 

1702*7502 

1737*1481 

17/2*2408 

1808*0424 

7*42 

7-44 

7.46 

7*48 

7-50 

7-52 

7'54 

7-50 

7-58 

7 ’60 

0*1481108 

0*1479066 

0*1477032 

0*1475007 

0*1472990 

0*1378789 

0-1377171 

0-1375559 

0-1373952 

0-1372350 

0-4499419 

0*4493624 

0*4487851 

0*4482101 

0*4476372 

0-4789742 

0*4782825 

0-4775937 

0*4/69079 

0*4762249 

1844*5673 

1881*8300 

1919*8455 

1958*6290 

1998*1959 

7-52 

7-54 

7-56 

7-58 

7*60 

7-62 

7-68 

7.70 

0*1470981 

0*1408981 

0*1466988 

0*1465004 

0*1463028 

0-1370754 

0*1369164 

0*1367579 

0-1365999 

0*1364424 

0*4470665 

0*4404981 

0-4459317 

o- 4453 f >79 . 
0*4448056 

0-4755449 

0*4748678 

0-4741935 

0*4735220 

0*4728534 

2038*5621 

2079*7438 

2121*7574 

2164*6198 

2208*3480 

7*62 

7*68 

7.70 

7.72 

7’74 

77B 

7-8o 

0*1461060 

0*1459100 

0*1457148 

0-1455203 

0*1453267 

0*1362855 

0*1361291 

0-1359732 

0*1358179 

0*1356630 

0*4442457 

0*4436879 

0*4431322 

0*4425786 

0*4420271 

0*4721876 

0-4715245 

0*4708642 

0*4702006 

0-4695518 

2252*9596 

2298*4724 

2344-9046 

2392*2748 

2440*6020 

7*72 

7.76 

7.78 

7*80 

7-82 

?;|J 

7-88 

7-90 

0-1451338 

0*1449417 

0-1447503 

0-1445597 

0*1443699 

0-1355087 

0-1353549 

0*1352016 

0*1350488 

0*1348965 

0*4414776 

0*4409302 

0*4403848 

0*4398414 

0-4393001 

0*4688997 

0*4682502 

0*4676034 

0'4669593 

0*4663178 

2489-9054 

2540*2048 

2591*5204 

2643*8726 

2697*2823 

7*82 

7*88 

7.90 

7.92 

7 - 94 
7.96 
7.98 

8- 00 

0*1441808 

0*1439924 

.0*1438048 

0*1436179 

0*1434318 

0-1347447 

0-1345934 

0*1344426 

0*1342923 

0*1341425 

0*4387607 

0*4382234 

0*4376880 

0-4371545 

0*4366230 

0*4656789 

0*4650426 

0*4644089 

0-4637777 

, 0*4631491 

2751*7710 

2807*3605 

2864*0730 

2921*9311 

2980*9580 

7*92 

7-94 

7*96 

7*98 

8*00 


W. B. F. 
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TABLES OF BESSEL FUlirOTIGNS 
Table n. Functions of imaginary argument, and e® 


K ^{ x ) 


0-1432464 
0-1430617 
0-1428777 
0-.1 426944 
0-1425118 

0-1423209 

0-1421488 

0-1419683 

0-1417885 

0-1410094 

0-1414309 

0-1412532 

0-1410761 

0-1408997 

0-1407239 

0-1405488 


0-1402006 

0-1400274 

0-1398549 

0-1396830 

0-1395118 

0-1393412 

0-1391712 

0-1390018 

0-13^331 

0-1386650 

0-1384975 

0-1383306 

0-1381642 

0-1379985 

0-1378334 

0-1376689 

0-1375050 

0-1373417 

0-1371789 

0-1370167 

0-1368551 

0-1366941 

0-1365336 

0-1363737 

0-1362144 

0-1360556 

0-1358974 

0-1357397 

0-1355826 

0-1354260 

0-1352700 

0-1351145 

0-1349595 


0-1339932 

0-1338443 

0-1336960 

0-1335481 

0-1334007 

0-1332538 

0-1331073 

0-1329613 

0-1328158 

0-1326708 

0-1325262 

0-1323821 

0-1322384 

0-1320952 

0-1319524 

0-1318101 

0-1316683 

0-1315269 

0-1313859 

0-1312454 

0-1311053 

0-1309657 

0-1308265 

0-1306877 

0-1305494 

0-1304114 

0-1302740 

0-1301369 

0-1300003 

0-1298641 

0-1297283 

0-1295929 

0-1294579 

0-1293234 

0-1291892 

0-1290555 

0-1289222 

0-1287892 

0-1286567 

0-1285246 

0-1283929 

0-1282615 

0-1281306 

0-1280001 

0-1278699 

0-1277402 

0-1276108 

0-1274818 

0-1273532 

0-1272250 


0-4360935 

0-4355658 

0-4350401 

0-4345163 

0-4339944 

0-4334743 

0-4329562 

0-4324398 

0-4319254 

0-4314127 

0-4309019 

0-430^929 

0-4298857 

0-4293803 

0-4288766 

0-4283748 

0-4278747 

0-427^76^ 


0-4215289 

0-4210524 

0-4205776 

0-4201043 

0-4196326 

0-4191625 

0-4186940 

0-4182270 

0-4177616 

0-4172978 

0-4168355 

0-4163747 

0-4159155 

0-4154578 

0-4150016 

0-4145468 

0-4140936 

0-4136419 

0-4131917 

0-4127429 

0-4122955 


0-4625230 

0-4618994 

0-4612783 

0-4606597 

0-4600436 


mmmm 


0-4582097 

0-4576033 

0-4569992 

0-4563974 

0-4557981 

0-4552010 

0-4546063 

0-4540139 

0-4534238 

0-4528359 

0-4522504 

0-4516670 

0-4510859 

0-4505070 

0-4499303 

0-4493559 

0-4487835 

0-4482134 

0-4476454 

0-4470795 

0-4465158 

0-4459542 

0-4453946 

0-4448372 

0-4442818 

0-4437285 


0-44262S0 

0-4420808 

0-4415356 

0-4409923 

0-4404511 

0-4399119 

0-4393746 

0-4388392 

0-4383058 

0-4377743 

0-4372448 

0-4367171 

0-4361913 

0-4356674 

0-4351454 

0-4346252 


3041-1773 

3102-6132 

3165-2901 

3229-2332 

3294-4681 

3361-0207 

3428-9179 

3498-1866 

3568-8547 

3640-9503 

3714-5024 

3789-5403 

3866-0941 

3944-1944 

4023-8724 

4105*1600 


4447-0667 

4536-9035 

4628-5550 

4722-0580 


5014-0538 


5324-105 

5431-659 


5653-329 


5884-0466 

6002-9122 

6124-1791 

6247-8957 

6374-1116 

6502-8772 

6634-2440 

6768-2646 

6904*9926 

7044-4827 

7186-7907 

7331-9735 

7480-0892 

7631*1971 

7785-3575 

7942*6321 

S103-0S39 















TABLES OE BESSEL FTJNOTIONS 


707 


Table 11. Punotions of imaginary argument, and e® 


X e~^Ia{x) e-^ Ii{x) K^{x) Ki{x) e® x 


9’02 0-1348051 0-1270971 0-4118497 0-4341069 8266-7771 9-02 

9-04 0-1346512 0-1269697 0-4114053 0-4335904 8433-7771 9-04 

9-06 0-1344978 0-1268426 0-4109623 0-4330758 8604-1507 9-06 

9-08 0-1343450 0-1267159 0-4105207 0-4325629 8777-9660 9-08 

9-10 0-1341927 0-1265895 0-4100806 0-4320519 8955-2927 9-10 

9-12 0-1340409 0-1264636 0-4096419 0-4315427 9136-2016 9-12 

9-14 0-1338896 0-1263380 0-4092045 0-4310352 9320-7651 9-14 

9-16 0-1337388 0-1262127 0-4087686 0-4305295 9509-0571 9-16 

9-18 0-1335885 0-1260879 0-4083341 0-4300256 9701-1528 9-18 

9-20 0-1334388 0-1259634 0-4079010 0-4295234 9897-1291 9-20 

9-22 0-1332895 0-1258392 0-4074692 0-4290230 10097-0643 9-22 

9-24 0-1331408 0-1257154 0-4070388 0-4285243 10301-0386 9-24 

9-20 0-1329925 0-1255920 0-4066098 0-4280273 10509-1333 9-26 

9-28 0-1328447 0-1254689 0-4061821 0-4275321 10721-4319 9-28 

9-30 0-1326975 0-1253462 0-4057558 0-4270385 10938-0192 9-30 

9-32 0-1325507 0-1252239 0-4053308 0-4265467 11138-9819 9-32 

9-34 0-1324044 0-1251018 0-4049071 0-4260565 11384-4082 9-34 

9-36 0-1322580 0-1249802 0-4044848 0-4255680 11614-38S5 9-36 

9-38 0-1321133 0-1248589 0-4040638 0-4250811 11849-0148 9-38 

9-40 0-1319684 0-1247379 0-4036441 0-4245960 12088-3807 9-40 

9-42 0-1318240 0-1246173 0-4032257 0-4241124 12332-5822 9-42 

9*44 0-1316801 0-1244970 0-4028087 0-4236305 12581-7169 9-44 

9-46 0-1315367 0-1243771 . 0-4023929 0-4231502 12835-S844 9-46 

9-48 0-1313938 0-1242575 0-4019784 0-4226716 13095-186S 9-48 

9-50 0-1312513 0-1241382 0-4015651 0-4221945 13359-7268 9-50 

9-52 0-1311092 0-1240193 0-4011532 0-4217191 13629-6112 9-52 

9-54 0-1309677 0-1239008 0-4007425 0-4212452 13904-9476 9-54 

9-56 0-1308266 0-1237825 0-4003331 0-4207730 14185-8462 9-56 

9-58 0-1306859 0-1236646 0-3999249 0-4203023 14472-4193 9-58 

g-6o 0-1305457 0-1235470 0-3995180 0-4198332 14764-7816 9-60 

9-62 0-1304060 0-1234298 0-3991123 0-4193656 15063-0499 9-62 

g-64 0-1302667 0-1233128 0-3987078 0-4188996 15367-3437 9-64 

g-66 0-130127S 0-1231962 0-3983046 0-4184351 15677-7847 9-66 

g-68 0-1299894 0-1230800 0-3979026 0-4179721 15994-4969 9-68 

9-70 0-1298514 0-1229640 0-3975018 0-4175107 16317-6072 9-70 

9-72 0-1297139 0-1228484 0-3971023 0-4170508 166^17-2447 9-72 

9-74 0-1295768 0-1227331 0-3967039 0:4165924 16983-5414 9-74 

9-76 0-1294401 0-1226181 0-3963067 0-4161355 17320-6317 9-76 

9-78 0-1293039 0-1225034 0-3959167 0-4156801 17676-6529 9-78 

9-80 0-1291681 0-1223S91 0-3955159 0-4152261 18033-7449 9-80 

9-82 0-1290328 0-1222751 0-3951223 0-4147737 18398-0507 9-82 

9-84 0-1288978 0-1221613 0-3947299 0-4143227 i8'769-716o 9-84 

9-86 0-1287633 0-1220479 0-3943386 0-4138731 19148-8894 9-80 

9-88 0-1286292 0-1219348 0-3939485 0-4134250 195357227 9-88 

9-90 0-1284955 0-1218220 0-3935596 0-4129784 19930*3704 9^90 

9-92 0-1283623 0-1217096 0-3931717 0-4125332 20332-9906 9-92 

9-94 0-1282294 0-.1215974 0-3927851 0-4120894 20743-7443 9-94 

9-96 0-1280970 0-1214855 0-3923996 0-4116471 21162-7957 9-96 

9-98 0-1279650 0-1213739 0-3920152 0-4112001 21590-3125 9-98 

0-1278333 0-1212027 0-3916319 0-4107666 22026-4658 10-00 













TABLES OF BESSEL EUNGTIONS 
Table 11. Functions of imaginary argument, and e® 





0*1277021 

0*1275713 

0*1274409 

0*1273109 

0*1271813 


0*120923 


0*1266608 

0*1265392 

0*1264119 

0*1262850 

0*1261585 

0*1260324 

0*1259067 

0*1257813 

0*1256563 

0*1255317 

0*1254075 

0*1252836 

0*1251601 

0*1250369 

0*1249141 

.0*1247917 

0*1246697 

0*1245480 

0*1244266 

0*1243056 

0*1241850 

0*1240647 

0*1230448 

0*1238252 

0*1237059 

0*1235870 

0*1234685 

0*1233503 

0*1232324 

0*1231149 

0*1229977 

0*1228808 

0*1227642 

0*1226480 

0*1225322 

0*1224166 

0*1223014 

0*1221865 

0*1220719 

II 


e^Koix) e«>Ki{x) 


0*1211517 

0*1210411 

0*1209307 

0*1208206 

0*1207109 

0*1206014 

0*1204922 

0*1203833 

0*1202747 

0*1201604 

0*1200584 

0*1199500 

0*1198432 

0*1197360 

0*1196292 

0*1195226 

0*1194162 

0*1193102 

0*1192044 

0*1190990 

0*1189938 

0*1188888 

0*1187842 

0*1180798 

0*1185757 

0*1184718 

0*1183682 

0*1182649 

0*1181619 

0*1180591 

0*1170566 

0*1178544 

0*1177524 

0*1176507 

0*1175492 

0*1174480 

0*1173471 

0*1172464 

0*1171459 

0*1170458 

0*1169458 

0*1168462 

0*1167467 

0*1160476 

0*1165487 

0*1164500 

0*1163516 

0*1162534 



0*3904889 

0*3901101 

0*3897324 

0*3893558 

0*3889803 

0*3886059 

0*3882325 

0*3878603 

0*3874891 


0*3863818 

0*3860149 

0*3856489 

0*3852841 

0*3849202 

0*3845574 

0*3841956 

0*3838348 
0*3834750 
0*383 II 63 
0*3827586 
0*3824018 

0*3820461 

0*3816913 

°‘3®I3375 

0*3809848 

0*3806330 

0*3802821 

0*3799323 

0*3795834 




0*3785424 

0*3781973 

0*3778532 

0*3775100 

0*3771677 

0*3768264 

0*3764860 

0*3761465 

0*3758079 

0*3754702 

0*3751335 

0*3747970 

0*3744627 

0*3741287 

0*3737955 


0*4103284 

0*4098917 

0*4094563 

0*4090223 

0*4085897 

0*4081584 
0*4077285 
0*4073000 
0*4008727 , 
0*4064468 

0*4060223 

0*4055990 

0*4051771 

0*4047565 

0*4043372 

0*4039191 

0*4035024 

0*4030869 

0*4026728 

0*4022598 

0*4018482 

0*4014378 

0*4010286 

0*4006207 

0*4002140 

0*3998085 

0*3994043 

0*3990013 

0*3985995 

0*3981989 

0*3977995 

0*3974013 


0*3966084 

0*3962137 

0*3958202 

0*3954279 

0*3950367 

0*3946467 

0*3942578 

0*3938701 

0*3934835 

0*3930980 

0*3927137 

0*3923305 

0*3919484 

0*3915673 

0*3911874 

0*3908086 

0*3904309 


22471*430 

22925*383 

23380*506 

23860*986 

24343*009 

24834771 

25330*466 

25848*297 

26370*467 

26903*186 


27446*666 

28001*126 

28566*786 

29143*874 

29732*619 


30333*258 

30946*030 

31571*181 

32208*961 

32859*626 

33523*434 

34200*652 

34891*551 

35596*408 

30315*503 

37049*124 


39340*114 

40134*837 

40945*615 

41772*771 

42616*637 

43477*550 

44355*855 

45251*903 

46166*052 

47098*668 

48050*124 

49020*801 

50011*087 

51021*378 

52052*078 

53103*600 

3417^364 

55270*799 

56387*343 

57526*443 

58688*554 

59874*142 









TABLES OF BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and e® 


Jo W 


o*I2i6i69 

0-1215039 

0-1213912 

0-1212789 

0-1211069 

0-1210551 

0-1209437 

0-1208326 

0-1207218 

Q-1206113 

0-1205011 

0-1203912 

0-1202817 

0-1201724 

0-1200634 

0-1199547 

0-1198463 

0-1197382 

0-1196303 

0-1195228 

0-1194156 
0-1193086 
o-i 192020 
0-1190956 
0-1189895 

0-1188837 

0-1187782 

0-1186729 

0-1185680 

0-1184633 

0-1183589 
0-1182548 
0-1181509 
0-1180473 
o-i 179440 

0-1178410 

0-1177382 

0-1176357 

0-1175335 

0-1174315 

0-1173298 

0-1172284 

0-1171272 

0-1170263 

0-1169256 

0-1168252 

0-1167251 

0-1166252 

0-1165256 

0-1164262 





0-1159603 

0-1158631 

0-1157662 

0-1156694 

0-1155730 

0-1154767 

0-1153807 

0-1152849 

0-1151894 

0-1150941 

0-1149990 

0-1149042 

0-1148096 


0-1146211 

0-1145272 

0-1144335 

0-1143401 

0-1142468 

0-1141538 

0-1140610 

0-1139685 

0-1138762 

0-1137841 

0-1136922 

0-1136005 

0-1135090 

0-1134178 

0-1133268 

0-1132360 

0-1131454 

0-1130551 

0-1129649 

0-1128750 

0-1127852 

0-1126957 

0-1126064 

0-1125123 

0-112339^ 

0-1122513 

0-1121630 

0-1120250 

0-1119871 

0-1118995 

0-1118120 

0-1117248 

0-1116378 

0-1115509 

0-1114643 


0-3734632 

0-3731319 

0-3728014 

0-3724717 

0-3721430 

0-3718151 

0-3714881 

0-3711619 

0-3708367 

0-3705122 

0-3701886 

0-3698659 

0-3695440 

0-3692229 

0-3689027 

0-3685833 
0-3682648 I 
0-3679470 
0-3676301 

o "-3673140 

0-3669987 

0-3666843 

0-3663706 

0-3660578 

0-3657457 

0-3654344 

0-3651240 

0-3648143 

0-3645054 

0-3641973 

0-3638900 

0-3635834 

0-3632777 

0-3629727 

0-3626684 

0-3623650 

0-3620623 

0-3617603 

0-3614591 

0-3611587 

0-3608590 

0-3605600 

0-3602618 

0-3599643 

0-3596676 


0-3896788 

0-3893043 

0-3889309 

0-3885586 

0-3881873 

0-3878121 

0-3874480 

0-3870799 

0-3867128 

0-3863468 

0-3859818 

0-3856178 

0-3852548 

0-3848929 

0-3845320 

0-3841721 

0-3838132 

0-3834553 

0-3830984 

0-3827425 

0-3823875 

0-3820336 

0-3816806 

0*3813286 

0-3809775 

0-3806275 

0-3802703 

0-3799302 

0-3795830 

0-3792367 

0-3788914 

0-3785470 

0-3782035 

0-3778610 

0-3775194 

0-3771787 

0-3768389 

0-3765001 

0-3761621 

0-3758251 

0-3754890 

0-3751537 

0-3748194 

0-3744859 



0-3593716 0-3741533 

0-3590763 0-3738216 

0-3587818 0-3734908 

0-3584880 0-3731608 

0-3581949 0-3728318 


66171-160 


67507-906 

68871-656 

70262-956 

71682-362 

73130-442 

74607-775 

76114-952 

77652-576 

79221-262 

80821-638 

82454-343 

84120-031 

85819-368 

87553-035 

89321-723 

91126-142 

92967-012 

94845-070 

90761-068 

98715-771 

100709-962 

102744-438 

104820-013 

106937-518 

109097-799 

111301*721 

113550-165 

115844-030 

118184-235 

120571-715 

123007-425 
125492-340 
128027-453 
1 30613-780 
i3325'^-353 

135944-229 

138690-485 

141492-218 

144350-551 

147266-625 

150241-608 

153276-690 

156373-085 

159532-031 

162754-791 






TABLES OF BESSEL FXniTOTIONS 
Table n. Punctions of imaginary argument, and e® 


e-®JoW e<^K^{x) 


0*1162283 

0*1161296 

0*1160313 

0*1159332 

0*1158353 

0*1157377 

0*1156404 

0*1155432 

0*1154464 

0*1153497 

0*1152533 

0*1151572 

0*1150613 

0*1149656 

0*1148702 

0*1147750 

0*1146801 

0*1145853 

0*1144909 

0*1143966 

0*1143026 

0*1142088 

0*1141153 

0*1140219 

0*1139288 

0*1138360 

0*1137433 

0*1136509 

0*1135587 

0*1134668 

0*1133750 

0*1132835 

0*1131922 

0*1131011 

0*1130103 

0*1129196 

0*1128292 

0*1127390 

0*1126490 

0*1125592 

0*1124697 

0*1123803 

0*1122912 

0*1122023 

0*1121136 
o 112025T 
0*1119368 
0*1118487 
0*1117608 


0*1113779 

0*1112916 

0*1112056 

0*1111197 

0*1110341 

0*1109487 

0*1108034 

6*1107783 

0*1106935 

0*1106088 

0*1105243 

0*1104400 

0*1103559 

0*1102720 

0*1101883 

0*1101048 

0*1100215 

0*1090383 

0*1098553 

0*1097720 

0*1096900 

0*1096076 

0’i095253 


0*1093614 

0*1092798 

0*1091983 

0*1091169 

0*1090358 

0*1089549 

0*1088741 

0*1087935 

0*1087131 

0*1086328 

0*1085527 

0*1084728 

0*1083931 

0*1083136 

0*1082342 

0*1081550 

0*1080760 

0*1079971 

0*1070184 

0*1078399 

0*1077616 

0*1076834 

0*1076054 

0*1075270 

0*1074499 

0*1073724 


0*3579025 

0*3576108 

0*3573199 

0*3570296 

0*3567401 

0*3564513 

0*3561631 

0*3558757 

0*3555890 

0*3553029 

0*3550176 

0*3547329 

0*3544489 

0*3541656 

0*3538830 

0*3536010 

0*3533198 

6*3530392 

0*3527592 

0*3524800 

0*3522014 

o‘35i9234 

0*3516461 

0*3513695 

0*3510935 

0*3508182 


0*3502694 

0*3499960 

0*3497233 

0*3494512 

0*3491797 

0*3489088 

0*3486386 

0*3483690 

0*3481000 

0*3478317 

0*3475639 

0*3472968 

0*3470303 

0*3467644 

0*3464991 

0*3462345 

0*3459704 

0*3457070 


0*3725035 

0*3721762 

0*3718497 

0*3715240 

0*3711992 

0*3708753 

0*3705522 

0*3702209 

0*3699085 

0*3695879 

0*3602681 

0*3689492 

0*3686311 

0*3683138 

0*3679973 

0*3676816 

0*3673667 

0*3670527 

0*3667394 

0*3664269 

0*3661152 

0*3658044 

°‘3654943 

0*3651849 

0*3648764 

0*3645687 

0*3642617 

0*3639555 

0*3636500 

0*3633453 

0*3630414 

0*3627383 

0*3624359 

0*3621342 

0*3618333 

0*3615332 

0*3612337 

0*3609351 

0*3606371 

0*3603399 

0*3600434 

0*3597477 

0*3594527 

0*3591584 

0*3588648 


166042*66 

169396*94 

172818*99 

176310*16 

179871*86 

183505*51 

187212*57 

190994*52 

194832*86 

19^9*15 

202804*96 

206901*89 

211081*59 

215345*72 

219695*99 


224134*14 

228661*95 

233281*23 

237993*82 

242801*62 



247706*54 

252710*54 

257815*63 

263023*85 

268337*29 

273758*06 

279288*34 

284930*34 

290686*31 

296558*57 

XI 

314896*72 

321258*06 

327747*90 

334368*85 

341123*55 

348014*70 

355045*06 

362217*45 

369534*73 

376999*82 

384615*73 

392385*48 

400312*19 

40839903 

416649*24 

425066*11 

433653*02 

442413*39 












TABLES OE BESSEL FUNCTIONS 
Table 11. FunotionB of imaginary argument, and e* 


711 



X 


er ^ Ii { x ) 


e ^ K ^ ix ) 

e <» 

X 


13*02 

13*04 

13*06 

13*08 

13*10 

0*1116732 

0*1115857 

0*1114985 

0*1114114 

0*1113240 

0*1072951 

0*1072179 

0*1071409 

0*1070640 

0*1069874 

0*3441388 

0-3438795 

0*3436208 

0*3433626 

0-3431051 

0*3571182 

0*3568296 

0-3565417 

0-3562544 

0-3559679 

460468*63 

469770-71 

479260*71 

488942*41 

13*02 

13*04 

13*06 

13*08 

13-10 


13*12 

13*14 

13*16 

13*18 

13*20 

0*1112379 

0*1111515 

0*1110052 

6*1109792 

0*1108934 

0*1069109 

0*1068345 

0*1067503 

0*1060823 

0*1066064 

0*3428481 

0*3425917 

0-3423359 

0*3420807 

0'34 i 826 o 

0*3556820 

0-3553968 

0-3551123 

0*3548285 

0-3545454 

498819*71 

508896*53 

519176*92 

529664*99 

540364-94 

13-12 

13-14 

13-16 

13-18 

13*20 


13*22 

13*24 

13*26 

13*28 

13*30 

0*1108077 

0*1107223 

0*1106370 

0*1105520 

0*1104671 

0*1065307 

0*1064552 

0*1063798 

0*1063046 

0*1062295 

0-3415719 

0*3413184 

0*3410654 

0*3408130 

0*3405611 

0*3542629 

0-3539811 

0-3537000 

0-3534195 

0-3531398 

551281*03 

562417*65 

573779-24 

585370-35 

597195-61 

13*22 

13*24 

13*26 

13-28 

13-30 


13*32 

13*34 

13*30 

13*38 

13*40 

0*1103825 

0*1102980 

0*1102138 

0*1101297 

0*1100458 

0*1061546 

0*1060798 

0*1060052 

0*1059308 

0*1058565 

0*3403098 

0*3400591 

0*3398089 

0 3395593 
0-3393102 

0*3528606 

0*3525821 

0*3523043 

0*3520272 

0-3517506 

609259*77 

621567*63 

634124-13 

646934*29 

660003*22 

13-32 

13-34 

13-36 

13-38 

13-40 


13*42 

13*44 

13*46 

13*48 

13*50 

0*1099621 

0*1098786 

0*1097953 

0*1097122 

0*1096292 

0*1057824 

0*1057084 

0*1050346 

0*1055609 

0*1054874 

0*^390616 

0*3388137 

0*3385662 

0-3383193 

0*3380729 

0*3514748 

0*3511995 

0-3509250 

0-3506510 

0-3503777 

673336-17 

686938*47 

700815*54 

714972-96 

729416-37 

13*42 

13-44 

13-46 

13-48 

13-50 


13*52 

13*54 

13*50 

13*58 

13*60 

0*1095465 

0*1094639 

0*1093816 

0*1092994 

0*1092174 

0*1054140 

0*1053408 

0*1052677 

0*1051948 

0*1051221 

0*3378271 

0-3375818 

0-3373371 

0*3370920 

0*3368491 

0*3501051 

0-3498330 

0*3495616 

0*3492909 

0-3490207 

744151-56 

759184-42 

774520*96 

790167*32 

806129*76 

13-52 

13-54 

13-50 

13-58 

13*60 


13*62 

13*68 

13*70 

0*1091356 

0*1090540 

0*1089725 

0*1088912 

0*1088102 

0*1050495 

0*1049770 

0*1049047 

0*1048325 

0*1047605 

0*3366060 

0-3363633 

0*3361212 

0-3358796 

0-3356385 

0-3487512 

0*3484823 

0*3482140 

0-3479403 

0-3476793 

822414*66 

839028*54 

855978-04 

873269-94 

890911*17 

13*62 

lltt 

13-68 

13-70 


13*72 

13*74 

13*76 

13*78 

13*80 

0*1087293 

0*1086485 

0*1085680 

0*1084876 

0*1084074 

0*1046886 

0*1046169 

0 * 10454'53 

0*1044739 

0*1044026 

0-3303980 

0-3351579 

0-3349184 

0-3346794 

0-3344409 

0*3474128 

tltllill 

0*3466172 

0-3463532 

908908*77 

927269*94 

940002*04 

965112*54 

984609*11 

13-72 

13-74 

13-76 

13*78 

13*80 


13*82 

lilt 

13*88 

13*90 

0*1083274 

0*1082476 

0*1081679 

0*1080885 

0*1080092 

0*1043315 

0*1042605 

0*1041896 

0*1041189 

0*1040484 

0*3342029 

0-3339654 

0-3337285 

0-3334920 

0-3332560 

0*3460897 

0*3458269 

0-3455647 

0-3453031 

0*3450420 

1004499*53 

1024791*77 

1045493-94 

1066614*32 

1088161*36 

13*82 

lilt 

13-88 

13-90 


13*92 

13*94 

13*90 

13*98 

14*00 

0*1079300 

0*1078511 

0*1077723 

0*1076937 

0*1076153 

0*1039779 

0*1039077 

0*1038375 

0*1037675 

0*1036977 

0-3330206 

0-3327856 

0*3325511 

0*3323171 

0*3320836 

0*3447816 

0-3445217 

0*3442624 

0-3440037 

0-3437456 

1110143*67 

1132570*06 

1155449-50 

1178791*12 

1202604*28 

13*92 

13-94 

13-96 

13-98 

14*00 


I 


TABLES OE BESSEL ETJITOTIONS 
Table II. Functions of imaginary argument, and e“ 



ero^hix) 


5370 

o-io 7458 o 
0*1073810 
0*1073032 
0*1072256 

0*1071482 

0*1070710 

0*1009939 

0*1060169 

0*1068402 

0*1067636 

0*1060872 

0*106610 


0*1064589 

0*1063831 

0*1063075 

0*1062321 

0*1061568 

0*1060817 

0*1060067 

0*1059319 

0*1058572 

0*1057827 

0*1057084 





0*1056342 

0*1055602 

0*1054863 

0*1054126 

«-i05339i 


0*1052657 

0*1051924 

0*1051193 

0*1050464 

0*1049736 

0*1049009 

0*1048284 

0*1047561 

0*1046839 

0*1046119 


0*1045400 

0*1044682 

0*1043966 

0*1043252 

0*1042539 

0*1041827 

0*1041117 

0*1040408 

0*1039701 

0*1038995 


0*1035584 

0*1034889 

0*1034196 

0*1033505 

0*1032814 

0*1032120 

0*1031438 

0*1030752 

0*1030007 

0*1029384 

0*1028702 

0*1028021 

0*1027342 

0*1026603 

0*1025987 

0*1025311 

0*1024637 

0*1023965 

0*1023293 

0*1022623 

0*1021954 

0*1021287 

0*1020621 

0*1019956 

0*1019292 

0*1018630 

0*1017969 

0*1017309 

0*1016650 

0*1015993 

0*1015337 

0*1014682 

0*1014029 

0*1013377 

0*1012726 

0*1012076 

0*1011428 

0*1010780 

0*1010135 

0*1009490 

0*1008846 

0*1008204 

0*1007563 

0*1006923 

0*1006284 

0*1005647 

0*1005011 

0*1004376 

0*1003742 


0*3318506 

0*3316181 

0*3313861 

0*3311546 

0*3309235 

0*3306930 

0*3304629 

0*3302333 

0*3300042 

0*3297755 

0*3295474 

0*3293197 

0*3290924 

0*3288657 

0*3286394 

0*3284156 

0*3281882 

0*3279633 

0*3277389 

0-3275149 

0*3272914 

0*3270684 


0*3266236 

0*3264019 

0*3261807 

0*3259599 

0*3257396 

0*3255197 

0*3253002 

0*3250812 

0*3248626 

0*3246445 

0*3244268 

0*3242096 

0*3239928 

0*3237764 

0*3235604 

0*3233449 

0*3231298 

0*3229152 

0*3227010 

0*3224872 

0*3222738 

0*3220608 

0*3218483 

0*3216362 

0*3214245 

0*3212132 

0*3210024 


0*3434881 

0*3432311 


0*3427189 

0*3424637 

0*3422090 

0*3419549 

0*3417013 

0*3414484 

0*3411959 

0*3409441 

0*3406927 

0*3404420 

0*3401918 

0*3399421 

0*3396930 


0*3391964 

0*3389489 

0*3387020 

0*3384555 

0*3382097 

0*3379643 

0*3377195 

0*3374752 

0*3372515 

0*3369883 

0*3367455 

0*3365034 

0*3362617 

0*3360206 

0*3357799 

0*3355398 

0*3353002 

0*3350611 

0*3348226 

0*3345845 

0*3343469 

0*3341098 

0*3338733 

0*3336372 

0*3334017 

0*3331666 

0*3329320 

0*3326979 

0*3324644 

0*3322313 

0*3319987 

0*3317665 

0*3315349 


1226898*5 

1251683*5 

1276969*2 

13027657 

1329083*3 

1355932*5 

1383324*2 

1411260*2 

^439278*7 

1408804*2 

1498537*2 

1528809*7 

1559693*7 

1591201*6 

1623346*0 

1656139*7 

1689596*0 

1723728*1 

1758549*7 

1794074*8 

1850317*5 

1867292*4 

1905014*2 

1943498*0 

1982759*3 

2022813*7 

2063677*2 

2105266*2 

2147897*5 

2191287*9 

2235554*8 

2280716*0 

2326789*6 

2373793*8 

2421747*6 

2470670*2 

2520581*0 

2571500*1 

2623447*9 

2676445*1 

2730512*8 

2785672*8 


2899358*3 

2957929*2 

3017683*4 

3078644*6 

3140837*4 

3204286*5 

3269017*4 









TABLES OE BESSEL ITrN0TI03SrS 


713 


Table 11. Functions of imaginary argument, and e® 



c-®Jo(ar) e-^Ii{x) e’^ Ko{x) 


0-1038291 

0-1037588 

0-1036087 

0-1036186 

0-1035488 

0-1034791 

0-1034095 

0-1033400 

0-1032707 

0-1032016 

0-1031325 

0-1030636 

0-1029949 

0-1029203 

0-1028578 

0-1027895 

0-1027213 

0-1026532 

0-1025853 

0-1025175 

0-1024498 

0-1023823 

0-1023149 

0-1022476 

0-1021805 

0-1021135 

0-1020466 

0-1019799 

0-1019133 

0-1018468 

0-1017805 

0-1017143 

0-1016482 

0-1015822' 

0-1015164 

0-1014507 

0-1013851 

0-1013197 

0-1012544 

0-1011892 

0-1011241 

0-1010592 

0-1009944 

0-1009297 

0-1008651 

0-1008007 

0-1007363 

0-1006722 

0-1006081 

0-1005441 


0-099622 
0-0995609 
0-0994991 
0-0994375 

0-0993760 

0-0993146 

0-0992533 

0-0991921 

0-0991310 

0-0990701 

0-0990002 

0-0989485 

0-0988879 

00988274 

0-0987670 

0-0987067 



0-0982877 

0-0982283 

0-0981690 

0-0981097 

0-0980506 

0-0979916 

0-0979328 

0-0978740 

0-0978153 

0-0977567 

0-0976983 

0-0976399 

0-0975816 

0-0975235 

0-0974654 

0-0974075 

0-0973496 


0-3207919 

0-3205819 


0-3201031 

0-3199543 

0-3197459 

0-3195379 

0-3193303 

0-3191231 

0-3189164 

0-3187100 




0-3182985 

0-318^33 

0-3178885 

0-3176841 

0-3174801 

0-3172766 

0-3170734 

0-3168705 

0-3166681 

0-3164661 

0-3162644 

0-3160632 

0-3158623 

0-3156618 

0-3154617 

0-3152619 

0-3150626 

0-3148636 

0-3146650 

0-3144668 

0-3142689 

0-3140714 

0-3138743 

0-3136776 

0-3134812 

0-3132852 

0-3130896 

.0-3128943 

0-3126994 

0-3125049 

0-3123107 

0-3121169 

0-3119235 

0-3117304 

0-3115370 

0-3113453 

0-3111533 

0-3109616 




0*3313037 

0*3310731 

0-3308429 

0-3306132 

0-3303839 

0-3301552 

0-3299269 

0-3296990 


0-329244 

0-3290184 

0-3287924 

0-3285670 

0-3283419 

0-3281174 

0-3278933 

0-3276696 

0-3274464 

0-3272237 

0-3270014 

0-3267796 

0-3265582 

0-3263372 

0-3261168 

0-3258967 

0-3256771 

0-3254580 

0-3252392 

0-3250210 

0-3248031 

0-3245857 

0-3243687 

0-3241522 

0-3239361 

0-3237204 

0-3235052 

0-3232903 

0-3230759 

0-3228620 

0-3226484 

0-3224353 

0-3222226 

0-3220103 

0-3217985 

0-3215870 

0-3213760 

0-3211654 

0-3209552 

0-3207454 

0-3205300 


3335055-9 

3402428-5 

3471162-1 

3541284-2 

3612822-9 

3685806-8 I 
3760265-0 
3836227-4 
391372^4 

3992786-8 

4073446-5 

4155735*0 

4239687-0 

4325334-3 

4412711-9 

4501854-6 

4592798-1 

4685578-8 

.4780233-7 

4876800-9 

4975318-8 

5075826-9 

5178365-4 

.5282975-3 

5389698-5 

5498577-6 

5609656*2 

5722978-8 

5838590-7 

5956538-0 

6076868-1 

6199628-9 

6324869-8 

6452640-6 

6582992-6 


6990062-1 

7131270-7 

7275332-0 












TABLlSlS OF BBSSUt FtrCTOnONS 
Table HI. Frmotions of order one- third 


7 U 



/l/*w 

^ 1/4 W 


aigH;“w 


H 



-r 00 

00 

- 90° 

00 

H 


+ 0-2412455 
+ 0-3038819 

+ 0-3477275 

+ 0-3825227 
+ 0-4117819 

- 3-8181574 

- 2-9641028 

- 2-5398832 

3-8257712 

2-9796989 

2-5695758 

2-2980264 

2-1088503 

- 86° 23' 4^72 

- 84° 8" 47^63 

- 82° 12' 15U0 

- 80° 25' 14*29 

- 78“ 44' 23^54 

5*8973367 

4*5650965 

3-9129445 

3-4996127 

3-2048056 

0-02 

O-OA 

o-o6 

o-o8 

o-io 

0 -I 2 

0-14 

0 >I 6 

o-i8 

0-20 

+ 0-4372223 
+ 0^4598264 
+ 0^4802143 
+ 0-4988049 
+ 0-5158967 

- 1-9140102 
■- 

- 1-5917752 

- 1-5118289 

I ’963313 1 

1-8465050 

1-7499806 

1-0080991 

1*5974279 

- 77“ 7; 57*21 

- 75 ° 34' 51^16 

- 74 4 23*06 

- 72° 36' 3*21 

- 71° 9' 29*88 

2-9795927 

2-7996089 

2-0511003 

2-5256038 

2-4175728 

0-12 

0-14 

0-16 

o-i8 

0-20 

0*22 

0-24 

0*20 

0-28 

0-30 

+ 0-5317088 
+ 0-5464087 
+ 0-5601271 
+ 0-5729677 
+ 6-5850148 

- 1-4405408 

- I *3761 797 

- 1-3174682 

- 1-2634392 

- 1-2133449 

I ’5355364 

1-4800867 

1*4315952 

1-3872889 

1*3470145 

- 44; 26*57 

- 68° 20 40*43 

- 66° 58' 1*36 

- 65° 36^ 20*81 

- 64° 15' 32 -17 

2-3231916 

2-2397331 

2-1651805 

2-0980307 

2-0370894 

0-22 

0-24 

0-26 

0-28 

0-30 

0-32 

0-34 

o«36 

0-38 

0-40 

+ 0*5963375 
+ 0.-6069935 
+ 0-6170312 
+ 0-6264920 
+ 0-6354112 

- 1-1665964 

- 1-1227224 

- 1-0813409 

- 1-0421378 

- 1-0048529 

1 -3101777 
1-2763020 
1-2450002 

1-1888973 

- 62° 55' 20*69 

- 61^ S6 8*57 

- 60° 17' 24*70 

- 58“ 59; 14-57 

- 57 41' 35-13 

1-9814363 

1*9303301 

1-8831600 

1*8394587 

1-7987884 

0-32 

0*34 

0-36 

0-38 

0-40 

0-42 

0-44 

O'io 

0-48 

0-50 

+ 0-6438195 

+ 0-6517435 

+ 0-6592007 
-1- 0-6662297 
+ 0-6728308 

- 0-9692681 

- 0-9351991 

- 0-0024892 

- 0-8710041- 

- 0-8406278 

1-1636083 

1-1398978 

1-1176047 

1-0965902 

1-0767342 

- 56° 24' 23*72 

- 55° 7; 38^01 

- 53 ° 51 15J93 

- 52“ 35 15^65 

- 51° 19' 35-54 

1-7608136 

1-7252429 

1-6918274 

1-6603536 

1 •6306366 

0-42 

0-44 

0-46 

0-48 

0-50 

0*52 

0’54 

0-56 

0*58 

0'6o 

+ 0-6790265 
+ 0-6848313 
+ 0-6902585 
+ 0-6953202 
+ 0-7000271 

- 0-8112601 

- 0-7828134 
~ 0-75521 12 

- 0-7283861 

- 0-7022788 

1*0579319 

1-0400917 

I -0231329 
1-0069839 

0-9915813 

-50° 4; 14*14 

- 48 49' 10*14 

- 47 ° 34' 22*35 

- 46° 19' 49*69 

- 45 ° 5'3i'20 

1-6025156 

1*5758501 

1*5505163 

1-5264049 

1-5034188 

0-52 

0-54 

0-56 

0-58 

o-6o 

0*62 

0-64 

0-66 

P-68 

0-70 

+ 0-7043893 
+ 0-7084159 
+ 0-7I2II52 

+ 0-7154951 

+ 0-7185627 

- 0-6768367 

- 0-6520129 

- 0-6277661 

- 0-6040589 

- 0-5808580 

0-9768685 

0-9627948 

0-9239742 

- 43“ 51' 25^98 

- 42“ 37' 33'23 

- 41° 23; 52*19 

- 40° 10' 22*19 

- 38“ 57' 2*60 

1-4814718 

1-4604863 

1-4403931 

1-4211296 

1-4926393 

0-62 

0-64 

0-66 

0-68 

0-70 

0-72 

0-74 

0-76 

0-78 

0’8o 

+ 0-7213248 
+ 0-7237876 
+ 0-7259570 
+ 0-7278387 
+ 0-7294377 

- 0-5581337 

- 0-5358591 

- 0-5140100 

- 0-4925646 

- 0-4715032 

0-91200 1 
0-9005629 
0-8895054 
0 - 87^453 
0-8685590 

- 35° 18 0*72 

- 34 ° 5 17-40 

- 32 52 42*00 

1-3848710 

1*3677782 

1*3513186 

1*3354533 

1-3201469 

0-72 

0-74 

0-76 

0-78 

o-8o 

0-82 

0-84 

0-86 

0-88 

0-90 

+ 0-7307591 
+ 0-7318076 

+ 0-7325877 

+ 0-7331037 
+ 0-7333598 

- 0-4508080 

- 0-4304628 

- 0-4104530 

- 0-3907653 

- 0-3713877 

0-8586249 

0-8490233 

0-8397359 

0-8307458 

0-8220374 

- 31° 40; 14^12 

- 30 27 53*39 
-29 15 39';47 

- 28° ■ 3' 32*02 

- 26° 51' 30*76 

1*3053670 

1-2910835 

1-2772690 

1-2638979 

1-2509467 

0-82 

0-84 

0-86 

0-88 

0-90 

0-92 

0-94 

0- 96 
0*98 

1- OO 

+ 0-7333600 
+ 0-7331080 
+ 0-7326077 
+ 0-7318627 
+ 0-7308764 

- 0-3523093 

- 0-3335201 
0-3150111 

- 0-2967741 

- 0-278S016 

0-8135962 

0-8054086 

0-7974623 

0-7897454 

0-7822472 

- 25° 39' 35^39 

- 24° 27' 45*66 

- 23° 16' 1*32 

- 22° 4' 22*12 

- 20° 52' 47*84 

1*2383936 

1-2262184 

1-2144022 

1-2029275 

1-1917780 

0-92 

6-94 

0-96 

0- 98 

1- OO 


To compute functions of order -1/3, increase the phase by 60". 
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Table III. Functions of order one-third 


X 



1 H,“ W 1 

arg W 



1*02 

1*04 

1*00 

I *08 
1*10 

+ 0-7296524 
+ 0-7281940 
+ 0-7265045 
+ 0-7245872 
+ 0-7224452 

- 0-2610869 

- 0-2436239 

- 0-2264069 

- 0-2094308 

- 0-1920912 

I'HW 

0-7609657 

0*7542406 

0-7477012 

- 19® 41' i8<29 

- 18® 29' 53*27 

- 17” 18^ 32*58 

- 16“ 7' 16*06 

- 14'’ 56' 3*54 

1*1809384 

1-1703945 

1-1601329 

1-1561411 

1-1404073 


1*12 

\'\t 

1*18 

1*20 

+ 0-7200818 
+ 0-7175000 
+ 0-7147030 
+ 0-7116937 
+ 0-7084752 

- 0-1761839 

- 0-159905 1 

- 0-1438514 

- 0-1280198 

- 0-1124076 

0-7413222 

0-7351026 

0-7290360 

0*7231162 

0-7173372 

- 13“ 44; 54-86 

- 12“ 33 49;87 

- 11° 22' 48*44 

- 10" ii' 50*43 

- 9“ 0' 55*70 

1-1309205 

1-1216703 

1-1126469 

1-1038412 

1*0952444 

1*12 

I'-li 

1-18 

1-20 

1*22 

1*24 

1*26 

1*28 

1*30 

+ 0-7050506 
+ 0-7014229 
+ 0-6975950 

+ 0-6935699 

+ 0-6893506 

- 0*0970123 

- 0-0818317 

- 0-0668639 

- 0-0521072 

- 0-0375600 

0-7116936 

0*7061802 

0-7007921 

0-6955245 

0-6903730 

- 7° 50' 4*15 

- 6 : 39 :i 5;66 

- 5° 28' 30*11 

- 4“ 17' 47-41 

- 3 7 7-45 

1*0868482 

1-0786451 

1-0706275 

1-0627885 

1-0551215 


1*32 

1-34 

1*36 

1-38 

1*40 

+ 0-6849400 
+ 0-6803413 
+ 0-6755573 
+ 0-6705909 
+ 0-6654453 

- 0-0232209 

- 0*0090889 
+ 0*0048372 
+ 0-0185581 
+ 0-0320747 

0-6853336 

0-6804020 

0-6755746 

0*6708477 

0-6662179 

- i'’ 56 ' 3 o'I 4 

- 0° 45' 55*39 
0° 24' 36*88 
1° 35' 6*76 
2° 45' 34-33 

1*0476204 

1*0402790 

.1*0330918 

1*0260535 

1*0191588 

1-32 

I'H 

1-38 

1-40 

1*42 

1*44 

1*46 

1*48 

1*50 

+ 0*6601234 
+ 0-6546281 
+ 0*6489626 
+ 0-6431297 
+ 0-6371326 

+ 0-0453875 
+ 0-0584971 
+ 0*0714038 
+ 0*0841081 
+ 0*0906101 

0*6616819 

0-6572366 

0-6528790 

0-6486062 

0-6444156 

3“ 55! 59;67 
5° b 22*83 

6° 16' 43*91 

7° 27' 2*94 
8° 37' 20*02 

1*0124030 

1*0057813 

0-9992894 

0-9929231 

0-9866783 

1-42 

1-44 

1*46 

1-48 

1-50 

1*52 

1-54 

1*56 

1-58 

1*60 

+ 0-6309743 
+ 0-6246578 
+ 0*6181062 
+ 0*6115625 
+ 0-6047900 

+ 0*1089100 
+ 0*1210079 
+ 0*1329039 
+ 0*1445980 
+ 0-1560900 

0-6403046 

0-6362706 

0*6323113 

0-6284245 

0*6246079 

K 47 ' 35-18 
57 48-50 
12 8 0*02 

13° 18' 9-8i 
14“ 28' 17*91 

0-9805512 

0-9745381 

0*9686354 

0*9628399 

0*9571482 

1*52 

m 

1-58 

1*00 

I *62 
1*64 
1*60 
1*68 
1*70 

+ 0*5978715 
+ 0*5908104 
+ 0*5836096 
+ 0*5762725 
+ 0*5688020 

+ 0-1673799 
+ 0-1784675 
+ 0-1893528 
+ 0*2000354 
+ 0*2105152 

0-6208594 

0-6171771 

0-6135590 

0-6100034 

0*6065083 

15° 38' 24*37 
16° 48' 29*23 
17“ 58' 32*56 
19“ 8' 34^38 
20“ 18' 34*74 

0 - 9515574 ' 

0-9460644 

o- 94 o 6663 

0-9353606 

0*9301444 

1-62 

1*64 

1*66 

1*68 

1*70 

1*72 

1*78 

i*8o 

+ 0*5612014 

+ 0-5534739 
+ 0-5456226 
+ 0*5376509 
+ 0*5295619 

+ 0*2207919 
+ '0*2308653 
+ 0*2407351 
+ 0*2504011 
+ 0-2598629 

0*6030722 

0-5996933 

0-5963702 

0-5931013 

0*5898852 

21° 28' 33*69 
22° 38' 31*26 
23“ 48' 27*48 
58' 22*40 
26° 8' 16*05 

0*9250154 

0-9199712 

0*9150093 

0*9101276 

09053239 

1*72 

V.l 

1*78 

1*80 

1*82 

1*84 

1*80 

1*88 

1*90 

+ 0-5213588 
+ 0-5130449 
+ 0-5046236 
+ 0-4900979 
+ 0-4874713 

+ 0*2691204 
+ 0-2781733 
+ 0-2870212 
+ 0-2956640 
+ 0*3041014 

0*5867204 

0*5830056 

0-5805395 

0*5775209 

0-5745485 

27“ 18' 8*47 

28° 27' 59*08 

29° 37' 49*72 

30° 47; 38*62 
31“ 57' 26*41 

0*9005961 

0*8959^23 

0*8913605 

0*8868489 

0*8824057 

1-82 

1-84 

1*80 

1*88 

1*90 

1*92 

1*94 

1*96 

1*98 

2*00 

+ 0-4787471 
+ 0-4699285 
*■ + 0-4610189 
+ 0-4520215 
+ 0-4429398 

+ 0*3123332 
+ 0*3203591 
+ 0-3281790 

+ 0-3357927 

+ 0-3432000 

0-5716212 

0-5687379 

0-5658974 

0-5630987 

0-5603409 

33 ° 7' *3'*2 
34 ° 10; 58^77 
35 26' 43*39 
30° 36' 27*01 
37 ° 46' 9^65 

0-8780291 

0*8737176 

0*8694694 

0-8652832 

0*8611573 

1*92 

1*94 

1*96 

1*98 

2-00 


J-v» {2‘0o) =0*5603409 X ooa 97" 46' 9*65 = - 0*0757500. 
YZift (2’Oo) =0*5603409 X sin 97° 46' 9*65 = +0*5551971. 
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Ta))le m. Functions of order one-third 


x 

/j/sW 


1 1 

arg 



2-02 

2*04 

2-06 

2 -08 
2-10 

+ 0-4337771 
+ 0*4245367. 

+ 0*4152219 
+ 0*4058363 
+ 0*3963830 

+ 0*3504008 

+ 0-3573949 
+ 0*3641824 
+ 0*3707631 

+ 0*3771371 

0*5576229 

0*5549437 

0*5523025 

0*5496984 

0*5471306 

38° 55; 51 *34 
40° 5' 32^10 

41° 15; 11^95 

42“ 24 50^91 
43 34 29*00 

0*8570902 

0*8530808 

0*8491275 

0*8452290 

0*8413842 

2*02 

2*04 

2*06 

2*08 

2*10 

2*12 

2*14 

2*16 

2*i8 

2*20 

+ 0*3868655 
+ 0*3772872 
+ 0*3676514 
+ 0*3579615 
+ 0*3482210 

.+ 0*3833043 

+ 0*3892647 
+ 0*3950185 
+ 0*4005657 
+, 0*4059065 

0*5445981 

0*5421002 

0*5396362 

0*5372051 

0*5348065 

44“ 44; 6^25 
45“ 53 42^67 
47“ 3' 18^29 
48“ 12' 53^12 
49“ 22' 27^18 

0*8375917 

0*8338505 

0*8301592 

0*8265169 

0*8229225 

2*12 

2*14 

2*16 

2*18 

2*20 

2*22 

2*24 

2*20 

2*28 

2*30 

+ 0*3384331 

+ 0*3286012 
+ 0*3187288 
+ 0*3088193 
+ 0^2988759 

+ 0*4110411 
+ 0*4159096 
+ o* 42 o 6923 
+ 0*4252096 
+ 0*4295216 

0*5324394 

0*5301033 

0*5277974 

0*5255212 

0*5232740 

50° 32' 0^49 
51“ 41' 33^06 
52° 51; 4*91 
54° 0' 36^06 
55° 10' 6?52 

0*8193748 

0*8158730 

0*8124159 

0*8090028 

0*8056325 

2*22 

2*24 

2*26 

2*28 

2*30 

2*32 

2-34 

2*36 

2*38 

2*40 

+ 0*2889021 
+ 0*2789012 
+ 0*2088766 
+ 0*2588316 
+ 0*2487696 

+ 0*4336289 
+ 0*4375318 
+ 0*4412307 
+ 0*4447262 
+ 0*4480187 

0*5210551 

0*5188041 

0*5167002 

0*5145631 

0*5124521 

56° 19' 36^32 
57“ 29 ' 5^46 
58“ 38 33*95 
59° 48' 1 1^81 
00“ 57' 29'*o6 

0*8023043 

0*7990173 

0*7957706 

0*7925634 

0*7893949 

2*32 

tit 

2*38 

2*40 

2*42 

2*44 

2*46 

2*48 

2*50 

+ 0*2386939 
+ 0*2286079 
+ 0*2185149 
+ 0*2084181 
+ 0*1983209 

+ 0*4511090 

+ 0*4539975 

+ 0*4566849 
+ 0*4591720 
+ 0*4614595 

0*5103666 

0*5083063 

0*5062705 

0*5042589 

0*5022709 

62“ 6' 55^70 
63° i6'2I<75 
64“ 25' 47<23 
65“ 35 12?14 
66® 44' 36^50 

0*7862643 

0*7831710 

0*7801140 

0*7770928 

0*7741066 

2*42 

2*44 

2*40 

2*48 

2*50 

2*52 

2*54 

2*56 

2*58 

2*60 

+ 0*1882266 
+ 0*1781384 
+ 0*1680595 

+ 0*1579933 

+ 0*1479429 

+ 0*4635482 
+ 0*4654389 
+ 0*4671325 
+ 0*4686300 
+ 0*4699324 

0*5003061 

0*4983640 

0*4964442 

0*4945402 

0*4926698 

67^54' 0^31 
69 3 23''59 

4 i :35 
71° 22' 8'59 
72® 31' 30^34 

tium 

0*7653515 

0*7624989 

0*7596781 

2*52 

2-54 

2*56 

2-58 

2*00 

2*62 

2*64 

2*66 

2*68 

2*70 

+ 0*1379115 
+ 0*1279023 
+ 0*1179186 
+ 0*1079633 
+ 0*0980398 

+ 0*4710406 
+ 0*4719557 
+ 0*4726788 
+ 0*4732111 
+ 0*4735538 

0*4908144 

0*4889797 

0*4871653 

0-4853708 

0*4835959 

73° 40' 5I«6o 
74® 50' 12^38 
75 ° 59 32^68 
77° 8 52^52 
78® 18' 11^92 

0*7568886 

0*7541297 

0*7514009 

0*7487017 

0*7460315 

2*62 

2*64 

2*66 

2*68 

2*70 

2*72 

2*74 

2*76 

2*78 

2 *8 o 

+ 0*0881509 
+ 0*0783000 
+ 0*0084899 
+ 0*0587238 
+ 0*0490046 

+ 0*4737081 

+ 0*4736754 
+ 0*4734509 

+ 0*4730540 
+ 0*4724682 

0*4818402 

0*4801034 

0*4783851 

0*4766850 

0*4750028 

79° 27' 30^86 
80® 36' 49?37 
81° 46 7*45 
82° 55' 25^11 
84° 4' 42^36 

0*7433898 

0*7407762 

0*7381900 

0*7356309 

0*7330983 

2*72 

2*74 

2*76 

2*78 

2*80 

2*82 

2*84 

2*80 

2*88 

2*90 

+ 0*0393353 
+ 0*0297189 
+ 0*0201583 
+ 0*0106564 

+ 0 * 00 I 2 I 6 I 

+ 0*4717009 
+ 0*4707557 
+ 0*4696281 
+ 0*4683256 
+ 0*4660480 

0*4733382 

0 * 47 i 6909 

0*4700605 

0*4684469 

0*4660496 

85° 13; 59*21 
86® 23' 15I66 
87° 32' 31^72 
88® 41' 47?39 

89“ 51' 2?89 

0*7305919 

0*7281111 

0*7256555 

0*7232247 

0*7208183 

2*82 

2*84 

2*80 

2*88 

2*90 

2*92 

2*94 

2*96 

2*98 

3*00 

- 0*0081598 

- 0*0174685 

- 0*0267073 

- 0*0358735 

- 0*0449638 

+ 0*4651970 
+ 0*4633741 
+ 0*4613813 
+ 0*4592203 
+ 0*4568930 

0*4652685 

0*4637033 

0*4621537 

0*4606194 

0*4591002 

91° 0; 17^63 
92® g' 32*20 

93° 18' 46^41 

94® 28' 0*28 
95 ° 37' I3'8i 

0*7184359 

0*7160770 

0*7137413 

0*7114285 

0*7091381 

2*92 

2*94 

2*96 

2*98 

3*00 


To compute funotiona of order - 1/3, inoreaee the phase by 6o“. 
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X 



1 1 

aJg 

^^Kiisix) 

X 

3-02 

3-04 

3-06 

3-08 

3-10 

- 0-0539763 

- 0-0629080 

- 0-0717564 

- 0-0805188 

- 0-0891928 

+ 0-4544013 

+ 0-4517471 

+ 0-4489323 

+ 0-4459590 

+ 0-4428292 

0-4575959 

0-4561061 

0-4546308 

0-4531696 

0-4517223 

96“ 46' 26^99 
97“ 55; 39 j 8 ^ 

.99“ 4 52^38 
100° 14 4'59 
101“ 23' i6'49 

0-7068697 

0-7046231 

0-7023978 

0-7001936 

0-6980101 

3-02 

3-04 

3-06 

3-o8 

3-10 

3-12 

3-14 

3-i6 

3 *i 8 

3-20 

- 0-0977759 

- 0-1062656 

- 0-1146595 

- 0-1229552 

- 0-1311505 

+ 0-4395451 

+ 0-4361086 
+ 0-4325221 
+ 0-4287877 
+ 0-4249076 

0-4502888 

0-4488687 

0-4474619 

0-4460682 

0-4446874 

102® 32' 28'o8 
103® 41; 39-37 
10^® 50 50^36 
106® 0' i'05 
107® 9' 11^6 

0-6958470 

0-6937040 

0-6015807 

0-6894769 

0-6873922 

3-12 

3-14 

3-16 

3-i8 

3'20 

3*22 

3 - 24 ' 

3-26 

3-28 

3*30 

- 0-1392429 

- 0-1472303 

- 0 -I 55 II 05 

- 0-1628813 

- 0-1705405 

+ 0-4208840 

+ 0-4167194 
+ 0-4124159 

+ 0-4079761 
+ 0-4034022 

0-4433192 

0-4419636 

0-4406202 

0-4392890 

0-4379697 

108® 18' 2i'f58 
109° 27; 31 -42 
110® 36' 40 ''99 
111“ 45' 50^29 

1 12® 54' 59-32 

0-6853264 

0-6832792 

0-6812503 

0-6792394 

0-6772463 

3-22 

3-24 

3-26 

^28 

3-30 

3*32 

3-34 

3-30 

3-38 

3-40 

- 0-1780862 

- 0-1855162 

- 0-1928286 

- 0-2000215 

- 0-2070929 

+ 0-3986968 
+ 0-3938622 
+ 0-3889010 
+ 0-3838156 
+ 0-3786087 

0-4366621 

0-4353661 

0-4340816 

0-4328083 

0-4315461 

114® 4' 8^09 
115® 13'i6^6i 
116® 22' 24*87 
117° 31' 32*89 

118° 40' 40*66 

0-6752708 

0-6733124 

0-6713711 

0-6694465 

0-6675385 

3-32 

3-34 

3-30 

3*38 

3-40 

3-42 

m 

3-48 

3-50 

- 0-2140411 

- 0-2208042 

- 0-2275605 

- 0-2341283 

- 0-2405659 

+ 0-3732827 
+ 0-3678404 
+ 0-3622843 

4 - 0-3566170 
'+ 0-3508413 

0-4302948 

0-4290543 

0-4278244 

0-4266049 

0-4253958 

119® 49' 48«19 
120® 58' 55-48 
122® 8' 2?54 
123° 1/ 9 l 37 
124° 26' 15*97 

0-6656467 

0-6637710 

0-6619111 

0-6600668 

0-6582379 

3‘42 

3-44 

3-46 

3-48 

3’50 

3*52 

3-54 

3-50 

3’58 

3-60 

- 0-2468718 

- 0-2530444 

- 0-2590821 

- 0-2649836 

- 0-2707474 

-1- 0-3449599 
0-3389754 

+ 0-3328906 
+ 0-3267083 
+ 0-3204313 

0-4241969 

0-4230080 

0-4218290 

0-4206598 

0-4195001 

125“ 35' 22^35 
126° 44 28-51 
127° 53; 34-46 

129° 2^40-19 
130® 11' 45^72 

0-6564241 

0-6546254 

0-6528413 

0-6510719 

0-64931^8 

3'52 

3-54 

3'56 

3-58 

3-60 

3-62 

Pd 

3-68 

3-70 

- 0-2763722 

- 0-2818568 

- 0-2871997 

- 0-2924000 

- 0-2974564 

+ 0-3140623 
+ 0-3076042 
+ 0-3010598 
+ 0-2944320 
+ 0-2877236 

0-4183500 

0-4172093 

0-4160778 

0-4149554 

0-4138420 

131° 20' 51*03 
132° 29' 56*15 
133® 39' I '06 
134° 48' 5;78 
135° 57 io '30 

0-6475758 

0-6458489 

0-6441357 

0-6424361 

0-6407500 

3-62 

i'-eS 

3-68 

3.70 

3.72 

3-74 

3.76 

3-78 

3-8o 

- 0-3023678 

- 0-3071333 

- 0-3117518 

- 0-3162224 

- 0-3205442 

+ 0-2809376 
+ 0-2740767 

4 0-2671440 
+ 0-2601423 
+ 0-2530746 

0-4127375 

0-4116417 

0-4105546 

0-40947O0 

0-4084058 

137® 6' 14*63 
138® 15' 18^78 
139° 24' 22^73 
140° 33 ' 26^51 
141® 42' 30^10 

0-6390771 

0-6374173 

0-6357703 

0-6341362 

0-6325146 

372 

374 

3.76 

■378 

3-80 

3-82 

Pt 

- 0-3247164 

- 0-3287383 

- 0-3326092 

+ 0-2459438 

+ 0-2387529 
+ 0-2315048 

0-4073440 

0-40D290A 

0-4052448 

142° 51' 33\'52 
^44° 0' 36-76 
145 9 39*83 

146° 18' 42*72 
147° 27' 45*45 

0-6309054 
0-6293085 
0-6277236 
0-6261 508 

3-82 

3-84 

3-86 

3-88 

^88 

3.90 

- 0-3363283 

- 0-3398952 

+ 0-2242025 
+ 0-2168489 

0-4042073 

0-4031776 

0-6245897 

3-90 

3-92 

3-94 

3.96 

3- 98 

4- 00 

- 0-3433091 

- 0-3465698 

- 0-3496766 

- 0-3526292 

- 0-3554274 

+ 0-2094471 
+ 0-2020000 
+ 0-1945106 
+ 0-1869819 
-h 0-1794168 

0-4021558 

0-4011416 

0-4001351 

0-3991361 

0-3981444 

148° 36' 48*01 

149° 45' 50-41 
150° 54 52-65 
152° 3 54-73 
1-53° 12' 56^65 

0-6230403 

0-6215023 

0-6199758 

0-6184605 

0-6169562 

3-92 

3-94 

3-96 

3- 98 

4- 00 


J-m (4-00) =0-3981444 X cos 213“ 12; 56^65 - 

F_1/3 {4-00) =0-3981444 81“ 213 12 56''65.- 


- 0-3330932- 

-0-2181008. 
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X 

/i/sW 


l»>)l 


^■^ 1/3 W 

X 

4-02 

4-04 

4-06 

4-08 

4-10 

- 0-3580707 

- 0-3605591 

- 0-3628923 

- 0-3650702 

- 0-3670927 

+ 0-1718183 
+ 0-1641895 
+ 0-1505333 
+ 0-1488527 
+ 0-1411506 

0-3971601 

0-3901831 

0-3952132 

0-3942503 

0-3932945 

154° 21' 5842 

155° 31' o?04 

156'’ 40' iY5i 
157 “. 4 q' 2^83 
158“ 58' 4iroo 

0-6154630 

0-6139805 

0-6125087 

0-6110475 

0-6095967 

4*02 

4*04 

4-06 

4-08 

4-10 

4-12 
4 - 14 
4*i6 
4-18 
4'20 

- 0-3689599 

- 0-3706718 

- 0-3722285 

- 0-3736302 

- 0-3748770 

+ 0-1334301 
+ 0-1256940 

+ 0-1179455 

+ 0-1101873 
+ 0-IQ24224 

0-3923455 

0-3914034 

0-3904679 

0-3895391 

0-3886169 

160“ 7' 5^03 
161° i6' 51:91 
162° 25' 6'66 
163° 34' 7'26 
164 43 7'73 

0-6081563 

0-6067260 

0-6053058 

0-6038956 

0-6024952 

4-12 

4-14 

4*16 

4-18 

4-20 

4’22 

4-24 

4-26 

4-28 

4-30 

- 0-3759693 

- 0-3769073 

- 0-3776914 

- 0-3783220 
-0-3787997 

+ 0-0946539 
+ 0-0808845 
+ 0-0791172 
+ 0-0713550 
+ 0-0630006 

Q-3877012 
0-3867919 
0-3858890 
0-3849923 
0-384101 8 

165° 52' 81:07 
167° 1' 8?27 
168“ 10' 8^34 
169° 19' 8*28 
170° 28'. 8?09 

0-6011045 

0-5997234 

0-5983518 

0-5969897 

O-595636S 

4-22 

4-24 

4-26 

4-28 

4-30 

4’32 

4-34 

4-30 

4-38 

4-40 

- 0-3791248 

- 0-3792981 

- 0-3793201 

- 0-3791916 

- 0-3789131 

+ 0-0558570 
+ 0-0481270 
+ 0-0404134 
+ 0-0327191 
+ 0-0250469 

0-3832175 

0-3823392 

0-3814669 

0-3806006 

0-3797400 

171“ 37' 7^78 
172“ 46' 7?34 
173“ 55' 6^78 
175“ 4' 6710 
176° 13' 5729 

0-5942930 

0-5929584 

0-5916327 

0-5903159 

0-5890079 

4-32 

4-34 

4-36 

4-38 

4-40 

4-42 

4-44 

4-46 

4*48 

4-50 

- 0-3784856 

- 0-3779098 

- 0-3771866 

- 0-3763170 

- 0-3753019 

+ 0-0173995 
+ 0-0097798 
+ 0-0021904 

- 0-0053659 

- 0-0128864 

0-3788853 

0-3780363 

0-3771930 

0-3703553 

0-3755231 

177° 22' 4737 
178° 31; 3^33 
179 40 27 l 8 
180° 49' 0791 
181“ 57 ' 59-52 

0-5877086 

.0-5864178 

0-5851356 

0-5838617 

0-5825961 

4-42 

4-44 

4-46 

4-48 

4-50 

4-52 

4-54 

4-50 

4*58 

4 -6 o 

- 0-3741423 

- 0-3728394 

- 0 - 37 I 394 I 

- 0-3698078 

- 0-3680815 

- 0-0203684 

- 0-0278093 

- 0-0352065 

- 0-0425573 

- 0-0498592 

0-3746963 

0-3738750 

0-3730591 

0-3722485 

0-3714431 

183® 6' 58703 

^4 54-72 

186 33' 52790 

187 42' 50797 

0-5813387 

0-5800895 

0-5788483 

0-5776151 

0-5703897 

4-52 

4-54 

4-50 

4-58 

4-60 

4-62 

4-64 

4-60 

4-68 

470 

- 0-3662167 

- 0-3642144 

- 0-3620762 

- 0-3598033 

- 0-3573972 

- 0-0571096 

- 0-0643061 

- 0-0714460 

- 0-0785270 

- 0-0S55466 

0-3706429 

0-3698478 

0*3690578 

0-3682729 

0-3674929 

188° 51' 48794 
190° q' 46781 
191° 9 ' 44'58 
192° 18' 427^4 
193® 27' 39?8i 

0-5751721 

0-5739622 

0-5727599 

0-5715652 

0-5703779 

4-62 

4-64 

4-66 

4-68 

4-70 

472 

474 

476 

478 

4*00 

- 0-3548595 

- 0-3521915 

- 0-3493949 

- 0-3464712 

- 0-3434221 

^ 0-0925024 

- 0-0993921 

- 0-1062133 

- 0-1129637 

- 0-1196411 

0-3667178 

0-3659476 

0-3651822 

0-3644216 

0-3636657 

194 ^ 36; 37-27 
195° 45 34-64 

196“ 54 31-91 

198° 3^29709 
199° 12 ' 26717 

0-5691980 

0-5680255 

0-5668601 

0-5657019 

0-5645508 

4-72 

4-74 

4-76 

4-78 

4-80 

4-82 

4-88 

4*90 

- 0-3402493 

- 0-3369544 

- 0-3335393 

- 0-3300057 

- 0-3263554 

- 0-1262432 

- 0-1327677 

- 0-1392127 
-0-1455758 

- 0-1518551 

0-3629145 

0-3621679 

0-36142^ 

0-3606883 

0-3599553 

200° 21' 23716 
201° 30' 2 o 7 o 6 
202° 39' 16787 
203° 48; 13758 
204° 57' 10721 

0-5634067 

0-5622696 

0-5611393 

0-5600158 

0-5588991 

4-82 

Jit 

4-88 

4-90 

4-92 

4*94 

4-90 

4- 98 

5- 00 

- 0-3225903 

- 0-3187124 

- 0-3147234 

- 0-3106254 

- 0-3064205 

- 0-1580485 

- 0-1641539 

- 0-1701695 

- 0-1760932 

- 0-1819232 

0-3592267 

0-3585026 

0-3577827 

0*3570672 

0-3563559 

206° 6 ' 677 c 

207 ° 15' 3^21 

208° 23' 59158 
209° 32' 55786 
210 ° 4 I' 527 o 6 

0-5577^90 

0-5560856 

0-5555886 

0-5544982 

0-5534141 

4-92 

4-94 

4-96 

4- 98 

5- 00 


To compute functions of order -1/3, increase the phase by 60®. 
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Table III. Functions of order one- third 


J II 




Hjj’W 


arg Hj/aW 


e^Kiiiix) 



0-3021105 

0-2976976 

0-2931838 

0-2885714 

0-2838623 

0-2790589 
0-2741632; 
0-2091776 

0-2589454 - 

0-2537034 - 

0-2483807 
0-2429794 - 

0-2375020 
0-2319509 - 

0-2263285 
0-2206371 
0-2148793 - 

0-2090575 - 

0-2031741 

0-1972317 - 

0-1912327 

0-1851797 - 

0-1790751 

0-1729216 

0-1667216 

0-1604777 

0-1541924 

0-1478684 

0-1415082 

0-1351143 
0-1286894 - 

0-1222361 

■ 0-1157569 

■ 0-1092543 

• 0-1027311 

- 0-0961898 

- 0-0896330 

- 0-0830632 

- 0-0764830 

- 0-0698951 

- 0-0633019 

- 0-0567061 

- 0-0501102 

- 0-0435167 

- 0-0369283 

- 0-0303473 

- 0-0237764 

- 0-0172181 

- 0-0106747 


-0-1876576 0-3556489 211® 50' 48*18 0-5523364 

-0-1932947 0-3549460 212® 59' 44^22 0-5512650 

_ S-lilp 214: 8 40 17 9-550I99| 

- 0-2042696 0-3535527 215” 17 36;05 o-549;4o8 

-0-2096041 0-3528621 216® 26 31-84 0-5480878 


0-2148343 

0-2199588 

0-2249760 

0-2298843 

0-2346822 

0-2393685 

0-2439417 

0-2484004 

0-2527435 

0-2569696 

0-2610776 

0-2650604 

0-2689349 

■ 0-2726820 
• 0-2763068 

■ 0-2798083 

■ 0-2831855 

- 0-2864378 

- 0-2895642 

- 0-2925640 

- 0-2954366 

- 0-2981813 

- 0-3007974 

- 0-3032845 

- 0-3056420 

- 0-3078695 

- 0-3099667 

- 0-3119330 

- 0-3137683 

- 0-3154723 


0-3104057 

0-3197948 

0-3209721 

0-3220176 

0-3229313 

0-3237134 

0-3243639 

0-3248832 

0-3252714 

0-3255288 

0-3256557' 

0-3256526 

0-3255199 

0-3252580 


0-3521756 

0-3514930 

0-3508144 

0-3501397 

0-3494688 

0-3488018 

0-3481386 


0-3468234 

0-3461714 

0-3455230 

0-3448782 

0-3442370 

0-3435994 

0-3429653 

0-3423346 

0-3417075 

0-3410837 

0-3404634 

0-3398464 

0-3392328 

0-3386224 


0-3368109 

0-3362135 

0-3356193 

0-3350282 

0-3344401 

0-3338552 

0-3332733 




0-3321186 


217“ 35' 27-56 
218 44 23-20 

219° 53' 18-76 

221° 14-25 

222® 11' 9’^67 

223® 20' 5-01 
224® 29' 0^27 
225° 37' 55-46 
226® 46' 50-59 
227® 55' 45-64 

229® 4' 40^62 
230° 13' 35-53 
231° 22 30-37 
232° 31; 25';I4 
233® 40' 19-85 

234“ 49' 1 4 -49 
235“ 58 9-07 

^32“ 7 3;58 
238® 15' 58^02 
239° 24' 52^0 

240° 33' 46-72 
241° 42 40 97 

242°51 35 ;i 6 
244° o' 29-30 
245° 9' 23-37 

246° 18' 17'38 


249° 44; 59-06 

250" 53 52-84 

252° 2' 46-56 
253° 11' 40*22 
254° 2 o' 33;83 
255° 29 27-38 
256® 38' 20^88 

257° 47', 14-33 
258° 5b' 7*72 
260® 5' 1*06 
261® 13' 54-34 
262° 22' 47-57 


0-5470410 

0-5460001 

0-5449651 

0-5439360 

0-5429127 

0-5418952 

0-5408834 


0-3205194 

0-3259749 

0-3254331 


o-537Bai 

0-5368923 

0-5359082 

0-5349296 

0-5339563 

0-5329883 

0-5320256 

0-5310681 

0-5301157 

0-5291685 

0-5282263 


0-5203570 

0-5254298 

0-5245074 

0-5235899 


0-5208661 

0-5199676 

0-5190737 

0-5181844 

0-5172997 

0-5164195 

0-5155438 

0-5146725 

0-5138056 

0-5129432 

0-5120850 

0-5112312 

0-5103816 

0-5095362 

0-5086951 

o- 5078’58 i 


7' 12*96 


T , ^6-oo) =o-w>54^^l xoos 328® 7' 12^96= •i-0-2763443* 
r:i;:(6-S)=o.yf33X 328®7'I2?96= -0-1718736- 


OOOv^ M 
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Table HE. Functions of order 'on^-third 


' • X 

Jmi ^) 


1 1 


ePK ,„{ x ) 

B 

6-02 

6-04 

6-o6 

6-o8 

6'io 

- 0 ' 004 i 49 o 

+ 0*0023568 
+ 0*0088402 
+ 0*0152987 
+ 0*0217298 

- 0*3248675 

- 0*3243490 

- 0*3237031 * 

- 0-3229304 

- 0*3220317 

0*3248940 

0*3243576 

0*3238238 

0*3232926 

0*3227640 

269“ 16' 5^89 
270° 24' 58W7 
271^33 51^60 
272“ 42 44-39 

273 51 37-12 

0-5053717 

0-5045509 

0-5037342 

0*5029215 

0*5021126 

6*02 

6*04 

6*00 

6*08 

6*10 

6-12 

6-14 

6-iS 

6'i8 

6’20 

+ 0*0281313 
+ 0*0345007 
+ 0*0408356 
+ 0*0471337 
+ 0*0533927 

- 0*3210077 

- 0*3108593 

- 0*3185872 

- 0*3171924 

- 0*3156758 

0*3222380 

0*3217146 

0*3211936 

0*3206753 

0*3201594 

275“ 0' 29*81 
276“ 9' 22*46 
277“ 18' 15*05 
270® 27' 7*60 
279*30' 0*11 

0*5013077 

0*5005066 

0-4997094 

0*4989160 

0*4981263 

6*12 

6*14 

6-16 

6*18 

6-20 

6*22 

6-24 

6-20 

6-28 

6*30 

+ 0*0596103 
+ 0*0657842 
+ 0*0719122 
+ 0*0779920 
+ 0*0840213 

- 0*3140384 

- 0*3122813 

- 0*3104053 

- 0*3084118 

- 0*3063018 

0*3196460 
0*3191350 
• 0*3186265 
0*3181204 
0*3176167 

280® 44; 52*57 
281*53 44-99 
283* 2^37*36 
284® 11' 29*69 
285° 20' 21*98 

0*4973404 

0-4965582 

0-4957796 

0-4950048 

0-4942335 

6*22 

6*24 

6*26 

6*28 

6-30 

6-32 

t-U 

6-38 

6*40 

+ 0*0899981 
+ 0*0959202 
+ 0*1017854 
+ 0*1075917 
+ 0*1133370 

- 0*3040764 

- 0*3017371 

- 0*2992849 

- 0*2967212 

- 0*2940474 

0*3171154 

0*3166164 

0*3161198 

0-3156255 

0*315^335 

286° 29' 14*22 
287® 38' 0*42 
280° 46' 58*58 

289° 55; 50-70 

291° 4' 42*77 

0-4934659 

0*4927018 

0*4919413 

0*4911843 

0*4904308 

6-32 

tu 

6*38 

6*40 

6'42 

6*48 

6*50 

+ 0*1190192 
+ 0*1246363 
+ 0*1301863 
+ 0*1356673 
+ 0*1410775 

- 0*2912648 

- 0*2883748 

- 0*2853790 

- 0*2822787 
■ - 0*27907.56 

0*3146438 

0*3141564 

0-3136712 

0*3131883 

0*3127076 

292® 13' 34*80 
293° 22' 26*80 
294° 31' 18*75 
295® 40 10*67 
296° 49' 2*54 

0*4896807 

0-4889341 

0*4881909 

0*4874510 

0*4867145 

6*42 

6*48 

6*50 

6*52 

6-54 

6-56 

6*58 

6-00 

+ 0*1464147 
+ 0*1516774 
+ 0*1568635 
+ 0*1619714 
+ 0*1669992 

- 0*2757711 

- 0*2723669 

- 0*2080647 

- 0*2652659 

- 0*2615725 

0*3122291 

0*3117527 

0*3112786 

0*3108066 

0*3103367 

297° 57; 54^38 

299® 6 46*18 
300® 15; 37*94 
301® 24' 29*66 
302° 33' 21*34 

0*4859814 

0*4852510 

0*4845250 

0*4838017 

0*4830817 

6*52 

tit 

6*58 

6*60 

6*62 

6'64 

6-66 

6-68 

6*70 

+ 0-1719453 

+ 0*1768080 
+ 0*1815856 
+ 0*1862766 
+ 0*1908793 

- 0*2577860 

- 0*2539082 

- 0*2499409 

- 0*2458860 

- 0*2417452 

0*3098690 

0*3094033 

0-3089398 

0*3084783 

0*3080189 

303° 42' 12*98 
304° 51 4-59 

305* 59' 50*16 
307° 8' 47*70 
308° 17' 39*20 

0*4823648 

0*4810511 

0*4809406 

0*4802333 

0-4795290 

6*62 

6*64 

6*66 

6*68 

6*70 

6-72 

6-78 

6-8o 

+ 0*1953922 
+ 0*1998139 
+ 0*2041429 
+ 0*2083778 
+ 0*2125171 

- 0*2375205 

- 0*2332136 

- 0*2288267 

- 0*2243615 

- 0*21^201 

0*3075615 

0*3071062 

0*3006528 

0*3062015 

0-3057522 

309® 26' 30*66 
310° 35' 22*08 
311° 44' 13*47 
312“ 53 4*83 

314® 1' 56*15 

0*4788279 

0*4781298 

0-4774347 

0*4767427 

0-4760537 

6*7! 

tu 

6*78 

6*8o 

6-82 

6-84 

6-86 

6-88 

6-90 

+ 0*2165596 
+ 0*2205041 
+ 0*2243491 
+ 0*2280935 
+ 0*2317362 

- 0*2152044 

- 0*2105105 

- 0*2057584 

- 0*2009321 

- 0*1960398 

0-3053048 

0-3048593 

0*3044159 

0-3039743 

0-3035347 

315“ 10; 47*44 
316° 19' 38*70 
317® 28' 29*92. 
318° 37' 21*11 
319® 46' 12*26 

0-4753677 

0*4746846 

0*4740045 

0-4733273 

0*4726530 

6*82 

6*84 

6*86 

6*88' 

6*90 

6*92 

6-94 

6-96 

6-98 

7*00 

+ 0*2352760 
+ 0!2387Ii8 
+ 0*2420426 
+ 0*2452074 
+ 0*2483853 

- 0*1910836 

- 0*1860655 

- 0*1809877 

- 0*1758524 

- 0*1706616 

0-3030969 

0*3026610 

0*3022271 

0*3017949 

0*3013646 

320® 55' 3*38 
322“ 3 54-47 
323° 12' 45*52 
324° 21' 36*55 
325® 30' 27*54 

0*4719815 

0*4713130 

0*4706472 

0*4699843 

0*4693242 



To compute ftmotioua of order - 1/3, increaae the phase by 60°. 
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Table in. Functions of order one-third 


X 

Jvai^) 


1 1 

ajg (^) 


X 

7*02 

7-04 

7-00 

7-08 

7-10 

+ 0-2513952 
+ 0-2542964 
+ 0-2570881 
+ 0-2597694 
+ 0-2623395 

- 0-1654177 

- 0-1601228 

; 

- 0-1439541 

0-3009362 

0-3005095 

0-3000847 

0-2996617 

0-2992404 

326° 39' 18^^50 
327° 48; 9^42 
328 “ 57 0^32 
330“ 5 5 i;i 9 
331® 14' 42^03 

0-4686668 

0-4680122 

0-4673604 

0-4667113 

0-4660648 


7-12 

7-14 

7-16 

7-18 

7-20 

+ 0-2647979 
+ 0-2671439 
+ 0-2693769 
+ 0-2714962 
+ 0-2735015 

- 0-1384774 

- 0-1329609 

- 0-1274068 

- 0-1218174 

- 0-1161950 

0-2988209 

0-2984032 

0-2979872 

0-2975730 

0-2971604 

332° 23' 32;^83 
333^32 23«6i 

334“ 41 14:36 

335 ° 50 5^07 

336° 58' 55-76 

0-4654211 

0-4647800 

0-4641415 

0-4635057 

0-4628725 

7-12 

7-14 

7-16 

7-18 

7-20 

7-22 

7-24 

7-26 

7-28 

7-30 

+ 0-2753921 
+ 0-2771678 
+ 0-2788201 
+ 0-2803727 
+ 0-2818013 

- 0-1105419 

- 0-1048604 

- 0-0991527 

- 0-0934213 

- 0-0876683 

0-2967496 

0-2963405 

0-2959330 

0-2955273 

0-2951232 

338° 7 ' 46-42 
339 ° 16 37:05 
340“ 25' 27^65 

' 341° 34; i 8<22 

342° 43 81^77 

0-4622419 

0-4616138 

0-4609884 

0-4603654 

0-4597450 

7-22 

7-.24 

7-26 

7-28 

7-30 

7-32 

7-34 

7-30 

7-38 

7-40 

+ 0-2831136 
+ 0-2843096 
+ 0-2853889 
+ 0-2863516 
+ (^-2871974 

- 0-0818961 

- 0-0761070 

- 0-0703033 

- 0-0644874 

- 0-0580615 

0-2947207 

0-2943199 

0-2939207 

0-2935231 

0-2931272 

343 ° 51' 59:28 

345 ° 0 49*77 
346° 9 40*23 
347° 18' 30^66 
348 27' 21*07 

0-4591271 

0-4585116 

0-4578986 

0-4572881 

0-4566801 

7-32 

7-38 

7-40 

7-42 

7-44 

7-48 

7'50 

+ 0-2879266 
+ 0-2885390 
+ 0-2890347 
+ 0-2894138 
+ 0-2896766 

- 0-0528279 

- 0-0469890 

- 0-0411470 

- 0-0353042 

- 0-0294630 

0-2927328 

0-2923400 

0-2919488 

0-2915592 

0-2911711 

349 ° 36; 11-45 
350° 45' i<8o 

351° 53; 52^12 
353 ° 2 42:42 
354° n' 32^70 , 

0-4560744 

0-4554712 

0-4548703 

0-4542718 

0-4536757 

7-42 

7-44 

7-46 

7-48 

7’50 

7'52 

7-54 

7-56 

7-58 

7-60 

+ 0-2898232 
+ 0-2898538 
+ o- 2897(»89 
+ 0-2895686 
+ 0-2892534 

- 0-0236256 

- 0-0177943 

- 0-0119713 

- 0-0061589 

- 0-0003594 

0-2907845 

0-2903995 

0-2900160 

0-2896341 

0-2892536 

355® 20' 22^95 
356® 29; 13^17 
357 ° 38 3-37 

358° 46 53-54 
359 ° 55 43-69 

0-4530819 

0-4524905 

0-4519013 

0-4513145 

0-4507299 

7-52 

7-54 

7-56 

7-58 

7-60 

7-62 

7-68 

7.70 

+ 0-2888237 
+ 0-2882799 
+ 0-2876227 
+ 0-2868525 
+ 0-2859699 

+ 0-0054250 
+ 0-0111920 
+ 0-0169396 
+ 0-0226654 
+ 0-0283672 

0-2888746 

0-2884971 

0-2881211 

0-2877465 

0-2873734 

361® 4' 33I81 
362® I3'23''9i 
363° 22' 13I98 
364° 31' 4^03 
365 39' 54-05 

0-4501476 

0-4495676 

0-4489898 

0-4484142 

0-4478408 

7-62 

7-68 

7-70 

7.72 

7-74 

7-76 

7-78 

7-80 

+ 0-2849756 
+ 0-2838702 
+ 0-2826545 
+ 0-2813292 
+ 0-2798952 

+ 0-0340430 
+ 0-0396905 
+ 0-0453076 
+ 0-0508922 
+ 0-0564422 

0-2870018 

0-2806315 

0-2862627 

0-2858954 

0-2855294 

366® 48' 44?05 
367° 57' 34-03 
369° 6' 23-98 
370® 15' i 3 ? 9 i 
371® 24' 3^82 

0-4472697 

0-4467007 

0-4461339 

0-4455692 

0-4450067 

7-72 

7-74 

7.76 

7-78 

7-80 

7-82 

7-88 

7.90 

+ 0-2783532 
+ 0-2767042 
+ 0-2749490 
+ 0-2730886 
+ 0-2711241 

+ 0-0619554 
+ 0-0674298 
+ 0-0728635 
+ 0-0782542 
+ 0-0836001 

0-2851648 

0-2848017 

0-2844399 

0-2840794 

0-2837204 

372° 32' 53-70 
373 ° 41 43\56 
374 ° 50, 33-40 
375° 59 231:22 
377° 8' 13^01 

0-4444463 

0-4438880 

0-4433318 

0-44277*77 

0-4422257 

7-82 

T,tl 

7-88 

7-90 

7.92 

7-94 

7-96 

7- 98 

8- 00 

+ 0-2690564 
+• 0-2668867 
+ 0-2646159 
+ 0-2622454 
+ 0-2597762 

+ 0-0888991 
+ 0-0941493 
+ 0-0993488 
+ 0-1044956 
+ 0-1095878 

0-2833627 

0-2830063 

0-2826513 

0-2822976 

0-2819453 

378° 17', 2*78 
379° 25; 52153 
380° 34 42-25 
381 ° 43 31 '96 
382® 52' 21 164 

0-4416757 

0-4411278 

0-4405819 

0-4400381 

0-4394962 



J-iia {8- oo )=0'28 i 9453 x cos 442“ 52' 21^64= +0-0349823. 

T_iit (8-00) =0-2819453 X sin 442" 52' 21^64= +0-2797667. 

W. B. P. 46 
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Table IH. Bhmotioiis of order one-third 


X 



1 1 


^K,„{x) 

— 

X 

8*02 

8-04 

8-oS 

8-o8 

8-10 

8*^12 

8*14. 

8*i6 

8*i8 

8'20 

8*22 

8*24 

8-25 

8*28 

8-30 

8^32 

iu 

8-38 

8'40 

8*42 

8*48 

8-50 

8*52 

lit 

8'58 

8 '6 o 

8-62 

8-64 

8-66 

8-68 

8-70 

8*72 

8.78 

8-8o 

8-82 

8-84 

8-86 

8-88 

8-90 

8-92 

8-98 

9*00 

+ 0-2572095 
+ 0-2545467 
+ 0-2517890 
+ 0-2489377 
+ 0-2459942 

+ 0-2429598 
+ 0-2398360 
+ 0-2366242 
+ 0-2333259 
+ 0-2299425 

+ 0-2264758 
+ 0-2229271 
+ 0-2192981 
+ 0-2155904 
+ 0-2118057 

+ 0-2079456 
+ 0-2040118 
+ 0-2000061 
+ 0-1959301 
+ 0-1917857 

+ 0-18757^7 
+ 0-1832989 
+ 0-1789600 
+ 0-1745601 
+ 0-1701008 , 

+ 0-1655842 
+ o-i6roi2i 
+ 0-1563865 
+ 0-1517^3 
+ 0-1469824 

+ 0-1422079 
+ 0-1373878 
+ 0-1325240 
+ 0-1276185 
+ 0-1226734 

+ 0-1176907 
+ 0-1126725 
+ 0-1076208 
+ 0-1025377 
+ 0-0974252 

+ 0-0922855 
+ 0-0871206 
+ 0-0819327 
+ 0-0767237 
-t- 0-0714958 

+ 0-0662512 
+ 0-0609918 

+ 0*0557199 

+ 0-0504375 
+ 0-0451467 

+ 0-1146236 
+ 0-1196012 
-t- 0-1245187 

4 - 0-1293743 
-t- 0-1341664 

4 - 0-1388931 

4 - 0-1435528 

4 - 0-1481438 
-t- 0-1526045 
+ O-157II33 

4 - 0-1614886 

4 - 0-1657888 

4 - O-I700125 

4 - 0-1741581 

4 - 0-1782243 

4 - 0-1822096 

4 - 0-1861127 

4 - 0-1899322 

4 - 0-1936668 

4 - O-1973152 

4 - 0-2008763 

4 - 0-2043488 

4 - 0-2077315 

4 - 0 - 21 10234 

4 - 0-2142234 

+ 0-2173304 

4 - 0-2203434 
4 - 0-2232615 

4 - 0-2260837 

4 - 0-2288092 

4 - 0-2314370 
+ 0-2339664 
+ 0-2363966 

4 - .0-2387270 

4 - 0-2409507 

4 - 0-2430852 

4 - 0-2451118 

4 - 0-2470360 
4 - 0-2488572 
+ 0-2505751 

4 - 0-2521800 
4 - 0-2536987 
4 - 0-2551038 

4 - 0-2504039 

4 - 0-2575988 

4 - 0-2586882 
4 - 0-2596720 
4 - 0-2605500 
4 - 0-2613221 

4 - 0-2619882 

0-2815942 

0-2812445 

0-2808961 

0-2805489 

0-2802030 

0-2798584 

0-2795151 

0-2791730 

0-2788322 

0-2784927 

0-2781543 

0-2778172 

0-2774813 

0-2771467 

0-2768132 

0-2764809 

0-2761498 

0-2758200 

0-2754912 

0*2751637 

0-2748373 

0-2745121 

0-2741880 

0-2738651 

0*2735433 

0-2732227 

0-2729031 

0-2725847 

0-2722674 

0-2719512 

0-2716361 

0-2713221 

0-2710092 

0-2706973 

0-2703866 

0-2700768 

0-2697682 

0-2694606 

0-2691541 

0-2688486 

0-2685441 

0-268^07 

0-2679383 

0-2676369 

0-2673365 

0*2670371 

0-2667368 

0-2664414 

6-2661450 

.0-2658496 

384“ 1' 11^30 
385° 10' 0^94 
386° 18' 50-56 
387° 27' 40^16 
386° 36' 29^74 

389“ 45' 19*29 
39 or 54 8«83 
392“ 2' 58*35 

.393“ II 47*84 

394° 20' 37*32 

395° 29' 26*78 
396° 38' 16*21 

397^47' 5*63 
398° 55 55*03 
400° 4' 44*41 

401“ 13; 33*76 
402“ 22' 23*10 
403° 31; 12*42 
404“ 40 1*73 

405° 48' 51*01 

406“ 57' 40*27 
408° 6' 29*52 
409; 15; 18*74 

410® 24 7*95 

411° 32' 57*14 

412° 41' 46*32 
413° 50 35*48 
414“ 59 24*61 

417° 17' 2*63 

418“ 25' 51*92 
419“ 34 40*99 

420“ 43 30*04 
421° 52' 19*08 
423“ i' 8*10 

424“ §'57*10 

425° 18' 46*08 
426° 27; 35*04 
427° 36' 23*99 
428“ 45' 12*93 

429“ 54' 1*85 
431° 2 50*75 

432° II 39*63 

433° 20' 28*50 
434“ 29' 17*36 

435“ 38' 6*20 
436” 46 55*03 
437 ^ 55 43*83, 
439 ^ 4' 32*62 
440“ 13^21*40 

6-4389564 

0-4384185 

0-4378827 

0*4373487 

0-4368168 

0-4362867 

0*4357586 

0*4352324 

0-4347081 

0*4341857 

0*4336652 

0*4331466 

0-4326298 

0-4321148 

0-4316017 

0-4310905 

0-4305810 

0-4300733 

0-4295675 

0*4290^34 

0-4285611 

0-4280665 

0-4275617 

0-4270646 

0-4265693 

0-4260757 

0-4255838 

0-4250936 

0-4246051 

0-4241183 

0-4236331 

0-4231496 

0-4226678 

0-4221876 

0-4217090 

0-4212321 

0-4207568 

0-4202831 

0-4198109 

0-4193404 

0-4188715 
0-4184041 
0-4179383 
0 ' 4 i 74740 

0-4170113 

0-4165501 

0-4160905 

0-4156323 

0*4151757 

0-4147206 

8-02 

8-04 

8-o6 

8-o8 

8-10 

. 

8-12 

8*14 

8*i6 

8*i8 

8*20 

8-22 

8-24 

8-26 

8-28 

8-30 

8-32 

Ut 

8-38 

8-40 

8*42 

8-48 

8-50 

8-52 

Ut 

8-58 

8-^ 

8-62 

8-64 

8-66 

8-68 

8-70 

8-72 

8-78 

8-80 

8-82 

8-84 

8-86 

8-88 

8-90 

8-92 

8*94 

8-96 

8- 98 

9- 00 


To compute fonotions of order - 1/3, increase the phase by 60®. 












TABLES OF BESSEL FITNOTIONS 
Table HI. Functions of order one-third 




^ 1/3 (^) 




+ 0-0398497 + 0-2625482 

+ 0'0345485 + 0-2630023 

+ 0-0292452 + 0-2633504 

+ 0-0239420 + 0-2635927 

+ 0-0186408 + 0-2637293 

+ 0-0133439 + 0-2637603 

+ 0-0080532 + 0-2636861 

+ 0-0027709 + 0-2635068 

- 0-0025010 + 0-2632227 

- 0-0077604 + 0-2628342 


0-0130053 + 0-2623417 

0-0182336 + 0-2617456 

+ 0-2610463 
o-02i50320 + 0-2602443 

0-0337991 + 0-2593402 


0-0389411 

0-0440566 

0-0491435 

0-0541999 

0-0592239 

0-0642137 

0-0691672 




0-0789581 


+ 0-2583346 
+ 0-2572281 
+ 0-2560212 
+ 0-2547148 
+ 0-2533095 

+ 0-2518062 
+ 0-2502055 
+ 0-2485083 
+ 0-2467156 
+ 0-2448282 


0-0885819 + 0-2428471 

0-0933266 + 0-2407732 

0-0980241 + 0-2386075 

+ 0-2363512 
0-1072700 + 0-2340052 


O-III816I 

0-1163076 

0-1207433 

O-I25I2I7 

O-I2944II 

0-1336999 

0-1378966 

0-1420297 

0-1460977 

0-1500990 

0-1540322 

0-1578960 

0-1616889 

0-1654096 



0-2629487 


+ O-23I5707 
+ 0-2290489 
+ 0-2264409 

+ 0-2237479 

+ 0-2209712 

+ 0-2181120 
+ 0-2151716 
+ 0-2121514 


argH!!g(;r) 


441® 22 10-17 




0-4142670 
0-4138148 
0-4133642 
0-4129150 
445° 57' 25-06 I 0-4124673 


0-4120210 

0-4115762 

0-4111328 

0-4106908 

0-4102503 


0-2626639 

0-2623799 

0-2620968 

0-2618147 

0-2615334 

0-2612531 

0-2609737 

0-2606951 

0-2604175 

0-2601407 

0-2598648 

0-2595898 

0-2593157 

0-2590424 

0-2587700 

0-2584984 

0-2582277 

0-2579579 

0-25768S9 

0-2574207 

r4iim 

0-2566212 

0-2563563 

0-2560923 

0-2558290 

0-2555666 

'0-2553050 


+ 0-2026253 
+ 0-1992996 
+ 0-1959010 

+ 0-1924311 

+ 0-1088915 


449 ° 

23 

51^08 

450“ 

32 

39'73 

451 

41 

28*36 

452° 

5 °' 

16^97 

453 ° 

59 

: 5*57 


456“ 16 42-74 

457° 25 31*30 

45!! 34; 19^4 


460° 51 56-89 
a 6 ' z ° o' 4 i';' 4 io 


468® 53' 36-15 

470“ 2' 24*56 
471® 11' 12*96 
472® 26' 1^35 
473° 28' 49*72 
474° 37' 38-08 


0-4098112 

0*4093735 

0-4089372 

0-4085023 

0-4080687 

0-4076366 

0-4072058 

0-4067764 

0-4063483 

0-4059216 

0-4054962 

0-4050722 

0-4046405 

0-4042281 

0-4038080 

0-4033893 

0-4029718 


0-402140 

0-4017272 

0-4013149 


+ 0-2058768' I 0-2547042 


475® 46' 26*43 0-4013149 1 
476® 5 s' I 4'77 0-4009038 

478® 4' 3'o9 0-4004940 

^ O -rff.T 0-4000855 

0-3996782 

481® 30' 28'Joo I 0-3992721 
482° 39' 10^27 0-3988673 

.o_o . 6 f I 0-^984637 

0-3980614 
0-3976602 


0*2545250 

0-2542665 

0-2540089 

0*2537520 

0*2534959 


489° 32 5:<>7 
490° 40 53';§7 
491® 49' 42-05 


0-3972603 

0-3968616 

0-3964641 

0-3960677 

0-3956726 


0-1726290 I + 0-1852836 0-2532406 492^ 58^ 

0-1761252 +0-1816090 0-2529860 494 7 10*37 

' ^ + 0-1778693 0-2527323 495 16 6-52 0-3944942 

+ 0-1740662 0-2524792 496° 24 54^66 0-3941037 

+ 0-1702011 0-2522270 497 33 42*78 0-3937144 

J ,,, (10-00) =0-2522270 X 008 557® 33' 42;78 = -0-2404711. 

(10*00) =0-2522270 xsin 557® 33 42’'78 = -0-0761059. 






















724 TABLES OF BESSEL FUNCTIONS 


Table HI. Functions of order one-third 


X 


^17 a (■^) 

i-hSIwi 

arg 


X 

i0’02 

10-04 

io-oo 

io-o8 

10-10 

- 0-1893250 

- 0-1924230 

- 0-1954380 

- 0*1983690 

- 0.-2012150 

+ 0*1662759 
+ 0-1622921 
+ 0-1582514 
+ 0-1541556 
-1- 0-1500064 

0-2519755 

0-2517247 

0-2514747 

0-2512254 

0-2509769 

498° 42' 30?90 
499“ 51' 19^00 
501° 0' 7'09 
502° 8' 55-17 
503° 17^ 43124 

0-3933263 

0-3929393 

0-3925534 

0-3921687 

0-3917851 

10-02 

10-04 

10-00 

io-o8 

10-10 

10-12 

10-14 

10-16 

io-i8 

10-20 

- 0*2039750 

- 0-2066482 

- 0-2092336 

- 0-2117305 

- 0-2141379 

+ 0-1458056 
+ 0-1415548 
-1- 0-1372559' 
+ 0-1329107 
+ 0-1285269 

0-2507291 

0-2504820 

0-2502357 

6-2499901 

0-2497452 

504“ 26' 31I30 
505; 35 ;i 9 i 35 
506“ 44' 7I39 
507“ 52' 55^41 

509 “ i' 43 i 43 

0*3914026 

0-3910213 

0-3906411 

0-3902019 

0-3898839 

10-12 

10*14 

10-10 

io-i8 

10-20 

10-22 

10-24 

10-20 

10-28 

10-30 

- 0-2164551 

- 0-2186814 

- 0*2208160 

- 0-2228584 

- 0-2248078 

+ 0-1240885- 
+ 0-1196151 
+ 0-1151028 
+ 0-1105533 
+ 0-1059685 

0-2495010 ■ 

0-2492576 

0-2490148 

0-2487728 

0-2485314 

510“ io'3ii43 
511 19 19I42 
■'512“ 28' 7I41 
513“ 36; 55 j 39 
514 45 43-35 

0-3895070 

0-3891311 

0-3880101 

10-22 

10*24 

10*20 

10*28 

10*30 

10-32 

10-34 

10-36 

10-38 

10-40 

- 0-2266637 

- 0-2284255 

- 0-2360928 

- 0-2316649 

- 0-2331416 

+ 0-1013503 
+ 0-0967006 
+ 0-0920212 
+ 0-0873142 
'+ 0*0825814 

0-2482908 

0-2480569 

0-2478116 

0 ' 247573 I 

0-2473352 

515“ 54' 31 '30 

519° 20' 55I11 
520° 29' 43I03 

0.-3876386' 

0-3872681 

0-3868987 

0-3865304 

0-3861631 

10*32 

10-34 

10*36 

10*38 

10*40 

10-42 

10-44 

10-46 

10-48 

10-50 

- 0-2345224 

- 0-2358069. 

- 0-2369948 

- 0-2380858 

- 0-2390797 

+ 0-0778247 
+ 0*0730400 
+ 0-0682473 
+ 0-0634306 
+ 0-0585977 

0-2470980 

0-2468615 

0-2466257 

0-2463905 

0-2461560 

521“ 38' 30I93 ■ 

522° 47' 18182 
523° 56' 6I70 

525° 4 ; 54;58 
526° 13' 42144 

0-3857968 

0-3854316 

0-3850674 

0-3847043 

0*3843422 

10*42 

10*44 

10*46 

10*48 

10*50 

10-52 

10-54 

10-56 

10-58 

10-60 

- 0-2399763 

- 0-2407753 

- 0-2414768 

- 0*2420805 

- 0-2425864 

+ 0-0537506 
+ 0-0488913 
-f 0-0440217 
+ 0-0391437 
+ 0-0342593 

0-2459222 
0*2456891- 
0-2454566 
. 0-2452248 

0-2449936 

527“ 22' 30I30 
528° 31' 18114 
529° 40; 5;98 
530° 48 53 ; 8 i 
531 57 41-62 

0-3839811 

0-3836210 

0-3832620 

0-3829039 

0-3825468 

10*52 

10*54 

10*56 

10-58 

lO'OO 

10-62 

io-{j4 

10-66 

10-68 

10-70 

- 0-2429945 

- 0-2433049 

- 0-2435175 

- 0-2436325 

- 0-2436501 

+ 0*0293704 
+ 0-0244790 
+ 0-0195870 
+ 0-0146903 
+ 0-0098090 

0-2447631 

0-2445332 

0-2443040 

0-2440754 

0-2438474 

533“ 6 ' 29 i 43 
534“ 15 I 7;23 

535 24' 5I02 
536“ 32' 52i8o 
537 41 40I57 

0-3821908 

0-3818357 

0-3814816 

0-3811285 

0-3807764 

10*62 

10*64 

10 “60 
10*68 
10*70 

10-72 

10-74 

10-76 

10-78 

10-80 

- 0-2435703 

- 0-2433934 

- 0-2431198 

- 0-2427495 

- 0-2422830 

+ 0-0049268 
+ 0-0000518 

- 0-0048141 

- 0-0096692 

- 0-0145113 

0-2436201 

0-2433935 

0-2431674 

0-2429420 

0-2427172 

538“ 56' 28133 
539° 59^ 16I08 
541“ 8' 3I83 
542“ 16; 51156 
543 25' 39I29 

0-3804253 

0-3800751 

0-3797259 

0-3793777 

0-3790304 

10*72 

10-74 

10*76 

10*78 

10*80 

10-82 

10-84 

10-86 

10-88 

lo-go 

- 0-2417207 

- 0-2410629 

- 0*2403100 
*- 0*2394626 

- 0-2385212 

- 0-0193387 

- 0-0241495 

- 0-0289417 
4- 0-0337136- 

- 0-0384^33 

0-2424930 

0-2422695 

0-2420406 

0-2418242 

0-2416025 

544 ° 34; 27-00 
545 ° 43 14 71 
546° 52 2?41 
548 0' 50I10 

549 ° 9' 37-78 

6-37868.41 

0-3783387. 

0-3779942 

0-3776507 

0,-3773082 

10-82 

10-84 

10*86 

10*88 

10-90 

10-92 

10-94 

10-96 

10- 98 

1 1 - 00 

- 0-2374863 
--0-2363584 

- 0-2351382 

- 0-2338264 

- 0-2324236 

- 0*0431888 

- 0-0478886 

- 0-0525606 

- 0-0572030 

- 0-0618143 

0-2413814 

0-2411610 

0-2409411 

0-2407218 

6-2405031 

550° 18' 25I46 
551“ 27' i3iii 
552“ 36; 0178 
553 ° 44,48143 
554 53 36I07 

o.- 3'769665 

6-3766258 

0'376286o 

0-3759472 

0-3756092 

10*92 

10*94 

10*96 

10*98 

11*00 


To compute funotions of order - 1/3, increase the phase by 60°. 
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726 


Table III. Functions of order one-third 



J II 


^ i/aW 


algH[)’w 


e«Ki,^{x) 


~ O’ 23 O 93 o 0 

- o-229348o 

- 0-2270708 

- 0-2259176 

- 0-2240715 

- 0-2221392 

- 0-2201 2 17 

- 0-2180199 

- 0-2158348 
-- 0 - 2 1 ’35075 

- 0-2112189 

■ 0-2087902 
“ O- 20 O 2824 

- 0-203(1907 

- 0-2010343 

- o- 19829(13 

- o-I 95483 <) 

- 0-1925985 

- 0-189(1412 

- 0 - 18 ( 1(1134 

- 0-1835104 

■ o-i 8 b’ 35 i 5 1 

- 0 - 1771 '202 

-- fT>73''^238 

- 0 - 1701(130 

- 0-1 ( 170 -1 13 

- 0-1035582 

- 0-1(100158 

- 0-1504157 

- 0-15^7393 

- o*i 4 «) 0 .i 82 

-- o - 1452839 
- O' 1 41 4(181 


-0-0663924 0*2402850 556“ 2' 23*69 0-3752722 11-02 

-0-0709358 0-2400675 557° II' 11^31 6-3749360 11-04 

■-0-0754426 0-2398506 558° 19' 58*93 0-3746008 ii-o6 

-0-0799111 0-2396342 559f 28' 46^54 0-3742665 11-08 

- 0-0843397 0-2394185 560° 37' 34^13 0-3739330 ii-io 


- 0-0799111 o-239t»34'2 

- 0-0843397 0-2394185 

- 0-0887266 0-2392033 

- 0-0930702 0-2389887 

- 0'0973689 0-2387747 

- 0-1016210 0-2385613 

- 0-1058249 0-2383484 

- 0*1099790 0-2381361 

- 0-1140819 0-2379244 

- 0-1181319 0-2377132 

- 0-1221276 0-2375026 

- 0-1260674 0-2372926 

- 0-1299499 0-2370831 I 

- 0-1337736 0-2368741 

- 0-1375373 0-2366658 

- 0-1412393 0-2364579 

- 0-1448785 0-2362506 

- 0-1484535 0-2360439 

- 0-1519629 0-2358377 

- 0-155405.5 0-2356320 

- 0-1587801 o-23542(>9 

- 0'1(V2 o 853 0*2352223 


559° 28' 46^54 
5bo° 37' 34 • 1.3 

561° 46' 21*72 
562° 55' 9^31 
564“ 3' 56^88 
565° 12' 44^44 
566° 21' 32*00 

567° 30' 19*;55 1 
568“ 39 7^09 

569 47, 54-62 
570“ 56;42;I5 
572° 5' 29^67 

573“ 14; 17 ;i 8 

574° 23 •4;68 
575° 31 52-17 
576° 40' 39-66 
577° 49' 27^14 


0-3742665 11-08 

0-3739330 ii-io 


0-3736005 11-12. 

0-3732688 11-14 

0-3729380 II-IO 
0-3726081 ii-i8 
0-3722791 11-20 


1 1 -()8 

~ 0 'I 37('024 

11-70 

- 0-1*336883 

1 1-72 

- 0-1297276 

1 1-74 

- 0-12572 I 7 

1 1 -7(1 

- 0- 1 21 ( >725 

11-78 

- 0-1 175816 

1 1 -80 

- 0-113.^.507 

1 1-82 

- 0-1092815 

I t - 8 . 1 . 

- 0-1050736 

I I - 8(1 

- 0-1008350 

11-88 

- 0 - 0 <)() 5 ()T I 

1 I -90 

- 0-0922560 

1 1 -92 

- 0-0879213 

1 1 -94 

1 I -9(1 

- 0-0835585 

- 0-0791698 

I I •<)S 

- 0*0747568 

I 2-00 

- 0*0703214 






0-1653202 

0'T()'84833 

0-1715738 

0-1745904 

0-1775320 

0-1803977 

0'r83i8()5 

0-1858973 

0-1885292 

0-1910814 


0-2350182 

0-2348147 

o-234()ii7 

0-2344092 

0-2342072 

0-23.^058 
0-2338049 
O' 2336044 

0-2334046 

0-2332052 


0-3719509 

0*3716236 

0-3712972 

0-3709716 

0-3706469 

0-3703230 

6-3700000 

0-3696779 

0-3693565 

0-3690360 


578“ 58' 14^61 0-3687164 11-42 

580“ 7' 2?o8 0-3683075 11-44 

5 Ri“I 5'49\53 0-3680795 11-46 

582° 24' 36*98 0-3677623 11-48 

583° 33' 24*42 0-3674460 II-.50 


0-1935528 0-2330063 

0-1959428 0-2328070 

o-i()82505 0-2326101 

0-2004750 0-2324127 

0-2026158 0-2322159 

0-2046720 0-2320195 

0'20()(i430 0-2318237 

0-2083282 0-2316283 

■ 0-2Io'32f)9 0-2314335 

■ 0-2120386 0-2312391 

- 0-2136627 0-2310452 

- o-2151o88 0-2308518 

- 0-2166464 o-23o6589 

- 0-2180050 0-2304664 

- 0-2192744 '0-2302745 


584° 42' 1 1 '86 
585° 50' 59-29 
586° 59 46-70 
588° 8' 34-11 
*589° 17' 21-52 

590° 26' 8*92 
591° 34' 56-31 
592° 43 43-69 
593° 52 3I;07 
595° i'i8?44 

596° 10' 5*8t 
597° 18' 53 -16 
598° 27 40-51 
599° 36' 27*8.5 


0-3671304 11-52 

0-3668157 11-54 

o-‘36650i8 11-56 

0-3661886 11-58 

0-3658763 ii-6o 

0-3655648 11-62 

0-3652541 11-64 

0-3649441 11-66 

0-3646350 11-68 

0;3643266 11-70 

0-3640190 11-72 

0-3637122 I1-74 

0-3634062. 11-76 

0-3631009 11-78 


600° 45' iS'i'S 0-3627964 


601° 54' 2^51 
603° 2' 49-84 
604° 11' 37"! 5 
605° 20' 24*46 
(106° 29' 11*76 


607° 37' 59-03 

608° 46'- 4(^134 
609° 55' 33;62 

611° 4' 20^90 

612° 13' 8^17 


0-3624927 

0-3621897 

0-3618875 

0-3615861 

0-3612854 

0-3609854 

o-3(»o6862 

0-3603878 

o-3()Oogoi 

0-3597931 
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Table m. Functions of order one-third 


X 

JuA ^) 

^1/3 W 

l<WI 



X 

12-02 

12-OA 

12*06 

I 2 *o 8 

12*10 

- 0*0658652 

- 0*0613901 

- 0*0568980 

- 0*0523905 

- 0*0478690 

- 0*2204540 

- 0*2215437 

- 0*2225430 

- 0*2234519 

- 0*2242700 

0*2300830 

0*2298920 

0*2297015 

0*2295114 

0*2293219 

617° 57 ' 4-41 

0-3594968 

0*3592013 

0*3589065 

0*3586125 

0-3583191 

12*02 

12*04 

12*00 

12 *q 8 

12*10 

12*12 

12*14 

12*10 

I2*ia 

12*20 

- 0-0433371 

- 0*0387947 

- 0*0342443 

- 0*0296877 

- 0*0251267 

- 0*2249971 

- 0*2256333 

- 0*2261782 

- 0*2266320 

- 0*2269945 

0*2291327 

0*2289441 

0*2287559 

0*2285682 

0*2283809 

619° 5' 51^64 
620“ 14' 38*86 
621° 23' 25*08 
622® 32' 13*29 
623® 41' 0^50 

0*3580265 

0-3577346 

0-3574434 

0-3571529 

0*3568631 

12*12 

12*14 

12*10 

12*18 

12*20 

12*22 

12*24 

12*20 

12*28. 

12*30 

- 0*0205632 

- 0*0159989 

- 0*0114356 

- 0*0068753 

- 0*0023196 

- 0*2272658. 

- 0*2274458 

- 0*2275347 

- 0*2275326 

- 0*2274397 

0*2281941 

0*2280078 

0*2278219 

0*2276365 

0*2274515 

624® 49' 47II70 

625: 58:34-89 

627® 7' 22*08 
628® 16' 9?26 
629® -24' 56^43 

0-3565741 

0-3562857 

0-3559980 

0-3557IIO 

0*3554248 

12*22 

12*24 

12*20 

12*28 

12*30 

12*32 

12*34 

12*36 

12*38 

12*40 

+ 0*0022296 
+ 0*0067705 
+ 0*0113014 
+ 0*0158205 
+ 0*0203259 

- 0*2272360 

- 0*2269819 

- 0*2266176 

- 0*2261634 

- 0*2256196 

0*2272670 

0*2270829 

0*2268993 

0*2267161 

0*2265333 

630® 33; 43-60 

631“ 42 30*76 
632® 51 17^92 

til* t'siS 

0-3551392 

0-3548543 

0-3545700 

0*3542865 

0-3540036 

12*32 

12-34 

12*36 

12*38 

12*40 

12*42 

12*44 

12*46 

12*48 

12*50 

+ 0*0248139 
+ 0*0292889 
+ 0-0337429 
+ 0*0381763 
+ 0*0425874 

- 0*2249866 

- 0*2242647 

- 0-2234544 

- 0*2225562 

- 0*2215705 

0*2263510 

0*2261692 

0*2259877 

0*2258067 

0*2256262 

638“ 35: 13-61 
639^44 0?73 
640® 52' 47?84 

0-3537215 

0-3534400 

0-3531591 

0-3528790 

0-3525995 

12*42 

12*44 

12*46 

12*48 

12*50 

12*52 

12*54 

12*56 

12*58 

12*00 

+ 0*0469744 
+ 0*0513356 
+ 0*0556694 
+ 0*0599741 
+ 0*0642479 

- 0*2204979 

- 0*2103390 

- 0*2180943 

- 0*2167645 

- 0*2153502 

0*2254460 

0*2252064 

0*2250871 

0*2249082 

0*2247298 

642° i; 34;95 
643° 10' 22*05 
644° 19; 9^15 
645 27' 56^24 
646® 36' 43?33 

0-3523206 

0*3520424 

0-3517049 

0*3514881 

0*3512118 

12*52 

12*54 

12*56 

12*58 

12*00 

12*62 

12*64 

12*60 

12*68 

+ 0*0684894 
+ 0*0726967 
+ 0*0768684 
+ 0*0810028 

- 0*2138521 

- 0*2122710 

- 0*2106077 

- 0*20886-78 

0*2245518 

0 ' 2?43743 

0*2241971 

647° 45; 30^41 

648 54 17U9 
650! 3: 4 \ 56 . 

0-3509363 

0*3506614 

0-3503871 

12*62 

12*64 

12*66 

12*70 

+ 0*0850983 

- 0*2070373 

0*2238441 

651“ ii' 51^62 
652° 20' 38^68 

0-3501135 

0-3498405 

12*68 

12*70 

12*72 

12*74 

12*76 

12*78 

12*80 

+ 0*0891534 
+ 0*0931665 
+ 0*0971361 
+ 0*1010607 
+ 0*1049388 

- 0*2051320 

- 0*2031477 

- 0*2010854 

- 0*1989460 

- 0*1967305 

0*2236682 

0*2234927 

0*2233176 

0*2231429 

0*2229087 

653® 29' 25«73 
654“ 38' li^g 

PL 4 ^' 59'82 

656° 55 46*86 
658-’ 4' 33^89 

0-3495681 

0-3492964 

0*3490254 

0-3487549 

0*3484851 

12*72 

12*74 

12*76 

12*78 

12*80 

12*82 

12*84 

12*80 

12*88 

12*90 

•+ 0*1087869 
+ 0*1125496 
+ 0*1162795 
+ 0*1199371 
+ 0*1235811 

- 0*1944399 

- 0*1920752 

- 0*1896374 

- 0*1871278 

- 0*1845472 

0*2227948 

0*2226214 

0*2224484 

0*2222757 

0*2221035 

659” 13' 20?92 
660® 22' 7^94 
661° 30; 54T96 

0*3482159 

0-3479473 

0-3476794 

0*3474120 

0-3471453 

12*82 

12*84 

12*86 

12*88 

12*90 

12*92 

12*94 

12*96 

12*98 

13*00 

+ 0*1271502 ■ 
+ 0*1306029 
+ 0*1341180 
+ 0*1373142 
+ 0*1408503 

- 0*1818970 

- 0*1791782 

- 0*1763920 

- 0*1735397 

- 0*1706224 

0*2219317 

0*2217602 

0*2215892 

0*2214186 

0*2212483 

669 “ 32 'i 3 ! 9 i 

0*3468792 

0*3466137 

0-3463488 

0*3460846 

0-3458209 

12*92 

12*94 

12*96 

12*98 

13*00 


To compute fnnotiona of order - 1/3, increase -the phase by 6o“. 
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Table III. Functions of order one-third 



1 I 





13*02 + 0*1441250 

13*04 + 0*1473371 

13*0(5 + 0*1504854 

13*08 + 0*1535688 

13*10 + 0*1565861 

13*12 + 0*1595363 


- 0*1676415 0*2210785 670° 41" 10^89 0*3455578 13*02 

- 0*1645982 0*2209090 671 ° 49 ' 57 'S 6 0*3452954 13*04 

- 0*1614938 0*2207399 672 “ 58 ' 44^82 0*3450335 i 3 *o 6 

- 0*1583297 0*2205712 674 “ 7 ' 3 i '78 0*3447722 13*08 

- 0*1551071 0*2204029 675 ° 16 ' 18^74 0*3445115 


13*14 I + 0*1624183 I - 
13*16 + 0*1652310 


+ 0*1679735 
+ 0*1706447 


0*1451029 0*2199003 070 '' 42 - 39*57 0*3437330 

0*1416606 o* 2 J 97335 679 ® 5 i' 26 'f 50 0*3434747 

0*1381670 0*2195671 681 ® o'i 3‘>'43 0*3432169 


13*22 + 0*1732437 - < 

13*24 + 0*1757696 - < 

I3*.2() + 0*1782214 - < 

13*28 -1- 0*1805984 - i 

13.30 -h 0*1820996 - ( 

13*32 + 0*1851244 - ' 

13*34 ' 0*1872718 - 

13*36 -V 0*1893413 - 

13*38 + 0*1913320 - 

13*40 -I- 0*1932433 - 

13*42 +0*1950745 - 

1*3*44 + 0*1908252 - 

iV4() + 0*1984946 - 

I3*.i8 + 0*2000822 

13*50 + 0*2015875 - 

13*52 + 0*2030101 

13**54 •' 0*20*43496 - 

13*56 -I 0*2056054 - 

1*3*58 + 0*2067772 - 

1*3*60 + 0*2078647 - 

13*62 + 0*2088676 - 

1*3*64 + 0*2097855 - 

i‘3*6() + 0*2106183 - 

1*3*68 +0*2113658 - 

13*70 + 0*2120278 

13*72 + 0*2126040 - 

1*3*74 0*2130946 - 

13*76 + 0*2134993 - 

13*78 + 0*2138181 

13*80 + 0*2140510 

13*82 + 0*2141981 

1*3*84 + 0*2142594 ■ 

13*86 + 0*2142350 • 

1*3*88 + 0*2141251 • 

1*3*90 + 0*2139298 

13*92 + 0*2136494 

13*94 + 0*2132840 

13*96 + 0*2128339 
13*98 + 0*2122994 

14*00 + 0*2116809 


0*1346234 

0*1310315 

0*1273926 

0*1237083 

0*1199802 

0*1162097 

0*1123985 

0*1085481 

0*1046601 

0*1007361 


0*2194011 I 

0*2192355 

0*2190702 

0*2189053 

0*2187400 

0*2185766 
0*2184128 
0*2182494 
0*2180864 
I 0*2179237 


682 ® 9 ' 0-35 I 

683 ® 17 ' 47'27 
684 ® 26 ' 34 'riS 
685 ® 35 ' 21^09 
686 ® 44 ' 8*00 

687 ® 52 ' 54«90 
689 ® 1 ' 41^79 
690 ® 10 ' 28-68 
691“ 19' 15257 
692 ® 28 ' 2'45 


0-3429597 

0*3427031 

0*3424471 

0*3421917 

0*3419368 

0*3416825 
0*3414288 
0*3411756 
0*3409230 
I 0*3406709 


0*0967777 0*2177613 693 ° 36 ' 49^33 0*3404194 I3’42 

0*0927866 0*2175994 ^ 94 ° 45 36-20 0-3401685 2^*44 

0-0887643 0*2174378 695 ° 54 23206 0*3399181 13-46 

0-0847125 0*2172765 697 3 9^92 0*3396683 13*48 

0*0806329 0*2171157 698 ® 11 ' 56^78 0*3394190 13*50 


- 0*0765272 

- 0*0723969 

- 0*0682438 

- 0*0640096 

- 0*0598759 

- 0*0556645 

- 0*0514370 

- 0*0471951 

- 0*0429407 

- 0*0386752 

- 0*0344006 

- 0*0301184 

- 0*0258305 

- 0*0215384 

- 0*0172440 

- 0*0129489 

- 0*0086548 

- o*o 643'635 ' 

- 0*0000766 
+ 0*0042041 

+ 0*0084770 
+ 0*0127404 
+ 0*0169926 

+ 0*0212319 

+ 0*0254567 


0 * 216955.1 

0*2167949 

0*2166351 

0*2164757 

0*2163166 

0*2161578 

0*2159994 

0*2158413 

0*2156836 

0*2155262 

0*2153692 

0*2152125 

0*2150561 

0*2149001 

0*2147445 

0*2145891 I 

0*2144341 

0*2142795 

0*2141251 

0*2139712 

0*2138175 

0*2136642 

0*2135112 

0*2133585 

0*2132061 


699° 20' 43^63 
700® 29' 3 o "48 
701“ 38' 17^33 

702® 47 4-17 
703 55 51^00 

705° < 37^83 

706® 13' 24'565 
707® 22' 11^7 
708® 30' 58*29 
709° 39' 45-11 

710° 48' 31^92 
711° 57' 18*72 
713° 5-52 

714° 14' 52-31 

715° 23 39-10 

716° 32' 25^89 
717° 41' 12^67 
718° 49' 59^5 
719° 58' 46'*22 
721® 7'32'99 

722° 16' 19*76 
723® 25' 6*52 
M- 33 : 53;28 

725® 42 40*03 
726® 51' 26^78 


0*3391702 

0*3389221 

0*3386744 

0-3384273 

0*3381808 

1 0*3379347 
0*3376892 
0-3374443 
0-3371999 
0-3369560 

0*3367126 

0*3364698 

0*3362275 

0*3359857 

0*3357444 

0*3355037 
0*3352635 
0-3350237 
0-3347845 I 
0-3345459 

0-3343077 

0-3340700 

0-3338329 

0-3335962 

0*3333600 


J I (iA*oo) = 0*2132061 X 008 ^ 786 ® 5^' 26 ^ 78 — ^■ 0 - 98 ^ 943 * 

r:;!ir4S)=0*fi3206i xSVsi' 26^78= +0-1960494- 
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TABLES OP BESSEL PUNOTIONS 
Tablo HI. Functions of order one-third 


X 



|H>)I 


^"TiLi/sW 

X 

I4'02 

14-04 

14-06 

14-08 

14-10 

+ 0-2109787 
+ 0-2101933 
+ 0*2093250 
-t- 0*2083743 
-1- 0-2073417 

-1- 0*0296652 
+ 0-0338559 
-t- 0*0380272 
+ 0-0421773 
+ 0-0463046 

0-2130541 

0-2129024 

0-2127510 

0-2126000 

0*2124493 

728° 0' 13*52 
729° g' 0-^26 
730° 17' 47^00 
731° 26' 33?73 
732 35' 20^46 

0-3331244 

0-3328892 

0-3326546 

0-3324204 

0-3321867 

14*02 

14-04 

14*06 

14-08 

14-10 

14-12 

14-14 

14-16 

14-18 

14-20 

+ 0-2062277 
-t- 0-2050330 
+ 0-2037580 
+ 0*2024034 
-1- 0-2009699 

+ 0-0504076 
+ 0-0544847 
+ 0-0585342 
+ 0-0625547 
+ 0-0665445 

0-2122989 

0-2121488 

0*2119990 

0-2118495 

0-2117004 

733 ° 44' 7 -18 

734 ° 52; 53-90 
730 i' 40^62 

738“ 19' 14*04 

0-3319536 

0-3317209 

0-3314887 

0-3312570 

0-3310257 

14-12 

14-14 

14-16 

14*18 

14*20 

14-22 

14-24 

14-26 

14-28 

14-30 

+ 0-1994581 
+ 0-1978687 
+ 0-1962020 
+ 0-1944604 
-t- 0-1926429 

+ 0-0705021 
+ 0-0744259 
+ 0-0783145 
+ 0*0821664 
■f 0*0859801 

0-2115516 
0-2114031 
0-2112549 
0-2 II 1070 
0-2109594 

739 ° 28' 0^75 
740® 36' 47^45 
741° 45 34-14 

742 54" 20^83 
744 3 ' 7-52 

0-3307950 

0-3305648 

0-3303350 

0-3301057 

0-3298769 

14-22 

14-24 

14-26 

14-28 

14-30 

14-32 

14-34 

14-36 

14-38 

14-40 

-t- 0-1907510 
+ 0-1887856 
-1- 0-1867475 
-1- 0-1846376 
-1- 0-1824569 

+ 0-0897541 
+ 0-0934869 
+ 0-0971773 

-f 0*1008236 
+ 0-1044246 

0-2108121 

0-2106652 

0-2105185 

O-2IO3721 

0-2102261 

745“ ”' 54-21 
746® 20' ^0189 

7 '^ll 27-57 

748 38' 14^24 

749 47 o?9i 

0-3296485 

0-3294206 

0-3291932 

0*3289663 

0-3287398 

14-32 

14-34 

14-36 

14-38 

14-40 

14-42 

14-44 

14-46 

14-48 

14-50 

-1- 0-1802063 
+ 0-1778868 

+ 0-175.4995 
+ 0-1730454 

+ 0-1705256 

+ 0-1079789 
-1- 0-1114852 
+ 0-1149420 
+ 0-1183482 
-I- 0-1217023 

0*2100804 

0-2099349 

0-2097898 

0*2096449 

0-2095004 

750“ 55; 4^-58 
752 4 34-24 

753 ° 13 20190 

754 ° 22 7T55 

755 30' 54-20 

0-3285138 

0-3282883 

0-3280632 

0-3278386 

0-3276145 

14-42 

14-44 

14-46 

14*48 

14-50 

14-52 

14-54 

14-56 

14-58 

14-60 

+ 0-1679410 
+ 0*1652930 
-1- 0-1625825 
4 0-1598109 
+ 0-1569792 

0*1250032 
+ 0*1202497 
-i- 0-1314404 
+ 0 'i 345743 
+ 0-1376501 

0-2093562 

0-2092122 

0-2090686 

0*2089252 

0-2087822 

756“ 39' 40^85 
757° 48' 27I49 
758° 57' I 4 ?i 3 
760° 6' S?77 
761° 14' 47140 

0-3273908 

0-3271676 

0-3269448 

0-3267225 

0-3265006 

14*52 

14*54 

14-56 

14-58 

14-60 

14-62 

14-68 

14-70 

+ 0-1540886 

+ 0-15 1 1404 
+ 0-1481359 
+ 0-1450763 
+ 0-1419629 

-t- 0-1406666 
+ 0-1436229 
-1- 0-1465178 
+ 0 'i 49350 i 
-t- 0-1521190 

0*2086394 

0-2084969 

0-2083548 

0-2082129 

0-2080713 

762° 23' 34I03 
763° 32' 20I65 
764° 41' 7127 

765° 49; 53-89 

766® 58' 40I51 

0-3262792 

0-3260583 

0-3258378 

0-3256177 

0-3253901 

14-62 

If-tt 

14-68 

14-70 

14-72 

14-74 

14-76 

14-78 

14-80 

+ 0-1387970 
+ 0-1355800 
+ 0-1323131 
-f- 0-1289979 
+ 0-1256355 

+ 0-1548233 
+ 0-1574621 
+ 0-1600344 
-1- o-i 62 ‘ 53 g 3 

+ 0*1649758 

0-2079300 

0-2077889 

0*2076482 

0-2075077 

0*2073676 

768° 2' 27I12 
769° 16' 13I73 
770° 25' 0I33 
771° 33 46^93 
772° 42' 33-53 

0-3251789 

0*3249602 

0-3247419 

0-3245240 

0-3243066 

14-72 

14-74 

14-76 

14-78 

14-80 

14-82 

Ifd 

14-88 

14-90 

-t- 0-1222275 
+ 0-1187753 
-t- 0-1152803 
+ 0-1117439 

-t- 0-1081677 

+ 0-1673432 
0-1696405 
+ 0-1718669 
-1- 0-1740217 
+ 0*1761041 

0-2072277 

0-2070881 

0-2069488 

0-2068097 

0-2066710 

773 ° 5 i' 2 o 1 i 2 
775 ° 0' 6?7i 
776° 8; 531^0 

7711 n 39-88 
778® 26' 26I46 

0-3240896 

0-3238731 

0-3236570 

0-3234413 

0-3232261 

14-82 

HU 

14-88 

14-90 

14-92 

14-94 

14-90 

14- 98 

15- 00 

+ 0-1045530 
-1- O-IOO90I4 
+ 0-0972143 
+ 0-0934933 
-f- 0-0897400 

+ 0-1781133 
0*1800487 
+ 0-1819095 
-1- 0-1836952 
-1- 0-1854051 

0-2065325 

0-2063943 

0-2062564 

0-2061187 

0-2059813 

779° 35; 13-04 

7S0® 43 59I61 
78 i® 52 ' 461 i 8 
783° i' 32I75 
784® 10' 19I3? 

0-3230112 

0-3227969 

0-3225829 

0-3223694 

0-3221562 

14-92 

14-94 

14-96 

14- 98 

15- 00 


To oomj>ute functions of order - 1/3, increase the phase by 60®. 
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Table m. Functions of order one-third 




^1/3 W 






15-02 + 0-0859558 + 0-1870386 0-2058442 785° 19' 5^87 0-3219435 15-02 

15-04 -t- 0-0821423 0-1885953- 0-2057074 786° 27' 52^42 O-32I73I3 15-04 

15-06 +0-0783610 +0-1900745 0-2055709 787° 36' 38^97 O-32I5I94 15-06 

15-08 +0-0744336 +0-1914758 0-2054346 788° 45' 25^52 0-3213080 15-08 

15-10 +0-0705416 +0-1927988 0-2052986 789° 54' I2'07 0-3210970 15-10 


15-12 +0-0666265 +0-1940430 0-2051628 791“ 2' 58*61 0-3208864 15-12 

15-14 +0-0626899 +0-1952080 0-2050273 792® 11' 45*15 0-3206762 15-14 

15-16 +0-0587336 +0-1962935 0-2048921 793® 20' 31*69 0-3204664 15-10 

15-18 +0-0547589 +0-1972992 0-2047572 794® 29' 18*22 0-3202570 15-18 

15-20 +0-0507677 +0-1982247 0-2046225 795° 38' 4*75 0-32004S1 15-20 

15-22 +0-0467614 +0-1990697 0-2044881 796° 46' 51*28 0-3198395 15-22 

15-24 +0-0427416 +0-1998342 0-2043540 797°55'37'8o 0-3196314 15-24 

15-26 +0-0387101 +0-2005178 0-2042201 799® 4' 24^32 0-3194237 15-26 

15-28 +0-0346684 +0-2011203 0-2040865 800® 13' 10*84 0-3192164 15-28 

15-30 +0-0306181 +0-2016418 0-2039531 801® 21' 57*35 0-3190094 15-30 

X5-32 +0-0265609 +0-2020820 0-2038206 802® 30' 43*86 0-3188029 I5'32 

I5‘34 +0-0224083 +0-2024408 0-2036872 803® 39' 30*37 0-3185968 I5'34 

.1. -4- 0-2oa<\i^A6 802® 2.8^ 16*87 0-^l8lQlI I5'!^0 


0-2051628 

0-2050273 

0-2048921 

0-2047572 

0-2046225 

0-2044881 

0-2043540 

0-2042201 

0-2040865 

0-2039531 


791® 2' 58*61 
792® 11' 45;|i5 
793® 20' 31*69 
794® 29' 18*22 
795° 38' 4-75 

796® 46' 51^28 
797° 55' 37-8 o 
799° 4 24 -32 
800® 13' 10*84 
801® 21' 57*35 


0-3210970 15-10 

0-3208864 15-12 

0-3206762 15-14 

0-3204664 15-10 

0-3202570 15-18 

0-3200481 15-20 

0-3198395 

0-3196314 15-24 

0-3194237 15-26 

0-3192164 15-28 

0-3190094 15-30 


*3‘36 1-0-0184321 +0-2027184 0-2035546 804® 48' 16*87 0-3183911 I5'36 

13‘38 + 0-0143638 + 0-2029145 0-2034223 805° 57' 3*37 0-3181857 15-38 

T + 0-010-2950 + 0-2030294 0-2032902 807® 40*87 0-3179808 I5'40 


804® 48' 16* 
805° 57' 3* 
807® 5' 49' 


0-3183911 15-36 

0-3181857 15-38 

0-3179808 I5'40 


+ 0-0062274 +0-2030630 0-2031584 808® 14' 36*36 0-3177763 15*42 

+ 0-0021626 +0-2030154 0-2030269 809® 23' 22'f85 0-3175721 i5'44 

-0-0018978 +0-2028867 0-2028956 810® 32 9^34 0*3173684 15*40 


-0-0059522 +0-2026772 0-2027646 811° 40' 55*83 0-3171650 15*48 

- 0-0099990 + 0-2023869 0-2026338 812 49 42*31 0-3169621 15*50 


- 0-0140366 

- 0-0180634 

- 0-0220777 

- O-O2GO781 

- 0-0300630 

- 0-0340307 

- 0-0379798 

- 0-0419086 

- 0-0458157 

- 0-0496995 

- 0-0.535.585 

- 0-0573911 

- 0-061 1960 

- 0-0649716 

- 0-0687165 

- 0-0724292 

- 0-0761082 

- 0-0797522 

- 0-0833597 

- 0-0869294 

- 0-0904599 

- 0-0939498 

- 0-0973977 

- 0-1008025 

- 0-1041627 


+ 0-2020162 
+ 0-2015652 
+ 0-2010343 
+ 0-2004237 

+ 0-1997338 

+ 0-1989651 
+ 0-1981178 
+ 0-1971924 
+ 0-1961894 
+ O-I95IO93 

f 0-1939526 

+ 0-1927199 

+ 0-1914118 
+ 0-1900289 
+ 0-1885717 

+ 0-1870411 

+ 0-1854377 

+ 0-1837622 
+ 0-1820154 
+ 0-1801980 

+ 0-1783110 
+ 0 - 17635.50 
-1- O-I7433II 
+ 0-1722400 
+ 0-1700828 


0-2025032 
0-2023730 
0-2022429 
0-2021 132 
0-2019836 

0-2018544 

0-2017253 

0-2015965 

0-2014680 

0-2013397 

O-2OI2II7 

0-2010839 

0-2009563 

0-2008290 

0-2007019 

0-2005751 

0-2004485 

0-2003221 

0-2001960 

0-2000701 

0-1999445 

0-1998191 

0-1996939 

0-1995690 

0-1994442 


813° 58' 28^79 

815° 7' 15*27 

816® 16' 1I74 
817° 24' 48I21 
818° 33' 34*68 

819® 42' 21I15 
820° 51' 7’'6i 
821° 59' 54^07 
823® §'40^52 
824° 17' 26I98 

825® 26' 13-43 
826® 34' 59'88 
43 ; 46*32 

828® 52' 32*76 
830® l' 19*20 

831° 10' 5'63 
832° 18' 52I06 

833° 27; 38-49 

834 36 24-92 

835° 45' 11*34 

836° 53; 57 *76 
838° 2' 44^18 
839° 11' 30*60 
840° 20' 17*01 
841® 29' 3*42 


0-3167595 

0-3165573 

0-3163555 

0-3161541 

0-3159531 

0-3157524 

0-3155522 

0-3153523 

0-3151528 

0-3149537 

0*3147549 

0-3145565 

0-3143580 

0-3141609 

0-3139637 

0-3137668 

0-3135703 

0-3133741 

0-3131784 

0-3129830 

0-3127879 

0-3125932 

0-3123989 

0-3122050 

0-3120114 


J ,,, (16-00) =0-1994442 XC08 901° 29' 3I42— -0-1993773- 
Y^iil (16-00) =0-1994442 X sin 901° 29' 3'42 - -0-0051662. 
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TABLES OF BESSEL ETTNOTIONS 
Table IV. Values of 


X 

7 jW 

/sW 

JM 


X 

- 

O'l 

0*2 

0*3 

0-4 

0 - 5 

0-6 

tl 

0*9 

1*0 

i*i 

1- 2 
1*3 

• 1-4 
1*5 

1*6 

U 

1-9 

2*0 

2*1 

2*2 

2*3 

2*4 

2*5 

2*6 

U 

2*9 

3-0 

3*1 

3*2 

3*3 

3*4 

3*5 

3*6 

U 

3*9 

4*0 

4*1 

4*2 

4*3 

4*4 

4*5 

4*6 

U 

4*9 

5*0 

+ 0*0012490 
+ 0*0049834 
+ 0*0111659 

+ o*oi 9 p 47 

+ 0*0300040 

+ 0*0436651 
+ 0*0587860 
,+ 0*0758178 
+ 0*0945863 
+ 0*1149035 

+ 0*1365642 

+ 0*1593490 
+ 0*1830267 
+ 0*2073559 
+ 0*2320877 

+, 0*2569678 
+ 0*2817389 
+ 0*3061435 
+ 0*3290257 
+ 0*3528340 

'+ 0*3746236 
+ 0*3950587 
+ 0*4139146 
+ 0*4309800 
+ 0*4460591 

+ 0*4589729 
+ 0*4695015 
+ 0*4776855 
+ 0*4832271 
+ 0*4860913 

+ 0*4862070 
+ 0*4835277 
+ 0*4780317 
+ 0*4697226 
+ 0*4586292 

+ 0*4448054 
+ 0*4283297 
+ 0*4093043 

+ 0*3878547 

+ 0*3641281 

+ 0*3382925 
+ 0*3105347 
•+ 0*2810592 
+ 0*2500861 
+ 0*2178490 

+ 0*1845931 
+ 0*1505730 
+ 0*1160504 
+ 0*0812915 
+ 0*0465651 

+ 0*0000208 
-1- 0*0001663 
+ 0*0005593 
+ 0*0013201 
+ 0*0025637 

+ 0*0043997 
+ 0*0009297 
+ 0*0102468 
+ 0*0144340 
+ 0*0195634 

+ 0*0256945 
-f* 0*0328743 
0*0411358 
-t- 0*0504977 
+ 0*0609640 

+ 0*0725234 
-t- 0*0851499 
+ 0*0988020 
+ 0*1134234 
+ 0*1289432 

-f 0*1452767 
+ 0*1623255 
*f 0*1799789 
+ 0*1981148 
■t* 0*2166004 

+ 0*2352938 
+ 0*2540453 
+ 0*2726986 
+ 0*2910926 
+ 0*3090627 

+ 0*3264428 
+ 0*3430664 
+ 0*3587689 
+ 0*3733889 
+ 0*3867701 

+ 0*3987627 
+ 0*4092251 
+ 0*4180256 
+ 0*4250437 
+ 0*4301715 

+ 0-4333147 

+ 0*4343943 

+ 0*4333470 
-1- 0*4301265 
+ 0*4247040 

+ 0*4170686 
+ 0*4072280 
+ 0*3952085 

+ 0*3810551 
+ o* 36483 W 

.+ 0*0000003 
+ 0*0000042 
+ 0*0000210 
•f 0*0000661 
■f 0*0001607 

+ 0*0003315 
+ 0*0000101 
+ 0*0010330 
+ 0*0016406 
+ 0*0024766 

+ 0*0035878 
■f 0*0050227 
+ 0*0068310 
+ 0*0090629 
+ 0*0117681 

+ 0*0149952 
+ 0*0187902 
+ 0*0231965 
+ 0*0282535 
+ 0*0339957 

+ 0*0404526 
+ 0*0476471 

+ 0-0555957 

*f 0*0643070 
+ 0*0737819 

+ 0*0840129 
0*0949836 
-t- 0*1066687 
+ 0*11903:1 <5 
+ 0*1320342 

+ 0*1456177 
+ 0*1597218 
+ 0*1742754 
+ 0*1891991 
+ 0*2044053 

+ 0*2197990 
+ 0*2352786 
+ 0*2507362 
+ 0*2660587 
+ 0*2811291 

+ 0*2958266 
+ 0*3100286 
+ 0*3236110 
+ 0*3304501 
+ 0*3484230 

+ 0*3594094 
+ 0*3692925 
+ 0*3779603 
+ 0*3853066 
+ 0*3912324 

•f 0*0000001 
*f 0*0000006 
+ 0*0000026 
+ 0*0000081 

-f 0*0000199 
+ 0*0000429 
+ 0*0000831 
+ 0*0001487. 
+ 0*0002498 

+ 0*0003987 
+ 0*0006101 
+ 0*0009008 
+ 0*0012901 
+ 0*0017994 

+ 0*0024524 
+ 0*0032746 
+ 0*0042936 
+ 0*0055385 
+ 0*0070396 

+ 0*0088284 
+ 0*0109369 
+ 0*0133973 
+ 0*0162417 
•f 0*0195016 

+ 0*0232073 
+ 0*0273876 
+ 0*0320690 
+ 0*0372756 
+ 0*0430284 

+ 0*0493448 
•f 0*0562380 
+ 0*0637169 
+ 0*0717854 
+ 0*0804420 

+ 0*0896796 
+ 0*0994854 
+ 0*1098400 
+ 0*1207178 
+ 0*1320867 

+ 0*1439079 
+ 0-1561363 
+ 0*1687200 
+ 0*1816009 

+ 0*1947147 

+ 0*2079912 
+ 0*2213550 
+ 0*2347252 
+ 0*2480168 
+ 0*2611465 

0*1 

0*2 

0*3 

0*4 

0 - 5 

0*6 

U 

0*9 

1*0 

1*1 

1*2 

1 - 3 
1-4 

1 - 5 

1*6 

U 

1*9 

2*0 

2*1 

2*2 

2- 3 

2*4 

2- 5 

2*6 

U 

2*9 

3- 0 

3-1 

3-2 

3-3 

3-4 

3-5 

3-6 

3'2 

3 - 8 
3*9 
4*0 

4 - 1 
4*2 
4-3 
4-4 
4-5 

4-6 

u 

4 - 9 

5 - 0 


* 1 






TABLES OE BESSEL FUNCTIONS 


Table IV. Values of ./„(:») 


^ JoW JM J^{x) J^{x) 



+ 0-765198 
+ 0-223891 

- 0-260052 

- 0-397150 

- 0-177597 

+ 0-150645 

+ 0-300079 
+ 0-171651 

- 0-090334 

- 0-245936 

- 0-171190 
+ 0-047689 


+ 0-440051 

+ o'-576725 

+ 0-339059 
- 0-066043 


- 0-276684 

- 0-004683 
+ 0-234636 
+ 0-245312 
+ 0-043473 

- 0-176785 

- 0-223447 


+ 0-114903 
+ 0-352834 
+ 0-486091 
+ 0-364128 
+ 0-040565 

- 0-242873 

- 0-301417 

- 0-112992 
+ 0-144847 
+ 0-254630 
+ 0-139048 

- 0-084930 


+ 0-019563 
+ 0-128943 
+ 0-309063 
+ 0-430171 
+ 0-364831 
+ 0-114768 

- 0-167556 

- 0-291132 

- 0-180935 
+ 0-058379 
+ 0-227348 

+ 0-195137 


+ 0-002477 
+ 0-033996 
+ 0-132034 
+ 0-281129 
+ 0-391232 
+ 0-357642 

+ 0-157798 

- 0-105357 

- 0-265471 

- 0-219003 

- 0-015040 
+ 0-182499 


+ 0-000250 I 
+ 0-007040 2 

+ 0-043028 3 

+ 0-132087 4 

+ 0-261141 5 

+ 0-362087 6 

+ 0-347896 2 

+ 0-185775 8 

- 0-055039 9 

- 0-234062, 10 

- 0-238286 
“ 0-073471 


JM 

JM 

JM 

JM 

7 ioW 

+ 0-000021 
+ 0-001202 
+ 0-011394 
+ 0-049088 
+ 0-131049 
+ 0-245837 

\ + 0-000002 
+ 0-000175 
+ 0-002547 
+ 0-015176 
+ 0-053376 
+ 0-129587 

+ 0-000022 
+ 0-000493 
+ 0-004029 
+ 0-018405 
0-056532 

+ 0-000002 
+ 0-000084 
+ 0-000939 
+ 0-005520 
+ 0-021165 

+ 0-000013 
+ 0-000195 
+ 0-001 46S 
+ 0-006964 

+ 0-339197 

+ 0-337570 

+ 0-204317 

- O-OI445Q 

- 0-201584 

- 0-243725 

+ 0-233584 
+ 0-320589 
+ 0-327461 
+ 0-216711 
+ 0-018376 
- 0-170254 

+ 0-127971 
+ 0-223455 
+ 0-305067 
+ 0-317854 
+ 0-224972 
+ 0-045095 

+ 0-058921 
+ 0-126^21 
+ 0-214881 
+ 0-291856 
+ 0-308856 
+ 0-230301 

+ 0-023539 
+ 0-060767 
+ d-124694 
+ 0-207486 
+ 0-280428 
+ 0-300476 


+ 0-000002 
+ 0-000037 
+ 0-000351 
+ 0-002048 

+ 0-008335 
+ 0-025597 
+ 0-062217 
+ 0-123117 
+ 0-201014 
+ 0-270412 


JM 

Jn{^) 

JiM 

J^M 

JiM 

Jni^) 

+ 0-000006 
+ 0-000076 
+ 0-000545 

+ 0-002656 
+ 0-009624 
+ 0-027393 
+ 0-063370 
+ 0-121600 
+ 0-195280 

+ 0-000001 
+ 0-000015 
+ 0-000133 

+ 0-000770 
+ 0-003275 
+ 0-010830 
+ 0-028972 
+ 0-064295 
+ 0-120148 

+ 0-000003 
+ 0-000030 

+ 0-000205 
+ 0-001019 
+ 0-003895 
+ 0-011957 
+ 0-030369 
+ 0-065040 

+ 0-000006 

+ 0-000051 
+ 0-000293 
+ 0-001286 
+ 0-004508 
+ 0-013009 
+ 0-031613 

+ 0-000001 

+ 0-000012 
+ 0-000078 
+.0-000393 
+ 0-001567 
+ 0-0051 10 i 
+ 0-013991 

+ 0-000002 
+ 0-000019 
+ 0-0001 12 
+ 0-000506 
+ 0-001856 
+ 0-005698 
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TABLES OF BESSEL ETJNOTIONS 


Table IV. Values of J^ix) and Y^{x) 


X 

/laW 

Jib (■*') 

w/aoW 

X 

1 

+ 0-000001 
+ 0-000005 

+ o-oooooi 


1 

9 

+ 0-000030 

+ 0*000007 

+ 0-000002 

9 

10 

+ 0-000152 

+ 0*000043 

+ 0-000012 

10 

ii 

+ 0-000628 

+ 0*000199 

+ 0*000059 

II 

12 

+ 0-002152 

+ 0*000759 

+ 0*000251 

12 



ViW 

Y,{x) 

Ysix) 

- 0*2881947 

- 0-0259497 
+ 0-2235215 
+ 0-2499367 
+ 0*0556712 

•- 0-1688473 

- 0-2252373 

- 0*1750103 

- 0-3026672 

- 0-1580605 
+ 0-1043146 
+ 0-2490154 

+ 0-1637055 

- 0-0570992 

+ 0*2298579 

- 0*0605206 

- 0*2630366 

- 0*2267557 

- 0*0050081 

+ 0*1986120 
+ 0*2157208 

+ 0-2680^06 
+ 0*0265422 

- 0-2050949 

- 0-2513627 

- 0-0914830 
+ 0- 1 290001 


+ 0-0983910 
+ 0-2903100 
+ 0-2829432 
+ 0-0900258 


- 0-2485118 

- 0-1512177 



VaW 

V7W 



- 0*1970609 
+ 0*0637022 
+ 0-2564011 
+ 0-2851178 
+ 0*1354030 

- 0*4268259 

- 0-1993068 
+ 0-0375581 
+ 0-2267718 
+ 0-2803526 

- 0*6565908 

- 0*4053710 

- 0*2000039 
+ 0-0172446 
+ 0*2010200 

- 1*1052194 

- 0-6114352 

- 0-3876699 

- 0-1999469 
+ 0-0010755 

- 2-2906609 

- 0*9921953 

- 0*5752760 

- 0*3727057 

- 0-1992993 

- 0*0892528 

- 0-2298179 

+ 0-1673728 
- 0*0402973 

+ 0-2718414 
+ 0*1895207 

+ 0-1786071 
+ 0*2614047 

- 0*0120492 
+ 0*1590189 




Yii { x ) 

- 5-7667633 

- 1*9399240 

- 0-9067010 

- 0-5454645 

- 0-3598142 

- 0-1983240 

- 0-0228763 

- 16-9318836 

- 4-5504447 

- 1-6914765 

- 0-8394376 

- 0*5203290 

- 0*3485399 

- 0*1971461 

- 56*3168097 

- 12-3614737 

- 3-7448595 

- 1-5064942 

- 0-7849097 

- 0*4987558 

- 0*3385583 


208-3353554 

- 37-03I7507 

- 9-5431018 

- 3-1778801 

- 1-3634543 

- 0-7396546 

- 0-4799704 
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TABLES OE BESSEL EUNCTIONS 
Table IV. Values of r„(a:) 



1*5342387 

i-o8iio53 


•6060246 
•4445187 

- 0-3085099 

- 0-1906649 

- 0-0868023 
+ 0-0056283 
+ o-o882570 

+ 0-1621632 
+ 0-2280835 
+ 0-2865354 
+ 0 - 337895 I 
+ 0-3824489 

+ 0-4204269 
+ 0-4520270 


+ 0*4968200 
+ 0-5103757 

+ 0-5182937 
+ 0-5207843 
+ 0-5180754 
+ 0-5104147 
+ 0*4980704 

+ 0-4813306, 

+ 0-4605035 
+ o- 4359 if>o 
+ 0-4079118 
+ 0-3768500 

+ 0-3431029 

+ 0-3070533 

+ 0-2690920 
+ 0-2296153 
+ 0-1890219 

+ 0-1477100 
+ 0-1060743 
+ 0-0645032 

+ 0-0233759 I 

- 0-0169407 

- 0*0560946 

- 0-0937512 

- 0-1295959 

- 0-1633365 

- 0-1947050 

- 0-2234600 

- 0-2493876 

- 0-2723038 

- 0-2920546 


- 6-4589511 

- 3-3238250 

- 2-2931051 
_ 1-7808720 

- 1-4714724 

- 1-2603913 

- 1-10^2499 

- 0-9781442 

- 0-7^12128 

- 0-6981196 

- 0-6211364 

- 0-5485197 

- 0-4791470 

- 0-4123086 


- 0-2847262 

- 0-2236649 

- 0-1644058 

- 0-1070324 

- 0-0516786 
+ 0-0014S78 

+ 0-0522773 

+ 0-1004889 
+ 0-1459181 

+ 0-1883635 
+ 0-2276324 

+ 0-2635454 

+ 0-2959401 
+ 0-3246744 

+ 0-3496295 

+ 0-3707113 

+ 0-3876529 

+ 0 - 40101 S 3 

+ 0-4101884 

+ 0-4153918 
+ 0-4166744 

+ 0-4141147 I 

+ 0-4078200 

+ 0-3979257 
+ 0-3845940 

+ 0*3680128 
+ 0-3483938 
+ 0-3259707 

+ 0-3009973 
+ 0-2737452 

+ 0-2445613 
+ 0-2135652 
+ 0-1812467 
+ 0-1478031 


127-6447832 

- 32*1571446 

- 14-4800940 

- 8-2983357 

- 5*4413708 

- 3*8927946 

- 2-9614776 

- 2-35855^ 

- 1*9459096 

- 1-6506826 

- 1*4314715 

- 1-2633108 

- 1-1304119 

- 1-0223908 

- 0-9321938 

- 0-8548994 

- 0-7869991 

- 0-7259482 

- 0-6698787 

- 0-6174081 

- 0*5675115 ' 

- 0-5194317 

- 0-4726169 

- 0-4266740 

-.0-3813358 

- 0*3364356 

- 0-2918869 

- .0-2476693 

- 6-2038152 
0-1604004 


5099-3323786 0-1 

- 639-8190662 0-2 

- 190-7748150 0-3 

- 81*2024845 0-4 

- 42-0594943 0-5 


- 24-6915728 

- 15-8194791 

- 10*8146466 


0-6 

0-7 

10*8146466 0-8 

- 7*7753605 0-9 

- <;- 82 I 5176 1*0 


- 0.-1175355 

- 0-0753587 

- 0-0340296 
+ 0-0002760 

+ 0-0453714 

+ 0-0830632 

+ 0-1191551 


+ 0-1857626 
+ 0-2159036 

+ 0-2437015 
+ 0-2689954 
+ 0-2916395 
+ 0-3115049 

+ 0-3284816 

+ 0-3424796 
+ 0-3534308 
+ 0-3612893 
+ 0-3660328 
+ 0-3676629 


4-5072313 1*1 

3.5898996 1*2 

2-9296706 1-3 

2-4419696 1*4 

2*0735414 1-5 

1-7896705 1*6 

1*5670362 1-7 

1*3895534 1-8 

1-2458651 1*9 

1-1277838 2-0 

1-0292956 2*1 

0-9459092 2-2 

0-8742197 2 '3 

0-8116122 2-4 

0-7560555 ,2-5 


0-6173586 

0-5385410 

0-5012882 

0-4649097 

0-4291009 

0-3936317 

0-3583353 

• 0*3230993 

■ 0-2878581 

- 0-2525864 

- 0-2172943 

- 0-1820221 

- 0-1468365 

- 0-1118267 

- 0*0771012 
0-0427844 

- 0-0090137 

+ 0-0240631 


+ 0-0875092 

+ 0-1175556 

+ 0-1462672 



« « N « to 
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TABLES OE BESSEL FOlirOTIONS 


Table IV. Values of r„(a;) 


X 

^4^ 


j 

^7^ j 

X 


305832-2979 
- 19102-4148 

- 3801-0162 

- 1209-7389 

- 499-2726 

- 243-02293 

- 132-63406 

- 78-75129 

- 49-88983 

- 33-27842 

: 

- 12-391145 

- 9-443193 

- 7-301972 

- 5-856365 

- 4-743717 

- 3-905897 

- 3-264432 

- 2-765943 

- 2-3733331 

- 2-0603205 

- 1-8079562 

- 1-6023566 

- 1*4331973 

- I *292695 ^ 

- 1-1749076 

- 1-0752421 

- 0-9901 1 12 

- 0-9166828 

- 0-8526997 

- 0-7963470 

- 0-7461539 

- 0-7009203 

- 0-0596606 

- 0-6215621 

- 0-5859520 

- 0-5522725 

- 0-5200615 

- 0-4889368 

- 0-4585842 

- 0-4287478 

- 0-3992226 

- 0-3698472 

- 0-3404998 

- 0-3 1 10929 

- 0-2815701 

- 0-2519027 

- 0-2220872 

- 0-I92I423 


■ 24461484-502 

- 765850-775 

- 101109-057 
- 24113-576 
- 7940*301 

3215-6142 

1499-9983 

- 776-6983 

- 435-6898 

- 260-4059 

- 163-88133 
- 107-65135 

- 73-32353 

- 51-51915 

- 37-19031 

- 27-492154 

- 20-756338 
- 15-909987 

- 12-499113 

- 9*935989 

- 8-011973 

- 6-546165 

- 5-414324 

- 4-529570 

- 3-830176 

- 3-271567 

- 2-821130 

- 2*454702 

- 2-154277 

- 1-905946 

- 1-6992271 

- 1-5259577 

- 1-3797571 

- 1-2555924 

- 1*1494603 

- 1*0581497 

- 0-9790651 

- 0-910P926 

- 0-8494985 

- 0-7958514 

- 0-7479619 

- 0-6296652 

- 0-5963194 

- 0-5650943 

~ °’ 535559 i 

- 0-5073471 

- 0-4801469 

- 0*4536948 


- 2445842617-9 

- 38273676-3 

- 3368520-9 

- 601629*7 

- 158426-8 

53350*547 

21295-913 

- 9629-977 

- 4791-108 

- 2570-780 

- 1466-6768 

- 880-4084 

- 551*0360 
*- 358*5506 

- 240*5734 

- 165-96960 

- 117-55239 

- 84-81625 

- 62-52037 

- 46-91400 

- 35-77892 

- 27-69498 

- 21*73258 

- 17-27088 

- 13-88751 

- 11-290256 

- 9*273796 

- 7*691764 

- 6*438430 

- 5-436470 

- 4-628678 

- 3*972271 

- 3-434928 

- 2-991999 

- 2-624512 


■ 2-0601699 
- 1*8427079 

■ 1*6581398 

• 1*5006918 

• 1-3657130 

1-2494327 

1-1487739 

1*0612100 

0-9846543 

0*9173730 

0*8579174 

0-8050705 

0*7578045 

0*7152474 


- 293476652667 

- 2295654722 

- 134639666 

- 18024776 
- 3794296 

1063795-33 

- 363572*80 

- 143672-96 

- ^ 3445-75 

- 30588-96 

- 15836-229 

- 8696-433 

- 5018-701 

- 3021-772 

- 1887-397 

- 1217-2798 

- 807-6135 

: 

- 271-5480 

- 196-43901 

- 144-51734 

- 107-97306 

- 81-82481 

- 62-82986 

- 48*83731 

- 38*39572 

- 30*50994 

- 24*48750 

- 19*83994 

- 16-218237 

- 13*370058 

- 11-110890 

^ 7-848866 

- 6-667659 

- 5*702567 

- 4-908985 

- 4-252470 

- 3*706224 


- 3*249247 

- 2-864972 
2-540242 
2-264544 
2*029425 

1-8280526 
1-6548682 
1-5053290 j 
1-3757009 
1-2628988 


O O O O H 
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Table IV. Values of r„(») 


X 

V3(;.) 

V,(^) 



- 4Io8428553o8[2‘ 

- 1606575569 X 

- 627981592. 

— 63026552 

— io6o8i9[2‘ 

- 24768540-5 

- 7250160-1 

- 2504646-8 

- 982142-7 

- 425674-6 

- 200085-33 

- 100577-97 

- 53495-91 

- 29859-17 

- 17375-13 

- 10485-229 


“ ^533-582 
- 4188-852 


65731922082783. 
- 128503088953 
- 3347888753. 
- 25192597 3. 

- 339 o 825[3. 

- 659430617 

- 165354373 

- 49949263 

- 17396869 
- 6780205 


1853-922 

1273-8144 

- 891-9608 

- 635-4947 

- 460-0405 

- 337-9597 

- 251-67985 

- 189-81514 

- 144-85794 

- 111-77710 

- 87-14989 

- 68-61497 

- 54-52173 

- 43-70218 

- 35-32025 

- 28-77095 

- 23-612043 

- 19-517110 

- 16-243027 

- 13-607138 I 

- 11-471092 

- 9-729277 

- 8-300474 

- 7-121782 

- 6-144157 

- 5-329114 

- 4-646265 

- 4-071477 

- 3-585472 

- 3'I72769 

- 2-820869 


- 2894495-9 

- 1332343*2 

- 653392-5 

- 338225-9 

- 183447-3 


- Ii83i335i32045j;5;| 

- 11563671430 A 

- 200810527^ 

- 11330366 X 

- 1219636I5 

- i9758i50or2' 

- 42447194 2. 

- 11213538 a. 

- 3469552 .2. 

- I2I6i8q[2 

- 47164393 

- 19884570 

- 8993478 

- 4318759 

- 2183993 


- 103635-01 

- 60684-92 

- 36684-77 

- 22816*93 

- 14559-83 

- 9508-814 

- 6342-471 

- 4312-860 

- 2985-112 

- 2100-1 12 

- 1499-9618 

- 1086-4347 

- 797-2497 

- -592-2137 

- 444-9595 

- 337-92355 

- 259-23861 

- 200-77848 

- 156-90853 

- 123-67548 

- 98-27476 

- 78-69575 

- 63-48271 

- 51-57168 

- 42-17814 

- 34-71866 

- §§-75588 

- 23-95941 

- 20-07785 

- 16-91853 

- 14-332870 

- 12-205480 

- 10-446246 

- 8-984362 

- 7-763883 


1155408*6 

- 636012-7 

- 362658-9 

- 213405-5 

- 129184-5 

- 80230-30 

- 51000-98 

- 33117-32 

- 21928-30 

- 14782-85 

- 10132*671 

- 7053-083 

- 4980-319 

- 3564-032 

- 2582-607 

1893-5218 

1403-6955 

- 1051-4532 

- 795-3720 

- 607-2744 

- 467-7617 

- 363-3271 

- 284-4615 

- 224-4160 

- 178-3306 

- 142-69412 

- 114-93902 

- 93-17343 

- 75-99248 

- 62-34502 


- 35-58795 

- 29-83101 

- 25-12911 


Tlu. B«mbera to t J 

pointB. For example, the integral part ol “““ 

Brat 14 ate given. 







736 


TABLES OE BESSEL FUNOTIONS 
Table TV. Values of e~*Z„(a;) 




• 

X 


■ 



X 


O-I 

0‘2 

0-3 

0-4 

0-5 

0-6 

%l 

0 - 9 

1- o 

I'l 

1*2 

I ‘3 
1-4 
1-5 

i '6 

5:2 

1 - 9 
2>0 

2'I 

2- 2 
2-3 
2-4 

2-5 

2’6 

5:2 

2 - 9 

3 - 0 

3-1 

3'2 

3’3 

3-4 

3-5 

3-6 

P 

3 - 9 

4 - 0 

4-1 

4-2 

4-3 

4-4 

4*5 

4-6 

U 

4*9 

5*0 

0-0011320 

0 - 00-41073 

0-0003969 

0-0135860 

0-0193521 

6-0254458 

0-0316770 

0-0379022 

0-0440151 

0-0499388 

0-0556193 

0-0010206 

0-0661209. 

0-0709088 

0-0753811 

0-0795406 

0-0833947 

0-0,869539 

0-0902306 

0-0932390 

0-0959939 

0-0985103 

0-1008034 

0-1028881 

0-1047787 

0-1064892 

0-1080327 

0-IO942I7 

0-1100680 

0-1117825 

0-1127758 

0-1136572 

0-1144358 

0-1151197 

0-1157167 

0-1162339 

0-1166776 

0-1170540 

0-1173686 

0-1176265 

0-1178323 
0-1179905 
0-1 181048 
0-1181791 
0-1182166 

0-1182204 

0-1181933 

0-1181380 

0-1180568 

0-1,179519 

o-ooooiSq 

0-0001368 

0-0004I9I 

0-0009027 

0-0016043 

0-0025257 

0-0036585 

0-0049877 

0-0064938 

0-0081553 

0-0099497 

0-0118547. 

0-0138486 

0-OI59IIO 

0-0180231 

0-0201679 

0-0223299 

0-0244955 

0-0266527 

0-0287912 

0-0309022 

0-0329781 

0-0350127 

0-0370010 

0-0389387 

0-0408227 

0-0426507 

0-0444207 

0-0461318 

0-0477833 

0’0493750 

0-0509071 

0-0523802 

0-0537949 

0-0551523 

0-0564535 

0-0576999 

0-0588928 

0-0600338 

0-0611243 

0-0621661 

0-0631607 

0-0641090 

0-0650147 

0-0658774 

0-0666994 

0-0674822 

0-0682274 

0-0689364 

0-0696107 

0-0000002 

0*0000034 

0-0000157 

.0-0000450 

0-0001000 

0*0001886 

0-0003182 

0-0004948 

0-0007233 

0-0010069 

0-0013479 

0-0017471 

0-0022045 

0-0027189 

0-0032885 

0-0039110 

0-0045834 

0-0053023 

0-0060642 

0-0068654 

0-0077019 
0-0085701 
0-0094659 
0-0103857 
0-01 13259 

0-0122829 

0-0132534 

0-0142344 

0-0152228 

0-0162159 

0-0172112 

0-0182063 

0-0191010 

0-0201876 

0-0211700 

0-0221447 

0-0231102 

0-0240654 

0-0250090 

0-0259400 

0-0268576 

0-0277610 

0-0260495 

0-0295227 

0-0303800 

0-03I22I2 

0-0320458 

0-0328538 

0-0336449 

0-0344190 

0*0000001 

0*0000005 

0-0000018 

0-0000050 

0-0000113 

0*0000222 

0-0000394 

0-0000647 

0-0000999 

0-0001468 

0*0002072 

0-0002826 

0-0003746 

0-0004843 

0-0006129 

0-0007611 

0-0009298 

0-0011192 

0-0013298 

0-0015615 

0*0018142 

0*0020879 

0-0023819 

0*0026960 

0-0030293 

0-0033813 

0-0037511 

0-0041380 

0-0045409 

0-0049590 

0-0053913 

0-0058369 

0-0062947 

0-6067638 

0-0072431 

0-0077318 

0*0082288 

0*0087333 

0-0092443 

0-0097611 

0-01.02826 

0-0108082 

0-0113371 

0-0118685 

0-0124017 

0-0129361 

0-0134711 

0-0140060 

0-0145403 

0-1 

0-2 

0-3 

0-4 

P -5 

0-6 

s;i 

0- 9 

1- 0 

1-1 

1-2 

1-3 

1-4 

1-5 

1-6 

U 

1- 9 

2- 0 

2-1 

2*2 

2-3 

2-4 

2-5 

2-6 

tl 

2 - 9 

3 - 0 

3-1 

3-2 

3-3 

3-4 

3-5 

3-6 

U 

3 - 9 

4- 0 

4-1 

4-2 

4-3 

4-4 

4-5 

4-6 

U 

4-9 

5.0 
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O'l 

0-2 

0-3 

0-4 

0-5 

0-6 

I'-l 

0 - 9 

I'O 

1- i 
1-2 
1-3 
1-4 
1-5 

1*6 

I'-l 

1 - 9 

2 - 0 

2*1 

2'2 

2-3 

2-4 

2-5 


Ko W 

KiW 


2-4270690 

1-7527039 

1-3724601 

1-1145291 

0-9244191 

9*8538448 

4.7759725 

3*0559920 

2-1843544 

1-6564411 

199*5039646 7 

49-5124293 

21*7457403 

12-0363013 

7*5501836 

0-7775221 

0-6605199 

0-5653471 

0-4867303 
0-4210244 • 

1-3028349 

1-0502835 

0-8617816 

0-7165336 

0-6019072 

5-1203052 

3-6613300 

2-7198012 

2-0790271 

1-62483S9 

0-3656024 

0-3185082 

0-2782476 

0-2436551 

0-2138056 

0-5097600 

0-4345924 

0-3725475 

0-3208359 

0-2773878 

1-2924388 

1-0428289 

0-8513976 

0-7019921 

0-5836560 

0-1879548 

0-1654903 

0-1459314 

0-1288460 

0-1138939 

0-2406339 

0-2093625 

0-1826231 

0-1596602 

0-1398659 

0-4887471 

0-4118051 

0-3488460 

0-2969093 

0-2537598 

0-1007837 

0-0892690 

0-0791399 

0-0702173 

0-0023470 

0-1227464 

0-1078968 

0-0949824 

0-08372.48 

0-0738908 

0-2176851 

0-1873570 

0-1617334 

0-1399880 

0-1214602 

0-0553983 

0-0492554 

0-0438200 

0-0390062 

0-0347395 

0-0652840 

0-0577384 

0-0511127 

0-0452864 

0-0401564 

0-1056168 

0-0920246 

0-0803290 

0-0702383 

0-0615105 

0-0309547 
0-0275950 
0-0246106 
f 0-0219580 

0-0195989 

0-0356341 

0-0316429 

0-0281169 

0-0249990 

0-0222394 

0-0539444 

0-0473718 

0-0416512 

0-0366633 

0-0323071 

5 0-0174996 

0-0150307 
0-0139659 
9 0-0124823 

0 0-0111597 

0-0197950 

0-0176280 

0-0157057 

0-0139993 

0-0124835 

0-0284968 

0-0251593 

0-0222321 

0-0196614 

0-0174014 

1 0-0099800 

2 0-0089275 

3 0-0079880 

4 0-0071491 

5 0-0063999 

0-0111363 

0-0099382 

0-0088722 

0-0079233 

0-0070781 

0-0154123 

0-0136599 

0-OI2JI46 

0-0107506 

0-0095457 

6 0-0057304 

7 0-0051321 

8 0-0045972 

9 0-0041189 

0 0-003691 1 

0-0063250 

0-0056538 

0-0050552 

0-0045212 

0-0040446 

0-0084804 

0-0075380 

0-0067036 

0-00596^3 

0-0053089 


i ^3 W 


O'l 
0-2 
0-3 

0-4 

62-0579095 0-5 

35-4382031 0-6 

21-9721690 o- 
14-4607876 o- 
9-9560542 o-g 
7-1012628 i-o 


2-9922325 
2-3265275 
I ■8338037 


i-i 

1-2 

1-3 

1-4 

1-5 


1-4625018 1-6 

1-1783157 1-7 

0-9578363 1-8 

0-7847324 1-9 

0-6473854 


2-0 


0-5373847 2-1 
0-4485459 2- 
0-3762579 2-3 

0-3170382 2-4 

0-2682271 2-5 


0-2277714 

O-I94O7II 
0-1658685 
0-142166^ 
O-I 22 I 704 

0-1052398 
0-0908577 
0-0786032 
0-068132- 
O-O5916IC 

0-0514581 
0-0448273 
0-0391079 I 3 
0-0341649 3-9 

0-0298849 I 4-0 


2-6 
2- 
2 * 

2- 9 

3- 0 

3-1 

3-2 

3-3 

3-4 

3-5 

3-6 


0-0261727 
0-0229477 
0-020141 6 
0-0176965 
0-0155631 

0-0136993 

0-0120691 

0-0106415 

0-0093900 

0-0082918 


4-1 

4-2 

4-3 

4-4 

4*5 

4-6 

4 - { 

4.9 

5 - 0 


w. B.r. 
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TABLES OE BESSEL FUNCTIONS 


Table IV. Values of {x) 


479600-2498 

29900-2492 

5881-7297 

1850-2468 

752-2451 

359-502336 

191-994207 

111*175708 

68-456722 

44-232416 

29-708098 

20-596272 

14-661702 

ro-672824 

7-918871 

5- 973129 

4-570567 

3-541034 

2-775011 

2-195916 

1-7530699 

1*4106641 

1-1432756 

o- 9325»36 

0-7652054 

0-6312432 

0-5232937 

0-4357615 

0-3643764 

0-3058512 

0-2576343 

0-2177299 

0-1845662 

0-1568967 

0-1337274 

0-1142604 

0-0978523 

0-0839814 

6- 0722228 
0-0022288 

0-0537139 

0-0464423 

0-0402191 

0-0348822 

0-0302965 

0-0263491 

0-0229453 

0-0200054 

0-0174623 

0-0152591 


38376010-00 

1197004*99 

157139-12 

37127-48 

12097-98 

4828-8027 

2216-1917 

1126-2179 

618-4609 

360-9606 

221-26843 

141-21917 

93-21809 

63-31409 

44-06778 

31-328146 

22-086864 

16-698431 

12-468991 

9-431049 

7-215746 

5-578234 

4-352869 

3-425650 

2-716884 

2-1700581 

1-7445711 

1-4109012 

1-1473430 

0-9377736 

0-7701024 

0-0351824 

0-5260364 

0'43730H 

0-3648244 

0-3053701 

0-2563998 

0-2159108 

0-1823141 

0-1543425 

0-1309802 

0-1114092 

0-0949678 

0-0811187 

0-0694230 

0-0595239 
0-051 1250 
0-0439839 
0-0378998 
0-0327063 


3838080599-8 

59880149-8 

5243852-5 

930037-5 

242711-8 

80839-547 

3^®5S‘|75 

14188-899 

6940-244 

3653-835 

2041-2393 

1197-4227 

731-7239 

462-9164 

301-7041 

201-77404 

138-02271 

96-31069 

68-40128 

49-35116 

36-113765 

26-766271 

20*068791 

15-206127 

11-632743 

8-977621 

6-984668 

5-474694 

4-320732 

3-431763 

2-7418356 

2-2026750 

1-7786158 

1-4430764 

1-1760828 

0-9625106 

0-7908246 

0-6521676 

0-5396949 

0-4480852 

0-3731778 

0-3117023 

0-2610745 

0-2192429 

0-1845713 

0-1557490 

0-1317219 

0-1116385 

0-0948088 

0-0806716 


460608047990 

3594005995 

209911239 

27938248 

5837182 

1621619-74 

548248-34 

213959-70 

93155-05 

44207-02 

22489-333 

12115-446 

6847-593 

4031-169 

2457-700 

1544-6334 

996-9648 

658-7697 

444-4771 

305-5380 

213-58012 

151-57608 

109-05961 

79-45628 

58-55405 

43-60523 

32-78754 

24-87388 

19-02623 

14-66483 

11-383660 

8-895214 

6-993730 

5-530512 

4-397108 

3-513739 

2*821236 

2-275387 

1-842914 

1-498598 

1-2232080 

1*0019872 

0-8235478 

0-6790539 

0-5616138 

0-4658258 

0-3874361 

0*3230800 

0-2700847 

0-2263181 



O C oo-vt O' 








TABLES OE BESSEL BTOOTIONS 


7a9 


Table IV. Values of (») 


a ; 



7^10 W 

i 

X 

0 ‘I 

0*2 

0-3 

0*4 

0*5 

0*6 

0 - 9 

1- o 

I'l 

1-2 

1-3 

1-4 

1*5 

1-6 

11 

1 - 9 

2- 0 

2*1 

2*2 

2*3 

2-4 

2-5 

2-G 

tl 

2 - 9 

3 - 0 

3-1 

3-2 

3'3 

3-4 

3-5 

3.6 

11 

3 - 9 

4 - 0 

4 -x 

4-2 

4-3 

4-4 

4-5 

4-6 

n 

4 - 9 

5 - 0 

644889647992 [2] 
25i6402998[2J 
98011017E2] 

f«] 

379i8632>59 

10996818-09 

3758483-72 

1456018-75 

622552-12 

288269-12 

142544-29 

74475-03 

40774-60 

23240-24 

13717-316 

8348-321 

5220-075 

3343-496 

2188-117 

1459-9812 

991-3413 

683-9099 

478-7011 

339-5354 

243-77501 

176-99414 

129-84408 

96-17151 

71-86702 

54-15191 

41-11923 

31-44899 

24-21577 

18-76452 

14-627050 

11-465773 

9-035174 

7-155283 

5-693179 

4-549986 

3-051659 

2-942393 

2-379869 

1-931814 

1-0539552 

0-8664794 

0-7143624 

io3i869497592o[3] 

201348i799o[3] 

522935335.3] 

39178686 [ 3 ] 

5243719 [ 3 J 

1012785182 

251904104 

75383634 

25977933 

10005041 

4215494-70 

1912706-01 

923463-36 

470026-62 

250353*61 

138717-80 

79569-40 

47059-44 

28600-23 

17810-48 

11337-247 

4866-694 

3270-797 

2231-581 

1543-7592 

1081-6417 

766-8400 

549-6277 

397-9588 

290-87739 

214-49139 

159-47366 

119-48709 

90-17775 

68-52285 
52-40296 
40-31822 
31-19792 
24-27131 * 

18-979250 

14-913071 

11-771986 

9-333122 

7-430286 

5-938798 

4-764583 

3-836264 

3-099405 

2-512278 

i 8574295846304 [ 5 ] 

181238525946] 

3138592126] 

176401976] 

i 889376 [ 5 J 

304214741 [2] 

64885309 2] 
10998902 2] 
52ioi47[2] 

1 807 133 [2] 

69269092 

28833134 

12860891 

6083974 

3027484 

1574292-56 

850847-84 

475814-46 

274293-04 

162482-40 

98636-38 

61220-41 

38^71-08 

25009-68 

16406-92 

10931-338 

7387-939 

5059-530 

3507-654 

2459-620 

1743-1174 

1247-6333 

901-3053 

656-7945 

482-5358 

357-2413 

266-3991 

200-0162 

151-1457 

114-9141 

87-87352 

67-56482 

52-22047 

40-56082 

31-65296 

24-812255 

19-533125 

15-439946 

12-252049 

9-758503 

0-1 

0-2 

0-3 

0-4 

0-5 

0-6 

tl 

0 - 9 

1 - 0 

i-i 

1-2 

1-3 

1-4 

1-5 

1-6 

1-7 

1-0 

1 - 9 

2- 0 

2-1 

2-2 

2-3 

2-4 

2-5 

2-6 

U 

2- 9 

3- 0 

3-1 

3-2 

3-3 

3-4 

3-5 

3-6 

\1 

3 - 9 

4- 0 

4-1 

4-2 

4-3 

4-4 

4-5 

4-6 

XI 

4- 9 

5- 0 


The nitinbers in. [ ] are the numbers of digits between the last digits given and the decimal 
points. For example, the integral part of ^10 (o-i) is a number containing 19 digits of which the 
first 14 are given. 


47—2 




TABLES OF BESSEL FUNCTIONS 
Table V. Values of + (a;) 


1 + 0*671397 

2 + 0*513010 

3 + 6*065008 

4 - 0*301921 

5 - 0*342168 

6 - 0*091016 

7 + 0*198129 
o + 0*279093 
9 + 0*109608 

10 -- 0*137264 

- 0*240569 

- 0*123589 
+ 0*092980 
+ 0*211241 
+ 0*133968 

- 0*037428 

- o*i8oo45 

- 0*141233 

19 + 0*027435 

20 + 0*162881 

21 + 0*145672 

22 - 0*001506 

23 - 0*140786 

24 - 0*147489 

25 - 0*021120 

26 + 0*119324 

27 + 0*146854 

28 + 0*040849 

29 - 0*098326 

30 - 0*143930 

31 - 0*057900 

32 + 0*077777 

33 + 0*138882 

34 + 0*072398 

35 - 0*057748 

36 - 0*131887 

37 - 0*084414 

38 + 0*038360 

39 + 0*123138 

40 + 0*094001 

41 - 0*019766 

42 - 0*112839 

43 - 0*101207 

44 + 0*002120 

45 + 0*101208 

46 -f- 0*106088 
+ 0*014382 

- 0*088476 

- 0*108712 

- 0*029606 




-1- 0*431099 
234786 
456049 

- 0*260766 
+ 0*101218 

0*312761 
+ 0*227356 

- 0*041045 

- 0*242326 

- 0*211709 

+ 0*001064 
+ 0*194364 
+ 0*200812 
+ 0*029158 

- 0*156506 

- 0*191025 


+ o*i24iai 
+ 0*180980 
+ 0*072807 


+ 0*069085 

+ o-i5«i73 

+ 0*101229 

- 0*044859 

- 0*145147 

- 0*110835 
+ 0*022470 

+ 0*131087 
-I- 0*117665 

- 0*001844 

- 0*116115 

- 0*121878 

- 0*017017 
+ 0*100400 
•f 0*123619 
+ 0*034067 

- 0*084139 

- 0*123031 

- 0*049245 
+ 0*067544 
+ 0*120267 
+ 0*062483 

- 0*050842 

- 0*115491 

- 0*073722 
+ 0*034263 
+ 0*108885 


/-5 W 


+ 0*240298 - 1*102496 -f- 0*049497 

+ 0*491294 - 0*395623 *F 0*223925 

+ 0*477718 + 0*087008 + 0*412710 

+ 0*185286 +0*367112 +0*440885 

-*• 0*169651 + 0*321925 + 0*240377 

- 0*327930 + 0*038889 *- 0*072950 

- 0*199052 - 0*230608 - 0*283437 

+ 0*075931 - 0*273962 - 0*250019 

+ 0*254504 - 0*082683 - 0*024773 

+ 0*197983 +0*158435 +0*190659 


- 0*022934 

- 0*204603 

- 0*193660 

- 0*014070 
+ 0*165437 

+ 0*187436 
+ 0*042305 

- 0*132027 

- 0*179536 

- 0*064663 

+ 0*102303 
+ 0*170034 
+ 0*082527 

- 0*075230 

- 0*159018 

- 0*096639 
+ 0*050298 
+ 0*146606 
+ 0*107444 

- 0*027268 

- 0*132954 

- 0*115235 
+ 0*00605-? 
+ 0*118244 
+ 0*120228 

+ 0*013353 

- 0*102682 

- 0*122610 I 

- (^030910 
+ 0*086489 

+ 0*122549 
+ 0*046558 

- 0*009898 

- 0*120218 

- 0*060234 

+ 0*053148 
+ 0*115797 
+ 0*071879 

- 0*036481 

- 0*109477 


+ 0*240472 
+ 0*107392 

- 0*108427 

- 0*213323 

- 0*123534 

+ 0*069367 

+ o*i 891'78 

+ 0-134334 

- 0*036960 

- 0*166521 

- 0*141131 
+ 0*009238 
+ 0*144640 
+ 0*144611 
+ 0*014793 

- 0*123217 

- 0*145193 

- 0*035665 , 
+ 0*102148 
+ 0*143181 

+ 0*053672 


- 0*138826 

- 0*068982 
+ 0*061230 

+ 0*132360 
+ 0*081700 

- 0-041613 

- 0*124012 

- 0*091898 

+ 0*022766 
+ 0*114011 
+ 0*099636 

- 0*004863 

- 0*102596 

- 0*104983 

- 0*011925 
+ 0*090012 
+ 0*108013 
+ 0*027428 


+ 0*234314 
+ 0*072423 

- 0*137671 

- 0*214256 

- 0*100880 

+ 0*092573 
+ 0*193511 
+ 0*119229 

- 0*055782 

- 0*172580 


W ^ 


+ 2*876388 I 
+ 0*828221 2 

+ 0*369041 3 

- 0*014568 4 

- 0*294372 5 

- 0*332205 6 

- 0*128524 7 

+ 0*143781 8 

+ 0*269886 9 

+ 0*164179 10 

- 0*066647 1 1 

- 0*221212 12 

- 0*175790 13 
+ 0*016554 14 
+ 0*i8I212 15 

+ 0*178019^ 16 
+ 0**019864 17 

- 0*146570 18 

- 0*175144 19 

- 0*047829 20 


-0*131058 +0*115528 21 
+ 0'024692 + 0*168043 22 
+ 0*151550 + 0*069782 23 
+ 0*138086 - 0*087161 24 
+ 0*002038 - 0*159948 25 

- 0*130474 - 0*087011 26 

- 0*141266 + 0*060991 27 

- 0*025141 + 0*148969 28 
+ 0*109441 + 0*100268 29 
+ 0*141203 - 0*036788 30 

+ °’045034 - 0*136281 31 

- 0*088581 - 0*110029 32 

- 0*138331 + 0*014465 33 

- 0*061964 + 0*122202 34 
+ 0*068053 + 0*116630 35 


+ 0*133000 
+ 0*076088 

- 0*048040 

- 0*125516 

- 0*087514 

+ 0*028733 
+ 0*116164 
+ 0*096331 

- 0*010326 

- 0*105223 

- 0*102622 

- 0*006991 
+ 0*092968 
+ 0*106479 
+ 0*023037 


+ 0*005987 36 

- 0*107023 37 

- 0*120334 38 

- 0*024528 39 
+ 0*091031 40 

+ 0*121365 41 
+ 0*041101 42 

- 0-074495 43 

- 0*119958 44 

- 0*055643 45 

+ 0*037689 46 
+ 0*116253 47 
+ 0*068096 48 

- 0*040876 49 

- 0*110530 50 









TABLES OF BESSEL FUNCTIONS 
Table V. Values of J±{n+i) 


9 

10 


7 jW /-iW 


1 + 0*007186 

2 + 0*068518 

3 + 0*210132 

4 + 0*365820 

5 + 0*410029 


+ 0*267139 

- 0*003403 

- 0*232568 

- 0*268267 

- 0*099653 


11 + 0*129440 

12 + 0*234840 

13 + 0*140709 

14 - 0*062450 

15 - 0*199063 

16 - 0*158507 

17 + 0*014010 

18 + 0*165146 

ig + 0*164856 

20 + 0*021518 


0-133507 

- 0*164423 

23 - 0*049581 

24 + 0*103998 

25 -1- 0*159426 

26 + 0*071548 

27 - 0*076458 

28 “ 0*151096 

29 - 0*088575 

30 + 0*050802 


31 

32 

33 

34 

35 


+ 0*140218 
+ 0*101394 

- 0*027012 

- 0*127357 

- 0*110507 


36 + 0*005119 

37 + 0*112964 

38 + 0*116289 

39 + 0*014818 

40 - 0*097428 

41 - 0*119045 

42 - 0*032729 

43 + 0*081099 

44 0*119045 

45 + 0*048542 

46 - 0*064303 

47 - 0*116541 

48 - 0*062195 

49 + 0*047346 

50 + 0*111781 


- 13-279444 , 

- 1*674928 

- 0*702076 

- 0*348902 

- 0*027552 

+ 0*237949 
+ 0*322411 
+ 0*184099 
0*067254 

- 0*240524 

- 0*210178 

- 0*015220 
+ 0*170039 
4 - 0*207411 
+ 0*063130 

- 0*124998 

- 0*195020 

- 0*093620 
+ 0*083050 
+ 0*178478 

+ 0*113625 

- 0*047611 

- 0*159810 

- 0*126452 
+ 0017196 

+ 0*139950 
4- 0*133898 
+ 0*009064 

- 0*119436 

- 0*137049 

- 0*031691 
+ 0*098646 
I 0*136634 
+ 0*051012 

- 0*077891 

- 0*133192 

- 0*067238 
+ 0*057447 

+ 0*127156 
+ 0*080519 

- 0*037567 

- 0*118904 

- 0*090974 
+ 0*018494 
+ 0*108779 

+ 0*09871 

- 0*00044 

- 0*08291 

- 0*103842 

- 0*016375 


J & W 


+ 0*000807 
+ 0*015887 
4. 0*077598 
0*199300 
+ 0*333663 

4- 0*384612 
4- 0*280034 
0*047122 

- 0*183879 

- 0*266416 

- 0*151943 

4 - 0*064567 
4 - 0*213437 
4 - 0*183031 
4 - 0*007984 

- 0*161920 

- 0*187495 

_ 0*055005 

1- 0*116519 

4 O* 1801 1 1 

+ 0*086555 

- 0*077008 

- 0*160640 

- 0*107753 

4- 0*042601 

+ 0*149737 

4- 0*121443 

- 0*012633 

- 0*130821 

- 0*129349 

- 0*013372 
4 - 0*110760 
4 - 0*132602 

+ 0*035744 

- 0*090154 

- 0*132005 

- 0*054717 
4- 0*069461 
4 - 0*128176 
4- 0*070464 

- 0*049057 

- 0*121619 

- 0*083128 
4- 0*029265 
4- 0*112774 

4 - 0*092836 

- 0*010367 

- 0*102038 

- 0*099715 

- 0*007388 




+ 90*079718 
4- 5*034028 
+ 1*269137 
+ 0*625147 
+ 0*332945 

+ 0*054598 

- 0*193887 

- 0*304868 

- 0*217577 

4- 0*004188 

4- 0*200397 
4- 0*230091 
4 - 0*081000 

- 0*120260 

- 0*210673 

- 0*123323 
I- 0*060438 
4- 0*182978 
+ 0*144546 

- 0*014639 

- 0*153403 

- 0*153694 

- 0*021144 
4 0*124043 

+ 0*155133 

4 0*049333 

- 0*095706 

- o*i5i23S 

- 0*071438 
4 0*068766 


4 0*143437 

31 

4 0*088450 

32 

- 0*043448 

33 

- 0*132704 

34 

- 0*101062 

35 

4 0*019912 

36 

4 0*119745 


4 0*109751 

38 

4 0*001705 

39 

- 0*105122 

40 

- 0*114951 

41 

- 0*021284 

42 

4 0*089305 

43 

4 0*117016 

44 

4 0*038744 

45 

- 0*072710 

46 

- 0*116187 

4 ? 

- 0*056004 

48 

4 0*055710 

49 

4 0*112833 

50 


19 

20 

21 

22 

23 

24 

25 

26 
2 
2 

29 

30 


741 
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TABLES OF BESSEL FUNCTIONS 


Table V. Values of 


X 

/jgl W 

/-JjL W 


/-V-W 

X 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 
ll 

29 

30 

31 

32 

33 

34 

35 

36 

U 

39 

40 

41 

42 

43 

44 

45 

46 

tl 

49 

50 

+ 0*000074 
+ 0*002973 
+ 0*022661 
+ 0*082606 
+ 0*190564 

+ 0*309779 
+ 0*3634^6 
+ 0*285580 
+ 0*084388 

- 0*140121 

- 0-253757 

- 0*186414 
+ 0*007055 
+ 0*180113 
+ 0*203854 

+ 0*067428 

- 0*113872 

- 0*192649 

- 0*109603 
+ 0-059532 

+ 0*170603 
+ 0*132919 

- 0*015626 

- 0-144405 

- 0*144089 

- 0*019716 
+ 0*116939 
+ 0*147035 
+ 0-047975 

- 0*089606 

- 0*144100 

- 0*070242 
+ 0*063176 
+ 0*136818 
+ 0*087324 

- 0*038120 

- 0*126274 

- 0*099837 
+ 0*014761 
+ 0*113283 

+ 0*108276 
+ 0*006608 

- 0*098498 

- .0*113059 

- 0:025987 

+ 0*082467 
+ o*ii 45 s 6 
“f* 0*04^062 

- 0*005662 

- 0*113110 

- 797-438019 
- 20*978200 

- 3-105334 

- 1*057678 

- 0*571750 

- 0*319846 

- 0*073127 
+ 0*158877 
+ 0*284832 
+ 0*236755 

+ 0*046217 

- 0*157348 

- 0*232116 

- 0*130102 
+ 0*063274 

+ 0-194373 
+ 0*163023 
+ 0*002131 

- 0*151520 

- 0*171891 

- 0*047880 
+ 0*110486 
+ 0*168084 
+ 0*079936 

- 0*073044 

- 0*157027 

- 0*101996 
+ 0*039548 
+ 0*141606 
+ 0*116419 

- 0*009951 

- 0*123523 

- 0*124785 

- 0*015884 
+ 0*103879 

+ 0*128214 
+ 0*038110 

- 0*083440 

- 0*127550 

- 0*050866 

+ 0*062800 
+ 0*120424 
+ 0*072282 

- 0*042429 

- 0*116528 

- 0*084486 
+ 0*022691 
+ 0*093419 
+ 0*093609 

- 0*003933 

+ 0*000006 
+ 0*000467 
+ 0*005493 
+ 0*027866 
+ 0*085579 

+ 0*183316 
+ 0*291096 

+ 0-345551 

+ 0*287020 
+ 0*112283 

- 0*101814 

- 0*235447 

- 0*207468 

- 0*041513 
+ 0*141509 

+ 0*208276 
+ 0*113813 

- 0*062725 

- 0*180008 

- 0*147369 

+ 0*002808 
+ 0*143468 
+ 0*159167 
■t* 0*041567 

- 0*106000 

- 0*158079 

- 0*073801 
+ 0*070397 
+ 0*149019 
+ 0*096493 

- 0*037760 

- 0*134906 

- 0*111543 

+ 0*008521 

+ 0^117599 

H- 0*120357 
+ 0*017176 

- 0*098362 

- 0*124012 

- 0*039312 

+ 0*078107 
+ 0*123365 
+ 0*057931 
~ 0*057530 

- 0*119127 

- 0*073116 
+ 0*037178 
■f, 0*111907 
+ 0*084974 

- 0*017496 

+ 8681*738496 
+ 110*346069 
+ 10*117087 
+ 2*283448 
+ 0*924903 

+ 0-531787 
+ 0*308802 
+ 0*086412 
■ - 0*130550 

- 0*264618 

- 0*246614 

- 0*085855 
+ 0*115406 
+ 0*222482 
■1- 0*164272 

- 0*010308 

- 0*165924 

- 0*184280 

- 0*056824 
+ 0*109179 

+ 0*178483 
+ 0*098451 

- 0*059244 

- 0*160681 

- 0*122994 

+ 0*017102 
+ 0*137260 
+ 0*135698 
+ 0*017726 

- 0*111453 

- 0*139905 

- 0*045989 
+ 0*085043 
+ 0*137843 
+ 0*068414 

- 0*059088 

- 0*131075 

- 0*085598 
+ 0*034271 
+ 0*120760 

+ 0*098102 

- 0*010256 

- 0*107796 

- 0*106408 

- 0*010259 

+ 0*092913 
+ 0*110876 
+ 0*034596 

- 0*076725 

- 0*111958 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

H 

39 

40 

41 

42 

43 

44 

45 

46 

49 

50 




TABLES OE BESSEL FUNCTIONS 


Table V. Values of (») 


Ji ^{ x ) Jj ^{ x ) Js ^( x ) 


Jaji { x ) 


+ 0*000063 + o*ooooo8 + o-oooooi V- — — 

+ 0*001140 +0*000207 +0*000034 +0*000005 + 0*000001 — 

+ 0*007957 + 0*001974 + 0*000434 + 0*000086 + 0*000015 + 0*000002 
+ 0*031941 + 0*010243 +0*002887 + 0*000727 + 0*000165 + 0*000034 


+ 0*087406 
+ 0*177161 
+ 0*275940 
■+ 0*330196 
+ 0*286089 

+ 0*133432 

- 0*068653 

- 0*214523 
14 1 - 0*218661 

15 - 0*081213 

16 + 0*101797 
+ 0*200900 
+ 0*147348 

19 - 0*013500 

20 - 0*155322 


+ 0*035199 
+ 0*088535 
+ 0*171837 
+ 0*263308 
+ 0*316850 

+ 0*283766 
+ 0*149030 

- 0*040059 

- 0*192766 

- 0*222722 

- 0*112842 
+ 0*063457 
+ 0*185515 
+ 0*169350 
+ 0*030877 


+ 0*012324 + 0*003827 + 0*001069 
+ 0*037852 + 0*014265 + 0*004763 
+ ,0*089213 + 0*040045 + 0*015904 
+ 0*167162 + 0*089590 + 0*041882 
+ 0*252556 + 0*163007 + 0*089759 

+ 0*305116 + 0*243253 + 0*159277 
+ 0*280630 + 0*294700 + 0*235095 
+ 0*162139 + 0*277030 + 0*2853^ 
-0*015412 +0*171849 +0*273186 

- 0*171205 + 0*005862 + 0*179412 

- 0*221691 - 0*150416 + 0*024269 

- 0*137449 - 0*217076 - 0*130704 
+ 0*027801 - 0*156106 - 0*209985 
+ 0*165024 - 0*004326 - 0*169805 
+ 0*181568 +0*141612 -0*032875 


+ 0*000272 
+ 0*001446 
+ 0*005080 
+ 0*017442 
+ 0*043438 

+ 0*089780 
+ 0*1558991 12 
+ 0*227859 1 13 

14 

15 



Jsf. {x) {x) . /iy. {X) Js^ (^) /jyL {x) /jyr {x) 


+ 0*000007 + 0*000601 


+ 0*000063 
+ 0*000402 
+ 0*001846 
+ 0*006508 
+ 0*018837 

11 + 0*044768 

12 +0*089695 

13 + 0*152818 

14 + 0*221379 
.15 + 0*269315 

1 5 + 0*265267 
ig + 0*189882 

19 

20 


+ 0*000014 
+ 0*000103 
+ 0^00055 1 
+ 0*002201 
+ 0*007421 

+ 0*020106 
+ 0*045914 
+ 0*089532 
+ 0*149989 
+ 0*215531 

+ 0*262335 
+ 0*261336 
+ 0*193419 
+ 0*066273 
- 0*078969 


+ 0*000003 +0*000001 
+ 0*000024 + 0*000005 
+ 0*000152 + 0*600039 
+ 0*000718 + 0*000212 
+ 0*002683 + 0*000898 

+ 0*008237 + 0*003108 
+ 0*021263 + 0*009017 
+ 0*046907 + 0*022324 
+ 0*089312 + 0*047774 
+ 0*147378 + 0*089050 

+ 0*210215 + 0*144957 
+ 0*255927 + 0*205354 
+ 0*257478 + 0*250016 
+ 0*196122 + 0*253715 
+ 0*076893 + 0*198153 


+ 0*000001 — 

+ 0*000009 + 0*000002 
+ 0*000058 + 0*000015 
+ 0*000280 + 0*000082 


+ 0*001086 
+ 0*003532 
+ 0*009760 
+ 0*023297 
+ 0*048533 

+ 0*088758 
+ 0*142701 
+ 0*200084 
+ 0*244541 
+ 0*250059 


+ 0*000355 II 
+ 0*001288 12 
+ 0*003955 13 
+ 0*010469 14 
+ 0*024193 15 

+ 0*049201 l6 
+ 0*088443 
+ 0*140594 
+ 0*196755 1 19 

+ 0*239451 20 

































TABLES OF BESSEL EU^TOTIOlirS 


Table V. BVesnel’s integrals 




BUKumum 



+ 0-550247 
+ d-72i70D 
+ 0-779084 
+ 0753302 
+ 0-670986 

+ 0-561020 
+ 0-452047 
+ 0-368193 
+ 0-325249 
+ 0-328457 

+ 0-372439 

+ 0-443274 

+ 0-522202 
+ 0-590116 
+ 0-631845 

+ 0-639301 
+ 0-612868 
+ 0-560804 
+ 0-496895 
+ 0-436964 

+ 0-395087 
4 0-380390 

+ 0-395149 
+ 0*434557 
+ 0-488146 


+ 0-584583 
+ 0-604721 
+ 0-598871 
+ 0-569335 

+ 0-524009 
+ 0-474310 


+ 0-407985 
+ 0-406589 

+ 0-427837 
+ 0-465971 
+ 0-511332 
+ 0-552774 
+ 0-580389 

+ 0-5S7849 


+ 0-092366 
+ 0-247558 
+ 0-415348 
+ 0-562849 
+ 0-665787 

+ 0-711685 
+ 0-700180 
■ + 0-642119 
+ 0-556489 
+ 0-465942 

+ 0-391834 
+ 0-349852 
+ 0-347099 
+ 0-381195 
+ 0-441485 

+ 0-512010 
+ 0-575457 
H- 0-617214 
+ 0-628573 
+ 0-608436 

+ 0-563176 
+ 0-504784 
+ 0-447809 
+ 0-405810 
+ 0-388217 

+ 0-398268 
+ 0-452489 
+ 0-481770 

+ 0-533736 
+ 0-575803 

+ 0-598183 
+ 0-596126 
+ 0-570890 
+.0-529259 
+ 0-481750 

+ 0-439089 
+ 0-413893 
+ 0-409336 
+ 0-426853 
+ 0-461646 

+ °*504875 
+ 0-545885 
+ o- 5748 ii_ 
+ 0-584939 
+ 0-574246 

+ 0-545782 
+ 0-506824 
+ 0-467029 
+ 0-436051 
+ 0-421217 



+ 0-526896 
+ 0-558628 
+ 0-575524 
+ 0-573766 
+ 0-554127 

+ 0-521695 
+ 0-484566 
+ 0-451832 
+ 0-431358 
+ 0-427908 

+ 0-442034 
+ 0-470019 
+ 0-504844 
+ 0-537944 
+ 0-561307 

+ 0-569407 
' + 0-560508 
+ 0-537026 
+ 0-504881 
+ 0-472012 , 

+ 0-446415 
+ 0-434212 
+ 0-438182 
+ 0-4^7140 
+ 0-486272 

+ 0-518359 
+ 0-545560 
+ 0-561321 
+ 0-561957 

+ 0-547503 

+ 0-521665 
+ 0-490870 
+ 0-462670 
+ 0-443897 
+ 0-439006 

+ 0-449025 
+ 0-471341 

+ 0-500382 
+ 0-529002 
+ 0-550239 

+ 0-559004 

+ 0-553301 

+ 0-534676 
+ 0-507802 

+ 0-479313 

+ 0-456160 
+ 0-443930 
+ 0-445486 
+ 0-460311 
+ 0-484658 


+ 0-425797 

+ 0-448300 
+ 0-482927 
+ 0-521054 

+ 0-553309 

+ 0-572142 
+ 0-573060 
+ 0-556212 
+ 0-525995 
+ 0-489969 

+ 0-456974 

+ 0-434973 

+ 0-429129 
+ 0-440605 
+ 0-466343 

+ 0-499873 
+ 0-532930 
+ 0-557490 
+ 0-567709 
+ 0-561313 

+ 0-540094 
+ 0-509417 
+ 0-476871 
+ 0-450396 
+ 0-436345 

+ 0-437971 
+ 0-454670 
+ 0-482167 
+ 0-513690 
+ 0-541464 

+ 0-558799 
+ 0-561608 
+ 0-549384 
+ 0-525282 

+ 0-495309 

+ 0-466829 
+ 0'446755 
+ 0-439878 
+ 0-447720 
+ 0-46S209 

+ 0-496215 
+ 0-524837 
+ 0-547099 
+ 0-557650 
+ 0-554044 

+ 0-537309 

+ 0-511657 

+ 0-483426 
+ 0-459523 
+ 0-445722 
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Table V. Fresnel’s integrals 




i/'/jM* 

0-02 

0-04 

O'OO 

o*o8 

0*10 

+ 0*1128334 

+ 0-1595514 
+ 0*1953707 
+ 0*2255314 
+ 0*2520611 

+ 0*0007522 
+ 0*0021274 
+ 0*0039078 
+ 0*0000153 
+ 0*0084044 

0*12 

0*14 

0*10 

o*i8 

0*20 

+ 0*2759976 
+ 0*2979565 

+ 0*3183378 
+ 0*3374186 
+ 0*3554002 

+ 0*0110444 
+ 0*0139124 
+ 0*0109904 
+ 0*0202639 
+ 0*0237204 

0*22 

0*24 

0*20 

0*28 

0*30 

+ 0*40410x2 

H- 0*4189028 
+ 0*4331026 

+ 0*0273496 
+ 0*0311421 
+ 0*0350898 
+ 0*0391853 
+ 0*0434218 

0*32 

0-34 

o* 3 () 

0*38 

0*40 

+ 0*4467517 

+ 0*4598932 

-1- 0*4725635 

+ 0*484794^^ 

+ o*4066i2I 

+ 0*0477932 
+ 0*0522937 
+ 0*0569181 
+ 0*0616612 
-h 0*0665185 

0-42 

0-44 

0*46 

0*48 

0*50 

+ 0*5080410 
+ 0-5191018 

-1- 0-5298125 

-t- 0-5401895 
+ 0*5502472 

+ 0*0714853 
+ 0*0765575 
+ 0*0817309 
+ 0*0870016 
+ 0*0923658 

0*52 

0 * 54 - 

O'SO 

0-58 

o*6o 

+ 0*5599985 
+ 0*5694551 
+ 0*5786275 

+ 0*5875253 

+ 0-5961571 

H- 0*0978198 
+ 0*1033602 
+ 0*1089835 
+ 0*1146863 
+ 0*1204654 

0*62 

0*64 

o*6o 

0*68 

0*70 

+ 0-6045308 
+ 0-6126537 
-h 0-6205324 
+ 0-6281731 
+ 0*6355815 

-h 0-1263176 
+ 0*1322398 
+ 0-1382290 
+ 0-1442820 
+ 0*1503961 

0*72 

0*74 

o-yo 

0*78 

o-oo 

+ 0*6427627 
+ 0*6497217 
+ 0*6564631 
-h 0-6629910 
+ 0-6693095 

+ 0-1565683 

4- 0-1627958 
+ 0*1690757 

+ 0*1754054 

+ 0*1817820 

0*82 

0*84 

0*80 

0*88 

o-go 

+ 0*6754224 
+ 0*6813330 
-t- 0*6870448 
+ 0*6925609 
+ 0*6978843 

+ 0*1882030 
+ 0*1946656 
+ 0*2011673 
+ 0*2077055 
+ 0*2142775 

0*92 

0*94 

o*9C 

0*98 

I-OC 

+ 0*7030179 

+ 0*7079643 

+ 0*7127261 

+ 0*7173059 
+ 0*7217059 

+ 0*2208809 
+ O-227513I 

+ 0*2341717 

+ 0*2408543 

+ 0*2475583 


Maxima and minima 
of Fresnel’s integrals 


X = {n - i) r 


1.570796 

4*712389 

7*853982 

10*995574 

14*137167 

17*278760 

20*420352 

23-561945 

26*703538 

29*845130 

32*986723 

36*128316 

39*269908 

42*411501 

45-553093 

48*694686 

+ 0*779893 
+ 0*321056 
+ 0*640807 
+ 0*380389 
+ 0-605721 

+ 0*404260 
+ 0*580128 
+ 0*417922 
+ 0*577121 
+ 0*427036 

+ 0*569413 

+ 0*433666 
+ Q-563631 
+ 0*438767 

+ 0*559088 

+ 0*442848 


X = flT 


9*424778 

12*566371 

15-707963 

+ 0*713972 
+ 0*345415 

+ 0*628940 

+ 0*387969 

+ 0*600361 

18*849556 

21*991149 

25-132741 

28-274334 

31*415927 

+ 0*408301 

+ 0-584942 

+ 0*420516 

+ 0:574957 

+ 0*428877 

34-557519 

37*699112 

40*840704 

43*982297 

47*123890 

+ 0*567822 

+ 0*435059 

+ 0*562598 

+ 0*439868 
+ 0*558096 

50*265482 

+ 0*443747 
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TABLES OF BESSEL BTTCirOTIONS 

Table VI. Funotiom of equal order and argument 


9 

10 

11 

12 

13 

14 

15 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

II 

39 

40 

41 

42 

43 

44 

45 

46 

49 

50 


Jn {n) 


0'44005o6 

0*3528340 

0-3090627 

0-2811291 

0-2611405 

0-2458369 

0-2335836 

0*2234550 

0-2148806 

0-2074861 

0-2010140 

0-1952802 

0-1901489 

0-1855174 

0-1813063 

0*1774532 

0-1739079 

0-1706299 

o-io75?57 

0-1647478 

0-1620927 

0-1596009 

0-1572555 

0-1550422 

0-1529484 

0-1509633 

0*1490774 

0-1472823 

0-1455700 

0*1439359 

0-1423721 

0-1408742 

0*1394373 

0*1380567 

0-1367305 

0*1354531 

0-1342222 

0*1330349 

0-1318885 

0-1307805 

0-1297089 

0-1280716 

0-1276067 

0-1266925 

0-1257473 

0-1248207 

0-1239383 

0-1230719 

0-1222291 

0-1214090 


For vaJoes of n 
aoouraoj: 

Jn(n) 


Jn («) 


0-4400506 

0-.4445430 

0-4457456 

0-4462646 

0-4465441 

0-4467152 

0-4468293 

0-44691.00 

0-4469696 

0-4470153 

0-4470512 

0-4470800 

0-4471036 

0*4471233 

0*4471399 

0*4471540 

0-4471662 

0-4471768 

0-4471861 

0-4471943 

0-4472015 

0-4472080 

0-4472138 

0-4472191 

0-4472239 

0-4472282 

.0-4472321 

0*4472358 

0*4472391 

0-4472422 

0*4472450 

0-4472476 

0-4472500 

0-4472523 

0*4472544 

0*4472564 

0*4472583 

0-4472600 

0-4472616 

0-4472632 

0-4472646 

0-4472600 

0*4472673 

0-4472685 

0-4472697 

0-4472708 

0-4472718 

0-4472728 

0*4472738 

0-4472747 


Jn' in) 


0-325I47I 

0-2238908 

0-1770285 

0-1490424 

0-1300918 

0-1162502 

0-1056130 

0-0971341 

0-0001805 

0-0843696 

0-0794142 

0-0751323 

0-0713880 

0-0680806 

0-0651336 

0-0624879 

0-0600969 

0-0579234 

0*0559374 

0-0541141 

0*0524332 

0-0508777 

0*0404332 

0-0480874 

0-0468301 

0-0456522 

0-0445460 

0*0435048 

0-0425226 

0-0415942 

0-0407 15 1 
0-0398812 
0-0390889 
0-0383350 
0-0376165 

0-0369309 

0*0362758 

0*0356491 

0-0350489 

0*0344734 

0-0339210 

0*0333904 

0-0328800 

0-0323888 

0*0319156 

0-0314594 

0-03IOI92 

0-0305941 

0-0301833 

0-0297861 


Jn [n) 


0*3251471 

0*3554045 

0-3682342 

0*3755633 

0-3803908 

0*3838497 

0-3864704 

0-3885364 

0-3902143 

0-3916089 

0-3927897 

0-3938047 

0-3946882 

0-3954655 

0-3961557 

0-3967734 

0-3973300 

0*3978347 

0-3982948 

0-3987163 

0-3991041 

0-3994624 

0-3997940 

0-4001035 

0-4003917 

0-4006614 

0-4009143 

0-4011521 

0-4013762 

0-4015877 

0-4017879 

0*4019775 

0.-4021576 

0-4023288 

0-4024918 

0-4026472 

0-4027956 

0*4029374 

0*4030732 

0-4032033 

0-4033281 

0*4034479 

0*4035031 

0-4036738 

0-4037805 

0-4038833 

0-4039824 

0-4040781 

0-4041705 

0-4042599 


9 

10 

11 

12 

13 

14 

15 

16 

M 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 

41 

42 

43 

44 

45 

46 

tl 

49 

50 


— ■ j L I I 

exceeding 50, the foUowing approximationa may be used with seven-fi 

_ . 0*44730 7.1184 r I -f I- 




-^1 

0-00586 92885 r 

, 1213 1 

22^J 

ffi 1 

l 4625 n\J ' 


1 0-08946 14637 r 

I- 947 . 1 

3 i 5 on», 

J . L 

693 oon*J 
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Table VI. Functions of equal order and argument 


9 

10 

n 

12 

13 

14 

15 

16 

17 
10 

19 

20 

21 

22 

23 

24 

25 

26 

11 

29 

30 

31 

32 

33 

34 

35 

36 

II 

39 

40 

41 

42 

43 

44 

45 

46 

II 

49 

50 


- V,. in) 


o*78i2I28 

0*6174081 

0*5385416 

0*4889368 

0*4536948 

0*4268259 

0*4053710 

0*3876699 

0*3727057 

0*3598142 

0*3485399 

0*3385583 

0*3296303 

0*3215755 

0*3142546 

0*3075580 

0*3013982 

0*2957040 

0*2904173 

0*2854894 

0*2808800 

0*2765^46 

o*272p39 

0*2686456 

0*2650095 

0*2615652 

0*2582933 

0*2551791 

0*2522100 

0*2493744 

0*2466622 

0*2440643 

0*2415724 

0*2391794 

0*2368784 

6*2346635 

0*2325292 

0*2304705 

0*2284828 

0*2265620 

0*2247042 

0*2229059 

0*2211637 

0*2194748 

0*2178364 

0*2162458 

0*2147007 

0*2131988 

0*2117381 

0*2103166 


-n^ Yn in) 


0*7812128 

0*7778855 

0*7767114 

0*7761387 

0*7758072 

0*7755941 

0*7754469 

0*7753399 

0*7752590 

0*7751961 

0*7751458 

0*7751049 

0*7750711 

0*7750426 

0*7750184 

0*7749976 

0*7749796 

0*7749638 

0*7749499 

0*7749374 

0*7749266 

0*7749168 

0*7749079 

0*7748999 

0*7748925 

0*7748859 

0*7748798 

0*7748742 

0*7748690 

0*7748642 

0*7748598 

0*7748557 

0*7748319 

0*7748483 

0*7748450 

0*7748419 

0*7748389 

0*7748362 

0*7748336 

0*7748312 

0*7748289 

0*7748267 

0*7748246 

0*7748227 

0*7748208 

0*7748191 

0*7748174 

0*7748158 

0*7748143 

0*7748128 


Yn' in) 


0*8694698 

0*5103757 

0*3781412 

0*3069147 

0*2615525 

0*2297650 

0*2060642 

0*1876060 

0*1727588 

0*1605149 

0*1502159 

0*1414121 

0*1337852 

0*1271029 

0*1211915 

0*1159184 

0*1111803 

0*1068955 

0*1029987 

0*0994367 

0*0961658 

0*0931499 

0*0903586 

0*0877063 

0*0853514 

0*0830953 

0*0809819 

0*0789973 

0*0771295 

0*0753678 

0*0737029 

0*0721267 

0*0706318 

0*0092116 

0*0678605 

0*0665732 

0*0653451 

0*0641718 

0*0630496 

0*0619751 

0*0609450 

0*0599505 

0*0590071 

0*0580942 

0*0572157 

0*0563695 

0*0555539 

0*0547671 

0*0540074 

0*0532735 


V/ in) 


0*8694698 

0*8101709 

0*7865654 

0*77337*65 

0*7647843 

0*7586672 

0*7540520 

0*7504241 

0*7474840 

0*7450441 

0*7429809 

0*7412092 

0*7396683 

0*7383135 

0*7371112 

0*7360358 

0*7350670 

0*7341890 

0*7333887 

0*7326559 

0*7319817 

0*7313591 

0*7307820 

0*7302453 

0*7297446 

0*7292763 

0*7288371 

0*7284242 

0*7280352 

0*7276680 

0*7273206 

0*7269914 

0*7266790 

0*7263820 

0*7260991 

0*7258295 

0*7255720 

0*7253259 

0*7250904 

0*7248647 

0*7246483 

0*7244405 

0*7242407 

0*7240486 

0*7238036 

0*7236853 

0*7235134 

0*7233475 

0*7231873 

0*7230324 


9 

10 

11 

12 

13 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

II 

39 

40 

41 

42 

43 

44 

45 

46 

II 

49 

50 


For values of n exceeding 50, the following approximations may be used with seven-figure 
accuracy: o*7'7i7<5 cxx>2i 


,1 


1 " 

o*oioi 6 59059 

fl- 1 

225»*_ 


I 4625 »*J 


■ir . /_v 0*71161 34100 r 23 1 0*15495 18004 r 947_ 

T, («) -y |_i +3^.J + ^ L' 6930<».’ 


u- 


The coefficients are numerically e^ual to \/3 times the corresponding coefficients in Jn (n) and 
(n). 




TABLES OF BESSEL FUNCTIONS 


Table Vn. Zeros, jj), „ , 3 / 0 . „ , ji. „ , y^, of {x), 7^ {x), (x), 7^ (x) 


n 

■ Jo , * 

yo.n 

/i, » 

yi.n 

n 

1 

2 

3 

4 

5 

6 

1 

il 

11 

12 

13 

14 

15 

16 

19 

20 

21 

22 

23 

24 

25 

26 

27 
20 

29 

30 

. 3 r 

32 

33 

34 

35 

36 

ll 

39 

40 

2*4048256 

5*5200781 

8*6537279 

11*7915344 

14*9309177 

18*0710640 

21*2116306 

24*3524715 

27*4934791 

30*6346065 

33*7758202 

36*9170984 

40*0584258 

43*1997917 

46*3411884 

49-4826099 

52*6240518 

55*7655108 

58*9069839 

62*0484692 

65*1899648 

68*3314693 

71*4729816 

74*6143006 

77*75^256 

80*8975550 

84*0590908 

87*1806298 

90*3221726 

93*4637188 

96*6052680 

99-7468199 

102*8883743 

106*0299309 

109*1714896 

112*3130503 

115*4546127 

118*5961766 

121-7377421 

124*8793089 

0-8935770 

3*9576784 

7*0860511 

10*2223450 

13*3610975 

16*5009224 

19-0413097 

22*7820280 

25*9229577 

29*0640303 

32*2052041 

35-3464523 

38-4877567 

41*6291045 

44*7704866 

47*9118963 

51*0533286 

54*1947794 

57*3362457 

60-4777252 

63-6192158 

6&*76o7ioo 

69*9022246 

73*0437403 

76*1852624 

79*3267901 

82*4683228 

85*6098598 

88*7514008 

91-S929453 

95*0344930 

98*1760436 

101*3175968 

104*4591523 

107*6007100 

110*7422697 

113*8838313 

117*0253944 

120*1669592 

123*3085253 

3*8317060 

7*0155867 

10*1734681 

13*3230919 

16*4706301 

19*6158585 

22*7600844 

25-9036721 

29*0468285 

32*1896799 

35*3323076 

38*4747662 

41*6170942 

44*7593190 

47*9014609 

51*0435352 

54*1855536 

57*3275254 

60*4694578 

63*6113567 

66*7532267 

69-8950718 

73*0368952 

76*1786996 

79*3204872 

82*4622599 

85*6040194 

88-7457671 

91*8875043 

95*0292318 

98*1709507 

101*3126618 

104-4543658 

107*5960633 

110*7377548 

113*8794408 

117*0211219 

120*1627983 

123*3044705 

126*4461387 

2*1971413 

5*4296611 

8*5960059 

11*7491548 

14*8974421 

18*0434023 

21*1880689 

24*3319426 

27*4752950 

30*6182865 

33-7610178 

36-9035553 

40*0459446 

43*1882181 

46-3303993 

49-4725057 

52*6145508 

55*7565449 

58*8984962 

62*0404111 

65-1822951 

68*3241522 

71*4659861 

74*6077996 

77*7495953 

80*8913753 

84*0331412 

87*1748947 

90*3166370 

93*4583692 

96*6000923 

99*7418072 

102*8835147 

106*0252153 

109*1669097 

112*3085985 

115-4503820 

118*5919607 

121*7336349 

124*8753051 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

li 

19 

20 

21 

22 

23 

24 

25 

26 

u 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 




TABLES OF BESSEL FUNCTIONS 


749 


Table VII. Zeros, jg, „ , 


y^, n> JSi n > n > of *^a (^)i ^ 2 (•*)» 8 (^)> ^ 8 (®) 



3 %, « 

y*.n 

ji , n 

yz.n 

n 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

19 

20 

21 

22 

n 

24 

25 

26 

29 

30 

31 

32 

33 

34 

35 

36 

i2 

39 

40 

§•1356223 

8-4172441 

11-6198412 

147959518 

17-9598195 

21-1169971 

24-2701123 

27-4205736 

30-5692045 

337165195 

36-8628565 

40-0084467 

43 'i 534538 

46-2979967 

49-4421641 

52-5860235 

55-7296271 

58-8730158 

02-0162224 

65*1592732 

68-3021898 

71*4449899 

74-5876882 

77*7302971 

80*8728269 

84-0152867 

87*1576839 

90-3000252 

93-4423160 

96-5845614 

99-7267657 

102-8689327 

106-0110655 

109-1531673 

112-2952406 

115*4372877 

118-5793107 

121-7213x15 

124-8632917 

128-0052530 

3-3842418 

6-7938074 

10-0234780 

13-2099868 

16-3789666 

19*5390400 

22-6939559 

25-8456137 

28-9950804 

32-1430023 

35*2897939 

38*4357335 

41-5810149 

44*7257771 

47-8701227 

51-0141287 

54*1578545 

57-3013461 

60-4446401 

63*5077058 

66-7307471 

69*8736034 

73*0163569 

76-1590031 

79*3015713 

82-4440651 

| 5 ' 5%927 

oO-72oobI2 

91-8711766 

95*0134441 

98-1556685 

101-2978536 

104-4400031 

107:5821201 

110-7242073 

113-8662672 

117-0083021 

120-1503138 

123-2923041 

126-4342746 

6-3801619 

9-7610231 

13-0152007 

16-2234640 

19-4094148 

22-5827295 

25-7481667 

28-9083508 

32-0648524 

35-2186707 

38-3704724 

41-5207197 

44*6697431 

47-8177857 

50-9650299 

54-1116156 

57*2576516 

60-4032241 

63-5484022 

66-6932417 

69-8377884 

72-9820804 

76-1261492 

79-2700214 

82-4137195 

85*5572629 

88-7006678 

91-8439487 

94*9871177 

98-1301857 

101-2731621 

104-4160552 

107-5588722 

110-7016197 

113-8443633 

116-9869284 

120-1294994 

123-2720205 

126-4144954 

129*5569276 

4*5270247 

0*0975538 

11-3964667 

14-6230726 

17*8184543 

20-9972845 

24-1662357 

27*3287998 

30-4869896 

33-6420494 

36*7947910 

39*9457672 

43*0953675 

46-2438744 

49*3914980 

52*5383976 

55*6846964 

58-8304911 

61*9758587, 

65-1208612 

68-2655491 

71-4099642 

74*5541409 

77-6981084 

80-8418910 

83*9855095 

87-1289817 

90-2723230 

93*4155465 

96-5586637 

99-7016848 

102-8446186 

105-9874728 

109-1302542 

112-2729691 

115-4156229 

118-5582204 

121-7007659 

124-8432635 

127*9857167 

I 

> 

3 

4 

5 

6 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

% 

39 

40 




TABLES OF BESSEL FITNOTIONS 
Table VH. Zeros, J 4 , of {x), {x), (a), Y^ {x) 


n 

Ji,n 

yi.n 

js,H 

y6,H 

n 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

26 

11 

29 

30 

31 

32 

33 

34 

35 

36 

12 

39 

40 

7-5883427 

11-0647095 

14*3725367 

17-6159660 

20-8269330 

24-0190195 

27-1990878 

30-3710077 

33*5371377 

36-6990011 

39*8576273 

43*0137377 

46-1678535 

49*3203607 

52-4715514 

55-6216509 

58-7708357 

61-9192462 

.65-0669953 

68 - 2 I 4 I 7'49 

71-3608607 

74-5071155 

. 77*6529918 
§P* 798534 I 
83*9437799 

87-0887615 
90*2335065 
93*3780390 
' 96-5223797 
99-6665468 

102-8105563 

105-9544223 

109-0981571 

112-2417718 

ii5'3852762 

118-5286792 

121-6719886 

124-8152114 

127-9583541 

131-1014225 

5-6451479 

9-3616206 

12-7301445 

15-9996271 

19-2244290 

22-4248106 
25-6102671 
. 28-7858037 
31-9546867 
35-1185295 

38-2786681 

41*4359606 

44-5910182 

47^7442881 

50-8961052 

54-0467255 

57-1963482 

60-3451302 

63*4931972 

66-6406512 

69*7875753 

72-9340384 

76-0800980 

79-2258022 

82-3711919 

85-5163019 

88-6611620 

91-8057980 

94*9502321 

98-0944839 

101-2385704 

104-3825064 

107-5263053 

110-6699780 

113*8135372 

116-9569899 

I20-I00345I 

123-2436104 

126-3867924 

129-5298972 

8-7714838 

12-3386042 

15-7001741 

18-9801339 

22-2177999 

31-8117167 

34-9887813 

38-1598686 

41-3263833 

44-4893191 

47*6493998 

50-8071652 

53*9630266 

57-1173028 

60-2702451 

63-4220540 

66-5728919 

69-7228912 

72-8721613 

82-3164380 

85*4635703 

88-6103082 

91*7566925 

94-9027585 

98-0485369 

101-1940546 

104*3393353 

107-4843998 

110-6292667 

113*7739523 

116-9184713 

120-0628368 

123-2070606 

126-3511534 

129-4951246 

132-6389830 

6-7471838 

10-5971767 

14-0338041 

17*3470864 

20-6028990 

23-8265360 

27-0301349 

30-2203357 

33-4011056 

36-5749725 

39*7436277 

42-9082482 

46-0696791 

49*2285437 

52-3853121 

55*5403458 

58 - 693927 I 

61-8462803 

64*9975855 

68-1479890 

71-2976113 

74*4465520 

77*5948946 

80-7427095 

83-8900562 

87-0369859 

90-1835423 

93*3297633 

96-4756819 

99-6213268 

102-7667232 

105-9118934 

109-0568569 

112-2016312 

115*3462317 

118-4906725 

121-6349657 

124-7791228 

127-9231536 

131-0670674 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

51 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

li 

39 

40 




TABLES OE BESSEL FUNOTIONS 


Table VII. Zeros, jm.n, yiiz.n* of *^1/3 (“^)> ^vz {^)'> with zeros, 

fln» of J-lizi^) + ‘^1/3 (®)> ‘^"1/3 (®) “ *^1/3 (®) 

[Note. The Iwt two functions are equal to 

sjs ■ {^1/# {*) cos 30° - Ym (») 30 °}, n /3 • (») cob 120° - sin 120“} 

respectively.] 




9 

10 

11 

12 

13 

14 

15 

16 

Yi 

19 

20 

21 

22 

23 

24 

25 

26 

29 

30 

31 

32 

33 

34 

35 


2-9025862 

6-0327471 

9-1705067 

12-3101938 

15-4506490 

18-5914863 

21-7325412 

24-8737314 

28-0150117 

31-1503549 

34-2977437 

37-4391666 
40-5806158 
43-7220857 
46-8635719 

50-0050715 
53 -I 46502 I 
56-2881019 
59-4296294 
62-5711634 


5 ^ 1 / 3,11 


1-3530196 

4-2657883 

7-6012412 

10-7402128 

13-8803575 

17-0210330 

20-1619929 

23-3031228 

26-4443623 

29-5856767 


65-7127030 

68-85424^ 

71-9957961 

75-1373484 

78-2789040 

81-4204625 

84-5620234 

87-7035867 

90-8451519 

93-9807191 

97-1282878 

100-2698581 

103-4114297 

106-5530025 

109-6945765 


36 112-8361516 

37 115-9777275 

38 119-1193044 

39 122-2608821 

40 125-4024605 


556767 

32-7270444 
35-S684514 
^9-0098884 

42-1513485 

45-2928269 

48-4343202 

51-5758256 

57-8588648 

61-0003956 

64-1419325 

67-2834747 

70-425021; 

73-566571^ 

76-7081259 

79-8496829 

82-9912426 

86-1328048 

89-2743691 

92-4159353 

9 

9 . 

101-8406437 
104-9822160 
108-1237894 

111-2653639 

114-4069394 

117-5485159 

120-6900931 

123-8316712 


2-3834466 
•6101956 

•6473577 

11-7868429 
14-9272068 

18-0679953 

21-2090210 

24-3501925 

27-4914601 

30-6327941 

33-7741762 

36-9155941 

40-0570394 

43-1985061 

46-3399899 

49-4814874 

52-6229964 

55-7645147 

58-9060410 

62-0475740 

G5-1891127 

68-3306564 

71-4722044 

74-6137562 

77-7553112 


9 

10 

11 

12 

13 

14 

15 

16 

ll 

19 

20 


80-8968692 

84-0384298 

87-1799926 

90-3215576 

93-4631244 

96-6046929 

99-7462629 

102-8878343 

106-0294070 

109-1709808 

112-3125557 

115-4541315 

118-5957082 

121-7372858 

124-8788641 


0-8477186 

3-9441020 

7-0782997 

10-2169407 

13-3569532 

16-4975630 

19-6384856 

22-7795923 

25-9208165 

29-0621201 

32-2034801 

41-6277704 

44-7692461 

47-9107371 

51-0522406 

54-1937545 

57-3352769 

60-4768067 


63-6183427 21 

66-7598840 22 

69-9014299 23 

73-0429798 24 

76-1845333 25 

79-3260899 26 

82-4676492 27 

85-6092109 28 

88-7507749 29 

91-8923408 30 


95-0339085 

98-1754777 

101-3170485 

104-458620^ 

107-600193? 


31 

32 

33 

34 

35 


110-7417681 

113-8833435 

117-0249197 I 3* 

120-1664969 39 

123-3080748 1 40 


36 

\l 


761 



752 


TABLES OF BESSEL FUNOTIONS 
Table VIII. Integrals of functions of order zero 


.1' 

irjo ( i}dt 

J ® 


0-02 

O-O.! 

0*06 

o-o8 

0*10 

+ 0-0099997 
+ 0-0199973 
+ 0-0299910 
+ 0-0399787 
+ 0-0499583 

- 0-0320078 

- 0-0551846 

- 0-0750205 

- 0-0926801 

- 0-1087153 

0-12 

0-14 

O-IO 

o-i8 

0-20 

+ 0-0599280 
+ 0-0698858 
-1- 0-0798295 
+ 0-0897573 
+ 0-0996672 

- 0-1234500 

- 0-1370979 

- 0-1^98103 

- 0-1617001 

- 0-1728544 

0-22 

0-24 

0-26 

0*28 

0-30 

+ 0-I09557I 
-f 0-II94252 
+ 0-1292695 
+ 0-1390880 
+ 0-1488788 

- 0-1833430 

- 0-1932224 

- 0-2025397 

- 0-2113348 

- 0-2196416 

0-32 

0-54 

0-36 

0*38 

0-40 

-1- 0-1586399 
+ 0-1683694 
+ 0-1780654 
+ 0-1877260 
+ 0-1973493 

- 0-2274894 

- 0-2349040 

- 0-2419080 

- 0*2485215 

- 0-2547624 

0*42 

0'44 

0-46 

0’48 

0-50 

■h 0-2069333 

4 - 0-2164763 
-t- 0-2259764 
-t- 0-2354316 
+ 0-2448403 

- 0-2606471 

- 0-2661901 

- 0-2714049 

- 0-2763037 

- 0-2800977 

0-52 

0-54 

0-56 

0'58 

o*6o 

1- 0-2542004 
■f 0-2635103 
+ 0-2727682 
+ 0*2819722 
+ 0-2911206 

- 0-2851974 

- 0-2892124 

- 0*2929516 

- 0-2964234 

- 0-2996358 

0-62 

0-64 

0-66 

0-68 

0*70 

-1- 0-30021 1 7 
+ 0-3092437 
+ 0-3182150 
+ 0-3271238 
+ 0-3359684 

- 0-3025960 

- 0-30531 II 

- 0-3077877 

- 0-3100319 

- 0-3120498 

0’72 

0-74 

0-76 

078 

O’8o 

+ 0-3447472 
+ 0-3534586 
-1- 0-3621010 
■+ 0-3706727 
+ 0-3791722 

- 0*3138471 

- 0-3154290 

- 0-3168010 

- 0-3179678 

- 0-3189344 

0-82 

0*84 

0-86 

0-88 

0-90 

+ 0-3875979 
+ 0-3959484 

+ 0-4042220 
-t- 0-4124174 
-t- 0-4205330 

- 0-3197054 

- 0-3202852 

- 0-3206781 

- 0-3208^4 

- 0-32O9roi 

0-92 

0-94 

0-96 

0- 98 

1- 00 

-1- 0-4285674 
-f 0-4365192 
+ 0-4443870 
+ 0-4521694 
-f 0-4598652 

- 0-3207771 

- 0-3204634 

- 0-3199827 

- 0-3193386 

- 0-3185347 


Maxima and minima of 
^ „ *^0 (0 (0 


— Ju, II 


2-4048256 

5-5200781 

8-6537279 

11-7915344 

14-9309177 

+ 0-7352208 
+ 0*3344230 

+ 0*6340842 

+ 0*3845594 

+ 0-6028269 

18-0710640 

21-2116366 

24-3524715 

27-4934791 

30-6346065 

+ O-406415G 
+ 0-5864441 
+ 0-4192836 
+ 0-5759911 
+ 0-4279931 

33-7758202 

36-9170984 

40-0584250 

43-1997917 

46-3411884 

+ 0-5685888 
+ 0-4343856 
+ 0-5629957 

■+ 0-4393331 
+ 0*5585784 

49-4826099 

+ 0-4433085 


^ = yo,n 

i jy , ii ) dt 

0-8935770 

3-9576784 

7-0860511 

10-2223450 

13-3610975 

- 0-3209291 
f 0-I920I49 

- 0-1474447 

H- O-12374II 

- 0-1085949 

16-5009224 

19-6413097 

22-7820280 

25-9229577 

29-0640303 

+ 0-0978827 

- 0-0898633 

+ 0-0834339 

- 0-0782474 
+ 0-0739188 

32-2052041 

35-3464523 

38-4877567 

41*6291045 

44-7704866 

- 0*0702357 
+ 0-0670523 

- 0-0642652 
+ 0*0617985 

- 0-0595953 

47-9118963 

+ 0-0576118 


from ““3' '=«l»ukted ™th tie hdp of ToWo 
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of, 866, 868 
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' Hardy, 320 ; Biardy’s expressions for the generalised integral in teims of the functions of Bessel, 
Anger and Weber, 821 ; references to tames of, 659 
Analytic theory of numhers associated with asymptotic expansions of Bessel functions, 200 
'Anger’s fonctioh Jv(3), 808; connexion with Weber’s function, 810; differential equation satisfied 
by, 812; integrals expressed in teims of, 312; recmrence formulae for, 311; representation of 
Aii’y’s integral (generalised) by, 321; with large argument, asymptotic expansion of, 318; with 
large argument and order, asymptotic expansion of, 816 
Approximations to Bessel coefficients of order zero with lai'ge argument, 10, 12 ; to Bessel functions 
of large order (Carlini), 6, 7 ; (extensions due to Meissel), 226, 227, 282, 247, 521 ; (in ti’ansitional 
regions!, 248; to functions of large numbera (Dai*boux), 238; (Laplace), 421; to Legendre func- 
tions of large dep*ea, 65, 155, 167, 158 ; to remainders in asymptotic expansions, 213 ; to the sum 
of a series of positive terms, 8. See also Asymptotic expansions, Method of stationaty phase and 
Method of steepest descents 

Arbitrary fonctionB, expansions of, see Neumann series and Eapteyn series (for complex variables); 

Bini series, FouiieivBeBsel series, Neumann series and Bohlbmilch series (for real variables) 
Argfument of a Bessel function defined, 40 

Asymptotic expansions, approximations to remaindere in, 218; conversion into convergent series, 
204; for Bessel coefficients of ordei* zero with large ai’gument, 10, 12, 194 ; for Bessel functions 
of arbitmry order with lai*ge argument, 194-224 (Chapter vn) ; (functions of the firet and second 
kinds), 199 ; (functions of the third kind), 196; (functions of the third kind by Baines’ methods), 
220 ; (functions of the third kind by ScnlMi’s methods), 216; (functions with imaginary argu- 
ment), 202; for Bessel functions with order and argument both large, 226-270 (Chapter vm); 
(order gi*eater than ni'gument), 241 ; (order less than argument), 244 ; (order nearly equal to argu- 
ment), 246 ; (order not nearly equal to argument, both being complex), 262 ; for combinations of 
squares and products of Bessel functions of large ai’gument, 221, 448; for Fresnel’s integi*als, 
646 ; for functions of Anger and Weber (of arbitrsuy oixler with large argument), 313 ; (with order 
and argument both large), 816; for Lommel’s functions, 861; for Lommel’s functions of two 
variables, 649; for Struve’s function (of arbitrary order with large argument), 882; (with order 
and argument both lai'ge), 888; for Thomson’s functions, her (z) and bei (r), 208 ; for Whittaker’s 
function, 340; magnitude of remainders in, 206, 211, 213, 236, 314 , 882, 852 , 449; sign of 
remaindera in, 206, 207, 209, 215, 816, 838, 449. See also Approximations 

Basic numbers applied to Bessel functions, 43 

Bateman’s type of definite integral, 379, 882 

Bei (z), Ber (z). See Thomson's filnotionB 
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BemouUl’s (Daniel) solution of Biccati’s equation, 86, 89, 128 

Bessel coefficient of order zero, Jg (*)i 8, 4; differential equation satisfied by, 4, 6 ; (general solu- 
tion of), 5, 12, 69, 60; expressed as limit of a Legendre function, 66, 166, 167; oscillations of a 
uniform heavy chain and, 8, 4; Pai-seval’s integi-ol representing, 9 ; with large argument, asymp- 
totic expansion of, 10, 12, 194 ; zeros of, 4, 6. See also Bessel ooefflclents, Bessel fonctionB and 
Bessel’s differential equation 

Bessel coefficients «7„ (z), 6, 6, 13, 14—87 (Chapter n); addition theorem for, 29; Bessel’s integi'ol 
for, 19; expansion in power series of, 15; generatihg function of, 14, 22, 28 ; inequalities satisfied 
by, 16, 81, 268; notations for, 18, l4; order of, 14; (negative), 16; recui’rence formulae for, 17; 
square of, 82; tables of (of orders 0 and 1), 662, 666-697; (of order «), 664, 780-782; (with equal 
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Bessel ftm^nS’ 88-84 (Chapter m) ; argument of, defined, 40; differential equations of oi-der 
higher than the second satisfied by, 106; expressed as limits of Lam4 functions, 169; expressed 
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containing, 132-188 j order of, defined, 88, 68, 68, 67, 70 ; rank of, de- 
fined, 129 ; relations between the various kinds of, 74 ; representation of cylinder functions in 
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equation containing, 88, 124 ; solotions of the equation of wave motions containing, 128 ; throe- 
term relations connecting, 800 ; with negative ai^ument, 75. See aleo the two preceding avd ten 
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Bessel fonotlons of the first kind, Jv (z), 88 ; addition theorems for, 143, 859, 862, 868, 367, 868 ; 
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function, 164 ; expressed as the limit of a Legendre function, 166 ; (physical significance of), 156 ; ' 
expressed as the limit of a Lommel polynomial, 802 ; functional preperties of, 45 ; generalisations 
of, 48, 44, 808-867 ; inequalities satisfied b/, 49, 266, 269, 270, 406 ; infinite inte^als containing. 
Chapter xm, passim ; of complex order, 46 ; of order n+ 41 ; (expressed in finite terms), 62, 
66 ; (notations for), 66, 80 ; Poisson’s integral representing, 47, 48 ; (modifications of), 161, 168, 
164, 169, 170; products of, see Products of Bessd fonotlonB; quotient of two, expressed as a 
continued fraction, 168, 164, 808 ; recurrence formulae for, 45, 294 ; relations with Lommel’s 
polynomial, 297 ; represent^ by integrals containing Legendre functions, 178, 174 ; symbolic 
formulae for, 170; tables of (of orders 0 and 1), 662, 666-697 ; (of order n), 664, 780—782; (of 
order n+i], 664, 740-746; (of order i), 664, 714-729; (of order --j^, method of computing), 664; 
(with equal order and argument), 664, 746; (zeros of), 664, 748-761 ; tables of (references to), 
^4, 666, 666, 668, 669, feo ; Weierstrassian product representing, 497 ; with large argument, see 
Asymptotic expanslonfl ; zeros of, see Zeros of Bess^ fanotlons 
Bessel ftmotiLons of the second kind, Yv (z) (after Hankel), 67, 68 ; (z) (after Heine) , 66 ; FI”) (z) 

(after Neumann), 67; Yy{z) (after Weboi’-Schlafii, the canonical form), 68; addition theorems 
for, 144, 861, 866, 868 ; Bessers type of integml representing, 177 ; component parts of, 71, 72, 
840 ; continuity of (qua function of their ordei'), 68; differential equation (Bessel’s) satisfied by, 
69, 68 ; expansion of, in ascending series, 69, 60, 61, 69, 72 ; expansion of, in descending seiies, 
see Asymptotic expansions; expressed as an integral containing functions of the first kind, 5, 
188, 882, 488 ; infinite integrals containing, 886, 887, 898, 894, 424, 426, 426, 428, 429, 480, 488; 
Poisson’s typo of integral representing, 68, 78, 166; (modifications of), 169, 170; products of, 
149 ; (represented by infinite integrals), 221, 441,' 446 ; (asymptotic expansions of), 221, 448; 
recurrence formulae for, 66, 71; represented by intogiuls containing Legendre functions, 174; 
symbolic formulae for, 170 ; tables of (of orders 0 and 1), 602, 666-697 ; (of order n), 664, 782- 
736 ; (of order i), 864, 714-729 ; (of order - i, method of computing), 064 ; (with equal order 
and argument), 664, 747 ; (zeros of), 748-761 ; tables of, references to, 066, 666, 668 ; with largo 
argument, see Asymptotic expansions ; with negative argument, 76 ; zeros of, see Zeros of 
Bessel fanotlons. See also Kenmann’s jralynomial 
Bessel ftmctlonB of the third Mnd, (z), (z), 78; Barnes’ integrals representing, 192 

Bessel’s typo of integral representing, 178 ; Poisson’s type of Integral representing, 166 ; (modl- 
fioations of), 168, 169, 170; represented by integrals containing Legendre functions, 174; 
symbolic formulae for, 170 ; tables of (of orders O’nnd 1), 602, 666-697 ; (of order J), 664, 714- 
729 ; tables of (references to), 667 ; with large argument, asymptotic expansions of, 199, 210, 
216; with large argument and order, asymptotic expansions of, 244, 246, 262; with negative 
argument, 75 

Bessel fonotlons whose order and argument are equal, approximations to, 229, 281, 282, 269, 260, 
448, 616 ; asymptotic expansions of, 246 ; integnUs reprosonting, 268 ; tables of, 668, 664, 746, 
747-; tables of (reforenoes to), 668 

Bessel fOnotlonB whose order is a fraction. Of orders (and Airy’s integral), 190 ; (and the 
stability of a vertical pole), 96 ; tables of, 064, 714-729 ; tables of (references to), 669 ; zeros of, 
751. Of orders ±5, tables of (references to), 669. Of orders J=}, tables of (references to), 
669. Of small fitwtional orders, tablos of zeros of (roforencos to), 602, 600. See also 'Bess^ 
fanotlons whose order is afa (n+ i) 

Bessel ftinotlons whose order is large, 226-270 (Chapter vm) ; osymptotio expansions of, 241, 244, 
246, 262 ; Oarlini’s approximation to, 6, 7 ; (extended by Mcissel), 226, 227 ; Horn’s (elementoryj 
approximation to, 225 ; Laplace’s approximation to, 7, 8, 9 ; method of stationary phase appUed 
to, 232 ; method of Btoopest descents applied to, 287 ; miscellaneous properties of, 252-201 ; 
tables of (reference to), 658 ; transitional formulae for, 248; zeros of, 618, 616, 617, 618. See 
also Bessel functions whose order and argument are equal 
Bessel fUnotitons whose order is .c t- 1), 10, 62, 8U ; expressible in finite toiins, 62 ; notations for, 
66, 80; tables of, 664, 740-746 ; tables of (roferenoes to), 668, 669 
Bessel fonotlonB with Imaginary argument, I..(z), Jfx(z), K„ (z), 77, 78; differential equation 
satisfied by, 77 ; integrals reprosonting (of Bessel’s typo), 181 ; (of Poisson’s' type), 79, 171, 172; 
(proof of equivalence of various types), 186-188 ; monotonio property of, 446 ; of order at (u + (|), 
80 ; recurrence formulae, 79 ; hvblos of (of orders 0 and 1), 668, 698-718 ; (of order J), 664, 714- 
729 ; (of various integral orders), 664, 736, 787-789; tables of (references to), 667, 668; with lai'ge 
argument, asymptotic exiMunslons pf, 202 ; zeros of, 611 ; (computation of), 612 ; (references to), 
660 

Bessel’s dllferentlal equation, 1, 19 ; (generalised), 88 ; for functions of order zore, 6, 12, 69, 60; 
for functions with imaginary argument, 77 ; fundamental system of solutions of, 42, 75 ; has no 
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algebraic integral, 117 ; soluble in finite terms when and only when the functions satisfying it 
are of order n + i, 52, ll9; solution of, in ascending series, 89, 40, 57, 69-61 ; solution of, in 
descending series, see Asymptotic expansions ; symbolic elution of, 41 ; transformations of, 94, 
97. See a^o Bessel ooefflcients and Bessel fonotionB 
Bessel's integral representing Bessel coefficients,. 19, 21; ^eralisations and extensions of, see 
Anar's function, Bouxget’s funoti^, Bruns' function and Weber's ftmotion ; modifications of, 
to represent Bessel functions of arbitrst^ order, 176, 170, 177, 178, 181 ; Theisinger’s transforma- 
tion of, 184; used in theory of diffraction, 177 ; used to obtain asymptotic expansions, 215. See 
also Farseral’s integral 
Bounds, upper, see Inequalltled 

BonrgeVs function (^}i i differential equation satisfied by, 827 ; recurrence formulae for, 
826 

Bruns’ function J(*', v, h), 827 

OaiUni’s approxllnation for Bessel functions of large order, 6, 7 ; extended by Meissel, 226, 227 

Oauchy’s numbers 824; recurrence formulae for, 826 

Cayley’s solution of Eicoati’s equation, 88 

Chain, oscillations of a uniform heavy, 8, 4, 576 

Cogrnate Biocati equations, 91 

Complex variables, expansions of arbitrary functions of, see BApteyn series and Neumann series 
Complex zeros of Bessel functions, 488 ; of Bessel functions with imaginoty argument, 511 ; of 
Lommel’s polynomials, 806 

Compositicm of Bessel functions of the second kind of integral order, 840 

Computation of zeros of Bessel functions by various methods (Q-raeffe’s), 500, 502; (Stokes’), 508; 

(Sturm’s, fCr the smallest zero), 516. See also Zeros of Bessel funotlonB 
Constant phase, Schlfifii’s method of, 216 

Constants, discontinuity of arbitrary (Stokes’ phenomenon), 201, 208, 288, 886 
Continuants, connected with Schlafli’s polynomial, 288 

Continued firactions representing quotients of Bessel functions, 158 ; convergence of, 164, 808 
Convergent series, Hadamard’s conversion of asymptotic expansions into, 204 
CreUer’s integral for Sohl&fii’s polynomial, 288. See also Nenmann.’s integral for Neumann’s 
polynomial 

Cross-ratio of solutions of Eidcati’s equation, 94 
Cube of a Bessel function, expansion of, 149 
Out necessary for definition of Bessel functions, 45, 77 
Cylinder (circular), motion of heat in, 9, 10, 676, 677 

Cylinder functions, ^y{z), 4, 82, 480; addition theorems, 148, 861, 866; connexion with Bessel 
functions, 83 ; origin of the name, 88 ; rank of, 129 ; solutions of differential equations of order 
higher than the second by, 106 ; three-term relations connecting, 300. See also Bessel functions 
and BAmi-cylindrloai Amotions 

Barboux’ method of approximating to functions of large numbers, 283 

Befinite Integrals, containing Bessel functions under the Integral si^, 378-382 (Chapter xii) ; 
evaluated by geometrical methods, 874, 876, 878 ; the Eamanujan-Hordy method of evaluation, 
882. See also Infinite Integrals 

Definite Integrals representing special functions, see Bessel funotlons and Integrals 
Determinants, representing Lommel’s polynomials, 294 ; Wronskian, 42, 76, 77 
Difference equations (linear with linear coefficients) solved l)y means of Bessel functions, 83. See 
also Functional equations and Becnrrenoe fomulae 
Differentiability of Fourier-Bessel expansions, 606; of special Schlomilch seiios, 635 
Differential ooeffldente, fractional, 107, 126 

Differential equations (ordinary), linear of the second order, ’equivalent to the generalisetl Riooati 
equatton, 92 ; of order higher than the second solved by Bessel functions, 106 ; oscillation of 
solutions of, 618 ; satisfied by the product of two Bessel functions, 146, 146 ; solved by elemen- 
tary transcendants, 112; symbolic solutions of, 41, 108. See. also under the naines of special 
equations, such as ^ssel’s differential equation, anid under the names of various functions atul 
pplynomials satisfying differential equations, such as Anger’s function 
DifferentUl equattons (partial), solution of by an integral containing Bessel functions, 99 ; see also 
Laplace's equation and Wave-motions, equation of 
Diffca^n, theory of, connected with Ahy’s integral, 188 ; wilih Bessel’s type of integral, 177 ; with 
Sohl&milch series, 688 ; with Struve’s functions, 417 
DUtaslon of salts in a liquid, and infinite integrals containing Bessel functions, 487 
Dini expansion, .680. See also Dlnl series ■ 
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Dlni series, 677, 680, 696-605, 615-617 (Ohapter xvm), 661-658 ; expansiou of an arbiferaxy func- 
tion of a re^ variable into, 580, 600 ; methods of theory of functions of complex variables applied 
to, 696, 602; Biemann-Lebesgoe lemma, analogue of, 599; Biemonn’s theorem, analogue of, 
649; summability of, 601, 616 ; uniformiiy of convergence of, 601, 604 ; uniqueness of, 616, 661; 
value at end of range, 602 
Diriohlet’s disoontiiinoas f&otor, 406 

Discontinuity of arbitrary constants (Stokes’ phenomenon), 201, 208, 288, 886 
Dlsoontinuons factor (Diriohlet’s), 406 ; (Weber’s), 406 
DlsoontinaouB integn^, 898, 402, 406, 408, 411, 416, 421 
Domain K (Eapteyn’s), 559 ; diagram of, 270 

Du Bois Be]nnond’s integrals with oscillatory integrands expressed in terms of Bessel functions, 188 

Electric waves, 56, 226, 449 
Electromagnetic radiation, 551, 556 

Elementary transcendants, definition of. 111 ; order of, 111 ; solution of differential equations by, 
112 

Equal order and argument, Bessel functions with, 281, 282, 268, 260 ; tables of, 746, 747 ; tables 
of (references to), 658, 664 
Euler's solution of Biccati’s equation, 87 

Exponential function, tables of, 698-718 ; tables referred to, 668, 664 * 

Factors, discontinuous (Diriohlet’s), 406 ; (Weber’s), 405 ; Neumann’s (=1 or 2), 22 ; expression 
of Bessel functions as products of Weierstrassian, 497 
FaJdr’s theorem, analogue of, for Fourier-Bessel expansions, 610 

Finite terms, Bessel functions of order i (« + 4) expressed in, 62 ; Bessel functions of other orders 
not so expressible, 119 ; solutions of Biccati’s equation in, 85, 86, 89 ; the solution of Biocati’s 
equation in, not possible except in Daniel Bernoulli’s cases and their limit, 128 
Flights, problem of random, 419 

Fourier-Bessel expansion, 580. See also Fourier-Bessel series 
Fourier-Bessel functions, 4, 84 

Fourier-Bessel integrals, see Multiple infinite integrals 

Fourier-Bessel series, 676-617 (Ohapter xvm), 049-661 ; expansion of an arbitrary function ol a 
real variable into, 676, 680 ; Pejdr’s theorem, analogue of, 610 ; Knoser-Sommerfold expansion 
of a combination of Bessel functions into, 499 ; methods of theory of functions of complex vari- 
ables applied to, 582, 607 ; order of magnitude of terms in (Bheppard’s theorem), 596 ; lUemann- 
Lebesgue lemma, analogue of, 689 ; Bieraann’s theorem, analogue of, 049 ; summability of, 678, 
600 , 613; tenn-by-temi differentiation of, 678, 606; uniformity of couvergenoo of, 693, 694; 
(near origin), 616 ; uniformity of summability of, 612 ; uniqueness of, 616, 649 ; value at end of 
range, 594, 608 

Fractional differential coeffloients, 107, 126 

Fresnel’s Integrals, 644; asymptotic expansion of, 646; tables of, 7'14, 746; tables of maxima 
and minima of, 746 ; tables of (references to), 600, 601, 604 
Funotlonal equations defining cylinder funotions, 82; gonoraliscMl by Nielson, 866 
Functions of large numbers, approximations duo to Darboux, 288 ; approximations duo to Laplace, 
8, 421. See also ApproxlmatLoua, Asymptotic expanMons, Method of stationary phase and Method 
of steepest descents 

•p iiTniii.'mAnt.Ai system of solutions of Bessel’s differential equation, 42, 76, 78 
aallop’s dlsContlnuouB infinite integrals, 421 

Qamma functions, roprosontation of Bessel functions by integrals containing, 190, 192, 221 ; appli- 
cations to (lotorminaliun of asymptotic expansions, 220, 228 ; applications to evaluation of Infinite 
integmls, 888, 484, 486 

Qamma functions, reprosentatioii of Ijommcl’s funotions by integrals containing, 861 ; applications 
to detorminatron of asymptotic expansions, 862 
Qegenhauer’s addltfiSn theorem bn' Bessel fnnetions, 802, 868, 867 
Qegenhauer’s dlsoontinuouB Influlte integrals, 416, 41B 
Qegenhauer’s function C'„*' (z), 60, 129, 868, 866, 867, 868, 869, 878, 407 

Qegentoner*s polynomlid An, v (0, 283 ; contour integrals oontaiuing, 284, 624 ; differential equa- 
tion satisfied by, 288 ; equiviuonce with speciar forma of Lommol’s funotlon, 861 ; recurrence 
formulae for, 288 

Oegtenhauer’s polynomial Bn, n-.v (0* 

Oegenhaner’s-reiireBentaition of Jv (z) by a double integral resembling Folsson’d Integral, 61 
Gegenhauer’s type of definite integral, 878 

Qeneralised'hypergeometrlo funotions, see Hypergeometrio fanottons (generalised) 
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Oenfitralised integralB (with implied exponential factor), ],g8, 441, 468, 464 

Qeneratlhg fnnotton of Bessel coeftioients, 14, 22, 28 ; of Neomann’s polynomials, 281, 282 

QUbert’s IntetnralB, 548, 549 

Olnllanl’s function, tee BoturgAt’s funotion 

Chaeffe’s method of calonlating zeros, 500, 502 

Qrafa addltion'theorem for Bessel fonotlons, 859, 861 

Oronp velocity, 229 

Growth of zeros of Bessel functions, 485 

Eankel*g iuflnite integrals, 884, 386, 889, 890, 893, 895, 424, 427, 428, 484 
Hansen’s upper bound for (a;), 81 ; generalised, 406 

Hardir’s functions Ci„(o), SL{a), (a), (generalisations of Airy’s integral), 320; expressed in 
terms of functions of Bessu, Anger and Weber, 821, 322 
Hardy’s Integrals representiiig Lommel’s functions of two variables, 546 
Hardy's method of evaluating definite integrals, 882 
Heat, conduction of, 9, 10, 450, 576, 577, 616 

Hemi-oyllndrloal fUnotlonB 8n(^)> defined, 858 ; expressed in terms of the funotion of order zero, 
853 ; addition theorem for, 864 

Hypeigeometrio'fanotionB, limiting forms expressed as Bessel functions, 154 
Hypefgeometric functtoilus (generalised), 90, 100; Bes^ functions expressed in terms of, 100, 101 ; 
notations for, 100 ; relations between (Eummer’s formulae), 101, 102 ; Sharpe’s differential equa- 
tion solved by, 105 

Imaginary argument, Bessel functions with, eee Bessel fon o tl o ns with imaginary argument ; 
Struve’s functions with, 829, 832 

Indefinite Integrals containing Bessel functions under the integral sign, 182-188, 850, 581 ; tables 
of, 744, 745, 752 ; tobies of (references to), 660, 661, 664 
Inequalities satisfied by Bessd functions, 16, 81, 49, 256, 269, 268, 406 ; by Neumann’s poly- 
nomial, 278, 282 ; by Struve’s funotion, 828, 887, 417 ; by zeros of Bessel functions, 486, 489, 
490, 492, 494, 515, 516, 521 

Infinite integrals containing Bessel functions under the integral sign, 388-449 (Chapter xm) ; dis- 
contmuons, 898, 402, 406, 408, 411, 415, 421 ; generalised, 441 ; methods of evaluating, described, 
888 ; Ramanujan’s type (integrals of Bessel functions with respect to their order), 449. See alto 
under the namet of various integrals, e.g. Upsahltz-Hanhiel infinite Integral 
Infinity of the number of zeros of Bessel functions and cylinder fimotions, 4, 478, 481, 494, 495 
Integrals, expressed in terms of Lommel’s functions of two variables, 540 ; expressed in terms of 
the functions of Anger and Weber, 812 ; Fresnel’s, 544, 545, 660, 661, 6^, 744, 745 ; Gilbert’s, 
548, 549 ; values of, deduced from addition theorems, 867 ; with oscillatory integrands, 188 ; 
with the polynomials of Neumann and Qegenbauer under the integral sign, 277, 285. See alto 
Definite Int^prals and Infinite IntevralB 
Diteaffierenoe, 229 

Xhterlaclng of zeros of Bessel functions and of cylinder functions, 479, 480, 481 
Irrationality of w, 90, 486 

Jacobi's transfbnuatlon connecting sin n9 with the (n - l)th differential coefficient of sin^”'^ 0 with 
respect to oos0, 26 ; erroneously attributed to Romigues, 27 ; various proofs of, 27, 28 

Kaptoyn’s domain K, 559 ; diagram of, 270 

Kapteyn sezieB, 6, 18 , 651-676 (Chapter xvn); connexion with Kepler’s problem, 551 ; etpansions 
into, derived from Kepler’s problem, 564, 555 ; expansion of an arbitrary analytic funotion into, 
570 ; fundamental expansions into, 657, 559, 661, 564, 566, 668, 571 ; Kapteyn’s domain K, of 
convergence of, 559 ; (diagram of), 270 ; nature of convergence outside and on the boundary of 
K, 574 ; second kind m, 672 

Kapteyn’s polynomial (t), 568; expressed in terms of Neumann’s polynomial, 669 
Xapteyn's type of definite integral, 880 

Kepler’s problem, 6, 651, 554 ; Bessel’s solution of, 18 ; Lagrange’s solution of, 6 
Kinds of Bessel fmactions, (first) 40 ; (seoond) 68, 68, 64, 66, 67 ; (third) 78 
Kneser-Sommerfeld expansion of a combination of Bessel functions as a Fonrier-Bessel series, 499 
Kommei^s fbxmnlae connecting generalised hy^ergeometrio functions, 101, 102 

Lam4 functions, limiting forms expressed as Bessel functions, 169 

Laplace's equation, general solution due to Paxseval, 9 ; general solution due to Whittaker, 124 ; 
solutions inv(fiving Bessel funotions, 83, 124; used to obtain addition theorems for Bessd func- 
tions, 127 
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Laplace’s methods of approximating to functions of large numbers, 8, 4?1 

Laplace’s transformation, 280, 895 

Large nnmhers, methods of approximation to functions of (Darboux), 288 ; (Lanlooeh 8. 421. See 
cUto Approzimations and Asymptotic esqpansions ' 

Large order, see Anger’s hinotlon, Bessel' fonotions whose order is large, Btrave’s f nnc tlon and 
Weber’s function 

Lebesgrne’B lemma, see Biemann-Lebesgfne lemma 

Legendre functions, Barnes’ notation for, 166; integrals containing, 60, 178, 174, 389, 476; limits 
of, expressed as Bessel functions, 66, 166, 167 ; (physical significance of), 166 ; of large degree 
approximations to, 168 ; relation between two kinds of, 174 ; Whipple’s transformation of 887 
See also Ctegrenbauer’s function ( 2 ) 

Lipsohits-Hankel infinite integral, 884 ; generaUsed, 889 

Lommel’s fimctlons Sii,,y{z), 5^*,^ (z), 846, 347 ; oases of expression in finite terms, 860 ; integrals 
representing, 846, 860 ; recurrenco formulae, 848 ; special oases expressible by the polynomials 
of Gegenbauer, Neumann and Sohlfifli, 860; special oases with an odd negative integer 
848 ; with large argument, asymptotic expansion of, 861 ’ 

Lommel’fl fUnotiona of two variablOB, Uy (w, z), Vy {w, «), 587, 688 ; addition formulae for, 648 ; 
integrals representing, 640, 646 ; reciprocation formulae, 642 ; recurrence formulae, 689 ; special 
case of, 681, 762 ; tables of, 762 ; tables referred to, 660 ; with large argument, asymptotic expan- 
sions of, 649 

Lommel s polynomial Rm, v (^) t 294, 295 ; differential equation satisfied by, 297 ; Hurwitz’ notation 
9m, V («), 808 ; limit of, expressed as a Bessel function, 802 ; of negative order, R^m „ (r), 299 • 
recurrence formulae, 298 ; recurrence formulae in Hurwitz’ notation, 808 ; relation witti Bessel 
functions, 296, 297, 802 ; three-term relations connecting, 800, 801 ; zeros of, 804, 806, 806 

Uagnltndes of remainders in asymptotic expansions, 206, 211, 218, 286, 814, 882, 862, 449 

Maxima of Bessel functions, 488; of Fresnel’s integrals, table of, 746 ; of integrals of Bessel func- 
tions, table of, 762 

Mean anomaly, expansions of elements of an orbit in trigonometrical series of, 6, 18, 662, 664, 656 

Mehler-Dlrlohlet integral representing Legendre functions, limiting form expressed os Poisson’s 
integral, 167 

Mehler-Bonine Integrals representing Bessel functions, 169, 170 

Meissel’s approximations to Bessel functions of large order, 226, 227, 282, 247. 621 : tvnes of 
Kapteynseries, 667, 601,664, 660 » 

Membrane, vibrations of a circular, 6, 676, 618 ; vibrations of u sectorial, 610 

Method of constant phase (Sohlaili’s), 216 

Method of stationary phase, 226, 229 ; applied to BoshoI funotious, 281, 288 

Method of steepest descents, 286 ; applied to Bessel funotions, 287, 241, 244, 245, ‘262 ; applied to 
functions of Anger and Weber, 810 ; applied to Struve’s function, 888; connexion with Laplace’s 
method of approximation, 421 

Minima of Bessel funotions, 488 ; of Fresnel’s integrals, table of, 746 ; of integrals of Bossol func- 
tions, 762 

M«iotonio properties of (y), 267 ; of .7„ (y) and Jy' (y), 260 ; of (.r), 440 

Multiple infinite integrals, 460-476 (Chapter xiv) ; investigated by Neumann, 453, 470; (generalised 
by Hankel), 468, 466, 406; (generalised by Orr), 456; (modified by Weber), 468; Biomann- 
Lobosgue lemmas, analogues of, 467, 471 ; Weber's type of, 460 


Neumann series, 622-63'7 (Oliapter xvi); expansion of an arl)itmry analytic function into, 628; 
genoralisod, 626 ; (speoial series), 80, 31, 80, 69, 71, 161; Laurent’s expansion, analogue of, 624; 
Pinohorlo’s theorem on the singularities of, 0*20; special serioH, 18, *28, 26, 88, 84, 86, 128, 180, 
188, 189, 140, 627, 681 ; Webb-Kapteyn (real variable) theory of, 683. See also Addition theorems 
and Lommel’s funotions of two variables 


Neumann’s factor «„ ( = 1 or 2), 22 

Neumann’s Integral for (z), 82 ; for Neumann’s polynomial, 278, 280 
Neumann’s polynomial (t), 271, 272, 2711 ; connected with Kaptoyn’s polynomial, 609 ; connected 
with Neumann’s polynomial il„ (t), ‘292 ; oonneotod with Hohlfifli’s polynomial, 286, 286 ; contour 
integrals containing, 277 ; difforential equation satisflod by, 270 ; expressed in terms of Lommel’s 
funotions, 850; formerly called a Bessel funotion of the snoond kind, 07, ‘273; genoralisod by 
Gegenbauer, see Oegenbauer’s polynomial An,y{t)-, generating function of, 281, *282; inequoli- 
^s satisfied by, 278, 282 ; infinite integrals containing, 488 ; Neumann’s integral representing, 
278, 280 ; of negative order defined, 276 ; roourrenoo formulae for, 274' 

Ne^aim’s polynoml^ 0„ft), 290, 291 ; expressed os integnvl containing Neumann’s polynomial 

p» (t)» 292 ; ^gpnbauer s generalisation of, see Oegenbauer’s polynoihlai Itn, u, v It) ; reourrenoe 
formula for, 292 > ri w > 

NioholBon's infinite integrals,. 481, 441 
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Nlelflen-Hankel fnnotioiis, see Bessel fanotloiis of the third kind 

NnlL-ftmotions, Leroh’s theorem on integrals representing, 882 : represented by Sohlttmiloh series, 
684, 686, 642, 647 

Nnmhers, analytio theory of, associated with asymptotic expansions of Bessel functions, 200 
Numbers, Cauchy’s, 824 ; recurrence formulae for, 326 ‘ 


Order of a Bessel fonotion defined, 88, 68, 68, 67, 70 ; integrals with regard to, 449 
Ordinary differential equations, see Differentdal equations 
Oscillation of solutions of linear differential equations, 618 
OscUlaldons of membranes, 5, SlO, 676, 618 ; of uniform heavy chains, 3, 4, 576 
Oscillatory integrands, Du Bois Beymond’s integrals with, expressed in terms of Bessel functions, 
188 

F-fonotions, limiting forms expressed as Bessel functions, 168 
Farseval's Integral representing Jq (z), 9, 21 ; modifications of, 21 
Partial differential equations, see Differential equations 

Phase, method of stationary, general principles. of, 226, 229; applied to Bessel functions, 281, 288 
Phase, Sohlfifil’s method of constant, 216 

PinOherle’a theorem on singularities of functions defined by Neumann series, 526 
Poisson’s Int^al for Bessel coefficients, 12, 24, 26; for Bessel functions, 47, 48, 49 ; (generalised by 
Gtegenbaner), 60 ; (symbolic foim of), 60 ; for Bessel functions of imaginary argument, 80 ; for 
Bessel functions of the second hind, 68, 78 ; Ibnit of the Mehler-Dirichlet integral for Legendre 
functions as, 167 ; transforu. ition into contour integrals to represent Bessel functions of any order 
(of the first kind), 161, 168, 10 i ; (of the second kmd), 166 ; (of the third kind), 166, 167; (with 
iipaginary ai^[ument), 171, 172; transformations of the contour integrals, 168, 169, 170. See 
also Porseval’s Integi^ and Struve’s function 

Polar coordinates, change of axes of, used to obtain ti'ansformations of integrals, 61, 874, 876, 878 ; 

used to express Bessel functions as limits of Legendre functions, 166 
Prohl^e de momente of Stieltjes, 464 

Prodnota of Bessel. functions, 80, 81, 82, 82, 146, 147, 148, 149/, Bateman’s expansion of, 130, 370 ; 
expansions of arbitrary functions into series of, 625, 672 ; integrals representing, 81 , 160, 221 , 488, 
489, 440, 441, 446, 446, 448 ; series of, 80, 151, 152 ; with large argument, asymptotic expansions 
of, 221, 448 

Products of Weierstrassian factors, Bessel functions expressed os, 497 
Quotient of Bessel functions expressed as a continued fraction, 168, 164, 808 


Radius vector of an orbit, expansion as tiigonometrioal series of the mean anomaly, 6, 13, 662, 563, 664 

Bamanujan's integrals of Bessel functions with respect to their order, 449 

Ramanujan’s method of evaluating definite integrals, 882 

Random flights, problem of, 419 

Rank of Bessel functions and cylinder funotions, 129 

Real variables, expansions of arbitrary functions of, see Dlnl series, Fourier-Bessel sesleB, 
Neumann aeries (Webb-Eapteyn theory), and BchlOmlloh series ^ 

Reality of seros of Bessel functions, 482, 488, 611 
Reoiprooation formulae for Lommel’s funotions of two vaidables, 542 

Reeuirenoe formulae for Anger’s functions, 811 ; for Bessel coefficients, 17 ; for Bessel funotions 
of the ^t kind, 46 ; for Bessel funotions of the second kind, 66, 71 ; for Bessel functions of the 
third kind, 74 ; for Bessel functions with imaginary argument, 79 ; for Bourget’s funotions, 326 ; 
for Cauchy’s numbers, 826 ; for cylinder. functions, 82 ; for Gegenbauer’s polynomials, 283 ; for 
Lommel’s funotions, 348 ; for Lommel’s functions of two variables, 689 ; for Lommel’s poly- 
nomials, 298, 803 ; for Neumann’s polynomials 0„(t), 274 ; for Neumann’s polynomials Q k) 
288 ; for SchlSfli’s funotions, 71, 842, 848 ; for Sohiafli’s polynomials, 286 ; for Struve’s func- 
tions, 829 ; for Weber’s funotions, 811 ; for Whittaker’s funotions, 389. See also Functional 
equations, Heml-< 9 dlndrioal funcUons and Three-term relations 
Reduced functions, Oaiiler’s, 686 


Remainders In asymptotic ezpansionB, magnitudes of, 206, 211, 286, 814, 832, 852 ; siRiis of 206 
207, 209, 2l6, 816, 838 ; Stieltjes’ approximations to, 218 ’ ' ’ 

Repetition of seros of Bessel functions and cylinder functions', impossibility of,, 479 

Riooati’s differential eqnaldon, 1, 2, 86-94; connexion with Bessel’s equation, 1, 90; equation 
cognate to, 91; limiting form of, 86; soluble (jases.of (D. Bernoulli’s), 86; soluble cases of, 
exhausted by D. Bernoulli’s formula and its- limit, 128 ; solutions by various mathematicians 
(D. B^(^i), 2, 86, -89 ; (Cayley), 88 ; (Ipler), 87 ; (Sohlafli), 90 ; solved by means of infinite 
senes by James Bernoulli, 1 ; tronsformatidns of, 86 

Riocitl’B dlflCrontial equation generalised, 8, 92, 94; cross-ratio of solutiops, 94; equivalence 
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with the linear equation of the second order, 92 ; singularities of, 94 ; soluble by various num- 
bers (two, one or none) of quadratures, 8, 98 
Rlemaim-Le'beBgae lemma, analogues of the, 487, 471, 589, 599 

Blemann’s theorem on trigonomoti-ioal series, analogues for Sobl5milob series, 642, 647 ; analogues 
for series of Fourior-Bessol and Dini, 649 
Bodrigues’ transformation, see Jaoobi’s transformation 


SohafheltUn’s discontinuous Infinite integral, 898, 4(^, 405, 406, 408, 411 
Sobafheltlln’B Integrals representing Bessel funotiona and cylinder functions, 168, 169, 490, 491, 493 
SohlafU’s fonotlons T„ («) and 71, 840, 848; -addition theorems for, 844, 845; differential 

equations satisfied by, 842, 348 ; of negative order, 848 ; reuurronoe formulae for, 71, 842, 848 


SohlalU’s hypergeometrlo function, 90 

dchlafll’s polynoxnlal 284, 286; addition theorem for, 289; connexion with Neumann’s 

polynomial 0„ (t), 2w, 286; Crelier’s integral representation of, 288; differential equation 
satisfied by, 2^ ; expression by means of Bessel functions, 287 ; expression in terms of Lommel’s 
function, 850 ; integrals evaluated in terms of, 850; recurrence formulae for, 285 
SohlafLl's solution of Biccati’s equation, 90 

Sohlfimlloh series, 618-649 (Ohaptor xix) ; definition of, 621; definition of generalised, 628 ; ex- 
pansion of an arbitrary function of a retil voidable into, 619, 628, 629 ; nature of convergence of, 
687, 645 ; null-functions expressed by, 684 ; Biemann’s theorem on ixigonometricol series (ana- 
logue of), 642, 647; special oases of, 632; symbolic operators in the theory of, 626, 627; theory 
of functions of complex variables connected with, 623; imiqueness of, 648, 647 
Series containing Bessel fhnotionB, see Dinl series, Fonriex^Bessel series, Kapteyn series, Neumann 
series and Sohldmil'ch aeries 


Series of Bessel functions, definition of, 580 


Series of positive terms, approximation to the sum of (greatest term method), 8 
Sharpe's differential equation, 105 ; solution by generalised hyper geometric functions, 105 
Sign of remainders in asymptotic expansions, 206, 207, 209, 215, 815, 338, 449 ; of Struve’s func- 
tion, 837, 417 

Sine-integral expressed as a series of squares of Bessel coeificionts, 162 

Singularities of functions defined by Neumann iHirios (Pinohorlo’s theorem), 626 ; of the generalised 
Bicoati equation, 94 

SmaUest seros of Bessel functions, 5, 500, 516 
Sommerfeld’B expansion, see Kneser-Sommerfeld expansion 
Sonlne>ldehler integrals representing Bessol functions, 160, 170 
Sonlne’s definite integral, 878 ; generalised, 882 


Sonlne’s discontinuous infinite integrals, 415 
sonlne’s Infinite Integrals, 482 

Spherical geometry used to obtain transformations of integrals, 61, 874, 376, 878 ; used to express 
Bessol functions Jut limits of Legondi'o funotions, 165 , 

Sound, Sharpe’s differential equation in the theory of, 106 
Squares of Bessel functions, see Products of Bessel fUnotlons 
Stability of a vertical pole associated with Uesscil functions of order ono-tliird, 96 
Stationary phase, method of, 225, 229 ; applied to Bessol functions, 281, 288 
Steepest descents, method of, 235 ; applied to IloBsel functions, 237, 241, 244, 245, 202; applied 
to functions of Anger and Weber, 810; applied to Htruve’s function, 888; connexion with 
Laplace’s method of approximation, 421 

Stokes’ method of computing zeros of Unsstil functions and cylinder functions, 508, 505, 607 
Stokes’ phenomenon of tlu! discontinuity of urliitmry oonstants, ‘201, 208, 288, 880 
Struve’s function H„ (z), 828 ; connexion with Wtdmr’s function, 886 ; difforoutial equation satisfied 
by, 829 ; inequalities oouiUKitcd with, 828 ; infinite integrals contiiining, 302, 897, 417, 426, 486; 
integral ropresontatiens of, 828, 880; ocourronoo in gonoralisod Hohh'iiniloh series, 622, 028, 681, 
646, 646, 647; of order k (;h J), 388 ; roourronoo fonnnlao for, 820 ; sign of, 887, 417 ; tables of, 
668, 666-697; Thelsinger’s infijgml tor, 888; with imiiginary argument, 320, 882; with largo 
argument, asymptotic expansions of, 882 ; witli largo argument and order, asymptotic expan- 
sions of, 338 ; zeros of, 470 
Struve’s Infinite Integrals, 806, 807, 421 

Sturm’s methods applied to determine the reality of zeros of Bessel functions, 488 ; of Loramol’s 
polynomials, 304, 305, 806 ; applied to estimate the value of the snuillost zero of Bessol funotions 
and cylinder functions, 517, 518 

Symbolic operators in cxprossioiis ropresenting Biissol functions, 50, 170 ; in expressions 
aentiug solutions of various differential equations, 41, 51, 1,08; in the theory of Sohlfimlloh 
series, 627 



804 


THEORY OF BESSEL EUHOTIONS 


1 r F’ i of BesBel functions c 

I}, 662, 666-697 ; (of order n), 664, 732-735 ; (of order i), 664, . _ _ . ^ 

Bessel functions of the third kind (of ordei-s 0 and'l), 662, 660-697 ;7of 
f imaginary argument (of orders 0 and 1), 668, 

’ A* 0^. iiitegrals of Bessel functions of order zerp, 664, 762 ; of Stnivn's fum!- 

Lder L a^d^oToidOTt, 664, 748-7W^^ ’ coefficients and functions of integral 

coefficients and Junctions derivable from 
functions (of ordei-s n + i, - n - i), 668, 669 ; (of orders 4. 
Bmha] fn 7 in+°n 7.1’ Besscl functiouB of the second kind, 666, 666, 068 ; of- 

Presnel’s inte^f functions with imaginary argument, 067, 068 ; of 

fnnn+Tnno VT “^63^ of Bessel functious and Struve’s functions, 661 ; of Loniinol 's 

Thomson’s functions ber.r and bei .u, etc , 668; of /S of 
Bessel coeffioxents. functions and associated functions, 669, 660 ’ > * ^'Cros or 

^^^8*^^ * representation of Bessel functions, 184; of Struve’s and Wobor’s functions, 

connexion with Bessel functions, 81 ; genoitili- 

relations connecting Bessel functions, cylinder functions and Lommel’s polynomials, 
TiJMcwdants, elementary, definition of, 111 ; order of, 111; solutions of differential equations 
Translttonal regions associated with Bessel functions of large order, 248 

viscous fluid, motion of, associated with Airy’s integral, 189 

56, 226, 446 ; on water, and the method of stationary phase, 229 
Weber’s (H.) discontinuous factor, 406 ^ 

^40^ Inflnito Integrals, 391, 893, 896, 386; (discontinuous typos of), 898, 402, 406, 400, 


' connexion with Hlruvo’s 

ouxrence formulae for, 311 • reDreHantofinn /• °> •’ expressed in tonus of, ,812 ; ro- 

•-■-.•Btartiori fee-emlM) by, 321 ; bibl™ „f.,™ 

with large ergumeat Ld ordS^pSeipaiJ'ifolTlS”” ’ »*P«"»lon ol, 


ouxrence : 

Struve’s 1 

01 a . LTii “i ’ B luiegrai ror, 838 ; with larm awpnmf 

asymptotic expansiof of,®816 

Wenrta^Blan products, expression for Bessel functions as 497 
^*^pple B transformation of Legendre functions, 887 " 

‘J'’ ““ i ™iTen™, 

Wronskian determinant, 42, 76, 77 ’ 

^50S,“616rSS^3iti“’otISi^tE‘T£^^ of) , 142, 60() r,n-> 

^0“^-^«P®tltton of , 479 ■ number of iAo^’- V non-oomoidonoe of (Bourgot’s 
^.483; tables ol, 684,748-761; tables oltoermomtn^MS’ "Wtli, -186 ;B.iilily„r 
ms®!^ argument, 611 ; with tmtettrioted fC |^S'm 3 mS ““ “ “ ! »'« 

^ « lomtata’. peiynotatal. (reality nf), 304: W 806 
Zeros of Struve’s function, 479 ” 





